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Abstract

The paper deals with an analog of Tricomi boundary value problem
for a partial differential equation of mixed type involving a diffusion equa-
tion with the Riemann-Liouville partial fractional derivative and a hyper-
bolic equation with two degenerate lines. By using the properties of the
Gauss hypergeometric function and of the generalized fractional integrals
and derivatives with such a function in the kernel, the uniqueness and ex-
istence of a solution of the considered problem are proved, and its explicit
solution is established in terms of the new special function.
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1. Introduction

The fractional calculus is widely applied to investigation of partial dif-
ferential equations of mixed type and hyperbolic type with generations;
see [13], [16] and [18, Sections 41-42]. A series of papers [1], [3], [6], [7],
[8] were devoted to study of various modifications of parabolic-hyperbolic
equations in which hyperbolic equation has a generate line and an equation
of parabolic type is replaced by the equation

© 2010, FCAA. All rights reserved.
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Ugz — Dy yu=0 (y>0; 0<a<l). (1.1)
Here Dg, , is the partial Riemann-Liouville fractional derivative of order «
of a function u(z, y) with respect to the second variable [18, Section 24.1]:
y
u(x
(DG yu) (z,y) = ayr o) / dt O<a<l, y>0). (1.2)
0

Our article deals with the mixed type equation involving equation (1.1)

and a hyperbolic equation of the second kind having two generate lines:
LUz + YUyy + DUy + quy = 0 (y <0; 0<p< %, qg< %, q Sp) . (1.3)

We consider equation (1.1) in the quadrate domain D' = {(z,y): 0 <
x <1, 0 <y <1}, and equation (1.3) in the domain D~ lying in the lower
half-plane y < 0 and bounded by the characteristics AC' : =z + y = 0 and
BC': /x+ /=y =1 of equation (1.3) and by the segment (0, 1) of the line
y =0, with A(0,0), B(1,0) and C (1, —1). Let D be the union of D, the
segment J = (0,1) and D~: D=D*JJUD".

For equations (1.1) and (1.3) we study the following boundary value
problem being an analog of the Tricomi problem: find a solution u(z,y) of
equations (1.1) and (1.3) satisfying the boundary conditions

u(0,y) = ¢o(y), u(l,y)=ei(y) (0<y<1), (1.4)
1
and the transmission conditions
lim ¢ %u(z,y) = lim u(z,y) (0<z<1), (1.6)
y—0+ y—0—
l—« I H _2\4q
Jim gt (v (), = = dim (<) uy(e,y) O<z <. (17)

Here ¢o(y) and ¢1(y) are given functions such that

-«

¥ " %0(y), ¥ %e1(y) € C(10,1]),  o(0) = ¢1(0) = 0. (1.8)

We shall seek a solution u(zx, y) of the above problem in the space of
two times differentiable functions u(x,y) on the domain D such that

y' " u(x,y) € C(DT), wu(z,y) € C(D7), uz € C(DTUDT),
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Uyy € C(D7), yte (yl_o‘u)y eC (D+ U{(z,y): 0<z<1, y= O}) .
(1.9)
For solving the above problem we need the following generalized frac-

tional integro-differential operators with the Gauss hypergeometric function
F(a,b;c; z), defined for real o, 3, n and > 0 by

—a-8 z
. o f(.fC - t)ailF (CE + /67 —n;0;1 — %) f(t)dt (OL > O)’
(52rr) =] T8
(@)" (B8 @) (@ <0, n =[] +1);
(1.10)
in particular,
(18977 () = £ (). (111)

The operators in (1.10) were introduced in [17] (see also [18, Section
23.2, 18.1]). If @ > 0, then

(7271) @) = (15 0) @) (1) (@) = (D§f) (@), (112)

where [, and Df, are the operators of the Riemann-Liouville fractional
integration and differentiation of order av > 0 [18, Section 2.3]:

x

(18.f) (2) = F(loz) /(33 — 9oL fB)dt (a> 0, @ > 0), (1.13)
0
5:9) @) = (1) Fray [ 0700 (@3> 0.0 =] +1),
0

(1.14)
and [o] means the integral part of a.

2. Uniqueness of the solution

Suppose that the above original problem has the solution. We introduce
the notation

lim y'~%u(z,y) = mi(z), lim u(z,y) = (@), (2.1)
y—0+ y—0—

: 11— l1-a :

Jim g (), = mle), lim (—y)tuy(ey) = n@). o (22)
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It is known [15, Section 4.2.1] that the solution of equation (1.1) in the
domain DT, satisfying conditions in (1.4) and the condition

lim y' " %u(z,y) = n(z) (0<z<1) (2.3)
y—0+

is given by the formula

u(z,y) = /Oy Gi(w,y;1, 8)po(s)ds

Yy 1
_ / G, y: 1, s)u (s)ds + T(a) / Gla,yit,Om(dt,  (24)
0 0

where - S)B_l
G(ﬂ%?ﬁt;s) - f
3 [z —t+2n]\ g |z+t+2n] a
X n_z_oo [ < y_s)6> T (_(y_s)g>] , B=5. (25)

Sk

ez Zm (B <1).

REMARK 1. Function el’g( ) can be expressed in terms of the Wright
function ¢(, d; z) defined for v > 0 and complex ¢ € C by [5, 18.1(27)]

00 k
z

90(77 57 Z) = )

kzzo R (7 +0)

namely

1

€1’5(2) = p(=5, 5 2).
Note that for v > —1, ¢(v,0;2) is an entire function of z € C; see [11,
Section 1.11].

It is also known (for example, see [6], [7]) that the functional relation
between 71 () and v (z) transferred from the parabolic part DT to the line

y = 0 has the form
1 !

T (). (2.6)

O T

Let us find the relation between 72(z) and vo(x) transferred from the
hyperbolic part D~ to the line y = 0.

The solution of the second Darboux problem for equation (1.3) in the
hyperbolic part D~ with the data
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Ul 40 =0 (O <z< i) , yli%l_(—y)quy(x, y)=w(z) (0<z<l) (2.7)

is given by the formula (see [12])

u(z,y) =~ + €)?

Here

E=Va ==y, n=Vr+v=y, () =r?), (2.9)

p_ Ot 2TV (g }) (2.10)

206 +m) r(2q)L (2 - q)
By using the relation [4, 2.11(25)]
Fla,1—a;¢c; —2) = (1+2) (V14 2+ z)>207%

Witha:p—%,b:%—p,c:%—qandz:—a and setting n = £, we have

13 3
Flp_—2- 2 _p.2_g
<p 27 9 p,2 (],Cf>

[l ey P
[ e ). o

Setting n = ¢ in (2.8) and using (2.9)-(2.11), we find
u(z,0) = u(€?,€%)

§ 2_42
=722q_p_1/2€2q_2”/ ﬁz(t)t2”_1(§2—t2)1_2qF(p—q71—q;2—2q; & @ )dt
0

VT _ 2
:722q7’1/2x‘1p/ vy (¢7) %71 (a:—t2)1 2qF(p—q, 1—q;2—2q; 1—> dt.
O J/‘

Making the change s = t, we obtain

T
u(x,O)szZq_p_?’/Q:Bq_p/ (:E—s)l_QqF(p—q, 1—q;2—2q; 1—f) Py (s)ds,
0 i
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which according to (1.10) withaa=2—-2¢ >0, 8=p+qg—2andn=¢qg—1
yields

u(z,0) = 72207P=3/2D(2 — 2¢) (13;2%?*[1*2#*1#—1@(t)) ().  (2.12)

Using the Gauss-Legendre duplication formula for the gamma function

[4, 1.2(15)] et

P(22) = = =T <z+ ;) ,

and taking into account the meaning of v in (2.10) we have

722q—p—3/2r(2 _ 2(]) — M = ]{;1' (213)

I'(q)
By (2.1) u(z,0) = m(z), and thus, in accordance with (2.13), equation
(2.12) take the form

o(z) = k1 (13;2‘1@*4*2#%2(t)tp—l) (x). (2.14)

By applying the equality [4, 2.9(2)]
Fla,b;c;2) = (1= 2) " F(c—a,c - b;c; 2), (2.15)
it is directly verified the formula
(155m°79) (@) = (1577 (@) (> 0).
By this relation, (2.14) can be represented as
mo(z) = by (13;2‘1"1—14”‘1—%2@)) (z). (2.16)
Differentiating both sides of (2.16) with respect to x, we have

d 90— _
Té(]}) = kl@ <I§+2‘Y7q 1,p+q 2V2(t)> (if),

or, according to (1.10) witha =1-2¢<0,8=qand n=p+ q— 2,

m5(2) = ki (I(%J:Zq’q’pﬂ*lw(t)) ().

Applying operator Igﬁfl’ “®P™1 t5 both sides of this relation, on the basis
of the formula [18, Section 23.2, 18.2]

(27 (12) () (@) = (7777) (@) (r>0)  (217)
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and (1.10), we have

ba(e) = (177 700)) (0) = 2 (1770 50 (2)

T

¢
/(:c — )% p <1 +q—p,g—1;2¢:1 — m) (t)dt.  (2.18)

0

d x4
T dxT(2q

~—

By using the relation [4, 2.9(4)]

F(a,b;c;2) = (1 — z)_bF <c —a,b;c Zl> , (2.19)
Z —_—
we have
1—q
t t t—
F <1+qp,q 1;2¢;1 - > = () F (q+p— Lg— 1;2q;x> :
T T t
Therefore equation (2.18) can be rewritten in the form
klljg(x)
1 d r—e&
t—x
= lim — — )2 F —1,q-1;2¢; 17 (t)dt.
o im g [t (g -t 12T ) i
0

(2.20)
There holds the following preliminary assertion.

LEMMA 1. If a function 1o(x) has a positive maximum (respectively a
negative minimum) at the point x = & € (0,1), then v5(§) < 0 (respectively

v2(§) > 0).

P roof. Following A.V. Bitsadze, chose an arbitrary point xg such that
0 < zp < x, and represent the integral in (2.20) as a sum of two integrals:

Tr—¢€

d t—
. / (z —t)2'F (q +p—1,q—1;2¢; " m) 95 (t)dt
0

o

t—

= / (w =) 'F (q +p—1,0-1;2g x) t Iy (t)dt+

dz t
0

Tr—e

t —
+ / (x —t)2 R <q +p—1,q—1;2¢; x) t=ar)(t)dt

t

zo
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Taking a differentiation with respect to x and using the formula [4, 11.2.8(22)]

d
7 [chlF(a, b; ¢; z)] = (c—1)2°%F(a, b; c — 1; 2),
z

we have

t—x

r—E&

d - -

o /(fc—t)Qq 'F <q+p—1,q—1;2q; )tl I7y(t)dt
0

Zo

t—
=0 [(o- 022 (04 0= - 120 - 15550 o (oar
0

+e2 Nz — )7 (x — ) F (q +p—1,¢q—1;2¢; P i $>

r—e t _
-1 [ w022 (0=t 120 - 15T oo
X

0
EIl—FIQ—l-Ig. (221)

We transform I; and I3. By integrating by parts and applying (2.19),
we have

o t—
I = (29— 1)/ (x —t)292F (q +p—1,¢—1;2¢ -1, j) 95 (t)dt
0

_ <2qrzp1fq<2_q 1‘);();(1’) 29717y (2) + (2q — 1)[ra(0) — 7o (2)

X (z — m0)2 20} IF <q tp—1lq-1;2g—1; 22— x)
o

o
ma(z) — m2(t) t—az\
(2 —1)(2q—2) | 22V p —2.q—1:2¢— 2 —= ) 144t
(2 — 1)(2q )/(x_t>3_2q PHa—2,4-12¢ -2 — ,
0

(2.22)
and

= f(x) —15(t) _ t—z
13:(1—2q)/ wtl qF(q—i—p—l,q—l;Qq—l;t) dt
zo

_ ro — X
+ry(x)zy Y (x — 20) 2 F (p +4q,1+q;2q; Oxo )
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— 7z —e)(x — )92 (p +q,1+ q;2q; gjz') . (2.23)
Substitute (2.22) and (2.23) into (2.21) and take a limit as € — 0, then

put = ¢ and make a limit as 9 — &, from (2.20) we deduce the function
vo(x) at the point = £ in the form

¢ ()

1 %1, —q.p—q 1 2q-1 I'(2¢ — 1)I'(p)
va(6) = 7 (5 ) ©) = gy {qu “ (g

g _r _
_(2q—2)/0 MF <p—|—q—2,q—1;2q—2;tt§> thdt].
(2.24)

This relation, in accordance with (2.15) and the formula [4.2.11(29)]
a—2b a 1 a 1 22
Fla, by 26 2) = (1= )" (1= 2)7 7 F (b= bt o= Sib oy oo
(a7 ? ? Z) ( Z) 2 2’ +2 27 +2’ (2—Z)2 )

can be represented in the form

@q—1)[FQq—UF@)
k1D(2q) [T(p+q— 1) (q)

a(§) = S A3

£
5(€) — tHENTP
(24 =2) /Tf—tf?q ( 2 ) -

0

p+q—1p+q—2 1 (t—¢)7?
F g — —; ———— | dt| . 2.25
op (P 2 L (2.25)
Consider the function
p+q—1p+q—2 1 (t—¢)?
t)=F -
fort €[0,¢] (0 <& <1, ¢ <p). Since Egt;Q < 1, then ¢(t) is absolutely

convergent series, and ¢(t) is continuous for ¢ € [0, £]. By [4, 2.1(14)],

-1 -2 1 r Bra -
gy =F (ETIZ2 PTAZ2 ) = a=5) 01~ p)
2 2 2 F(%)I«Hgﬂo)

and ¢g(§) = 1.

=M >0,
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Investigating the behavior of g(¢) on (0,&). Using the differentiation
formula for the Gauss hypergeometric function [4, 2.1(14)]

where (a); (a € C, k=0,1,2,---) is the Pochhammer symbol:
(a)o=1, (A)m=ala+1)---(a+m—-1) (m=1,2,--+), (2.26)

g(t) =

2(p+¢-1)@2-p—q) €(~1) (ptat+l ptq 1 <t—€)2
21 (t+6)3 o 2 Ty \ire) )

It follows from here that ¢/(t) > 0 for t € (0,&), and thus g(t) is continuous
on [0, (] and monotonically increase from M > 0 to the unite. Hence g(t) > 0
for t € [0,¢].

It follows from (2.25) that 12(£) < 0, and the first statement of lemma is
proved. Similarly the proof in the case when 79(x) has an negative minimum
at x = £. This completes the proof of the lemma. [

LEMMA 2. If 1y (x) has a positive maximum (respectively negative min-
imum) at the point x = £ € (0,1), then v1(§) < 0 (respectively v1(£) > 0).

P roof Lemma 2 follow from relation (2.6). [
Using Lemmas 1 and 2, applying the extreme principal for nonlocal

parabolic equation [14] and take transmission conditions (1.7) into account,
we deduce the following statement.

THEOREM 1. If there exists a solution u(z,y) of the analog of the
Tricomi problem for equations (1.1) and (1.3) with boundary conditions
(1.4)-(1.5) and transmission conditions (1.6)-(1.7) in the space defined in
(1.8) and (1.9), then this solution u(x,y) is unique.

3. Existence of the solution

We prove the existence of a solution of the original problem for equations
(1.1) and (1.3) in the case p = ¢. By the first formula in (1.10) equation
(2.14) takes the form

7-2(33) = kl (Ig;2q72q—2,q—1VQ(t)tCI*1> (:L‘),
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or, according to the first formula in (1.12),

na(e) =k (L7 et (@), (3.1)
where Ig;2q is the Riemann-Liouville operator (1.13) and k; is given by
(2.13). By differentiating both sides of (3.1) twice with respect to z and
using (1.14), we have

(@) = by (DL (). (3.2)

Let 71(x) = mo(z) = 7(z) and vo(t)t?! = v(t). Then, on the basis of
(1.7) and (2.2), v1(t) = —t'79u(t). Thus, taking (2.6) into account, (3.2)
lead to the differential equation of fractional order 2¢ (0 < 2g < 1)

B I'l+ )
2
Dylv(t) = M"w(t), A=— B (3.3)

It was proved in [10] (see also [11, Section 2.4.3]) that the explicit solu-

tion of the homogeneous differential equation of fractional order

Dg,y(z) = APy(z) (0<a<1, B>-a; A£0, BER) (3.4)

is given by
y(z) = :ca_lEangJ_i_(gq) ()\:Ca+5) . (3.5)

[e7

Here Eq (%) is a special function of the form
o

Bomi(2) =Y cn2", (3.6)

n=0

with
a>0, m>0, leR; a(jm+1)#0,-1,-2,--- (j=0,1,2---). (3.8)

This function was introduced in [9]. Eq(2) with @ > 0 is an entire
function of z of order 1/« and type m; for example, see [11, Section 1.9]. In

particular, if m = 1, the condition in (3.8) takes the form
a>0, leR; a(j+1)#0,—1,-2,---,
and (3.6) is reduced to the classical Mittag-Leffler function [2], [5, Sect.18.1]
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Eap(z) =Y F(afl:ﬁ) (>0, BER), (3.9)

n=0

apart from a constant multiplier T'(al + 1):

Eazl,l(z) = F(al + 1) Ea,alJrl (Z) (310)
Equation (3.3) is the equation (3.4) with
(1
y(x):y(;z;% o =2q, )\:_M and 3=1-q.

1
Therefore, by (3.5) its explicit solution is given by

’72q ’2

v(z) = :L‘Qq_lEzq l14q 1 ()\:U1+q) . (3.11)

By substituting (3.11) into (3.1) with 7o(t) = 71(¢) and vo(t) = t'~w(t),
we deduce the explicit expression for 7 (x):

n(z) =k ( 12207, 1y ()\t1+q)) (2). (3.12)

b 2q 72

LEMMA 3. If0 < g < 1, then there holds

2-2¢,2¢—
(B2 By aa o, (M) ) () = 2By (M) (3.13)
where o
= Zdnz", (3.14)
F[nq+1 —|—2q q+1 +q+1]

do =T(2 dn, = =1.2....).
(3.15)

P r o o f. The lemma is proved directly by using (3.6)-(3.7), changing
the orders of integration and summation (being possible because of uniform
convergence of the series) and applying the formula [18, (2.44)]

(Iggtﬂ*l) (z) = F(E(f)mxawl (>0, >0, 3>0). (3.16)
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By (3.13), 71(z) in (3.12) is given by
m1(z) = ko Fy (Ax?). (3.17)

By substituting this relation into (2.4) we obtain the explicit solution u(zx, y)
of the original problem

Yy Yy
u(z,y) = / 0(s)Ge(,y; 1, 5)ds — /O o1(5)Gal(, y: 1, )ds

1
+T'(a)k / G(z,y; t,0)tF, (A4 at, (3.18)
0
where k1 and A are defined in (2.13) and (3.3), respectively.

By using formula (3.18), it is directly verified the validity of boundary
conditions (1.4)-(1.5) and transmission conditions (1.6)-(1.7), and also that
the solution u(x,y) of the original problem given by (3.13) belongs to the
space of functions defined in (1.8) and (1.9). This completes the proof of
the existence of the solution of an analog of the original Tricomi problem.
This yields the following result.

THEOREM 2. The analogue of the Tricomi problem for equations (1.1)
and (1.3) (for p = q) with boundary conditions (1.4)-(1.5) and transmission
conditions (1.6)-(1.7) has an unique solution u(x,y) in the space defined by
(1.8) and (1.9), and this solution is given by (3.18).

REMARK 2. The function Fy(z) defined by (3.14)-(3.15) in Lemma 3
for 0 < g < 1, exists for any ¢ > 0. It yields an example of a new special
entire function of z. Namely, there holds the following assertion.

LEMMA 4. If ¢ > 0, then F,(z) defined by (3.14)-(3.15) is an entire
function of z € C.

P roof By (3.15), we have

dn  Tn(g+1)+2q] I'ln(¢+1) +q+3] In(g+1)+ 3¢+ 1] (3.19)
dpr1 Tln(g+1)+2] Tln(g+1) +3¢+1] Tln(g+1) +q+1] "~

By [4, 1.9(4)]], N+ a)
m ~ 2070 (|z| = o0, |arg(z)| < ).

By this formula with z = n(q + 1),
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n

L~ g+ D (0 o0)

Therefore, if ¢ > 0, then

d
lim ’ n’

= 4-00.
n=00 |y

and, in accordance with known convergence principle for power series, the
series in (3.14) is absolutely convergence for any z € C. This completes the
proof of the lemma. [ ]

In conclusion, we indicate that F,(z) with ¢ = 1 and ¢ = 1/2 yields
some special cases of the generalized hypergeometric series ,Fy(z) defined
for complex a;, b; (i =1,---,p; j =1,---,q) (bj # 0,—1,-2,---) by [4,
Sect. 4.1]:

o0
(a)1--- (a)y 2"
F e ap b b 2] = — 3.20
D q[ala , Gp; 01, s qaz] nz:o (b)l(b)q El’ ( )
where (a); and (b); (¢ =1,---,p; j=1,---,q) are given by (2.26), and an
empty product in (3.20), if it occurs, is taken to be one. Using (3.14)-(3.15),
it is directly verified that

Fl(z)zoFl[—BZ 252]'

;§§ 4] ) F1/2(Z) =1k [3§ g; gZ (3.21)

Note that the first formula in (3.21) can be also rewritten in terms of the
sine and hyperbolic sine functions:

. il
Fi (=% =22, R (%) = 22 (3.22)
z z
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