[

J/ractional Calculus
& /r\.pplied Cr nalysis

An Iriternational Journal for Theory and Applications
VOLUME 13, NUMBER 4 (2010) ISSN 1311-0454

AN APPLICATION OF CONVOLUTION INTEGRAL

Junichi Nishiwaki !, Shigeyoshi Owa 2
We dedicate this paper to the 70th anniversary of Professor Srivastava

Abstract

Applying the Bernardi integral operator, an interesting convolution in-
tegral is introduced. The object of the present paper is to derive some
convolution integral properties of functions f(z) to be in the subclasses of
the classes S*(a) and K(«) by making use of their coefficient inequalities.
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1. Introduction
Let A denote the class of functions f(z) of the form
o
f(z) =2+ Zanz"
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. A function
f(2) € A is said to be starlike of order « in U, if it satisfies
Zf’(Z))
Re >« z2eU
SE =t
for some o (0 < a < 1). Also a function f(z) € A is said to be convex of
order « in U, if it satisfies
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zf"(z
J{,(i))> > (z €U)
for some a (0 < o < 1). The classes of starlike and convex functions f(z) of
order « are respectively denoted by §*(a) and K(«), and §*(0) = S* and
K(0) = K. These classes S*(a) and K(«) were introduced by Robertson [7].
It follows from the definitions for the classes S*(a) and () that f(z) €
K(«) if and only if zf'(2) € S*(«).
Silverman [10] showed the following coefficient inequalities for the the
classes $*(«) and K(«).

Re <1—|—

LEMMA 1.1. If f(z) € A satisfies the following coefficient inequality:

[e.o]

Y (n—a)a,| £1-a (1.1)

n=2

for some a (0 < a < 0), then f(z) € S*(a).
LEMMA 1.2. If f(z) € A satisfies the following coefficient inequality:
oo

Zn(n—aﬂan\ <l-a (1.2)

n=2

for some a (0 < o < 0), then f(z) € K().

We define the subclass 7* () of S*(«) consisting of functions f(z) which
satisfy the coefficient inequality (1.1) and the subclass C(«) of K(«) con-
sisting of functions f(z) which satisfy the coefficient inequality (1.2).

For functions f;(z) € A (j = 1,2) given by

fi(z) =2+ Zan,jz” (z € ), (1.3)
n=2
the Hadamard product (or convolution) of fi(z) and f2(z) is defined by
(fi*fo)(z) =2+ Z ap,10n22".
n=2

Furthermore, We also define the convolution integral of fi(z) and fa(2)
below:

t n
n=2

e = [P0 - oy 3tttz

This convolution integral was studied by Duren [3].

In the present paper, we aim at presenting some interesting application
of convolution integral.
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2. An application of convolution integral
For functions f;j(z) € A (j = 1,2,--- ,m) given by
o
z)=z+ Zan’jz” (z € ), (2.1)

Bernardi [2] considered the integral operator

1+¢ /Ztcj_lf(t)dt (¢; > —1).
0

2Ci

Bj(z) =

Libera [4] studied the above operator for ¢; = 1, and Alexander [1] studied
it for ¢; = 0.

Using the Bernardi integral operator, we consider a new application of
the convolution integral operator as follows:

1 z 1 #
(By * Ba)(2) = Ta / tcl_lf(t)dt * —;@ / tcrlf(t)dt
0 z 0

2

(I4+c1)(1+c2) n
zZ+ Ay 10n. 22
Z n + Cl n+ C2) n,1Un,2
Hence, we see the application of convolution integral of fi(z), f2(2), -+ and

fm(2) below:

(By - % Bp)(2) = Lta /ztcllf(t)dt*...* 1+ Cm /Ztcmlf(t)dt

zC1 0 ZCm 0
(2:2)

For functions fj(z) € A (j = 1,2,---,m) given by the equality (2.1),
the familiar Holder-type inequality assumes the form

1
e Pj
> ([T ) <1 (z ) 29
n=2 \j=1
where p; > 1 (j=1,2,3,---, )andz 3

j=1Dj
Our result for the application of convolution integral defined by (2.2) is
contained in next theorem.

THEOREM 2.1. If f;(2) € T*(«y) for each j = 1,2,--- ,m, then (B *
% Byy)(z) € T*(B) with
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(1—aj)(1+¢))

s

[1(2-0a;)2+¢) - 11 -a;)(1+¢)
j=1 j=1
Proof. For fj(z) € T*(a;), Lemma 1.1 gives us that

o0
n—o; .
Zl j’an,]|§1 (32172737"'am)
LT
n=2

which implies

1

(OOTL— ) >m

Z , <1.
. 5] —

n:21—aj

Applying the Holder-type inequality (2.3), we arrive the following inequality

1

1
S AT (A7) ot = (304 Hlansl) 21
Ap 4| ™ = 1 =~ 1.

n=2 | j=1 n=2 J

Then we have to determine the largest § such that

Z ﬂH1+c]|n]|_1

that is,

m

Z ﬂnl—i-cj‘ ’<§: ﬁ(n—aj> a5
— n+ c¢; Inigl = 1—aqj AR

n= 2 n=2 | j=1

Therefore, we need to find the largest § such that

n—ﬂnl—i—c]’ ‘<ﬁ n— oj a “L
1—ﬂj n+c¢j n,jl = 1—aj I

J=1

3=

which is equivalent to

ﬁ 1+C] 1,L<m
s < 2.4
Hnm' S =T (2 (2.4

J=1

-

for all n (n = 2,3,4,---). Since

m 17% )
T(5=2) Ml <1
J

J=1
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we see that

m

_L 1
[T fan ' < __
=1 e AN

1= (1 - aj)
From the inequalities (2 4) and (2.5),
ﬁ 1+¢j
<
H n+c¢j ]1_[ 1-—- aj

so that we find for 8 that

(n—1) [T —a)(1+c))
3<1-— =1

— m m

[[(n—aj)(n+e) = [T —a;)(1+¢)

j=1 j=1

399

(2.6)

Let F(n) be the right hand side of the last inequality (2.6). Further, let us

define G(n) by the numerator of F’(n). Then G(n) gives us that

m

m m
Hl—aj 1+cj){H(na] )(n+cj) — Hl—a]

Jj=1

Hl a;)(14cj) {(n—a2)(n —az) -+ (n —am)(n+c1) -

j=1
+(n—a1)(n—ag) - (n—an)n+ec)---

1+Cj)}

(n+cm)

(n+cm)

+(n—ai) - (n—am-1)n+c1) - (n+cm)

+(n—aj)--(n—ap)(n+c2) - (n+cm)

+(n—a1) - (n—ap)(n+c) - (n+cm_1)}

m

Jj=1

H(laj)(l—l—cj){H(na] (n+c¢j)— Hl_O‘J 1+cj)}
Jj=1 Jj=1

n—aj)(n+ ¢j)

m o
n—lHl—a] (1+¢) Z =1 n—;
J=1 J

j=1
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aj)(n + c;

+3 H”(nn; ” A [T - ap)?(1+¢)?
j=1 J j=1

m

{1 —a;)(I+cj)(n—aj)(n+cj)} x

—

m m
(n—1) Zn_aj ”_1)Zn+cj U1—aj (1+¢;)? 2 0.

7j=1

<.

Thus we show that F'(n) is increasing function for integers n (n = 2, 3,4, - ).
This means that

-1:[1(1 —a;)(1+¢)
B=F@) =1 m '
[12=0)2+¢) - [T —ay)(1+¢)
j=1 j=1
Therefore, we complete the proof of the theorem. [

Setting ¢; = 1 in Theorem 2.1, we have

COROLLARY 2.1. If fj(2) € T*(«) for each j =1,2,--- ,m, then (B *
% Bp,)(2) € T*(5) with

2 [1(1-ay)
5 =1- m = m :
3m 1;[1(2 —aj) —2m 1;11(1 - @)

Furthermore, setting ¢; = 0 in Theorem 2.1, we obtain the next result.

COROLLARY 2.2. If f;(2) € T*(«ay) for each j =1,2,--- ,m, then (B *
-+ Bp,)(2) € T*(8) with
m
[1(1—0ay)

j=1

f=1-—p
2 [1(2 ) -

Jj=1 J

(1—ay) |

—s

1

Below, we derive the application of convolution integral for the class

Cla).
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THEOREM 2.2. If fj(2) € C(«y) for each j =1,2,--- ,m, then (By*-- -
Bp,)(z) € C(B) with

(1—aj)(1+¢))

=

B=1-

o=t [] (2= )@+ ) — [1(1—ap)(1+¢;)
7=1 7j=1

P roof. In view of the proof of Theorem 2.1, we obtain

(n—1) [T —a)(1+¢))
J=1

=1~ (2.7)

m )

W ] (0= )+ ¢) — 11— ay)(1+¢5)

j=1 j=1

and it is easily to show that the the right hand side of the inequality (2.7)
is increasing function for all n (n = 2,3,4,---). Thus we have completed
the proof of the theorem. [

If we take ¢; = 1 in Theorem 2.2, we deduce

COROLLARY 2.3. If f;(2) € C(ay) for each j = 1,2,---,m, then
(By*---x By)(z) € C(B) with

2 [T (1 - aj)(1+ ;)

p=1- m m :
2m13m 12— ay)(2 4 ¢) =2 [T (1 —aj)(1 +¢)

Jj=1 Jj=1

Finally, by taking ¢; = 0 in Theorem 2.2, we derive the following

COROLLARY 2.4. If fj(z) € C(«j) for each j = 1,2,---,m, then
(By x -+ % By,)(z) € C(B) with .
[T (1= ) +¢;)
f=1- =

221 ]2~ aj) 2+ ¢5) — [1(1—aj)(1 + )
Jj=1 j=1
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