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Abstract

For analytic functions f(z) normalized by f(0) = f/(0) — 1 = 0 in the
open unit disk U, the subclass A(a, 8; A) of functions f(z) which satisfy

Py " 1 1 /
() vs ()
<f (Z)> fz) =
for some complex numbers a and § and for some real A > 0 is introduced.
The object of the present paper is to discuss some radius properties for

S*(7y) such that %f(éz) € Ala, B; A).
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<A (2€0)

1. Introduction

Let A be the class of functions f(z) of the form

f(2) :z—{—Zanz” (1.1)
n=2
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which are analytic in the open unit disk U = {z2€C : |z| < 1}. For a
function f(z) € A, we say that f(z) belongs to the class A(a, ;) if it

/() #0 (z€0U) and

(75) +(75-2)

for some complex numbers « and 3 and for some real A > 0.

satisfies

<A (z€D) (1.2)

Let us consider a function fx(z) given by

fr(z) = (k € R).

Then fi(z) satisfies fkiz) = i 1z)k #0 (z€0U) and

(f;j@)ﬂ =k(k—1)(1—2)*2

Further, if we write that

z

o0
1+ > apz®

n=1

an = (1) (fj) |

n=1

fr(z) =

with

then we see that

Therefore, we have that

(7)< ()

< lalk(k = 1)2572 48] Y (n = ]ay|

n=1

ak(k—1)(1—2)"24p i(n — Dayz"

n=1
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for k 2 2. This means that fi(z) € A(a, 5;A) for A =2 2|a| + |3] if k& = 2,
and fi(z) € A(a, B; A) for A 2 12| + 5|5] if k = 3.

The classes A(1,0; \) and A(0, 1; A) were introduced by Obradovié¢ and
Ponnusamy [2], the generalized classes of A(1,0; \) and A(0, 1; \) were con-
sidered by Shimoda, Hayami, Hashidume and Owa [4] and Kobashi, Kuroki,
Shiraishi and Owa [1].

Let §*(y) denote the subclass of A consisting of all functions f(z) which
satisfy

2f'(2)
f(2)
for some real v (0 < v < 1). A function f(z) € $*(\) is said to be starlike

of order v in U (cf. Robertson [3]). We also write that $*(0) = S*. For
f(z) € A given by (1.1), we write

(1.3) Re ( > > (z€U)

z 1 ad
= =1 + b Zn.
f(Z) S n—1 Z "
1+ > apz n=1
n=2
Then we know that by = —as9, by = a% — ag and b3 = 2a0a3 — a4 — a%.

2. Radius problems

To discuss our radius problems for f(z) € A(a, 8; ), we need the fol-
lowing lemmas.

LEMMA 2.1. Let f(z) € A be given by (1.4) with fiz) #0(zeU). If
f(2) satisfies

o0

Y (n—=1) (jaln+8]) lba] < A (2.1)

n=2
for some complex numbers o and (3 and for some real A > 0, then f(z) €

Ao, 35 X).
Proof It follows that

() o (752)

a Z n(n —1)b, 2" 2+ Z(n —1)b,2"
n=2 n=2
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<lal Y n(n—=1)bal + 18] > (n —1)[by]
n=2 n=2

=> (n=1)(leln+18) |bul.

n=2
Therefore, if the coefficient inequality (2.1) holds true, then we say that
f(z) € Ala, B3 A). m

LEMMA 2.2. Let f(z) € A be given by (1.4) with f(zz) #0 (2 € D).
Further let by, = |by|e™? (0 € R). If f(2) € S*(v), then

§jn+7—1w\<1—7 (2.2)
n=1

P roof. Note that f(z) € S*() implies that

()|

— 3 (n = 1)|bp|e™0 2
=Re nzloo >y (z € U).
L+ > |bylemfzn
n 1

If we consider z such that z = |z|e™*, then we obtain that

1= 3 (= Dbl 2"

n=l >y (2] < 1).
L4 3 [bnl[2]
n=1
Now, letting |z| — 17, we have that
[e.9]
Dty =1bal S1 -7,
n=1

(]
REMARK 2.1. In view of the coefficient inequality (2.2), we know that

[oe)
Y (n+y—1)ba| £1—v—lby]
n=2

which shows that
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b
b < iy =l G Ca s,

n+vy—1
This implies that
(2.3) > (n=1)bal £ 1= —7lbal.
n=2

Now, we derive the following

THEOREM 2.1. Let f(z) € A be given by (1.4) with f(j) #0 (2 €U).

Further let b, = |by|e™® (§# € R) and § € C (|6] < 1). If f(2) € S*(v)
1

, then —f(0z) belongs to the class A(«, [3;\) for

1+ by 5

0 < |0] = [00(A)|, where |do(N)| is the smallest positive root of the equation

01 (lal 2@+ 181) + 18I(1 = 182)) VT =7 = lbr] = A1 = [3%)%. (24)

with 0 £ ~v <

P r oo f. By means of (1 4), we have that

5f
Thus, we have to prove that
Y (n=1)(laln+|5]) [bal[8]" <
n=2

by Lemma 2.1. Applying the Cauchy-Schwarz inequality, we see that

[e.9]

> (n=1) (ladn + 18]) [ball6]" = |a] Y n(n—=1)[ball6]"+15] Y (n—1)|bs||56]"
n=2 n=2

n=2

< |ef <Zn W”) (Z(n - 1)!bnl2>
n=2
+14] (Z(n - 1)!5|2"> (Z(n - 1)|bn\2) :

n=2 n=2

We note that

(Zm— 1>|bn|2> < 1=yl

n=2
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from (2.3) of Remark 2.1. If we put |6|?> = , then

Zn n—1|6\2”—x22n (n—1)x
B x ”_ 22%(2 + )
(Z”Z> - <<1—x>2‘”5) T (-

o

> (-1 = QZn—l

n=2

(an ) o (11:)/: <1i>2'

Therefore, we obtain that
oo

> (n—1)(laln+ |8]) |ball]"

n=2
s \/ 2+ 52) 1|16

and

Considering A > 0 such that
’a‘|‘5’2\/2(2+|5’ WHW \/W:)\
a-ToP? 1P 1
which is equivalent to (2.4), we define h(|d]) by
B(131) = 182 (Jalv/2(2 + T812) + 18I(1 = 161%)) /T =7 = Afba] = A(1 = [8[%)2,
(1) =

Then we have that A(0) = —X < 0 and A(1 V6la|\/1 — v — v[b1|. This
implies that h(|6|) = 0 has a positive root [dg(A)| for 0 < |§] < 1. This
completes the proof of the theorem. [

Taking v = 0 in Theorem 2.1, we have the following

Corollary 2.1. Let f(z) € A be given by (1.4) with /) #0 (2 €U).
z
Further, let b, = |b,|e™ (# € R) and 6 € C (0 < |6| < 1). If f(z) € S*,
1
then gf(éz) belongs to the class A(a,3;\) for 0 < |0] £ [6o(N\)|, where

|00(A)| is the smallest positive root of the equation

12 (Jal V22 + 107) + 1811 - 6%)) = AQ—oP)%. (25)
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REMARK 2.2. If we take 6 = 1 ® in (2.5), then we have

If we consider |a| = || = A =1, then
[6°v/2(2 + [0]2) + [6]°(1 — [8]*) — (1 — [d]*)2 = 0.
Therefore, we see that 0.4623 < |5p(1)] < 0.4625.
Taking o = 1 and 8 = 0 in Theorem 2.1, we have

COROLLARY 2.2. Let f(z) € A be given by (1.4) with ——= /(z) #0 (z €U).

Further, let b, = |b,|e™® (§ € R) and 6 € C (0 < |6] < 1). Iff( ) € S*(7)
1

, then —f(dz) belongs to the class A(1,0;\) for
1+ |by] 5

0 < |8] = [00(X)], where |do(N)]| is the smallest positive root of the equation

with 0 < v <

81°\/2(2 + [0/
PEECL D) =TT =

(1—15]*)

If we take a = 0 and 8 =1 in Theorem 2.1, then we have

COROLLARY 2.3. Let f(z) € A be given by (1.4) with f(ZZ) #0 (z € U).
Further let b, = |b,|e™ (0 € R) and § € C (0 < |§] < 1). If f(2) € S*(7)
1 +1|b1| then gf(éz) belongs to the class A(0,1;\) for
0 < 0] = [do(A)|, where

with 0 < v <

1
2

8o (N)] = A
A A /1= —9bi]

Finally, since by = 0 implies that as = 0, we have
COROLLARY 2.4. Let f(z) € A be given by (1.4) with ay = 0 and
Jz) # 0 (z € U). Further, let b, = |b,|e™® (§ € R) and § € C (|§| < 1). If
z

1
f(z) € S*(v) with0 £ v < 1, then gf(éz) belongs to the class A(a, 3; \) for
0 < |0] £ [00(A)|, where |dp(N)| is the smallest positive root of the equation

01 (lal V2@ +181) + 1811 = 182)) /T =7 = A1 = [8]%)?
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