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ABSTRACT. A general framework of the (parallel variable transformation)
PVT-type algorithm, called the PVT-MYR algorithm, for minimizing a non-
smooth convex function is proposed, via the Moreau-Yosida regularization.
As a particular scheme of this framework an e-scheme is also presented. The
global convergence of this algorithm is given under the assumptions of strong
convexity of the objective function and an e-descent condition determined
by an e-forced function. An appendix stating the proximal point algorithm
is recalled in the last section.

1. Introduction. A general framework of parallel computation for
minimizing a nonlinear continuously differentiable function, called the parallel
variable transformation (PVT) algorithm, was proposed by Fukushima [5], that
is a synchro-paralleled structure. It is globally convergent at the linear rate under
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suitable conditions. The PVT algorithm can be regarded as an extension to
the parallel variable distribution (PVD) algorithm, due to Ferris & Mangasarian
[8] and developed by Solodov [17]. The PVT algorithm is also closely related
to the parallel gradient distribution (PGD) algorithm due to Mangasarian [13].
In [19], Yamakawa and Fukushima studied performance of the PVT algorithm
for unconstrained nonlinear optimization through numerical experiments. Also
a number of other parallel algorithms were designed and developed for solving
nonlinear optimization problems, see for instance, Han [9], Han and Lou [10],
Bertsekas and Tsitsiklis [2], Liu and Tseng [12].

In this paper, a PVT-type algorithm, called the PVT-MYR algorithm,
for minimizing a nonsmooth convex function, is proposed, which is constructed
by converting an original objective function into a continuously differentiable
function using the Moreau-Yosida regularization, due to Moreau [14] and Yosida
[20].

The problem we are concerned with is of the form

(L1) min £(2),

where the objective function f defined on R" is strongly convex, but not required
to be smooth. A function f is said to be strongly convex if there exists a constant
¢ > 0, called the modulus of strong convexity, such that

1
flaz+ (1= a)) < af(@) + (1 - a)f@@) - Sea(l —a)llz =],
for all x, 2’ € R™ and 0 < a < 1, see [15].
Let F be the Moreau-Yosida regularization of f, F : R® — R!, defined
by

zER™

(1.2) F@) = mip { 72+ 53 -2l

where A is a positive parameter that will not be specified explicitly, following the
way used in [16], and || - || denotes the Euclidean norm. It has been proved that F
is finite convex, and the gradient g = VF' is Lipschitzian. The unique minimizer
p(z) of (1.2) can be formulated in the form

1
1. = i A Y=zl
(1.3) p(z) = arg min {f(Z) +3A = —a }
A point x is a solution of (1.1) iff it is a solution of the problem

(1.4) in F(z),
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see for instance, Hiriart-Urruty and Lemaréchal [11].

Some properties of the Moreau-Yosida regularization that will be used in
this paper are listed below. Let f be convex, and p, ¢1, ¢ and ¢o be constants. The
abbreviation ‘s. ¢.” stands for ‘strongly convex’, ‘s. m.” for ‘strongly monotone’.
The following properties can be referred to [11].

P1. F is Fréchet differentiable on R", g is Lipschitzian with constant A~!, and
there exist p > 0 and ¢; > 0, such that ||z — 2*|| < p implies

(1.5) F(z) = F(z*) < etfle — 2|,
where z* € Argmingepn F(x).

P2. If f is s. c. with modulus ¢, then F is s. c. with modulus c¢(cA + 1)~ L. If f
is s. c., then there exist p > 0 and ¢z > 0 such that ||z — 2| < p implies
that

(1.6) lg(@)[| = e2flz — ™.

P3. If f is s. c¢. with modulus ¢, then g is s. m. with modulus ¢(cA 4+ 1)~! on
R" i e,

(L.7) (9(2) = g9(y) " (z —y) = c(er + 1) Hlz —y]%,
for all z, y € R™.

Take an € > 0. We can find an approximation, denoted by p®(x,e) € R",
to the unique minimizer p(x) in (1.2) such that

(1.8) [p*(z,e) —p(z)] <€
and )
(1.9) f(z,€)) + 5>\’1llpa(f€,€) — x| < F(x) +e.

Let F*(x,¢), g*(x,e) and p*(x, ) be an e—approximation to F(x), to g(x) and to
p(z), respectively, where the superscript, the little letter ‘a’, denotes the abbrevi-
ation for ‘approximation’, see for instance, Rauf and Fukushima [16], Fukushima
[6], Correa and Lemaréchal [3] and Auslender [1], we define F'*(x,¢) and ¢g*(z,¢)
to F(z) and g(x),

(1.10) F(z,e) = f(p*(x,e)) + %Ylllpa(%‘,&) —z|?,
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(1.11) g4z, e) = Xz — p¥(z,€)).

It follows from (1.8)-(1.11) that F*(x,e) and ¢g*(x,c) can be made arbitrarily
close to the exact values of F(z) and g(x), respectively, in the process that e
tends to zero. This property given below can be found in Fukushima and Qi, [7].

P4. The following two inequalities are valid
(1.12) F(z) < Fxz,e) < F(x) + ¢,

(1.13) lg*(z,€) — g(z)]| < V2A~'e.

It leads to the fact that ¢*(z,0) = g(x) and F?(z,0) = F(x).

The purpose of this paper is to present a PVT-type algorithm for solving
(1.1), called the PVT-MYR algorithm presented in the next section, by combining
the PVT algorithm and minimizing the Moreau-Yosida regularization F' of f.

This paper is organized as follows. In Section 2, we present a PVT-type
algorithm, the PVT-MYR algorithm, and establish its global convergence under
some basic assumptions. In Section 3, we consider an e-descent iteration condi-
tion for solving subproblems in the parallelization phase, and it is shown that the
basic assumptions are satisfied under appropriate conditions on the transforma-
tions adopted. We present an e-descent PVT-MYR algorithm and establish its
global convergence. In Section 4, we establish a linear rate of convergence of the
PVT-type (PVT-MYR) algorithm, presented in Section 2, under some additional
assumptions. An appendix on a proximal point algorithm is given in the last
section.

2. PVT-MYR algorithm. We assume that the algorithm is imple-
mented on p processors, where p is a positive integer. Each iteration of the
algorithm consists of the parallelization phase and the synchronization phase.
The former produces multiple candidate solutions for the next phase, using p
processors, while the latter generates the next iterate point from the candidate
solutions obtained in the parallelization phase.

For presenting the PVT-MYR algorithm some notations and assumptions
are listed below.

BASIC NOTATIONS

D The number of parallel processors
m; A positive integer such that my +mo +---+mp, >n
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E®)  An n x (p+1) matrix whose columns consisting of z(*) and Al(k)yl(k) + 2k,
l=1,...,p
2k = (z(()k), ng)’ e zg;k))T € Rrt!

cpl(k) the auxiliary functions used in (2.2) and (2.4)

¥*)  the auxiliary functions used in (2.3) and (2.5).

The following PVT steps are defined for solving the unconstrained smooth
minimization problem

(2.1) (P)  min f(z),

see [5].
PVT Algorithm: For unconstrained smooth minimization (P)
Step 0 Initialization

An initial point (®) € R" is given and set k = 0.

Step 1 Parallelization
)

For each I € {1,...,p}, choose an n x m; matrix Al(k and find an approxi-

mate solution yl(k) € R™ to the minimization problem

(2.2) min o () = F(APy, +2 ).
y,€R™!
If Vgol(k) (0)=0,1=1, ---, p, then stop. Otherwise, goto Step 2.

Step 2 Synchronization
Find an approximate solution z*) to the minimization problem

; (B () = (k)
(2.3) min () = f(B0:)
Set D) = E(®) (k) | =k + 1. Loop at Step 1.
End of the PVT Algorithm

We now present a framework of the PVT-MYR algorithm for solving
nonsmooth minimization problems.

PVT-MYR Algorithm: A general framework for nonsmooth minimization (P)
Step 0 Initialization
An initial point (¥ € R, constant ¢* > 0 and set k = 0.
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Step 1 Parallelization

Step la Initialization of the parallel step
)

For each I € {1,...,p}, choose an n x m; matrix Al(k )
Step 1b Compute the subproblem

Find an approximate solution yl(k) € R™ to the minimization problem

(2.4) min_ ") (y) = F(Ay, + 2®),
y,ERTI

where F(A®)y, + 2®)) = min e pe {£(2) + 1/(2N)]}2 — APy, — 2®) |2},
If HVgol(k)(O)H <¢*forallle{l,---,p}, then stop, otherwise, goto Step 2.

Step 2 Synchronization
Find an approximate solution z*) to the minimization problem

; k) () = (k)
(2.5) _in Y\ (z) = F(E\2).
Set (-1 = B (k) L = k 4+ 1 and loop at Step 1.
End of the PVT-MYR Algorithm

Remarks.

(i) Since the Moreau-Yosida regularization itself is defined through a minimiza-
tion problem involving f, the exact calculation of the function F' and its
gradient g at point x is impossible in general. Therefore, in Step 1b we
use approximation of these values instead of their exact values, such that
p*(x,e), F*(z,e) and g*(x,¢) satisfy (1.8)-(1.11), respectively.

(ii) Note that approximate solutions to (2.4) computed in Step 1b are not required
to be very accurate. In fact, for each [ and k, we may only require that for

some yl(k) one has

0g P e®) =0, eE)=Fe (AP ) 4+ 2®) e®) - Fo(a), £®))
(2.6) BT ar (k) ~(k)\[|21 (k)
<—nll 47" g (@™, e™)[[*+e"),

where n > 0, v € (0,1), gol(k)a(yl(k),ys(k)) = F“(Al(k)yl(k) + ) ye(k)). The
condition (2.6) is a key one for controlling the descent quantity of sub-
problem (2.4) in which the (%) —slacked item in (2.6) is for implementation
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of this algorithm, PVT-MYR, and more details can be found in the next
section.

iii) The condition A(k)Tga ) ek)) < ¢’ is employed as the stopping criterion
l

instead of the termination condition HV(pl(k)(O)H < ¢*. Then we have
[ABT g% (2, ) = ZHA Mgt @), e®)|? < &7p.

By (A2) given below, see in (2.8), one has ||g%(z®) ®))| < \/ﬁs’/ﬂ Ac-

cording to P4 and (A1) given below, we have g( x(k \/2)\ Iyk 4 /e’ /5.
If ¢ and v are small enough, then || g(az(k )|| will be sufﬁmently small.

(iv) As for the synchronization phase, for each k, we may only require 21 to
satisfy

(2.7) Fo(ptD) D)y < min FoAP B 4 g0 ekl
=p

In other words, z* D k =1, ..., may be chosen as the ones that are
determined by the e—best candidates (in the sense of (2.7)), Algk)yi(k) + (),
[=1,2,...,p

Let A®) = (Ag ), . A(k)) € R (mit+m)  The following assumptions,
marked by (A1)—(A4), and the definition, marked by (D4) are used for establish-
ing the convergence of the PVT-MYR algorithm.

(A1) e®) < yelh=1),
(A2) There exists a constant 5 > 0 independent of k£ such that

(2.8) |A®T 2| > Bllz|,  for all z € R".
(A3) There exists a constant §; > 0 independent of k such that for all [,
1A < &

(A4) There exists a constant 3 > 0 independent of k such that HAl(k)T Al(k)ylH >
Gilly,ll, for all y, € R™.

(D1) We say that {d® |k =1,...,} satisfies a gradient relatedness condition if
there exists a constant g > 0 such that the inequalities

VF@®)Td® <~ VFEO)] - [d9] < 0
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are valid for all k.

Remarks. The following points should be mentioned
o0
1. (A1) is made for implementation. (A1) = 3" ) < oo, when v € (0, 1).

k=1
2. The following two points can be referred to [5].

2a. (A2) <= the sequence {A®) AFIT} of n x n matrices is uniformly positive
definite, i. e., there exists a constant 5’ > 0 independent of k such that

aT AR AWT g > 322, forall a€ R™

2b. (A3) = {Al(k)} is uniformly bounded.
3. For implementation %) is taken as the values for which the equality in (A1)
is valid.
4. (A4) <= the sequence {Al(k)TAl(k)} of m; x m; matrices is uniformly positive
definite.
5. The definition (D1) can be referred to [15].

Proposition 2.1 [10]. If f is real-valued and convex over R™, then x* is
the minimizer of f(x) if and only if g(x*) =0 and p(x*) = z*.

Lemma 2.1. If klim g%(x®) e®)) =0, then klim g(z®)) =0.

Proof. By P4, we have
(2.9) lg* (@™, M) — g(z®)|| < V2r-1e®),
According to (A1), it implies that klim gz®)y=0. O

Lemma 2.2. The following inequalities are valid

Fa(x(kJrl)’E(kJrl)) _ Fa(l‘(k),a(k)) — olk+1) < F(l‘(kJrl)) _ F(.I‘(k))
< Fa(x(kJrl)’E(kJrl)) _ Fa(m(k)’g(k)) + k)

Proof. By P4, we obtain
Fa®tD)) < poa(pttD) (1)) < prptt)) 4 (vt

F(z®) < Fo(z® W)y < pa®) 4 P,
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Combining the two inequalities given above, we have
Fa(x(kJrl)’E(kJrl)) _ Fa(l‘(k),a(k)) — olk+1) < F(l‘(kJrl)) _ F(.I‘(k))
< Fa(x(kJrl)’E(kJrl)) _ Fa(m(k)’g(k)) + k) 0

The following theorem is one of the main results on the convergence analy-
sis of the PVT-MYR algorithm.

Theorem 2.1. If the following conditions are satisfied

a. The objective function f is strongly convex;

b. At each iteration of the PVT-MYR algorithm, (2.6) and (2.7) are satisfied
in Step 1b and Step 2, respectively;

c. (Al) and (A2) are satisfied,

then any cluster of iterate points (estimates) generated by the PVT-MYR algo-
rithm is the minimal solution of (P).

Proof. By (2.6) and (2.7), one has
Po(aD), 040y — po(a®), e0) < —pf 4T g7 @), M) 4.
Then, one has from Lemma 2.2 that
F(x(k+1)) _ F(x(k)) < Fa(x(k+1)’5(k+1)) _ Fa(x(k),g(k)) + (k)

)| AP g (2 ®) k|2 4 2 (k)

IN

(210) S _n||Al(k)Tga(x(k)’ g(k))”Q + 2’)/k€(0)
for v € (0,1). For proceeding by contradiction, suppose that
lign infHAl(k)Tga(ac(k),E(k))H = o0 > 0, for some [. Then there exists an infinite
—0oQ
index set K, such that for k € K one has
1
147 g @), M) > So

Thus, for v € (0,1) small enough, one has
F(z®y — P(2*+D) > 0,

This implies that {F(z(*))} is decreasing. Since f is strongly convex, it follows
by P2 that F'is strongly convex and bounded below. This leads to

lim Fz®)=F*  keKk,

k—oo
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where F* is some real number. Adding (2.10) with respect to k, one has

Fa®) —F > 53 AP g (@®, 0|2 —2:0 §™ 48

keK keK

1
1 0 0] — -l
> 2?720 26y (1 — )71

keK

It leads to
> o< F@@ ) - Fr 4 2:0(1 - )71,
keK

This is impossible since K is infinite, and ¢ > 0 and F™* are finite. Therefore, we
obtain

(2.11) hmklnf HA(kT o z® N =0, foralll

On the other hand, noticing that A%) = (A](Lk), o ,Aék)), we obtain from
(A2) that

P
k
3 AP g 2P @2 = AT ga(p®) B2
=1
Bllg® (@®, |2,

v

This implies that

(2.12) lim  ¢%z®™, ") =0,
k — oo
ke K

according to (2.11). It follows from Lemma 2.1, and (2.12) that

lim g(z®) =0,
k — oo
ke K

which implies that every cluster of {(¥)} is the unique solution of (P). O

3. An e-descent direction for solving subproblems. It can be
seen from the last section that it is not necessary to provide accurate solutions
of (2.4) at each iteration when the PVT-MYR algorithm is performed, more

specifically, at iteration k, it is sufficient to find a yl(k) such that (2.6) is satisfied
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(k)

when we minimize each I/th auxiliary function ;" with respect to y,;, starting

with the origin, y, = 0. Suppose that yl(k) is determined by

(3.1) y® = o d®),

A direction dl(k) is said to be e-descent if the following gradient-relatedness con-

dition of the direction Al(k)dl(k) in the sense of Ortega and Rheinboldt [15] is
satisfied

32)  [APT g2 cENTaH < g APT ga (e ®) 0 1a)| <o,

with choices of pp > 0 and al(k) > 0 obeying the Armijo rule

SOZ(k) (y (k),’yf;‘( )) l(k)a(O,E(k)) — (A(k) (k) | (k)ﬁf’fk) _Fa(x(k)’g(k))
(3.3) < ma A g @), DT 4 B,
in which parameters are determined or defined by the following conditions
M1 € (0> 1)’

o = g™,

my is the smallest nonnegative integer number satisfying (3.3),
£® < B2, 50 — 0,k — co.

Remarks.

i. The difference between the statement here and the one by Ortega & Rheinboldt
(1970), [15], consists in that condition (3.2) is replaced by

k)T k k)T k
AT g < —po | AT g (™) - 10| < 0,
and condition (3.3) is replaced by
FAP Y 4 20— pa®)) < 5ol [APT g(20) g
see [15].

ii. The procedure of Armijo type described in (3.3) has been used in [7], [4] and
[18].
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Lemma 3.1 [16]. Let e;,ey > 0 be arbitrary, and € = max(ez, €y). If
f s strongly convex with modulus c, then the following inequalities hold for all
z,y €R"

(34) (9"(z, e2) = 9"y, &) z = y) 2 ¢/ (A + D)l|lz — y[* — V/8/Allz — .

Lemma 3.2 [16]. If (3.4) is satisfied, then there exist positive constants
m and M, and a positive integer kg such that

m,

M,

(o )/ Inll2 >
o el s 1) <

for all k > ky.

N Lemma 3.3 [16]. If (3.5) is satisfied, then there exist positive constants
B and B such that the inequalities

d®T k) gk) > BHB(k)d(k)H ) Hd(k)Ha
IBWd® | < 3d™|
are satisfied for infinitely many k, where B®) is updated by the BFGS formula

BE) g®) g0 B (k) (0T

(k+1) _ p®) _
BT =5 SETRMSR T STy ®)”

where s® = gD _ 200 40 = ga(zt+D) o0+ _ ga(m® (B gnd 0 <
gk tl) < (k)

Lemma 3.4. If d%) is computed by d*) = —B®=1ga(zk) k))  then
d® ke K, satisfy a gradient-relatedness condition, i.e.,

(3.6) g" (@™, M) Ta® < —Fllg*(z ™, @) - ld™] <o,

where K 1is an infinite set.

Proof. By calculating, we have
(3.7) g% a® NTqk) = _ga(z®) ENTRE=1ga k) (k)
= —[BW1go(z®) RNT k) [T ga (k) (k)]
—d®T gk) 4(k)
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It follows from Lemma 3.3 that
(3.8) dWTB®AR) > g B® AR ||dR)|| = Bl|g®(z®), W) - [P,
Combining (3.7) and (3.8), we obtain

g*(@®,eMN)Ta® < —Fllg* (@™, @) - |dP]. 0

Lemma 3.5. If a direction dl(k) satisfies the equation

(k) g(k) _
AV = ak),

and (A3) and (A4) are satisfied, then the inequality given by (3.2) is valid.

Proof. From Lemma 3.4, we have

(A7 g @, 0"

< —Bllg@®, @) AP

(39) < —B/GIAP | - lg*@®, @) - AP |- AP M) from (A3)
< —B/RAPT g (@®), e®)|| | AT AP
< —BB/ENAPT g @®), W) | from (Ad)

where the third inequality comes from Cauchy-Schwartz inequality. Setting
— min {38,/6?
Ko 1?11£p{ﬂ6l/ i b

then the inequality (3.2) is valid. O
The lemma given above shows that there exists a direction satisfying (3.2).
For convenience, the following notations are given
poi=1—p
Vgol(k) 1= Al(k)Tg(a:(k))
Vagol(k) 1= Al(k)Tga(a:(k), E(k)).

Lemma 3.6. Suppose yl(k) is determined by (3.1) with dl(k) and al(k)

satisfying (3.2) and (3.3). If (A3) is satisfied, then for each | one has that (2.6)
holds.
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Proof. From (3.3), one has that if a(k) = QaI(k), then the line search
must be failing, i. e.,

PG e ®) —pF(0,6®)) = Fo( AP G 42 ®) yey)—Fo(a®) R

(3.10)
(1 ,Ul) (k)va () dl(k)+5(k),

where gl( ) = al(k)d( ). From P4, we obtain
G Fa(Al(k)gl( )+$(k)7,yel( )) — Fo(z®) c®)) <
F(Al(k)gl(k) + 20 — F(z®) + ye®).
Using the Mean-Value Theorem, one has
(3.12) F(AMGH 420y = Fa®)) = (APT g(2®) 4 g AR FEN 750,
for some 6 € (0,1). It follows from (3.10)-(3.12) that
AT g@® + oA gNTEY > (1= E) v R + (1= y)e”
> (1= ) Ve Tgk),
Thus, we obtain
AT g@® + 04 5) — AP g T
o VT T
— TS £ (7 - Tl
—in Ve — AP 119, e®) — g(@®)] - 14|
> —ﬁlvw;’f”d}k’ — 3illg"(@®,eM) = gla®)] - 14|
(3.13) > V%P d" — 5/ 22-1®))dP) |,

where the third and the last inequality can be obtained in terms of (A3) and P4.
Since g is Lipschitzian with constant A~!, one has

v

9™ + 0475 — g ™))" AP
(3149 <G AP - a P
< oxtopa a1
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Then, it follows from (3.13) and (3.14) that

—152~(k k
Atoral e

v

_ ~(k k
oA"o7af >Hd§ ’||2

>~ va% l 1V2A~1e® ||d(k
> _/ilvaSOl l \/ 2\~ 1B(k Hyl |d(k

(3.15) >~ VM Td® — 5,0 f2r-180) a2,

Since a(k) = Qa(k) we have from (3.15) that

(& + A/ 2271 80)a M A a2 > — i Vo T af),

and since 3%) — 0 as k — oo, the above inequality guarantees the existence of
an integer k£ > 0 such that for all £k > k

A ey = =i |2 )
or
o > Ao P2 .

We have from (3.2) that

(3.16) BT a < \is2|dM | 2 (vt T a2
and

a (KT ;(k a (k k
(3.17) (Vo) > v 2 - a2,

Let AWa(y®) yelk)y — e, 0 o)y _ oo k) Combining (3.3), (3.16)
and (3.17) and letting w(\, uo, fi1) = Audfi1, we obtain

AW 1e0) = PPy 20 ner) = P, e®)

~w(X, o, fin)8 2 ([ VoM |2 + )

IN

—w(\, po, fin) (maxi<i<p )2V |2 4 0.

IN

Let n = w(A, po, ﬁl)(mamgzgp (52)_2 >0. O
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Combining the results given above in Lemmas 3.1-3.6, we present the
following PVT-MYR algorithm satisfying the e-descent condition given above,
called the e-descent PVT-MYR algorithm.

The e-Descent PVT-MYR Algorithm: for nonsmooth convex minimiza-
tion (P)
Step 0 Initialization
An initial point z® € R*, BO =171, .. ¢ >0,e® >0, 0< v < 1 and set
k=0.

Stepl Making the Moreau-Yosida regularization

Step 1la Find an estimate of the minimizer of Moreau-Yosida
regularization
Given an ) > 0, calculate p®(z®), ¢(¥)) satisfying (1.8) and (1.9).

Step 1b Find an estimate of the Moreau-Yosida regularization and
gradient
Formulas (1.10) and (1.11) are used for finding an estimate of the Moreau-
Yosida regularization and the corresponding gradient

(318)  Fo®),c0) = fpt(a),£0)) + A (), ) 2B,

(3.19) g (@®) ey = \T1g®) — po(g®) Ry,

Step 1c Search direction
Compute a direction d*) satisfying

d®) = —BWRI=1ga(z k) k),

Step 2 Parallelization
Step 2a Parallel initialization
For each | € {1,...,p}, choose an n x m; matrix Al(k)7 such that d®) e
spanAl(k).
Step 2b Choose a direction
For each [ € {1,...,p}, choose a direction dl(k) such that

AP G® = g,

Step 2c Making the Moreau-Yosida regularization and line search
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The stepsize ozl(k) > 0 is chosen according to the Armijo rule

e " e ®) = 0,6 = FUAPYP 4 2®) yey) — @B, ®)

< oA g (@), W) T 4+ 0,
where yl(k) = al(k)dl(k). If Al(k)Tga(ac(k),s(k)) <& forallle{l, --,p}, then stop,
otherwise, goto Step 3.

Step 3 Synchronization

Choose a vector z**1) satisfying

afp(k+1) o (B)Y < min FO(AF) ) o (k) 4 (k)
Fe(x ,VE )_lrélllgpF (A 7y 2 ye'™).

Set eb+1) = k),
Step 4 Update a matrix
Update B*) by the BFGS formula
B®) g(k) gk)T pk) (k) ()T

(k+1) _ ) _
B =8 TR0 T STy ®

where s = g+ _ z(k) o k) — ga(gpk+l) (k1)) _ ga(zk) k) with
0 < et < ) Set k =k + 1, goto Step 1.
End of the e-Descent PVT-MYR Algorithm

Note that for each [ there exist a sequence of matrices, {Al(k)}zozl, satis-
fying the following conditions

1. dW e spanAl(k),
2. Al(k)TAl(k)is uniformly positive definite,
3. Al(k)is uniformly bounded.

For example, for each k and [ we may choose the matrix

AP = @®/1a® |, pP, -, p®)_)), such that columns p; € R, j = 1,...,
M= 1.

The convergence of the e-descent PVT-MYR, algorithm associated with
directions and stepsizes satisfying (3.2) and (3.3) is given by the following theo-
rem.

my — 1, and d®) /||d*)|| are orthogonal to each other and ||pl(
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Theorem 3.1. Suppose that, at each iteration of the PVT-MYR algo-
rithm, yl(k) is given by (3.1) with dl(k) and al(k) satisfying (3.2) and (3.3), re-
spectively. Suppose also that the matrices Al(k) are chosen such that (A2)—(A4)
are satisfied. Then the sequence {x(k)} generated by the PVT-MYR algorithm
converges to the unique minimal solution of (P).

Proof. By virtue of Theorem 2.1 and Lemma 3.6 we have (2.6) and
hence the proof is completed. 0O

4. Rate of convergence. In this section, we investigate the conver-
gence rate of the PVT-MYR algorithm for minimizing a nonsmooth convex func-
tion. We assume that the sequence {z(*)} generated by the PVT-MYR algorithm
is convergent to the minimizer of f, i.e.,

lim ||z —z*|| =0,
k—o0

where z* = argmingepgn f(z). The following two conditions are used for studying
the rate of convergence

(B1) [lg(@®)[* — llg* (™, eM)]|*> < —2eW /(np(Ap) ),

(B2) c3 < nBp~!, where c3 is a positive constant.

We now give the result on the convergence rate of the PVT-MYR algo-
rithm.

Theorem 4.1. Let {z()} be a sequence generated by the PVT-MYR
algorithm under the following assumptions

a. The objective function f is strongly conver, satisfying (B1) and (B2);

b. yl(k), l=1,---,p, k =1,---, are chosen such that (2.6) in Step 1 is
satisfied;

c. 2® =1, p, k=1, ---, are chosen such that (2.7) in Step 2 is satis-
fied;

d. Matrices Al(k) satisfy (A2) and (A3).
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Then ||z*) — z*|| converges R-linearly to zero.
Proof. From (2.10), we have
F(l‘(k+1)) _ F(:c("‘)) < _np—l(z ||Va901(k)||2) +2:(F)
= AT (@), )P 4 2
< —npp g (@M, M) 4 2.
We have from (B1) and (B2) that
lg(z® NI = g% (@™, e™)|? < —2¢W /(nsp~"),

and
—nBp g (z®), e ™)1 + c5]|g (™) + 2e™) < 0.

Thus, one has
(4.1) Fa®V) — F(aW) < —c3llg(«™)]%.
Combining (4.1), P1 and P2, one has
F(z®) — Fz*D) > 3y L (F(®) — F(z")).
This in turn implies that
(4.2) Fa®) — P(a*) < o(F(a) - F(z")),
where ¢ = 1 — c3c3c;' € (0,1). Thus, {F(z®)} converges Q-linearly to
F(z*) = f*.
Since (4.1) and (4.2) imply that
F(a™) - F(@*) > (1 - ¢)|lg@™)|”

and
Fa®) - Fa*) < F(F@©) - F(2")),

respectively, we obtain
lg(@" N> < (1 = o) (F (@) — F(a¥)).

By P2, we have that ||z(*) — 2*| converges R-linearly to zero. [
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5. Appendix. The proximal solution problem (1.2) can be computed
by the algorithm proposed in [3], stated below.

Proximal Point Algorithm: for nonsmooth minimization problems

. 1 n
p(g;(”)) = argmin{ f(z) + glly — 2l )H}

Step 0 Fix, for example, k£ > 1 and m € (0, 1). Start from z(!) € R™, set n = 1.
Step 1 Set k = 1, start from some y*¥) = y(1).

Step 2 Set
m

e=k[f (™) = f(y" — t(—n)lly(“ -],
If
20— (k)

— e 0. f),

then goto Step 3; otherwise compute y(k“), increase k£ by 1 and execute
Step 2 again.

Step 3 Set 2"t = ¢(¥) increase n by 1 and loop to Step 1.
End of the Proximal Point Algorithm
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