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1. Introduction. This paper is a continuation and an application of

the results in [2, 9] concerning the asymptotics of nondissipative curves eitAf as

t → ±∞, generated by the class Ω̃R of nondissipative operators A with a limit of

the corresponding correlation function V (t + τ, s + τ) = (ei(t+τ)Af, ei(s+τ)Af) as

τ → ±∞, and the abstract scattering theory for the couple (A∗, A).

The purpose of the present paper is to obtain the asymptotics of the curves

eitAγ f onto the absolutely continuous subspace of the operator Aγ = γA + γA∗

with Re γ = 1/2 and to construct the scattering theory for the couples (Aγ , A)

and (A,Aγ).

The development of the study of nonselfadjoint operators began with

the works of M. S. Livšic and his associates in 1950’s ([6, 5]) and later that of

Sz.-Nagy, Foias, de Branges and Rownyak ([14, 3, 4]), M. S. Livšic, A. A. Yant-

sevich, V. Vinnikov et al. ([13, 12]), K. Kirchev and V. Zolotarev ([10, 11]).

The theory, created from M. S. Livšic, consider mostly operators A : H −→

H in a Hilbert space H with a nonhermitian part A − A∗ from finite rank

(dim(A−A∗)H < +∞) or trace class. It is based on the connection between the

theory of nonselfadjoint operators and the theory of bounded analytic functions

on the upper half-plane.

Let us denote for the operator A : H −→ H with dim(A − A∗) < +∞

E = (A − A∗)H, Φ = PE , L =
1

i
(A − A∗)|E ,

where PE is the orthogonal projector of H onto E. Then the matrix function

(called a characteristic function of A)

W (λ) = IE − iPE(A − λI)−1PEL

is defined and analytic in the resolvent set of A, analytic in a neighbourhood

|λ| > a of λ = ∞, W (∞) = I and W (λ) possesses the metric properties

W ∗(λ)LW (λ) ≥ L (Im λ > 0),

W ∗(λ)LW (λ) = L (Im λ = 0),

W ∗(λ)LW (λ) ≤ L (Im λ < 0)

for a regular point λ of the operator A. In other words to every bounded operator

A in a Hilbert space with a finite imaginary part there corresponds a matrix

valued function which characterizes these operators up to an unitary equivalence

on the principal subspace of A. This relation is the essence of the theory of M.

S. Livšic and it allows to make a classification of the considered operators.
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More generally the characteristic function of A : H −→ H can be intro-

duced in the form

W (λ) = I − iΦ(A − λI)−1Φ∗L

by the so called operator colligation

X = (A;H,Φ, E;L),

where E is a Hilbert space, Φ : H −→ E and L : E −→ E are bounded linear

operators with L∗ = L and (A − A∗)/i = Φ∗LΦ.

The main point in this investigations is the relation between the invariant

subspaces of the operator A and the factorizations of the characteristic function

W (λ) (given by Potapov’s factorization theorem).

An arbitrary finite matrix can be presented in a triangular form by a

corresponding unitary mapping. Analogous problem can be solved for classes of

nonselfadjoint operators – the operators from these classes are presented in the

so called triangular models using unitary mappings.

One of the applications of this theory is the study of nonstationary random

processes and more generally continuous curve g(t) in a Hilbert space H:

g(t) = eitAf (f ∈ H).

The obtained asymptotics of a nonstationary curves for classes of nonselfadjoint

operators allow us to construct a scattering theory for a couple (A∗, A), where A

is an operator from a given class.

From the class of all nonselfadjoint operators in a Hilbert space with a

finite nonhermitian rank we consider the operators A presented as a coupling

of a dissipative operator and an antidissipative one. For these operators A we

consider the operators

Aγ = γA + γA∗ with Re γ = 1/2.

The reason for our interest in the operators Aγ with Re γ = 1/2 is the

connection between the complete characteristic matrix function W (λ) = I −

iL‖((A−λI)−1gα, gβ)‖ of the nondissipative operator A and the matrix function

Vγ(λ) = |γ|.‖((Aγ − λI)−1gα, gβ)‖ where {gα}
m
1 are the channel elements of A.

W (λ) and Vγ(λ) determine completely each other and the consideration of the

matrix function Vγ(λ) allows to describe the characteristic matrix functions of

a class of operators (see, for example, [6] in the case of γ = 1/2). In [6] M. S.

Livšic and M. S. Brodskii have considered the operators Aγ with γ = 1/2 for



112 Galina S. Borisova

operators A with a finite imaginary part. In [16] L. A. Sakhnovich has presented

the operators Aγ with Re γ = 1/2 for dissipative operators A with a trace class

imaginary parts.

The main purpose of this article is to obtain the asymptotics of the curves

eitAγ f onto the absolutely continuous subspace of the selfadjoint operator Aγ and

to construct a scattering theory for the couples (Aγ , A) and (A,Aγ). We obtain

explicitly the wave operators W±(A,Aγ), W±(Aγ , A), the scattering operator and

the similarity of A and Aγ . In this paper we essentially use the asymptotics of

the nondissipative curves eitAf for A ∈ Ω̃R and other results obtained in [9].

2. Wave operators for the class Ω̃R of nondissipative oper-
ators. We consider the class Ω̃R of all nonselfadjoint linear bounded operators

in a Hilbert space with a finite nonhermitian rank, real spectrum and presented

as a coupling of a dissipative operator and an antidissipative one. This class has

been considered in [9, 2]. Let the operator A belong to the class Ω̃R. We may

assume without loss of generality that the operator A has the form

Af(x) = α(x)f(x) − i
x∫
0

f(ξ)Π(ξ)S∗Π∗(x)dξ+

+i
l∫

x

f(ξ)Π(ξ)SΠ∗(x)dξ + i
x∫
0

f(ξ)Π(ξ)LΠ∗(x)dξ

(1)

in the Hilbert space L2(0, l; Cn)={f(x)=(f1(x), . . . , fn(x)) : [0, l] → C
n : fk(x)∈

L2(0, l), k=1, 2, . . . , n} with an inner product (f(x), g(x))=
l∫

0

f(x)g∗(x)dx. Here

α(x) is a bounded non-decreasing function on a finite interval [0; l] which is con-

tinuous at 0 and continuous from the left on (0; l], Π(x) is a measurable n × m

(1 ≤ n ≤ m) matrix function on [0; l], whose rows are linearly independent at

each point of a set of positive measure, and satisfying the condition

trΠ∗(x)Π(x) = 1,

the selfadjoint operator L : C
m −→ C

m with det L 6= 0 has the representation

L = J1 − J2 + S + S∗,

where J1, J2, S, S∗ : C
m −→ C

m,

J1 =

(
Ir 0
0 0

)
, J2 =

(
0 0
0 Im−r

)
, S =

(
0 0

Ŝ 0

)
,
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Ik is the identity matrix in C
k (k = r,m − r), Ŝ is a (m − r) × r matrix, r is

the number of the positive eigenvalues and m − r is the number of the negative

eigenvalues of the operator L, the matrix function B(x) = Π∗(x)Π(x) satisfies

the condition

B(x)J1 = J1B(x)(2)

for almost all x ∈ [0; l]. The model (1) is a suitable form of the triangular model

of M. S. Livšic [13, 12] which generates a class of nondissipatives curves having

a limit of the corresponding correlation function ([2, 9]).

Let us suppose that Π(x) has a linearly independent rows for almost all

x ∈ [0; l]. If we consider a measurable m × n matrix function Q(x) on [0; l]

satisfying the condition Π(x)Q(x) = I where I is the identity matrix in C
n, we

can present the operator A from (1) as a coupling of a dissipative operator and

an antidissipative one

A = P1AP1 + P2AP2 + P1AP2,(3)

where the orthogonal projectors P1 and P2 have the form

P1f(x) = f(x)Π(x)J1Q(x), P2f(x) = f(x)Π(x)J2Q(x)(4)

(see [9]), P1AP1 is dissipative and P2AP2 is antidissipative.

In this paper we shall be considering only operators from the class Ω̃R

with an absolutely continuous spectrum, i. e. the inverse function σ(u) of α(x)

is absolutely continuous on [a; b], where a = α(0), b = α(l).

In this paper we will denote by ‖ ‖ the norm of a matrix function in C
n

and by ‖ ‖L2 - the norm in L2(0, l; Cn).

For the simplification of writing we will also assume that the matrix func-

tion B(x) ∈ Cα1 [0; l] (i. e. ‖B(x1) − B(x2)‖ ≤ C|x1 − x2|
α1 , 0 < α1 ≤ 1,

∀x1, x2 ∈ [0; l]) and the function α : [0; l] −→ R satisfies the conditions:

(i) α(x) is continuous strictly increasing on [0; l] :

(ii) the inverse function σ(u) of α(x) is absolutely continuous on [a; b];

(iii) σ′(u) is continuous and satisfies the condition

|σ′(u1) − σ′(u2)| ≤ C|u1 − u2|
α2 (0 < α2 ≤ 1)

for all u1, u2 ∈ [a; b] and for some constant C > 0.

For our further applications let us denote the next operators for a non-

negative (non-positive) matrix function T (x) ∈ Cα1 [a; b] (α1 > 0) (following the

denotations in [9]):

F±w (x, u) = s − lim
δ→0

u
→∫
w

e
−iT (v)

v−(x±iδ)
dv

,(5)
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Pw(x, u) = F+
w (x, u) − F−w (x, u)(6)

for all w, u, x such that a ≤ w < u ≤ b, a ≤ x ≤ b and

F±w (x, u) = s − lim
δ→0

x−δ
→∫
w

e
−iT (v)

v−x
dve±πT (x)

u
→∫

x+δ

e
−iT (v)

v−x
dv,(7)

R±1
w (x) = (F±w (x, u)(F±w (x, u))∗)

1
2 =

= s − lim
δ→0

x−δ
→∫
w

e
−iT (v)

v−x
dve±πT (x)




x−δ
→∫
w

e
−iT (v)

v−x
dv



−1

,
(8)

Uw(x, u) = R∓1
w (x)F±w (x, u) = s − lim

δ→0

x−δ
→∫
w

e
−iT (v)

v−x
dv

u
→∫

x+δ

e
−iT (v)

v−x
dv,(9)

U1w(x, u) = lim
δ→0

x−δ
→∫
w

e
−iT (v)

v−x
dve
−i

uR
x+δ

T (x)
v−x

dv

,(10)

U2w(x) = lim
δ→0

x−δ
→∫
w

e
−iT (v)

v−x
dve

i
x−δR
w

T (x)
v−x

dv

,(11)

P2w(x, u) = (Rw(x) − R−1
w (x))U2w(x)e−iT (x) ln u−x

x−w ,(12)

Qw(x, u) = P2w(x, u)eiT (x) ln(u−x)e−iT (u) ln(u−x),(13)

Q±w(x) = R±1
w (x)U2w(x)eiT (x) ln(x−w),(14)

Qw(x) = Q+
w(x) − Q−w(x)(15)

for all w, u, x such that a ≤ w < x < u ≤ b. The existence of these limits follows

from the formula about the limit values for multiplicative integrals, obtained by

L. A. Sakhnovich in [16]

s − lim
δ→0

b
→∫
a

e
−iT (v)

v−(x±iδ)
dv

= s − lim
δ→0

x−δ
→∫
a

e
−iT (v)

v−x
dve±πT (x)

b
→∫

x+δ

e
−iT (v)

v−x
dv.

Using the introduced notations for T (x) ∈ Cα[a; b] (0 < α ≤ 1) we shall

recall several inequalities obtained by L. A. Sakhnovich in ([16]) which we will

use (see, for example, [9]):

‖Uw(x, u) − U1w(x, u)‖ ≤

u∫

x

‖T (x) − T (v)‖

|x − v|
dv(16)
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for all w, u, x such that a ≤ w ≤ x ≤ u ≤ b,

‖U2a(x1) − U2a(x2)‖ ≤ C

(
x2 − x1

x1 − a

)α′

,(17)

‖Ra(x1) − Ra(x2)‖ ≤ C

(
x2 − x1

x1 − a

)α′

,(18)

‖F±a (x1, b) − F±a (x2, b)‖ ≤ C

((
x2 − x1

x1 − a

)α′

+

(
x2 − x1

b − x2

)α′
)

,(19)

for all x1, x2 : a ≤ x1 < x2 ≤ b where C > 0 is a suitable constant and

α′ = α/(1 + α).

We will also use the next inequalities obtained in [9]

‖F+
w (x, u) − Q+

w(x, u)‖ ≤ C(u − x)α
′

,(20)

‖Q+
w(x) − Q+

w(u)‖ ≤ C

(
u − x

x − w

)α′

(21)

for all w, u, x : a < w ≤ x ≤ u ≤ b,

∥∥∥∥∥

u
→∫
w

e
−iT (v)

v−x
dv − U2w(x)e−iT (x) ln x−u

x−w

∥∥∥∥∥ ≤ C(x − u)α(22)

for all w, u, x : a ≤ w ≤ u < x ≤ b,

‖eiT (x) ln(x−w) − eiT (u) ln(u−w)‖ ≤ C

(
x − u

x − w

)α′

(23)

for all x, u,w : w < u ≤ x,

‖e−iT (x) ln(x−u) − e−iT (u) ln(x−u)‖ ≤ C(x − u)α
′

(24)

for all x, u : a ≤ u < x ≤ b,

∥∥∥∥∥∥

b
→∫
w

e
−iT (x)

v−x
dv −

b
→∫
w

e
−iT (x)

v−u
dv

∥∥∥∥∥∥
≤ C

((
u − x

x − a

)α′

+

(
u − x

w − x

)α′
)

(25)

when a < x ≤ u < w ≤ b, where C > 0 is a suitable constant and α′ = α/(1+α).
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For the simplification of writing suppose that the initial function

f(x) = (f1(x), f2(x), . . . , fn(x)) ∈ L2(0, l; Cn)

is chosen from the dense set H̃0 in L2(0, l; Cn) such that there exist f ′k(x) ∈

L2(0, l) (k = 1, 2, . . . , n) and f(0) = f(l) = (0, 0, . . . , 0).

For our further applications we shall denote the matrix functions de-

fined by (5) (or (7)), (6), (8), (9), (10), (11), (12), (13), (15), (14) with F±w (x, u),

Pw(x, u), R±1
w (x), Uw(x, u), U1w(x, u), U2w(x), P2w(x, u), Qw(x, u), Qw(x), Q±w(x)

respectively for the nonnegative matrix function T (x) = J1B(σ(x))J1σ
′(x) on

[a; b] and with F̃±w (x, u), P̃w(x, u), R̃±1
w (x), Ũw(x, u), Ũ1w(x, u), Ũ2w(x), P̃2w(x, u),

Q̃w(x, u), Q̃w(x), Q̃±w(x) respectively for the nonpositive matrix function T (x) =

−J2B(σ(x))J2σ
′(x) on [a; b].

In [9] the asymptotics of nondissipative curve eitAf with basic operators

from the class Ω̃R have been obtained and the existence of the limits of the

corresponding correlation function V (t + τ, s + τ) = (ei(t+τ)Af, ei(s+τ)Af) as τ →

±∞ has been proved. In other words (see [9] Theorem 4, Theorem 5) let for the

model A ∈ Ω̃R, defined by (1), next conditions hold:

1) the function α : [0; l] −→ R satisfies (i), (ii), (iii);

2) Q∗(x) is a smooth matrix function on [0; l] (i. e. Q∗(x) is differentiable

and Q∗′(x) is continuous on [0; l] by norm in C
n)) ;

3) B(x) ∈ Cα1 [0; l] (0 < α1 ≤ 1).

Then the nondissipative curve eitAf for each f ∈ H̃0 after the change of the

variable x = σ(u) has the asymptotics
∥∥eitAf(σ(u)) − eituS±f(σ(u))

∥∥
L2 → 0(26)

as t → ±∞ and there exist the limits of the corresponding correlation function

V (t + τ, s + τ) as τ → ±∞ for eitAf in L2(0, l; Cn) and after the change of the

variable x = σ(u) these limits have the form

lim
τ→±∞

V (t + τ, s + τ) =
b∫
a

ei(t−s)S̃±(f(σ(u)))(S̃±(f(σ(u))))∗σ′(u)du =

= (eituS̃±f(σ(u)), eisuS̃±f(σ(u)))

(27)

for all t, s ∈ R. The operators S± and S̃± are bounded linear operators defined

in the subspace H̃0 by the equalities (after the change of the variable x = σ(u)):

S±f(σ(u)) = (Ŝ±f(σ(u)))T±Z(t, u),(28)

S̃±f(σ(u)) = T±Ŝ±f(σ(u)),(29)
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where

Ŝ±f(σ(u)) =

=

u∫

a

f̃ ′(w)

w
←∫

a

e
i eB1(v)
v−u

dvdwJ1 +

u∫

a

f̃ ′(w)

w
←∫

a

e
−i eB2(v)

v−u
dvdwJ2 −

b∫

a

f̃ ′(w)F̃∓w (u, b)dwS,

T±h = h
(
J1U2a(u)(u − a)i

eB1(u)e∓
π
2
eB1(u)Γ−1(I + iB̃1(u))J1 +

+ J2Ũ2a(u)(u − a)−i eB2(u)e±
π
2
eB2(u)Γ−1(I − iB̃2(u))J2

)
Π∗(σ(u))

(30)

(for all h ∈ C
m) where Γ(εI + iB̃1(u)) =

+∞∫
0

e−xe((ε−1)I−i eB1(u)) lnudx (ε > 0) is

the analogue in C
m of the classical gamma-function (considered in [9]),

Z(t, u) = Π(σ(u))(J1|t|
i eB1(u)J1 + J2|t|

−i eB2(u)J2)Q(σ(u)),(31)

B̃1(u) = J1B(σ(u))J1σ
′(u), B̃2(u) = J2B(σ(u))J2σ

′(u),(32)

f̃(w) = f(σ(w))Q∗(σ(w)).(33)

We can embed the operator A from (1) in a colligation

X = (A;L2(0, l; Cn),Φ, Cm, L),(34)

where the operator Φ : L2(0, l; Cn) −→ C
m is defined by

Φ(x) =

l∫

0

f(x)Π(x)dx,(35)

(A − A∗)/i = Φ∗LΦ and Φ∗h = hΠ∗(x).(36)

In [9] the construction of a scattering theory for the couples (A∗, A) with

A from Ω̃R is presented and the wave operators for (A∗, A) as weak limits are

obtained. The proved similarity of A and the operator D of a multiplying by an

independent variable in [9] allows us to prove the existence of the wave operators

as strong limits.

Theorem 1. Let for the model A ∈ Ω̃R, defined by (1), next conditions

hold:

1) the function α : [0; l] −→ R satisfies (i), (ii), (iii);

2) Q∗(x) is a smooth matrix function on [0; l];
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3) B(x) ∈ Cα1 [0; l] (0 < α1 ≤ 1).

Then there exist the strong limits

s − lim
t→±∞

eitA∗

e−itA

on L2(0, l; Cn).

P r o o f. Let us consider the operator function

W (t) = eitA∗

e−itA

in L2(0, l; Cn). Then dW (t)
dt

= eitA∗ A−A∗

i
e−itA and consequently

W (t)f = f − i

t∫

0

eiτA∗

(A − A∗)e−iτAfdτ(37)

for f ∈ L2(0, l; Cn). But A−A∗

i
e−itAf =

m∑
α,β=1

(e−itAf, gα)(Leα, eβ)gβ, where

{eα}
m
1 is an orthonormal basis in C

m, gα(x) = Φ∗eα = eαΠ∗(x) (x ∈ [0; l]),

α = 1, 2, . . . ,m, are channel elements of A. Then

∥∥A−A∗

i
e−itAf

∥∥
L2 ≤

∥∥∥∥∥
m∑

α,β=1

(e−itAf, gα)(Leα, eβ)gβ

∥∥∥∥∥
L2

≤

≤ C
m∑

α=1
|(Ŝ−1
± e−itDŜ±f, gα)| = C

m∑
α=1

|(e−itDŜ±f, Ŝ−1∗

± gα)| =

= C
m∑

α=1

∣∣∣∣∣
b∫
a

e−ituŜ±f(σ(u))(Ŝ−1∗

± gα(σ(u)))∗σ′(u)du

∣∣∣∣∣ ,

because A = Ŝ−1
± DŜ± onto L2(0, l; Cn) (see [9]) after the change of the variable

x = σ(u), where D is the operator of a multiplying by an independent variable,

Ŝ−1
± is the inverse operator of Ŝ± and it has the form

Ŝ−1
± = G11 + G22 + G±12,(38)

where

G11g(σ(u)) =
1

2π

d

du

u∫

a

g(σ(u))Pa(τ, u)dτJ1Q(σ(u))(σ′(u))−1,
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G22g(σ(u)) =
1

2π

d

du

u∫

a

g(σ(u))P̃a(τ, u)dτJ2Q(σ(u))(σ′(u))−1,

G±12g(σ(u)) = −G11S̃
±
12G22g(σ(u)),

S̃±12f(σ(u)) = −

b∫

a

f̃ ′(w)F̃∓w (u, b)dwS,

(where g ∈ L2(0, l; Cm) such that |g′(x)| ≤ C in [0; l], C > 0 is a constant). But

for each f ∈ L2(0, l; Cn) there exists g ∈ Y = R(Ŝ±) ⊂ L2(0, l; Cm) such that

f = Ŝ−1
± g and then

∥∥A−A∗

i
e−itAf

∥∥
L2 =

∥∥∥A−A∗

i
e−itAŜ−1

± g
∥∥∥
L2

≤

≤ C
m∑

α=1

∣∣∣∣∣
b∫
a

e−itug(σ(u))hα(u)du

∣∣∣∣∣ ,
(39)

where hα(u) = (Ŝ−1∗

± gα(σ(u)))∗σ′(u) ∈ L2(0, l; Cm), α = 1, 2, . . . ,m and R(Ŝ±)

is the range of the operator Ŝ±.

On the one hand W (t), t ∈ R, is an uniformly bounded set of operators

(i. e. ‖W (t)‖ ≤ M for all t ∈ R, where M > 0 is a suitable constant – see [9]).

On the other hand from (37) and (39) we obtain

‖W (t2)f − W (t1)f‖
2
L2 =

∥∥∥∥∥
t2∫
t1

eiτA∗ A−A∗

i
e−iτAfdτ

∥∥∥∥∥

2

L2

=

=

∥∥∥∥∥
t2∫
t1

m∑
α,β=1

(e−iτAf, gα)(Leα, eβ)eiτA∗

gβ(x)dτ

∥∥∥∥∥

2

L2

≤

≤ M1

m∑
α,β=1

|(Leα, eβ)|2
t2∫
t1

|(Φe−iτAf, eα)|2dτ
t2∫
t1

‖eiτA∗

Φ∗eβ‖
2dτ

(M1 is a suitable constant). But straightforward calculations show that

‖Φe−itA‖L2 ∈ L2(R) as a function of t. Then ‖eitA∗

Φ∗eβ‖L2 ≤ ‖eitA∗

Φ∗‖.‖eβ‖ =

‖Φe−itA‖L2 and hence the function ‖eitA∗

Φ∗eβ‖L2 belongs to L2(R) as a function

of t. The integrability of ‖eitA∗

Φ∗eβ‖
2
L2 together with Φe−itAf ∈ L2(R; Cm) and

the last inequalities imply that

‖W (t2)f − W (t1)f‖L2 → 0 as t → ±∞.
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Then for the uniformly bounded set W (t), t ∈ R, there exist the limits

lim
t→±∞

W (t)f for all f ∈ L2(0, l; Cn),

i. e. there exist the strong limits

s − lim
t→±∞

W (t) = s − lim
t→±∞

eitA∗

e−itA

onto L2(0, l; Cn). The proof is complete. �

From the results in [9] about the form of the wave operators as weak

limits and Theorem 1 it follows that

s − lim
t→±∞

eitA∗

e−itA = W±(A∗, A) = S̃∗∓S̃∓,

where the operators S̃± are defined by (29).

3. The operators Aγ = γA+γA∗ with Re γ = 1/2. Properties

of the operators from the form Aγ = γA+γA∗ with γ = 1/2 for operators A with

a finite imaginary part are presented in [6], properties of Aγ with Re γ = 1/2 for

dissipative operators A with a trace class imaginary part (A−A∗)/i are presented

in [16].

The obtained asymptotics (56) for the nondissipative curves eitAf as t →

±∞ with A ∈ Ω̃R in [9] allow us to study some properties of the operators

Aγ = γA + γA∗ (Re γ = 1/2)

in the case of the operator A ∈ Ω̃R, satisfying the conditions introduced in part 2,

to obtain the asymptotics of the curve eitAγf onto the absolutely continuous

subspace as t → ±∞ and to consider the wave operators and the scattering

operators for the couples (Aγ , A) and (A,Aγ)

Let the model A ∈ Ω̃R be defined by (1). Let the function α(x) satisfies

the conditions (i), (ii), (iii) and Π(x), B(x), Q(x), J1, J2, S, L are like in part 2

stated. Let A be embedded in the colligation X from (32) with Φ, Φ∗ satisfying

(33) and (34). Let {gα}
m
1 be the channel elements of the operator A:

gα(x) = Φ∗eα = eαΠ∗(x) , x ∈ [0; l],(40)

where {eα}
m
1 is an orthonormal basis in C

m. Then the characteristic operator

function W (λ) of the colligation X has the representation

W (λ) = I − iL‖((A − λI)−1gα, gβ)‖.(41)
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Let us consider the next matrix function

Vγ(λ) = |γ|.‖((Aγ − λI)−1gα, gβ)‖.(42)

But

(A − λI)−1 − (Aγ − λI)−1 = −γ(Aγ − λI)−1(A − A∗)(A − λI)−1,(43)

(A − λI)−1 − (Aγ − λI)−1 = −γ(A − λI)−1(A − A∗)(Aγ − λI)−1.(44)

Using (41), (42) and (A − A∗)/i = Φ∗LΦ from (43) and (44) it can be obtained

I − W (λ) = i|γ|−1(γI + γW (λ))LVγ(λ),(45)

I − W (λ) = i|γ|−1LVγ(λ)(γI + γW (λ)).(46)

Then we have

Vγ(λ) = i|γ|L−1(γI + γW (λ))−1(W (λ) − I) =
= i|γ|L−1(W (λ) − I)(γI + γW (λ))−1,

(47)

W (λ) = (|γ|I − iγLVγ(λ))(|γ|I + iγLVγ(λ))−1 =
= (|γ|I + iγLVγ(λ))−1(|γ|I − iγLVγ(λ)).

(48)

The equalities (45) and (46) show that

1
|γ|2+γ2 (γI + γW (λ))(γI + i|γ|LVγ(λ)) =

= 1
|γ|2+γ2 (γI + i|γ|LVγ(λ))(γI + γW (λ)) = I

(49)

(∀λ 6∈ [0; l]). But Vγ(λ) has the form

Vγ(λ)h = |γ|Φ(Aγ − λI)−1Φ∗h (h ∈ C
m).(50)

From the results of Birman and Entina ([1]) it follows that there exist the limits

V ±γ (x) = s − lim
δ→0

Vγ(x ± iδ)(51)

for almost all x ∈ R for the operators Vγ(λ) (λ = x ± iδ) with the form (50).

On the one hand from the form of the characteristic operator function

W (λ) =


−

l
→∫
0

e
−iJ2B(θ)J2

λ−α(θ)
dθ

L + L + I






l
→∫
0

e
iJ1B(θ)J1

λ−α(θ)
dθ

L − L + I


(52)
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of the colligation X, presented in [2] and the analogue for the multiplicative

integrals of the well-known Privalov’s Theorem, obtained by L. S. Sakhnovich in

[16], it follows that there exist the limits

W±(x) = s − lim
δ→0

W (x ± iδ)

for all x ∈ R (using the assumptions for B(x) and α(x)).

On the other hand (51) implies that the set of operators {Vγ(x ± iδ)} is

uniformly bounded for almost all fixed x ∈ R (using for example, [8], Theorem

III.1.29). Then from (49) it follows that for almost all x there exist the bounded

operators (γI + γW±(x))−1 and from (47) we obtain

V ±γ (x) = i|γ|L−1(γI + γW±(x))−1(W±(x) − I).

Let us denote the next matrix functions

W̃ (x, λ) = I − iL‖((A − λI)−1gα, ĝβ(x))‖,(53)

Ṽγ(x, λ) = |γ|.‖((Aγ − λI)−1gα, ĝβ(x))‖,(54)

where ĝβ(x) = gβ(u)χ[0;x](u) = eβΠ∗(u)χ[0;x](u), x ∈ [0; l], χ[0;x](u) is the char-

acteristic function of the interval [0;x]. Using the notations (53) and (54) analo-

gously to (47) we obtain the next representation of Ṽγ(x, λ)

Ṽγ(x, λ)h = i|γ|hL−1(γI + γW (λ))−1(W̃ (x, λ) − I)(55)

for each h ∈ C
m. But from the form (40) of gα(x) it follows that

Ṽγ(x, λ)h = |γ|

x∫

0

hΠ∗(y)(Aγ − λI)−1Π(y)dy,(56)

(W̃ (x, λ) − I)h = −ihL

x∫

0

Π∗(y)(A − λI)−1Π(y)dy,(57)

where h ∈ C
m. Now the representations (55), (56) and (57) imply that

x∫
0

hΠ∗(y)(Aγ − λI)−1Π(y)dy =

= hL−1(γI + γW (λ))−1L
x∫
0

Π∗(y)(A − λI)−1Π(y)dy
(58)
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and by differentiating of the equality (58) it follows that

(.)Π∗(x)(Aγ − λI)−1Π(x) =

= (.)L−1(γI + γW (λ))−1LΠ∗(x)(A − λI)−1Π(x).
(59)

Let us denote

Gγ(λ) = L−1(γI + γW (λ))−1L.(60)

Then from (59) and the form of Q(x) we obtain

(Aγ − λI)−1h = hQ∗(x)Gγ(λ)Π∗(x)(A − λI)−1 (h ∈ C
n)(61)

But A is a coupling of two operators and from (3) and (4) the resolvent

of A has the representation

(A − λI)−1 = P1(P1AP1 − λI)−1P1+
+P2(P2AP2 − λI)−1P2 − P1(P1AP1 − λI)−1P1AP2(P2AP2 − λI)−1P2.

(62)

Straightforward calculations show that for each f ∈ H̃0 after the change of the

variable x = σ(u) and using the introduced notations, the equalities (62) and

(61), (Aγ − λI)−1 takes the form

(Aγ − λI)−1f(σ(u)) = 1
u−λ

b∫
a

g̃λ
′(w)(Fw(λ, u)J1χ[a;u](w)+

+F̃w(λ, u)J2χ[a;u](w) − F̃w(λ, b)SFa(λ, u)J1)Π
∗(σ(u))dw,

(63)

where g̃λ(w) = f̃(w)Gγ(λ)Π∗(σ(w))Q∗(σ(w)) and f̃(w) is defined by (33).

Let us denote now

F (λ)f(σ(u)) = (Aγ − λI)−1f(σ(u)),(64)

Fε(λ)f(σ(u)) = (u − λ)ε(Aγ − λI)−1f(σ(u))(65)

for each ε > 0 sufficiently small and f ∈ H̃0. Let us present the space L2(0, l; Cn)

in the form

L2(0, l; Cn) = Hγ
ac ⊕ Hγ

s

where Hγ
ac is the absolutely continuous subspace of the selfadjoint operator Aγ

and Hγ
s is the singular subspace of Aγ . Next theorem describes a suitable rep-

resentation of Fε(λ)f(σ(u)) which we will use to obtain the asymptotics for the

curve eitAγ f onto Hγ
ac.
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From the theory of the selfadjoint operators (using the representation

(50)) it follows that Vγ(λ) has the representation

Vγ(λ) = |γ|

b∫

a

Z(t)dt

t − λ
,(66)

onto the absolutely continuous subspace Hγ
ac where the matrix function Z(t) has

the form Z(t) = ω′(t) for almost all t ∈ [a; b] and ω(t) is nondecreasing matrix

function with ω(−∞) = 0, ω(+∞) = ‖(gα, gβ)‖.

For the sace of clarity let us suppose that Z(t) satisfies the condition

‖Z(t1) − Z(t2)‖ ≤ M |t1 − t2|
β ∀t1, t2 ∈ [a; b],(67)

where M > 0 is a constant, 0 < β ≤ 1. The inequality (67) implies that there

exist the limits s − lim
δ→0

Vγ(x ± iδ) = V ±γ (x) for all x ∈ R. Hence using the

equalities (49) we have

s− lim
δ→0

Gγ(x±iδ) = G±γ (x) =
1

|γ|2 + γ2
(γI+i|γ|V ±γ (x)L) = L−1(γI+γW±(x))−1

for all x ∈ R and it can be shown that

‖G±γ (x)‖ ≤ M1 + M1 max{1/(x − a)β1 ; 1/(b − x)β1}(68)

∀x ∈ (a; b), M1 > 0 is a suitable constant and β1 : 0 < β1 < 1 is sufficiently

small.

Theorem 2. Let for the model A ∈ Ω̃R, defined by (1), next conditions

hold:

1) the function α : [0; l] −→ R satisfies (i), (ii), (iii);

2) Q∗(x) is a smooth matrix function on [0; l];

3) B(x) ∈ Cα1 [0; l] (0 < α1 ≤ 1);

4) the matrix function Z(t) from the representation (66) satisfies the con-

dition (67).

Then the operator function Fε(λ) for each f ∈ H̃0 ∩ Hγ
ac after the change of the

variable x = σ(u) has the representation

Fε(λ)f(σ(u)) = 1
2πi

b∫
a

1
x−λ

1
(u−x)1−ε

b∫
a

(g̃x
′+(w)(F+

w (x, u)J1χ[a;u](w)+

+ F̃+
w (x, u)J2χ[a;u](w) − F̃+

w (x, b)SF+
a (x, u)J1)−

− g̃x
′−(w)(F−w (x, u)J1χ[a;u](w) + F̃−w (x, u)J2χ[a;u](w)−

− F̃−w (x, b)SF−a (x, u)J1))dwΠ∗(σ(u))dx,

(69)
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where

g̃x
±(w) = f̃(w)G±γ (x)Π∗(σ(w))Q∗(σ(w)); g̃x

′±(w) =
d

dw
g̃±x (w)(70)

and G±γ (x) = s − lim
δ→0

G±γ (x ± iδ) = L−1(γI + γW±(x))−1L.

P r o o f. For the proof of the representation (69) we will use the ideas

from the proof of Lemma 8 in [9]. Let λ ∈ C \ [a; b]. Let h > 0 be an arbitrary

fixed sufficiently small such that λ belongs to the domain Ĝ with a boundary

Γ = LR ∪ l1(δ) ∪ l2(δ) ∪ l′1(δ) ∪ l′2(δ), where

LR =
{
z = Reiϕ : 0 ≤ ϕ ≤ 2π

}
,

l1(δ) = {z = x − iδ : a1 ≤ x ≤ b1} ,
l2(δ) = {z = x + iδ : a1 ≤ x ≤ b2} ,
l′1(δ) = {z = b1 + iτ : −δ ≤ τ ≤ δ} ,
l′2(δ) = {z = a1 + iτ : −δ ≤ τ ≤ δ} ,

a1 = a − h, b1 = b + h, for each R > 0 sufficiently large and for each δ > 0

sufficiently small. Using the Cauchy integral formula for the operator function

Fε(λ) in the domain Ĝ we obtain

Fε(λ)f(σ(u)) =
1

2πi

∫

Γ

Fε(z)f(σ(u))

z − λ
dz,(71)

where λ ∈ Ĝ, f ∈ H̃0 ∩ Hγ
ac. But

lim
R→+∞

∫

LR

Fε(z)f(σ(u))

z − λ
dz = 0(72)

by the Lebesgue convergence theorem because

∥∥∥∥
Reiϕ

Reiϕ − λ
Fε(Reiϕ)f(σ(u))

∥∥∥∥ =

=

∥∥∥∥
Reiϕ(u − Reiϕ)ε

Reiϕ − λ
(Aγ − ReiϕI)−1f(σ(u))

∥∥∥∥→ 0

(73)

as R → +∞, ∀ϕ ∈ [0; 2π] and

∥∥∥∥
Reiϕ

Reiϕ − λ
Fε(Reiϕ)f(σ(u))

∥∥∥∥ ≤ C1|f(σ(u))|(74)
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for all ϕ ∈ [0; 2π] and each R > 0 sufficiently large, where C1 > 0 is a suitable con-

stant. In (73) and (74) we have used the form of Fε(Reiϕ) and the representation

of the resolvent of a bounded linear operator.

Now for the integrals we obtain

1
2πi

∫
l′1(δ)

Fε(z)f(σ(u))
z−λ

dz + 1
2πi

∫
l′2(δ)

Fε(z)f(σ(u))
z−λ

dz =

= − 1
2πi

δ∫
−δ

(u−b1−iτ)ε

b1+iτ−λ
F (b1+iτ)f(σ(u))dτ− 1

2πi

δ∫
−δ

(u−a1−iτ)ε

a1+iτ−λ
F (a1+iτ)f(σ(u))dτ.

Using the connection between Gγ(λ) and Vγ(λ):

Gγ(λ) =
1

|γ|2 + γ2
(γI + i|γ|Vγ(λ)L)

and the existence of the limits s − lim
ξ→0

Gγ(a1 ± iξ), s − lim
ξ→0

Gγ(b1 ± iξ) it follows

that

‖Gγ(a1 + iτ)‖ ≤ M2, ‖Gγ(b1 + iτ)‖ ≤ M2(75)

for all τ : |τ | ≤ δ and for some constant M2 > 0. The inequalities (75), the

form of g̃a1+iτ (w), g̃b1+iτ (w), F (a1 +iτ)f(σ(u)), F (b1 +iτ)f(σ(u)), Fw(ξ + iτ, u),

F̃w(ξ + iτ, u) and the properties of the multiplicative integrals show that
∥∥∥∥
(u − b1 − iτ)ε

b1 + iτ − λ
F (b1 + iτ)f(σ(u))

∥∥∥∥ ≤
1

|b1 − λ| − δ
.

1

(h − δ)1−ε
M3,

∥∥∥∥
(u − a1 − iτ)ε

a1 + iτ − λ
F (a1 + iτ)f(σ(u))

∥∥∥∥ ≤
1

|a1 − λ| − δ
.

1

(h − δ)1−ε
M3

for all τ : |τ | ≤ δ, M3 > 0 is a suitable constant. Hence

lim
δ→0

1

2πi

∫

l′1(δ)

Fε(z)f(σ(u))

z − λ
dz = 0 , lim

δ→0

1

2πi

∫

l′2(δ)

Fε(z)f(σ(u))

z − λ
dz = 0.(76)

Passing to limits R → +∞ and δ → 0 in (71) and applying (72) and (76)

we obtain that

Fε(λ)f(σ(u)) = 1
2πi

b1∫
a1

1
x−λ

1
(u−x)1−ε

b∫
a

(g̃x
′+(w)(F+

w (x, u)J1χ[a;u](w)+

+ F̃+
w (x, u)J2χ[a;u](w) − F̃+

w (x, b)SF+
a (x, u)J1)−

− g̃x
′−(w)(F−w (x, u)J1χ[a;u](w) + F̃−w (x, u)J2χ[a;u](w)−

− F̃−w (x, b)SF−a (x, u)J1))dwΠ∗(σ(u))dx.

(77)
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In the equality (77) we have used first the Lebesgue convergence theorem, then

the existence of the limits G±γ (x) and F±w (x, u), F̃±w (x, u) for the multiplicative

integrals Fw(x ± iδ, u), F̃w(x ± iδ, u) as δ → 0 (when x ∈ R). Now using the form

of the limits g̃x
′±(w), F±w (x, u), F̃±w (x, u) when x ∈ R \ [a; b] the equality (77)

take the form (69). The theorem is proved. �

From the well-known formula about the representation of eitAγ we have

eitAγ = −
1

2πi

∫

Γ

eitλ(Aγ − λI)−1dλ,

where Γ is closed contour containing [α(0);α(l)]. Then the equality (Aγ −

λI)−1f(σ(u)) = lim
ε→0

Fε(λ)f(σ(u)) and (69) for f ∈ H̃0 ∩ Hγ
ac after calculations

show that

eitAγ f(σ(u)) = lim
ε→0

1
2πi

b∫
a

eitx

(u−x)1−ε

b∫
a

(g̃x
′+(w)(F+

w (x, u)J1χ[a;u](w)+

+ F̃+
w (x, u)J2χ[a;u](w) − F̃+

w (x, b)SF+
a (x, u)J1)−

− g̃x
′−(w)(F−w (x, u)J1χ[a;u](w) + F̃−w (x, u)J2χ[a;u](w)−

− F̃−w (x, b)SF−a (x, u)J1))dwΠ∗(σ(u))dx.

(78)

We present (78) in the convinience form for the further applications of

this formula:

eitAγ f(σ(u)) = 1
2πi

u∫
a

lim
ε→0

(
b∫
a

eitx

(u−x)1−ε (g̃x
′+(w) − g̃x

′−(w))F+
w (x, u)dxJ1+

+
b∫
a

eitx

(u−x)1−ε (g̃x
′+(w) − g̃x

′−(w))F̃+
w (x, u)dxJ2+

+
b∫
a

eitx

(u−x)1−ε g̃x
′−(w)Pw(x, u)dxJ1+

+
b∫
a

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, u)dxJ2

)
dwΠ∗(σ(u))−

− 1
2πi

b∫
a

lim
ε→0

(
b∫
a

eitx

(u−x)1−ε (g̃x
′+(w) − g̃x

′−(w))F̃+
w (x, b)SF+

a (x, u)dxJ1+

+
b∫
a

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, b)SF+

a (x, u)dxJ1+

+
b∫
a

eitx

(u−x)1−ε g̃x
′−(w)F̃−w (x,w)SPa(x, u)dxJ1

)
dwΠ∗(σ(u)).

(79)
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Next theorem gives the asymptotics of the curve eitAγf as t → ±∞ for

f ∈ Hγ
ac ∩ H̃0 after the change of the variable x = σ(u). The proof of this

asymptotics is based on the ideas of the proofs of the asymptotics (26) for the

nondissipative curves eitAf (A ∈ Ω̃R), obtained in detail in [9].

Theorem 3. Let for the model A ∈ Ω̃R, defined by (1), next conditions

hold:

1) the function α : [0; l] −→ R satisfies (i), (ii), (iii);

2) Q∗(x) is a smooth matrix function on [0; l];

3) B(x) ∈ Cα1 [0; l] (0 < α1 ≤ 1),

4) the matrix function Z(t) from the representation (66) satisfies the con-

dition (67).

Then the selfadjoint curve eitAγ f for each f ∈ H̃0 ∩ Hγ
ac after the change of the

variable x = σ(u) has the asymptotics

‖eitAγ f(σ(u)) − eituSγ±f(σ(u))‖L2 → 0(80)

as t → ±∞, where

Sγ±f(σ(u)) =

=
u∫
a

g̃u
′∓(w)U2w(u)(u−w)i

eB1(u)dw|t|i
eB1(u)e∓

π
2
eB1(u)Γ−1(I+iB̃1(u))J1Π

∗(σ(u))+

+
u∫
a

g̃u
′∓(w)Ũ2w(u)(u−w)−i eB2(u)dw|t|−i eB2(u)e±

π
2
eB2(u)Γ−1(I−iB̃2(u))J2Π

∗(σ(u))−

−
b∫
a

g̃u
′∓(w)F̃∓w (u, b)dwSU2a(u)(u − a)i

eB1(u).

.|t|i
eB1(u)e∓

π
2
eB1(u)Γ−1(I + iB̃1(u))J1Π

∗(σ(u)),

g̃u
±(w) is defined by (70).

P r o o f. We will consider in detail the case when t → +∞. In the course

of proving of (80) we will obtain the asymptotics of the inner integrals in the

representation (79) of the curve eitAγf with f ∈ Hγ
ac ∩ H̃0. Let α = min{α1, α2}.

From (79) and the form (52) of the complete characteristic operator func-

tion W (λ) of A we see that

G±γ (x) − G±γ (u) = γG±γ (x)(F̃±a (x, b) − F̃±a (u, b))(LF±a (u, b) − L + I)−

−(−LF̃±a (x, b) + L + I)L(F±a (x, b) − F±a (u, b))LG±γ (u)
(81)

for all u, x ∈ [a; b]. The inequalities (19) for F̃±a (x, b), F̃±a (u, b), F±a (x, b), F±a (u, b)
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and (68) show that

lim
ε→0

b∫
a

eitx

(u−x)1−ε (g̃x
′+(w) − g̃x

′−(w))F+
w (x, u)dx ∼

∼ (g̃u
′+(w) − g̃u

′−(w)) lim
ε→0

b∫
a

eitx

(u−x)1−ε F+
w (x, u)dx.

(82)

On the other hand

lim
ε→0

b∫
a

eitx

(u−x)1−ε F+
w (x, u)dx = lim

ε→0

(
w∫
a

eitx

(u−x)1−ε

u
→∫
w

e
−i eB1(v)

v−x
dvdx+

+
u∫

w

eitx

(u−x)1−ε F+
w (x, u)dx +

b∫
u

eitx

(u−x)1−ε

u
→∫
w

e
−i eB1(v)

v−x
dvdx

)
.

(83)

Using (20) and (21) for the positive matrix function T (x) = B̃1(x), α′ = α/(1+α)

and applying the Lebesgue convergence theorem and the Lebesgue lemma for the

Fourier transform it follows that

lim
ε→0

u∫
w

eitx

(u−x)1−ε F+
w (x, u)dx ∼ lim

ε→0

u∫
w

eitx

(u−x)1−ε Q+
w(x)e−i eB1(u) ln(u−x)dx ∼

∼ Q+
w(u) lim

ε→0

u∫
w

eitx

(u−x)1−ε e−i eB1(u) ln(u−x)dx
(84)

as t → +∞. In [9] it has been obtained the asymptotics

lim
ε→0

u∫

w

eitx

(u − x)1−ε
e−i eB1(u) ln(u−x)dx ∼

∼ πieituti
eB1(u)e−

π
2
eB1(u)Γ−1(I + iB̃1(u))(sinh(πB̃1(u)))−1

as t → +∞ which together with (84) implies that

lim
ε→0

u∫
w

eitx

(u−x)1−ε F̃+
w (x, u)dx ∼

∼ πiQ+
w(u)eituti

eB1(u)e−
π
2
eB1(u)Γ−1(I + iB̃1(u))(sinh(πB̃1(u)))−1

(85)

as t → +∞. Now from the inequality (22) for T (x) = B̃1(x) and a ≤ w ≤

u ≤ x ≤ b and (17) for U2w(x) and U2w(u) applying (23) and (24) we obtain
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(by the Lebesgue convergence theorem and the Lebesgue lemma for the Fourier

transform)

lim
ε→0

b∫
u

eitx

(u−x)1−ε

u
→∫
w

e
−i eB1(v)

v−x
dvdx ∼ lim

ε→0

b∫
u

eitx

(u−x)1−ε U2w(x)e−i eB1(x) ln x−u
x−w dx ∼

∼ lim
ε→0

U2w(u)
b∫

u

eitx

(u−x)1−ε e−i eB1(x) ln x−u
x−w dx ∼

∼ U2w(u)ei eB1(u) ln(u−w) lim
ε→0

b∫
u

eitx

(u−x)1−ε e−i eB1(x) ln(x−u)dx ∼

∼ U2w(u)(u − w)i
eB1(u) lim

ε→0

b∫
u

eitx

(u−x)1−ε e−i eB1(u) ln(x−u)dx

(86)

as t → +∞. After suitable change of the variable the last integral in the relations

(86) takes the form

lim
ε→0

b∫
u

eitx

(u−x)1−ε e−i eB1(u) ln(x−u)dx =

= −eituti
eB1(u)e

π
2
eB1(u) lim

ε→0

(b−u)te−i π
2∫

0

e−θe((ε−1)I−i eB1(u)) ln θdθ ∼

∼ −eituti
eB1(u)e

π
2
eB1(u) lim

ε→0
Γ(εI − iB̃1(u)) =

= −πieituti
eB1(u)e

π
2
eB1(u)Γ−1(I + iB̃1(u))(sinh(πB̃1(u)))−1

(87)

as t → +∞. In the last equality in (87) we have used the existence and the form

of the limit lim
ε→0

Γ(εI − iB̃1(u)) for the analogue in C
m of the classical gamma-

function (obtained in [9]). Consequently, from (86) and (87) it follows that

lim
ε→0

b∫
u

eitx

(u−x)1−ε F+
w (x, u)dx ∼

∼−πieituU2w(u)(u−w)i
eB1(u)ti

eB1(u)e
π
2
eB1(u)Γ−1(I+iB̃1(u))(sinh(πB̃1(u)))−1

(88)

as t → +∞.

Now from (82), (83), (85), (88) and the representation of Q+
w(u) as

Q+
w(u) = U2w(u)(u − w)i

eB1(u)eπ eB1(u)

show that

lim
ε→0

b∫

a

eitx

(u − x)1−ε
(g̃x
′+(w) − g̃x

′−(w))F+
w (x, u)dx ∼ 0(89)
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as t → +∞.

Analogously for the second integral in (79) it can be proved that

lim
ε→0

b∫

a

eitx

(u − x)1−ε
(g̃x
′+(w) − g̃x

′−(w))F̃+
w (x, u)dx ∼ 0(90)

as t → +∞ using the corresponding inequalities for the matrix function T (x) =

−iB̃2(x).

For the third integral in (79) because of (68), (81) like in (82) and the

form of Pw(x, u) we obtain

lim
ε→0

b∫

a

eitx

(u − x)1−ε
g̃x
′−(w)Pw(x, u)dx ∼ g̃u

′−(w) lim
ε→0

u∫

w

eitx

(u − x)1−ε
Pw(x, u)dx

as t → +∞. But in [9] has been obtained that

lim
ε→0

u∫
w

eitx

(u−x)1−ε Pw(x, u)dx ∼

∼ 2πieituU2w(u)(u − w)i
eB1(u)ti

eB1(u)e−
π
2
eB1(u)Γ−1(I + iB̃1(u)).

Hence

lim
ε→0

b∫
a

eitx

(u−x)1−ε g̃x
′−(w)Pw(x, u)dx ∼

∼ 2πieitug̃u
′−(w)U2w(u)(u − w)i

eB1(u)ti
eB1(u)e−

π
2
eB1(u)Γ−1(I + iB̃1(u))

(91)

as t → +∞. Analogously for the integral lim
ε→0

b∫
a

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, u)dx one

can find that

lim
ε→0

b∫
a

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, u)dx = lim

ε→0

u∫
w

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, u)dx ∼

∼ 2πieitug̃u
′−(w)Ũ2w(u)(u − w)−i eB2(u)t−i eB2(u)e

π
2
eB2(u)Γ−1(I − iB̃2(u))

(92)

as t → +∞.

For the other integrals in (79) after analogous calculations we obtain the

next asymptotics as t → +∞:

lim
ε→0

b∫

a

eitx

(u − x)1−ε
(g̃x
′+(w) − g̃x

′−(w))F̃+
w (x, b)SF+

a (x, u)dxχ(u;b](w) ∼ 0,(93)
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lim
ε→0

b∫
a

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, b)SF+

a (x, u)dx =

= lim
ε→0

b∫
w

eitx

(u−x)1−ε g̃x
′−(w)P̃w(x, b)SF+

a (x, u)dx ∼

∼ g̃u
′−(w) lim

ε→0

b∫
w

eitx

(u−x)1−ε P̃w(x, b)SF+
a (x, u)dx ∼ 0,

(94)

lim
ε→0

b∫
a

eitx

(u−x)1−ε g̃x
′−(w)F̃−w (x, b)SPa(x, u)dx =

= lim
ε→0

u∫
a

eitx

(u−x)1−ε g̃x
′−(w)F̃−w (x, b)SPa(x, u)dx ∼

∼2πieitug̃u
′−(w)F̃−w (u, b)SU2a(u)(u−a)i

eB1(u)ti
eB1(u)e−

π
2
eB1(u)Γ−1(I+iB̃1(u)).

(95)

Now the asymptotics (80) in the case when t → +∞ follow from (89),

(90), (91), (92), (93), (94), (95). Analogously we obtain (80) as t → −∞ and the

proof is complete. �

For the simplification of writing let us denote

Sγ±f(σ(u)) = Z(t, u)T±Ŝγ±f(σ(u)) = Z(t, u)S̃γ±f(σ(u)),(96)

where

Ŝγ±f(σ(u)) =
u∫
a

g̃u
′∓(w)

w
←∫
a

e
i eB1(v)
v−u

dvdwJ1+

+
u∫
a

g̃u
′∓(w)

w
←∫
a

e
−i eB2(v)

v−u
dvdwJ2 −

b∫
a

g̃u
′∓(w)F̃∓w (u, b)dwS

(97)

when f ∈ Hγ
ac ∩ H̃0 and g̃u

±(w) are defined by (70),

S̃γ±f(σ(u)) = T±Ŝγ±f(σ(u))(98)

and Z(t, u), T± are defined by (31), (30).

4. Wave operators and a scattering operator for the couples
(Aγ, A) and (A, Aγ). In this part we will show that the basic results from

the scattering theory for the selfadjoint operators can be extended for the couples

(Aγ , A) and (A,Aγ) with a nondissipative operator A ∈ Ω̃R and Aγ = γA + γA∗.

The asymptotics (80) of Aγ , the asymptotics (26) of nondissipative operator

A, obtained in [9] allow to obtain the wave operators W±(Aγ , A), W±(A,Aγ)

as strong limits and to obtain an explicit representation of the wave operators,
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the scattering operator and to establish the similarity of A and Aγ by the wave

operators. We will also essentially use the results in [9] concerning the form of the

form of the operators S̃ and S̃−1 establishing the similarity of the nondissipative

operator A and the operator of a multiplying by an independent variable.

Let the operator A ∈ Ω̃R and Aγ = γA + γA∗ with Reγ = 1/2 be like

above stated. From the asymptotics (80) for Aγ and the introduced denotations

(96), (31), (98) it follows that

‖eituSγ±f‖L2 = ‖S̃γ±f‖L2 = ‖f‖L2 ∀f ∈ Hγ
ac

i. e. (S̃γ±
∗
S̃γ±f, f) = (f, f). This implies that S̃γ±

∗
S̃γ± = I onto the subspace

Hγ
ac. But from the asymptotics (80) we have S̃γ± : Hγ

ac −→ Hγ
ac because Hγ

ac is an

invariant subspace under Aγ . Then the isometric operators S̃γ± onto Hγ
ac imply

that the range R(S̃γ±|Hγ
ac

) of the operator S̃γ±|Hγ
ac

is a closed linear subspace

of Hγ
ac. Then S̃γ± are invertible operators onto R(S̃γ±|Hγ

ac
). But

Sγ±f(σ(u)) = Z(t, u)T±Ŝγ±f(σ(u)) , S̃γ±f(σ(u)) = T±Ŝγ±f(σ(u))

and when g ∈ R(S̃γ±|Hγ
ac

) it follows that

Sγ±
−1g(σ(u)) = Ŝ−1

γ±T−1
± Z∗(t, u)g(σ(u)),

S̃γ±
−1

g(σ(u)) = Ŝ−1
γ±T−1

± g(σ(u)),

where the operators T−1
± have the form

T−1
± h =

=hΠ(σ(u))σ′(u)
(
J1i lim

ε→0
Γ(εI+iB̃1(u))e±

π
2
eB1(u)(u−a)−i eB1(u)U∗2a(u)J1 +

+ J2(−i) lim
ε→0

Γ(εI − iB̃2(u))e∓
π
2
eB2(u)(u − a)i

eB2(u)Ũ∗2a(u)J2

)(99)

for h ∈ Cn.

Next we will show that for the couples (Aγ , A) and (A,Aγ) it can be

introduced wave operators like in the selfadjoint case [15, 8, 7], the dissipative

case [16] and for (A∗, A) with nondissipative operator A ∈ Ω̃R [9]. Let us consider

the operators

Wt(Aγ , A) = eitAγ e−itA, Wt(A,Aγ) = eitAe−itAγ (t ∈ R)
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in L2(0, l; Cn). The next theorem states the existence and the form of the strong

limits W±(Aγ , A) and W±(A,Aγ) of Wt(Aγ , A) and Wt(A,Aγ) onto L2(0, l; Cn)

and Hγ
ac correspondingly as t → ±∞. The operators W±(Aγ , A) and W±(A,Aγ)

we will call wave operators as in the selfadjoint case and in the dissipative case.

Theorem 4. Let for the model A ∈ Ω̃R, defined by (1), next conditions

hold:

1) the function α : [0; l] −→ R satisfies (i), (ii), (iii);

2) Q∗(x) is a smooth matrix function on [0; l];

3) B(x) ∈ Cα1 [0; l] (0 < α1 ≤ 1);

4) the matrix function Z(t) from the representation (66) satisfies the con-

dition (67).

Then there exist the strong limits

W±(Aγ , A) = s − lim
t→±∞

eitAγ e−itA = S̃γ
∗

∓S̃∓ onto L2(0, l; Cn),(100)

W±(A,Aγ) = s − lim
t→±∞

eitAe−itAγ = S̃−1
∓ S̃γ∓ onto Hγ

ac,(101)

where S̃γ± and S̃± are defined by (98) and (29) respectively, S̃−1
± have the form

S̃−1
± = Ŝ−1

± T−1
± ,(102)

Ŝ−1
± and T−1

± are defined by (38) and (99).

P r o o f. From the form of Wt(Aγ , A) and Wt(A,Aγ) we obtain

dWt(Aγ , A)

dt
= −iγeitAγ (A − A∗)e−itA;

dWt(A,Aγ)

dt
= iγeitA(A − A∗)e−itAγ

onto L2(0, l; Cn). Then

Wt(Aγ , A) = I − iγ

t∫

0

eiτAγ (A − A∗)e−iτAdτ,(103)

Wt(A,Aγ) = I + iγ

t∫

0

eiτA(A − A∗)e−iτAγdτ.(104)

Then the existence of the limits

W±(Aγ , A) = s − lim
t→±∞

eitAγe−itA, W±(A,Aγ) = s − lim
t→±∞

eitAe−itAγ
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follows analogously as in the proof of Theorem 1 for the existence of the limits

s − lim
t→±∞

eitA∗

e−itA

using the uniform boundedness of the sets of operators {Wt(A,Aγ)}t∈R and

{Wt(Aγ , A)}t∈R and the representations

A = S̃−1
± DS̃± onto L2(0, l; Cn),

Aγ = S̃γ±
∗
DS̃γ± onto Hγ

ac

where S̃±, S̃−1
± , , Ŝ−1

± and T−1
± are defined by (29), (102), (38), and (99) corre-

spondingly and S̃γ± are defined by (98).

Next in order to prove the equality (100) we will show first that

W±(Aγ , A)f ∈ Hγ
ac for all f ∈ L2(0, l; Cn). On the one hand we have

eisAγW±(Aγ , A) = s − lim
t→±∞

Ws+t(Aγ , A)eisA = W±(Aγ , A)eisA.(105)

Then

e−isλeisAγW±(Aγ , A) = W±(Aγ , A)eisAe−isλ.(106)

Consequently the next equality

(Aγ − λI)−1W±(Aγ , A) = W±(Aγ , A)(A − λI)−1(107)

follows from (106) by integrating on s from 0 to +∞ when Imλ < 0 and from −∞

to 0 when Im λ > 0. If {Eγ(τ)} is the spectral family of the selfadjoint operator

Aγ , i. e. (Aγ − λI)−1 =
l∫

0

dEγ(τ)
τ−λ

, then from the well-known fact from the theory

of the selfadjoint operators it follows that Eγ(τ) has the representation

Eγ(τ) = (I − Uγ(τ))/2(108)

where

Uγ(τ) = s − lim
δ→0

ρ→+∞

1

π

ρ∫

δ

((Aγ − (τ + iξ)I)−1 + (Aγ − (τ − iξ)I)−1)dξ

for all τ such that Eγ(τ) is continuous (see, for example, [8], Lemma VI. 5. 6).
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On the other hand from the representation (62) for the resolvent of the

coupling A it can be obtained by straightforward calculations that

((A − λI)−1f(σ(u)), f(σ(u))) =

b∫

a

1

η − λ
(K(η)f(σ(u)), f(σ(u)))dη(109)

for each f ∈ H̃0 using the assumptions for σ(u), B(x), Q∗(x) and Lemma 8 [9].

The function (K(η)f(σ(u)), f(σ(u))) in (109) is integrable on [a; b] as a function

of η. Then

(ω(x)f(σ(u)), f(σ(u))) =

x∫

a

(K(τ)f(σ(u)), f(σ(u)))dτ(110)

(∀x ∈ [a; b]) is an absolutely continuous on [a; b]. In other words (109) takes the

form

((A − λI)−1f(σ(u)), f(σ(u))) =

b∫

a

d(ω(η)f(σ(u)), f(σ(u)))

η − λ
(111)

for each f ∈ H̃0.

Let us consider now

Uδρ(τ) =
1

π

ρ∫

δ

((A − (τ + iξ)I)−1 + (A − (τ − iξ)I)−1)dξ (ρ > 0, δ > 0)(112)

(τ ∈ [a; b]). Then for each f ∈ H̃0 from (111) and (112) it follows that

(Uδρ(τ)f, f) =

(
1
π

ρ∫
δ

((A − (τ + iξ)I)−1f + (A − (τ − iξ)I)−1)f)dξ, f

)
=

= 2
π

b∫
a

(
ρ∫
δ

η−τ
(η−τ)2+ξ2 dξ

)
d(ω(η)f, f) =

= 2
π

b∫
a

(arctan ρ
η−τ

− arctan δ
η−τ

)d(ω(η)f, f).

(113)

But (ω(η)f, f) is an absolutely continuous function for each f ∈ H̃0 and

| arctan ρ
η−τ

− arctan δ
η−τ

| ≤ π. Then (113) together with the Lebesgue con-

vergence theorem implies that

(U(τ)f, f) = lim
δ→0

ρ→+∞

(Uδρ(τ)f, f) = (ω(b)f, f) − 2(ω(τ)f, f).
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using the equality (ω(a)f, f) = 0 which can be obtained from the form of ω(a).

Hence

(ω(τ)f, f) = ((ω(b)f, f) − (U(τ)f, f))/2(114)

for all f ∈ L2(0, l; Cn) (because the subspace H̃0 is dense in L2(0, l; Cn)). From

(108) and (114) we have

(Eγ(τ)W±(Aγ , A)f,W±(Aγ , A)f) = 1
2(W±(Aγ , A)f,W±(Aγ , A)f)−

− lim
δ→0

ρ→+∞

1
2π

ρ∫
δ

(((Aγ−(τ+iξ)I)−1+(Aγ−(τ − iξ)I)−1)W±(Aγ , A)f,W±(Aγ , A)f)dξ=

= 1
2 (W±(Aγ , A)f,W±(Aγ , A)f)−

− lim
δ→0

ρ→+∞

1
2π

ρ∫
δ

(W±(Aγ , A)((A−(τ+iξ)I)−1+(A−(τ−iξ)I)−1)f,W±(Aγ , A)f)dξ=

= 1
2 (W±(Aγ , A)f,W±(Aγ , A)f)−

− lim
δ→0

ρ→+∞

1
2π

ρ∫
δ

(((A−(τ+iξ)I)−1+(A−(τ−iξ)I)−1)f,W ∗
±(Aγ , A)W±(Aγ , A)f)dξ=

= 1
2(W±(Aγ , A)f,W±(Aγ , A)f) − 1

2(U(τ)f,W ∗
±(Aγ , A)W±(Aγ , A)f) =

= 1
2 (W±(Aγ , A)f,W±(Aγ , A)f) + (ω(τ)f,W ∗

±(Aγ , A)W±(Aγ , A)f)−
−1

2(ω(b)f,W ∗
±(Aγ , A)W±(Aγ , A)f)

for each f ∈ L2(0, l; Cn), where we have used (107). The last equalities show that

(Eγ(τ)W±(Aγ , A)f,W±(Aγ , A)f) = 1
2 (W±(Aγ , A)f,W±(Aγ , A)f)−

−1
2(ω(b)f,W ∗

±(Aγ , A)W±(Aγ , A)f) + (ω(τ)f,W ∗
±(Aγ , A)W±(Aγ , A)f)

(115)

at first for all τ of a continuity of Eγ(τ) and then for the other τ ∈ R, us-

ing that ω(τ) is absolutely continuous and Eγ(τ) is continuous from the right.

Consequently, the equality (115) implies that the function (Eγ(τ)W±(Aγ , A)f,

W±(Aγ , A)f) is an absolutely continuous function of τ for each f ∈ L2(0, l; Cn)

because (110) is absolutely continuous. In other words W±(Aγ , A)f ∈ Hγ
ac for all

f ∈ L2(0, l; Cn), i. e.

W±(Aγ , A) : L2(0, l; Cn) −→ Hγ
ac.(116)

From the obtained asymptotics (80) and (26) for the curves eitAγ f and

eitAf it follows that

lim
t→±∞

(Wt(Aγ , A)f, g1) = (S̃γ
∗

∓S̃∓f, g1)(117)
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for all f ∈ L2(0, l; Cn) and for all g1 ∈ Hγ
ac But Hγ

s is a subspace of L2(0, l; Cn)

and (116) gives the equality

W ∗
±(Aγ , A)g = 0 for all g ∈ Hγ

s ,

which implies that W±(Aγ , A)g = 0 for all g ∈ Hγ
s and

W±(Aγ , A) = S̃γ
∗

∓S̃∓ onto L2(0, l; Cn).(118)

Observe that Wt(A,Aγ)Wt(Aγ , A)f = f ∀f ∈ L2(0, l; Cn)

and Wt(Aγ , A)Wt(A,Aγ)g = g ∀g ∈ Hγ
ac hence

W±(A,Aγ)W±(Aγ , A)f = f ∀f ∈ L2(0, l; Cn),(119)

W±(Aγ , A)W±(A,Aγ)g = g ∀g ∈ Hγ
ac.(120)

Then (118), (119) and (120) imply that W±(A,Aγ) = W−1
± (Aγ , A) (defined onto

Hγ
ac) and W±(A,Aγ)S̃γ

∗

∓S̃∓f = f onto L2(0, l; Cn) and consequently W±(A,Aγ)=

S̃−1
∓ S̃γ∓. The proof is complete. �

Now using the existence and the explicit form of the wave operators we

introduce a scattering operator defined by the formula

W−1
− (A,Aγ)W+(A,Aγ)

on the subspace Hγ
ac. Using (100) and (101) the scattering operator takes the

form

W−1
− (A,Aγ)W+(A,Aγ) = S̃∗γ+S̃+S̃−1

− S̃γ−

where S̃γ±, S̃+ and S̃−1
− are defined by (98), (29) and (102).

Finally from the equality (105) it follows that

AγW±(Aγ , A) = W±(Aγ , A)A.

Then the explicitly constructing of the wave operators establishes the similarity

of A and Aγ and

A = W−1
± (Aγ , A)AγW±(Aγ , A),

i. e.

A = S̃−1
± S̃γ±Aγ S̃∗γ±S̃±

onto L2(0, l; Cn), where S̃γ±, S̃± and S̃−1
± are defined by (98), (29) and (102).
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