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ABSTRACT. Let k be a field and X be a set of n elements. We introduce
and study a class of quadratic k-algebras called quantum binomial algebras.
Our main result shows that such an algebra A defines a solution of the
classical Yang-Baxter equation (YBE), if and only if its Koszul dual A' is
Frobenius of dimension n, with a regular socle and for each z,y € X an
equality of the type xyy = azzt, where a € k\{0}, and z,t € X is satisfied
in A. We prove the equivalence of the notions a binomial skew polynomial
ring and a binomial solution of YBE. This implies that the Yang-Baxter
algebra of such a solution is of Poincaré-Birkhoff-Witt type, and possesses
a number of other nice properties such as being Koszul, Noetherian, and an
Artin-Schelter regular domain.
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1. Introduction. In the paper we work with associative finitely pre-
sented graded k-algebras A = @,., Ai, where k is a field, Ag = k, and A is
generated by A;. We restrict our attention to a class of algebras with quadratic
binomial defining relations and study the close relations between different al-
gebraic notions such as Artin-Schelter regular rings, Yang-Baxter algebras de-
fined via binomial solutions of the classical Yang-Baxter equation, and a class
of quadratic standard finitely presented algebras with a Poincaré-Birkhoff-Witt
type k-basis, called binomial skew polynomial rings.

Following a classical tradition (and a recent trend), we take a combina-
torial approach to study A. The properties of A will be read off a presentation
A =k(X)/(R), where X is a finite set of indeterminates of degree 1, k(X) is the
unitary free associative algebra generated by X, and (R) is the two-sided ideal
of relations, generated by a finite set R of homogeneous polynomials.

Artin and Schelter [3] call a graded algebra A regular if:

(i) A has finite global dimension d, that is, each graded A-module has a free
resolution of length at most d.

(ii) A has finite Gelfand-Kirillov dimension, meaning that the integer-valued
function ¢ — dimj. A; is bounded by a polynomial in i.

(iii) A is Gorenstein, that is, Extly(k, A) = 0 for i # d and Ext%(k, A) = k.

The regular rings were introduced and studied first in [3]. When d < 3
all regular algebras are classified. The problem of classification of regular rings is
difficult and remains open even for regular rings of global dimension 4. The study
of Artin-Schelter regular rings, their classification, and finding new classes of such
rings is one of the basic problems for noncommutative geometry. Numerous works
on this topic appeared during the last 16 years, see for example [4], [20], [21], [28],
[29], [30], etc.

For the rest of the paper we fix X. If an enumeration X = {z1,...,2,}
is given, we will consider the degree-lexicographic order < on (X), the unitary
free semigroup generated by X (we assume z1 < zg < -+ < ).

Suppose the algebra A is given with a finite presentation

A=Kk(x1,...,2,)/(R).

In some cases we will ignore a given enumeration on X and will search
for an appropriate enumeration (if any), which provides a degree-lexicographic
ordering < with respect to which the relations R become of skew polynomial type,
see Definition 1.7.
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Recall that a monomial u € (X) is normal mod R (with respect to the
chosen order) if u does not contain as a segment any of the highest monomials of
the polynomials in . By N (R) we denote the set of all normal mod R monomials.

Notation 1.1. As usual, we denote k* = k\{0}. If w = a4, -, €
(X), its length m is denoted by |w|. X" will denote the set of all words of length
m in the free semigroup (X). We shall identify the m-th tensor power V®™ with

V™ = Spanj, X™, the k-vector space spanned by all monomials of length m.

We shall introduce now a class of quadratic algebras with binomial rela-
tions, called quantum binomial algebras, which contains various algebras, such as
binomial skew polynomial rings, [9], [10], [11], the Yang-Baxter algebras defined
via the so called binomial solutions of the classical Yang-Baxter equation, [13],
the semigroup algebras of semigroups of skew type, [14], etc. all of which are
actively studied.

Definition 1.2. Let Ak, X,R) = k(X)/(R) be a finitely presented k-
algebra with a set of generators X consisting of n elements, and quadratic defining
relations & C k(X). The relations R are called quantum binomial relations and
A is a quantum binomial algebra if the following conditions hold.

(a) Each relation in R is of the shape xy — cypy'x’, where z,y, 2",y € X, and
Coy € K™ (this is what we call binomial relations).

(b) Each xy,x # y of length 2 occurs at most once in R.

(¢) Each relation is square-free, i.e. it does not contain a monomial of the
shape xx, x € X.

(d) The relations R are nondegenerate, i.e. the canonical bijection r = r(R) :
X? — X2, associated with R, see Definition 1.3 is left and right non-
degenerate.

A quantum binomial algebra A is called standard quantum binomial algebra if
the set R is a Grobner basis with respect to the degree-lexicographic ordering <,
where some appropriate enumeration of X is chosen, X = {x; < x9 < -+ < x,}.

Definition 1.3. Let R C k(X) be a set of quadratic binomial relations,
satisfying conditions (a) and (b) of Definition 1.2. The the automorphism as-
sociated with ®, R = R(R) : V2 — V2, is defined as follows: on monomials
which occur in some relation, xy — cyy's’ € R, we set R(zy) = cyy'x’, and
Ry's") = (cye) 2.
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If xy does not occur in any relation (x =y is also possible), then we set
R(zy) = xy.

We also define a bijection v = r(R) : X? — X2 as r(zy) = 3’2, and
r(y'a") = xy, if vy — cyey’a’ € R. If zy does not occur in any relation then we set
r(xy) = xy. We call r(R) the (set-theoretic) canonical map associated with .

We say that r is nondegenerate, if the two maps L, : X — X, and
Ry : X — X determined via the formula:

r(zy) = La(y)Ry(x)

are bijections for each x,y € X.
R is called nondegenerate if r is nondegenerate. In this case we shall also
say that the defining relations R are nondegenerate binomial relations.

Definition 1.4. With each quantum binomial set of relations R we as-
sociate a set of semigroup relations Ry, obtained by setting c.y = 1, for each
relation (zy — cyzy'x’) € R. In other words,

Ro = {zy =92 | xy — nyy/l‘/ € R}

The semigroup associated to A(k, X,R) is Sp = So(X,Ro) = (X;Ro), we also
refer to it as quantum binomial semigroup. The semigroup algebra associated to
Ak, X, R) is Ag = k(X)/(Ro), which is isomorphic to k Sp.

The following lemma gives more precise description of the relations in a
quantum binomial algebra. We give the proof in Section 2.

Lemma 1.5. Let Ak, X,R) be a quantum binomial algebra, let Sy be
the associated quantum binomial semigroup. Then the following conditions are
satisfied:

(i) R contains precisely (Z) relations,

(ii) Each monomial xy € X2, 2 # y, occurs exactly once in R.

(ili) 2y — cyy'x’ € R, implies y' # x, 2" # y.

(iv) The left and right Ore conditions, (see Definition 2.4) are satisfied in Sy.
Clearly, if the set R is a Grobner basis then ¥y is also a Grébner basis.

Therefore, for a standard quantum binomial algebra A(k, X, R) the associated
semigroup algebra A is also standard quantum binomial.
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Example 1.6. a) Each binomial skew polynomial ring, see Definiton 1.7,
is a standard quantum binomial algebra.

b) Let R be a binomial solution of the classical Yang-Baxter equation,
see Definition 1.12, and let R(R) be the corresponding quadratic relations, then
the Yang-Baxter algebra A = k(X)/(R) is a quantum binomial algebra.

c) A = k(r1,x2,x3,24) /(a3 — ToTy,TaTo — T1T3, T4T] — T3T4, T3T2 —
XT3, T3T] — T1X4,ToT1 — T1x2) IS a quantum binomial algebra, which is not
standard quantum binomial, i.e. whatever enumeration on X we fix, the set of
relations R is not a Grobner basis with respect to <. This can be deduced by
direct computations, but one needs to check all possible 4! enumerations of X,
which is too long. (In particular if we chose the given enumeration, the ambiguity
x4x3x1 is not solvable). Here we give another proof, which is universal and does
not depend on the enumeration. Assume, on the contrary, R is a Grobner basis,
with respect to an appropriate enumeration. Therefore A is a binomial skew
polynomial ring and the (weak) cyclic condition is satisfied, see Definition 1.14.
Now the relations x4x3 — xox4, T4T9 — T123, give a contradiction.

We single out an important subclass of standard quantum binomial al-
gebras with a Poincaré-Birkhoff-Witt type k-basis, namely the binomial skew
polynomial rings. These rings were introduced and studied in [9], [10], [11], [16].
Study of these rings and the associated semigroups was also performed in [17],
[14] and [19]. Laffaille calls them quantum binomial algebras. He shows in [19],
that for | X| < 6, the associated automorphism R is a solution of the Yang-Baxter
equation. We prefer to keep the name “binomial skew polynomial rings” since we
have been using this name for already 10 years. It was proven in 1995, see [11]
and [16], that the binomial skew polynomial rings provide a new (at that time)
class of Artin-Schelter regular rings of global dimension n, where n is the number
of generators X. We recall now the definition.

Definition 1.7 ([10]). A binomial skew polynomial ring is a graded
algebra A = k(x1,...,xy,)/(R) in which the indeterminates x; have degree 1, and
which has precisely Z defining relations R = {x;x; — c;jryxjy }i<icj<n such
that

(a) ¢ij ek, foralll <i<j<n.

(b) For every pairi,j, 1 <i < j < n, the relation x;x; — cjjxyxy € R satisfies
> i<

(c) Ewvery ordered monomial x;x;, with 1 < i < j < n occurs in the right hand
side of some relation in R.
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(d) R is the reduced Grébner basis of the two-sided ideal (R), (with respect to the
order < on (X)) or, equivallently, the ambiguities xyx;x;, with k > j > i,
do not give rise to new relations in A.

We call R relations of skew polynomial type if conditions (a), (b) and (c)
of Definition 1.7 are satisfied (we do not assume (d)).

By [5] the condition (d) of Definition 1.7 may be rephrased by saying that
the set of ordered monomials

No=A{z{"---ap" |, >0for 1 <i<n}

is a k-basis of A.

Definition 1.8. We say that the semigroup Sy is a semigroup of skew
polynomial type, (or shortly, a skew polynomial semigroup) if it has a standard
finite presentation as So = (X;Ro), where the set of generators X is ordered:
T1 < X9 < -+ < Ty, and the set

Ro = {zjo; =zpzy) |1 <i<j<n, 1< <j <n}

n
contains precisely ( ) quadratic square-free binomial defining relations, each of

them satisfying the following conditions:

(i) Each monomial xy € X2, with x # y, occurs in evactly one relation in Ro;
a monomial of the type xx does not occur in any relation in Ry.

(i) If (xjo; = xpxjr) € Ro, with 1 <i < j < n, thend <j', and j > .
(Further studies show that this also implies i < j' see [10])
(i) The monomials xpxjz; with k > j > 4,1 < i,j,k < n do not give rise to

new relations in Sy, or equivalently, cf. [5], Ro is a Grébner basis with
respect to the degree-lexicographic ordering of the free semigroup (X).

Example 1.9.
Ay = k(x1, 22, 73)/(R1),

where
Ry = {x322 — 2123, 2321 — T 123, T2x1 — T1X2}.

Then R; is a Grobner basis, but it does not satisfy (c) in Definition 1.7.
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Example 1.10. Let

A2 = k<$1,$2,$3,$4>/(%2),

where
Ro = {zax3 — axszy, T4790 — b2123, T4T1 — CT2T3,
x3xg — dx124, T3T] — €ToT4, Tox] — fT1T2},

and the coefficients a, b, c,d, e, f satisfy
abedef #0, a? = f? =bejcd = cd/be, a* = f*=1.

This is a binomial skew polynomial ring. As is regular and left and right Noetherian
domain.

A classification of the binomial skew polynomial rings with 4 generators
was given in [9], some of those algebras are isomorphic. A computer programme
was used in [19] to find all the families of binomial skew polynomial rings in the
case n < 6, some of the algebras there are also isomorphic. One can also find a
classification of the binomial skew polynomial rings with 5 generators and various
examples of such rings in 6 generators found independently in [8].

Now we recall the definition of the Yang-Baxter equation.

Let V be a vector space over a field k. A linear automorphism R of V@V
is a solution of the Yang-Baxter equation, (YBE) if the equality

(1.1) RI2R23R12 _ R23 pl2pR23

holds in the automorphism group of V ® V ® V, where RY means R acting on
the ¢-th and j-th component.

In 1990 Drinfeld [6] posed the problem of studying the set-theoretic solu-
tions of YBE.

Definition 1.11. A bijective map r : X?> — X2, is called a set-theoretic
solution of the Yang-Baxter equation (YBE) if the braid relation

F12,23,12 _ 23,12, 23

holds in X3, where the two bijective maps "'t : X3 — X3, 1 < i < 2, are
defined as r'? = r x Idx, and r* =Idx xr.

We use notation (X, r) for nondegenerate involutive set-theoretic solutions
of YBE. (For nondegeneracy, see Definition 1.3).

Each set-theoretic solution r of the Yang-Baxter equation induces an op-
erator R on 'V @ V' for the vector space V spanned by X, which is, clearly, a
solution of (1.1).
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Definition 1.12 ([13]). LetV be a finite dimensional vector over a field k
with a k-basis X = {x1,...,z,}. Suppose the linear automorphism R:V @V —
V ®V is a solution of the Yang-Baxter equation. We say that R is a binomial
solution of the (classical) Yang-Baxter equatioon or shortly binomial solution if
the following conditions hold.

(1) For every pair i # j,1 <1i,j <mn,

1
R(zj ® z;) = cijjry ® Zjr, R(zy ® l‘j/) = C—.I‘] & x4,
i

where ¢;; € k™, i’ # j'.

(2) Foralli,1<i<n
R(l‘z X .I‘Z) =x; Qx;.

(3) R is nondegenerate, that is the associated set-theoretic solution (X,r(R))
is nondegenerate, where 7 = r(R) : X? — X? is defined as

r(wjei) = zoxy, if R(z; @) = cjry @y

Notation 1.13. By (k, X, R) we shall denote a binomial solution of the
classical Yang-Baxter equation.

Each binomial solution (k,X,R) defines a quadratic algebra
Ar = A(k, X, R), namely the associated Yang-Baxter algebra, in the sense of
Manin [23], see also [13]. The algebra A(k, X, R) is generated by X and has
quadratic defining relations R(R) determined by R as in (1.2):

(1.2) %(R) = {(x]xl — Cijl‘i/l‘j/) | R(xj & xl) = cl-jxi/ & xj/}

Given a set-theoretic solution (X,r), we define the quadratic relations
R(r), the associated Yang-Baxter semigroup S(X,r) and the algebra A(k, X,r)
analogously, see [13].

Definition 1.14 ([13]). Let A = k(X)/(R) be a quantum binomial alge-
bra, let Sy be the associated semigroup. We say that A, respectively Sp, satisfies
the weak cyclic condition if for any z,y € X,x # y the following relations hold
m So N

(yxr = z1y1) € Ro implies (yr1 = z2y1) € Ro, (12 = 21Yy2) € Ro.
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for some appropriate xo,yo € X. Or equivalently, for all x,y € X one has

Rr, )W) = Ra(y), Ly, ) () = Ly(2).

It is shown in [10] that every binomial skew polynomial ring A satisfies
the weak cyclic condition. Furthermore, every Yang-Baxter semigroup S(X,r)
associated with a set-theoretic solution (X, r) satisfies the weak cyclic condition,
see [12] and [13]. In fact both A and S(X,r) satisfy a stronger condition which
we call the cyclic condition, see [10] and [13].

For the main results we need to recall the definitions of the Koszul dual
algebra and of a Frobenius algebra.

The Koszul dual A" is defined in [23, 5.1]. One can deduce from there the
following presentation of A' in terms of generators and relations.

Definition 1.15. Suppose A = k(X)/(R), is a quantum binomial alge-
bra. The Koszul dual A' of A, is the quadratic algebra

k{€r, .. &)/ (RY),

where the set R contains precisely (Z) +n relations of the following two types:

a) binomials
&+ (cij) ety € RL, whenever x;x; — cijrpry €N, 1<i#j<m

and

b) monomials:
(G eRrt1<i<n

Remark 1.16 ([23], see also [28]). Note that if we set
V' = Spany (z1,22,...,7,), V* = Spany (£1,82 . . ., &), and define a bilinear pair-
ing (|):V*®V — k by (& | ¥;) = J;j, then the relations R' generate a
subspace in V* ® V* which is orthogonal to the subspace of V' ® V generated by
R.

Definition 1.17 ([23], [24]). A graded algebra A = P, Ai is called a
Frobenius algebra of dimension d, (or a Frobenius quantum space of dimension

d) if
(a) dim(Ag) =1, A; =0, fori>d;
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(b) For all 0 < j < d the multiplicative map m : A; ® Aq_; — Aq is a perfect
duality (nondegenerate pairing).

A is called a quantum grassmann algebra if in addition
(c¢) dimg A; = <d>, for1 <i<d
i

The following two theorems are the main results of the paper.

Theorem A. Let X = {z1,...,z,}, let < be the degree-lexicographic
order on (X). Suppose F = k(X)/(R') is a quadratic graded algebra, which has

precisely (Z) + n defining relations
§R! = §RU §R1, where §R1 = {.I‘jl‘j}lgjgn, x= {.I‘jl‘i — Cijwi/xj/}1§i<j§n
and the set R is such that:

(a) R are relations of skew polynomial type with respect to < (see Definition
1.7).

(b) R is a Grébner basis for the ideal (R) in k(X),

(In other words, A =k(X)/(R) is a binomial skew polynomial ring.)
Then

(1) R is a Grébner basis for the ideal (R') in k(X) and the set of monomials
N = {25252 afn |0< g <1, for all1<i<n}
is a k-basis of F.
(2) F is Koszul.

(3) F is a Frobenius algebra of dimension n. More precisely, F is graded (by

length),
F=Er,
i>0
where
Fo = k,
Fi = Spany{u|ueN' and |u| =i}, for1 <i<n,

o
I

Spany (W), where W = x122 - - - xp,
Fotij = 0 for j>1
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(3) Furthermore, F is a quantum grassmann algebra:

dimy, F; = (7;) fori<i<n.

Theorem B. Let A = k(X)/(R) be a quantum binomial algebra. Then
the following three conditions are equivalent.

(1) A satisfies the weak cyclic condition. The Koszul dual A' is Frobenius of
dimension n, and has a reqular socle, see Definition 2.14.

(2) A is a binomial skew polynomial ring, with respect to some appropriate
enumeration of X.

(3) The automorphism R = R(R) : V2 — V2, is a solution of the classical
Yang-Baxter equation, so A is a Yang-Baxter algebra.

Furthermore, each of these conditions implies that

(a) There exists an enumeration of X, X = {x1,...,z,}, such that the set of
ordered monomials Ny forms a k-basis of A , i.e. A satisfies an analogue
of Poincaré-Birkhoff- Witt theorem.

(b) A is Koszul.

(¢) A is left and right Noetherian.

e) A satisfies a polynomial identity.

f

)
)
(d) A is an Artin-Schelter reqular domain.
)
) A is catenary.

(
(

2. The principal monomial and regularity.

Conventions 2.1. In this section we assume that A = Ak, X,R) =
k(X)/(R) is a quantum binomial algebra, Sop = (X;Ro) is the associated quantum
binomial semigroup. R :V? — V2 and r : X?> — X2, where R = R(R) and
r =r(R), are the maps associated with R, defined in Definition 1.3. Furthermore,
till the end of the section we shall assume that the Koszul dual A' is Frobenius.

Remark 2.2. By our assumption
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a) A is graded by length:

Al = @ AL, where dim(A}) =1;

0<i<n

and
b) The multiplication function m : Alj ® Ailfj — Al is a nondegenerate
pairing, for all j > 0.

The one dimensional component A!, is called the socle of A'.

Notation 2.3. For m > 2, A, = {z™ | v € X} denotes the diagonal of
Xm.

Definition 2.4. Let Sy be a semigroup generated by X.

a) Sy satisfies the right Ore condition if for every pair a,b € X there
exists a unique pair x,y € X, such that ax = by,

b) Sy satisfies the left Ore condition if for every pair a,b € X there exists
a unique pair z,t € X, such that za = tb.

Proof of Lemma 1.5. Suppose A(k, X,R) is a quantum binomial
algebra. By Definition 1.2 the relations in }t are square-free, therefore r(xx) = zx,
and L,(z) = z = Ry(x) for every z € X. Suppose z,y € X,z # y. The
nondegeneracy condition implies

Lo (y) # Lo(z) = x and Ry (z) # Ly(y) = y.

It follows then that the equality

r(ry) = y'a’ = L (y)Ry(z)
implies
(2.1) Y # a2 #y,

therefore condition (c) holds. Clearly, (2.1) implies r(zy) # xy, so the relation
xy = y'z’ belongs to Ro. It follows then that every monomial zy € X?\ Ag occurs
exactly once in Ry, therefore in R, which verifies (a) and (b). By [13], Theorem
3.7, the nondegeneracy of r, is equivalent to left and right Ore conditions on the
associated semigroup S&yg. O

We recall some results which will be used in the paper. The following fact
can be extracted from [25].

Fact 2.5. Suppose A is a standard finitely presented algebra with quadratic
Grobner basis. Then A is Koszul.
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Theorem 2.6 ([13], Theorem 9.7). Let A = k(X)/(R) be a binomial
skew polynomial ring. Then the automorphism R = R(R) : V2 — V? associated
with R is a solution of the Yang-Baxter equation, and (X,r) is (a square-free)
set-theoretic solution of the Yang-Bazter equation.

Conversely, suppose R :V? — V2 is a binomial solution of the classical
Yang-Baxter equation. Let ® = R(R) C k(X) be the quadratic binomial relations
defined via R. Then X can be enumerated so, that the Yang-Bazter algebra
A =k(X)/(R) is a binomial skew polynomial ring. Furthermore every ordering
<on X, X ={y1,...,yn}, which makes the relations R to be of skew polynomial
type, see Definition 1.7, assures that R is a Grébner basis with respect to <, and
the set of ordered monomials N< = {yi* -~y | oy > 0,1 < i < n} is a k-basis
for A.

For the following definition we do not assume Conventions 2.1.

Definition 2.7. Let = = {&1,...&,}, be a set of n elements, which is
disjoint with X. Let T¢ : (X) — (Z), be the semigroup isomorphism, extending
the assignment x; — &,1 < i < n. Ifw = w(z) =z - x;, € (X), we call
the monomial T*(w) = &, --- &, € (E) &-translation of w, and denote it by w(€).
We define the &-translation of elements f € k(X), and of subsets R C k(X)
analogously, and use notation f(§) and R(E), respectively. If Ko = {w; = W, }ier
is a set of semigroup relations in (X), by Ro(E) we denote the corresponding

relations Ro(Z) = {wi (&) = wi(§) bier in (E).

Clearly the corresponding semigroups are isomorphic:
So = (X; o) = (E;R0(2))

and we shall often identify them. From now on till the end of this section we
assume Convention 2.1 are satisfied.
Let

S = (X;Ro| {(z1)> =0,....(zn)* =0}).

Then the semigroup S'(€), associated with A', see Definition 2.10, is isomorphic
to S'.

Definition 2.8. Let W = W(¢) € A' be the monomial which spans
the socle, A}, of A'. Then the corresponding monomial W € Sy, is called the
principle monomial of A, we shall also refer to it as the principle monomial of
So. A monomial w € (X) is called a presentation of W if W = w, as elements

Of S(].
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Remark 2.9. Clearly, [W(¢)| = n, so W(§) = &,&, - &,,, for some
15,1 <15 <n,j =1,...,n. Then the principal monomial W = x; x;, - x;, €
(X) can be considered as a monomial in A and in the semigroup Sp. Its equiv-
alence class (mod Rp) in (X) contains all monomials w € (X), which satisfy
w =W in &y. Clearly each such a monomial w has length n, and is square-free.
Furthermore, w = W in Sy if and only if w(€) = ¢W (€) in A", for an appropriate

cek”*.

We will define a special property of W, called regularity, and will show
that it is related to Artin-Schelter regularity of A. More precisely, for a quantum
binomial algebra A in which the weak cyclic condition holds, the regularity of the
principal monomial W implies Arin-Schelter regularity of A and an analogue of
the Poincaré-Birkhoff-Witt theorem for A.

Till the end of the paper we shall often consider (at least) two types of
equalities for monomials: a) u = v as elements of Sy (or in S') , and b) u = v, as
elements of the free semigroup (X). We remind that the equality a) means that
using the relations R (or the relations of S, respectively) in finitely many steps
one can transform v into v (and vice versa). The equality b) means that v and v
are equal as words (strings) in the alphabet {z1,...,z,}. Clearly, b) implies a).
To avoid ambiguity, when necessary, we shall remind which kind of equality we
consider. Tt follows from the Frobenius property of A' that every z; , 1 <i < n,
occurs as a head (respectively, as a tail) of some presentation of .

The presentation of the Koszul dual A, in terms of generators and rela-
tions is given in Definition 1.15.

Definition 2.10. If we set ¢y = 1 for all coefficients in the defining
relations of A', we obtain a new set of relations which define a semigroup with
zero. This way we associate naturally to A', a semigroup with zero denoted by
S(&)'. As a set S(&)' is identified with the set N' = Nor 4 of normal monomi-
als modulo the (uniquely determined) reduced Grébner basis of (R*). Using the
theory of Grébner basis it is easy to see that for arbitrary u,v € N either

a) ww =0 in A', or

b) uv = cw in A', with ¢ € k*, and w € N, where the coefficient ¢ and
the normal monomial w are uniquely determined, in addition w < uv in (X).

We shall often identify S(€)' with the semigroup (N, %), where the oper-
ation * is defined as follows for u,v € N: u*xv =0 in case a) and uxv =w in
case b).

Remark 2.11. Note that u v = 0 in S'(¢) if and only if the monomial
u(z)v(z), considered as a monomial in Sy, has some presentation, which contains
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a subword of the type yy, where y € X. The shape of the defining relations of
A, and the assumption that A' is Frobenius imply that a monomial w € (X) is a
subword of some presentation of W, w = W if and only if w # 0 as an element
of §'.

Definition 2.12. Let w € S§g. We say that h € X s a head of w if w
can be presented (in Sy) as w = hwy, where wy; € (X) is a monomial of length
|lwi| = |w| — 1. Analogously, t € X is a tail of w if w = W't (in Sy) for some
w' € (X)), with |w'| = Jw| — 1.

It follows from Remark 2.2 b) that for every i,1 < i < n, there exists a
monomial w;(§) € (E), such that & xw;(§) = W. Therefore for every i,1 <i < n,
there exists a presentation W = x;w;, with x; as a head. Similarly, x; is a tail of
W for every i,1 < i < n. It is not difficult to prove the following.

Lemma 2.13. The principal monomial W of Sy satisfies the conditions:
(1) W is a monomial of length n. There exist n! distinct words w; € (X),

1 < i < nl, for which the equality w; = W holds in Sg. We call them
presentations of W.

(2) Every x € X occurs as a head (respectively, as a tail) of some presentation
of W:

/ / /
W = z1w] = 2owy = - -+ = TW,

W =wix] = woxo = - -+ = WpTy-

(3) No presentation w = W, where w € (X) contains a subword of the form
xx, where x € X.

4) W (&) spans the socle of the Koszul dual algebra A' of A.
( g

(5) Every subword a of length k of arbitrary presentation of W, has exactly k
distinct heads, hi,...,hi, and exactly k distinct tails t1,. .., ts.

(6) W is the shortest monomial which “encodes” all the information about the
relations Ry. More precisely, for any relation (xy = y'z’) € Ry, there
exists an a € (X), such that Wy = xya and Wa = y'z’a are (different)
presentations of W.

(7) If W = ab is an equality in Sy, where a,b € (X), then there exists a
monomial V' € (X), such that W =Va in Sp.
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Assume now that there exist a presentation

(2.2) W =y1y2- Yn,

of W, in which all y1,¥9,...,y, are pairwise distinct, that is yi,y2,...,yn is a
permutation of z1, ..., z,. (The identity permutation is also allowed). We fix the
degree-lexicographic order < on the free semigroup (y1,...,y,) = (X), assuming
(2.3) Y1 <y2 < < Yn.

We say that the order < on (X) is associated with the presentation (2.2).

The theory of Grobner bases, cf. [5], implies that the set of relations R
determines a unique reduced Grébner basis I' = I'(Rp, <) in (X). In general, T’
is not necessarily finite. In fact, ®g C I', and every element of I' is of the form
w = u, where the monomials u,w € (X) have equal lengths £ > 2, and u < w.
The monomial w is called the leading monomial of the relation w = u. (Note that
the relation w = u follows from ¥y, and holds in Sp.) A monomial u € (X) is
called normal (mod T'), if it does not contain as a subword any leading monomial
of some element of I". Clearly, if u is normal, then any subword «’ of u is normal
as well. An important property of the Grobner basis I' is that every monomial
w € (X) can be reduced (by means of reductions defined by I') to a uniquely
determined monomial wy € (X)), which is normal (mod I'), and such that w = wy
is an equality in Sy. In addition wy < w always holds in (X). The monomial wy
is called the normal form of w and denoted by Norp(w), or shortly Nor(w).

Let N = N(I') be the set of all normal (mod I') monomials in (X). As a
set Sy can be identified with N. An operation “x” on N is naturally defined as
u * v = Nor(uv), which makes (IV, x) a semigroup, isomorphic to Sp.

It follows from the definition that there is an equality Ry = T' if and
only if Sy is a semigroup of skew polynomial type (with respect to the ordering
(2.3)). The Diamond lemma, [5], provides a recognizable necessary and sufficient
condition for Ry to be a Grobner basis: ¥y is a Grobner basis with respect to <
if and only if every monomial of the shape y,y;v;, withn >k > j > > 1, can be
reduced using $y to a uniquely determined monomial of the shape y,yqy,, with
psq=r.

Definition 2.14. Let W = W (r) be the principal monomial of Sy. We
say that W = yiya---yn, ts a regular presentation of W if the following two
conditions are satisfied:

(1) y1,92,...,Yn s a permutation of x1,---,xy; and
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(2) v1y2 ... Yyn is the minimal presentation of W with respect to < in (X). (i.e.
each w € (X)\ {W}, such that w = W in S, satisfies y1y2...yn < w. In
this case we also say that < is a regular order in (X)).

We say that the Koszul dual A' has a regular socle, if the principal monomial W
has a reqular presentation.

Remark 2.15. Let W = y1ys- -y, be a regular presentation of W.
It follows from Definition 2.14 that Nor(W) = y1y2 - yn, or equivalently, the
monomial y1ys - - - ¥, is normal (mod T'). Clearly, every subword of yiys - - - yy, is
normal as well. In particular, the monomial y;y;41 is normal for every j,1 < j <
n. Thus y;y;41 = 2t € Ro implies z > y;,t # y;41.

Example 2.16. Let X = {z1,x9, 23,24}, S = (X;Ro) be the semigroup
with defining relations R:

L1X2 = T3L4, XL1X3 = L2L4, T4L2 = T3L1, L4L3 = T2,

T1T4 = T4L1,T2T3 = T3T2Q.

Then the relations Ry define a set-theoretic solution (X,r) of the Yang-Baxter
equation, therefore by [13], A' is Frobenius. Furthermore zizoxszs = W is
a presentation of W as a product of pairwise distinct elements of X, but this
presentation is not regular. In fact, the monomial z3x4 is a submonomial of W,
but it is not normal, since xsry = x1x2, and xixe < x3zxy. Nevertheless W
has regular presentations. For example each of the monomials in the following
equalities gives a regular presentation of W : xox3r124 = 21242003 = T4T1T3T2 =
wW.

Lemma 2.17. S' has a cancelation law on non-zero products. More
precisely, if a,b,c € S' then

i) ab = ac # 0 implies b = ¢;

ii) ba = ca # 0 implies b = c.

Proof. Conditions i) and ii) are analogous. We shall prove i) using
induction on the length m of a.

Step 1. Let |a| =1, so a € X. Suppose for some monomials b and ¢ one

has:
ab=ac # 0.

It follows then that ab,ac, and therefore b and ¢ are subwords of W. Clearly b

and ¢ have equal lengths,
|b] = |e| =k, k> 1.
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In the case when k = 1, the equality ab = ac can not be a relation because of
the nondegeneracy property, therefore it is simply equality of words in the free
semigroup (X), so b = ¢, as words too. Assume now that the length & > 2, and

(2.4) b#c.

Note that each of the monomials b and ¢ has exactly k& heads, as a subword of
W. Let Hy, = {b1,...,br} be the set of all heads of b and H. = {c1,...,c;} be
the set of heads of ¢. The inequality (2.4) implies that

(2.5) Hy, #+ H,.
The following relations hold in Sy, for appropriate ¥, ¢}, a;,a® € X, 1 <i < k:

abi = bgai,l <1< k‘,
(2.6) ac; = cga(i),l <7<k

It follows from (2.5) and the nondegeneracy property that there is an inequality
of sets:

{Bl1<i<k}#{c|1<i<h).

Clearly, then the set of heads of the monomial ab = ac is
Hy ={a} | J{j 1 <i <k} |1<i<k}

By the nondegeneracy condition one has a # b}, a # ¢, which together with (2.6)
imply that H,, contains at least k4 2 elements. This gives a contradiction, since
the monomial ab is a subword of W and therefore the number of its heads equals
its length |ab| = k + 1.

Step 2. Assume the statement of the lemma is true for all monomials
a,b,c, with |a| < m. Suppose ab = ac # 0 holds in S', where |a| = m + 1. Let
a =21 zZm+1. Therefore z1 * (22 zpy1 *b) = 21 % (22 -+ - 21 * ¢), which by
the inductive assumption implies first that (zo- -« zme1 * ) = (22 Zma1 * €),
and again by the inductive assumption one has b =c. O

Remark 2.18. In some cases, when we study quadratic algebras, instead
of applying reductions to monomials of length 3 ( in the sense of Bergman [5]),
it is more convenient to study the action of the infinite dihedral group, D(R)
generated by maps associated with the quadratic relations, as it is suggested
below.
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Let R be quantum binomial relations, » = r(R) the associated bijective
map r : X2 — X?2. Clearly the two bijective maps 71 : X3 — X3, 1 <4 <2,
where 12 = rxIdyx, and r*® = Idx xr are involutive. The infinite dihedral group,

D=D(r) = ('3 (1'2)? =¢, () =¢)

acts on X3. The orbit Op(w) of w € X3 consists of all monomials w’ € X3
such that ' = w is an equality in Sy. Clearly each reduction p applied to a
monomial v € X3 can be presented as p(v) = r'i*l(v), where 1 < i < 2. So
every monomial w’ obtained by a sequence of reductions applied to w belongs
to Op(w). The convenience of this approach is that it does not depend on the
enumeration of X (therefore on the chosen order < on (X)).

Lemma 2.19. Suppose the quantum binomial algebra A = k(X ;R) satis-
fies the weak cyclic condition. Let O = Op(w) be an arbitrary orbit of the action
of D on X3. Then the following conditions hold.

(1) ON A3 #0 if and only if O = {zazx}, for some x € X.
(2) ON((A2 x X UX x A2)\A3)) # 0 if and only if |O] = 3.

(3) In each of the cases w = yyx, or w = yxx, where x,y € X, x # y, the orbit
Op(w) contains exactly 3 elements. More precisely, if (by the weak cyclic
condition) the following are relations in Sy:

yr = x1y1, yxr1 = r2y1 and Y121 = T2y2,
then there are equalities of sets:
Op(yyz) = {yyz, yz1y1, T2y1y1},
Op(yzz) = {yzz, v1y12, T121Y2}

Furthermore, suppose < is an ordering on X such that every relation in Ry is of
the type yxr = x'y’, where y = x, ' <y, and y = x’. Then the orbit Op(y1y2y3)
with y1 < y2 < y3 does not contain elements of the form xxy, or xyy, x #y € X.

Theorem 2.20. Let A = A(k, X,R) = k(X;R) be a quantum binomial
algebra, let Sp = (X;Ro) be the associated semigroup, and let A" be the Koszul
dual of A. We assume that the following conditions are satisfied:
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(a) The weak cyclic condition is satisfied on Sp.
(b) The Koszul dual A' is Frobenius.

(¢) The principal monomial W has a regular presentation W = y1ya - - - yn, and
< is the associated regqular ordering on (X).

Then S = (y1, Y2, - - -, Yn; Ro) is a semigroup of skew polynomial type (with respect
to the order <). More precisely, the following conditions hold:

(1) FEach relation in Ro, is of the form yz = 2y, where y = z implies 2’ <y,
andy = 2.

(2) The relations Ry form a Grobner basis with respect to the ordering < on
(X).

(3) The relations R form a Gréobner basis with respect to the degree-lexicographic
ordering < on (X), and A is a binomial skew polynomial ring.

(4) The set of ordered monomials
N ={yi" - yn" [ @i > 0,1leqi < n}
forms a k-basis of A.
(5) A is Koszul.

(6) A is Artin-Schelter reqular ring of global dimension n.

We assume conditions (a), (b) are satisfied and prove two more state-
ments.

Proposition 2.21. The following conditions hold on Sy.

(1) For any integer j, 1 < j <n —1, there exists a unique n; € X, such that
Yj+1- - YnMj = YjYj+1- " Yn-

(2) The elements m1,M2, ..., Mn—1 are pairwise distinct.

(3) For each j, 1 < j < n —1, the set of heads Hyy, of the monomial W; =
YjYj+1- " Yn 1S
HWj - {ijijrh e 73/n}
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(4) For any pair of integers i,7, 1 < i < j < n, the monomial y;y; is normal.
Furthermore, the unique relation in which y;y; occurs has the form y;y; =
yiy;, with j' >, and j' > i.

Lemma 2.22. For each integer j, 1 < j < n—1, let & jt1,---,&n,
Mj,j+1,---,Njn be the elements of X uniquelly determined by the relations

§i 1M1 = YY1 € Ro

§i+2njj+2 = Njj+1Yj+2 € Ro
Qn

gj,nflnj,nfl =1Njn—2Yn—1 € o

fj,nnj,n = Njn—1Yn € §R0.

Then for each j, 1 < j <n —1, the following conditions hold:

(1) &j+s # Mjjts—1, for all s,2< s <n—j.

(2) There is an equality in Sy:
&j+18j,+2 7 Ejn = Yj+1 - Yne

(3) Yj+1Yj+2 Ynlin = Yi¥j+1 " Yn-

(4) The elements 0jn,Nj+1,ns- - - Mn—1,n are pairwise distinct.

Proof. Condition (1) is obvious. To prove the remaining conditions we
use decreasing induction on j, 1 < j <n —1.

Step 1. j = n — 1. Clearly, y,—1y, is normal thus (cf. Remark 2.15)
the relation in Ry in wich it occurs has the shape y,—1yn = &n—1,nMn—1,n, With
&n—1,n = Yn—1. It follows then that &,—1, = ¥, and yp—1Yn = Ynm—1,n- This
gives (2), (3), (4) is trivial.

Step 2. We first prove (4) for all j,1 < j < n — 1. Assume that for all
k,n—1 >k > j, the elements yg, Yk+1,---sYns Skk+1s-- -+ Ekmy Mhkt1s- -5 Mk
satisfy

Ek k 1Mk k41 = YkYk+1 € Ro

Sk k+2Mk k+2 = Mk k+1Yk+2 € Ro
(28)

$kn—1Mk;n—1 = Mkn—2Yn—1 € o

gk,nnk,n = Mk,n—1Yn € Fo;
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all 741, Mj+2,m5 - - - » In—1,n are pairwise distinct, and the modified conditions (4),
in which “j” is replaced by “k” hold. Let & 41, -.&jns Mj,j+1 - Njn satisfy (2.8).
We shall prove that 7;,, # Nk, for all k,j < k # n — 1. Assume the contrary,

Nin = Nk,n

for some k > j. Consider the relations

(2.9) §inMin = Njn—1Yn; and &g nMkn = Mkn—1Yn-

The Ore condition and (2.9) imply

Njn—1 = Nkn—1-

Using the same argument in n — k steps we obtain the equalities

MNjim = Mkens> Mjn—1 = NMkn—15 -+ -5 Njk+1 = Mke,k+1-

Now the relations

& k175 k41 = Nj kYk+1 and g ot 1Mk k1 = YkYk+1

and the Ore condition in Definition 2.4 imply 7, = yx, thus, by (2.8) and (2.7)
we obtain a relation & ryr = & r—1yr € Ro. This is impossible, by Lemma 1.5
(iii). We have shown that the assumption 7;, =, for some & > j, leads to a
contradiction. This proves (4) for all j,1 <j <n—1.

We set
(210) m=Mmn12="12n,---5"Nn-1 = Tn-1,n-

Next we prove (2) and (3).

By the inductive assumption we have

Ekkt18k k42 Skon = Ykt1 " Yns

and
Ye+1 " Yn-Nk+1 = Yk " Yn-

Applying the relations (2.8) one easily sees, that

$ia+1855+2" §im i = YjYj+1 " Yn-

Denote
wj =& +1&5,5+2 Eim-
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We have to show that the normal form, Nor(w;), of w; satisfies the equality of
words Nor(w;) = yj+1¥j42- - Yn , in (X). As a subword of length n — j of the
presentation W = y1y2 - - - y;_1w;1;n, the monomial w; has exactly n — j heads

(2.11) B <hy <+ < s,

Since Nor(wj) = wj, is an equality in Sy, the monomial Nor(w;) has the same
heads as w;. Furthermore, there is an equality of words in (X), Nor(w;) = hiu/,
where w' is a monomial of length n—j—1. First we see that h; > y;. This follows
immediately from the properties of the normal monomials and the relations

(2.12) Nor(wj)n; = wjnj = YjYj+1- - Yn € N.

Next we claim that h; > y;. Assume the contrary, h; = y;. Then by (2.12) one
has

y;w'ng = winj = YjYj+1- - Yn-

The cancelation law in Sy implies that

Wnj = yYj+1- Y € N,

Thus n; is a tail of the monomial y;i1---y,. By the inductive assumption,
conditions (2) and (3) are satisfied, which together with (2.10) give additional
n — j distinct tails of the monomial y;41 - - -y, namely 91,7542, .. -1, Yn- It
follows then that the monomial y;,1 - -y, of length n — j has n — j + 1 distinct
tails, wich is impossible. This implies k1 > y;. Now since w; has precisely n—j+1
distinct heads, which in addition satisfy (2.11) we obtain equality of sets

{h17h27 .. '7hn7j} = {yj+17yj+27' e 7?/n}

By the inductive assumption the heads of the monomial ;142 yn are ex-
actly yj4+1,¥j+2,-..,Yn, Therefore, by Lemma 2.13 there is an equality w; =
Yi+1Yj+2 - Yn (in Sp). We have shown (3). Now the equality

Yj+1- - Ynlj = YjYj+1- " Yn

and the inductive assumption gives that the heads of y;y;41-- -y, are precisely
the elements ¥, yj+1,...,Yn. This proves (2). The lemma has been proved. O

Proof of Proposition 2.21. Conditions (1), (2), (3) of the propo-
sition follow from Lemma 2.22. We shall prove first that for any pair i, 7,



454 Tatiana Gateva-Ivanova

1 < i < j < n, the monomial y;y; is normal. Assume, the contrary. Then
there is a relation

(2.13) (viyj = yjryir) € Ro,
where
Yy < Y;.

Consider the monomial

(2.14) U= Yl Yjt1 " YnTli—115—2 = Nit1-

We replace (2.13) in (2.14) and obtain

U=YjYirYj+1 - YnNj—-1M5-2 " Ni+1,

so y; is one of the heads of u. It follows from Lemma 2.22 (3) and (2.14) that there
is an equality in Sy u = y;y;+1 - - yn = Nor(u). Since the inequality Nor(u) < u
always holds in (X), y; is the smallest head of u. But, by our assumption, the
head y;s of u satisfies y;; < y;, which gives a contradiction. We have proved
that the monomial y;y; is normal for every pair 7,7, 1 <7 < j < n. Since the

n
number of relations is exactly 2) and each relation contains exactly one normal

monomial, this implies that the monomials x;x;, with 1 < i < j < n, are not
normal. It follows then that each relation in ¥ has the shape y;1y; = yyy;/, where
1<i<j<n,1<#<j <n,and j >4, which proves (3) and (4). O

Lemma 2.23. The following conditions hold.

(a) The set of relations Ry is a Grébner basis with respect to the ordering < on
(X).

(b) So is a semigroup of skew polynomial type.

(¢) (X,r) is a square-free solution of the set-theoretic Yang-Baxter equation.
(d) R is a Grébner basis of the ideal (R).

(e) A is a binomial skew polynomial ring.

(f) The automorphism R = R(R) is a solution of the classical Yang-Baxter
equation.
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Proof. We denote by I' the reduced Grobner basis of the ideal (Ry) and
claim that I' = ¥y. It will be enough to prove that the ambiguities yiy;y;, with
k > j > i, do not give rise to new relations in Sy. Or, equivalently, the set N3 of
all monomials of length 3 which are normal (mod Ry):

Ny ={zyz|z,y,2 € X, andz <y < z}.

coincides with the set N3 = NN N X3 of all monomials normal modulo I'. Clearly,
N3 C Ns.
Let w € N3. We have to show Norp(w) = w Four cases are possible:

(2.15) w =YYy, 1 <1< j<k<n,

w=yiyy5, 1 <i <j<mn,
w =YYy, 1 <i<n.

Case 1. Assume (2.15) holds. Assume, on the contrary, w is not in N3. Then
there is an equality w = y;y;yx = y;y;yy,, Where y; < y; < y;, and, as elements of
(X), the two monomials satisfy

(2.16) YU = YiliUk-

By (2.16), one has

Yi = Yi.
We claim that there is an inequality y; < y;. Indeed, it follows from Lemma
2.19 that the orbit Op(y;y;yi) does not contain elements of the shape zxy or
zyy, therefore an assumption y = y; would imply y;yx = yjy;, with y; < yj and
Y; < Yy, which contradicts Proposition 2.21. We have obtained that y; < y;. One
can easily see that there exists an w € (X), such that

(yiyjyk) *W = YiYit1 o Yn-

The monomial y;1;y1 - - yn is normal, therefore the normal form (y;y;y).w sat-
isfies

Nor(ygy;-y;.w) = NOI‘((yiyjyk).w) = YilYi+1" " Yn-

Now the inequalities

Nor (Yiy5yp-w) 2 Yiyiyew < Yilfis1 - Yn
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give a contradiction. It follows then that monomial y;y;yx, ¢ < j < k ,is normal
(mod TI).

Case 2. w = yyiyk, 1 <i <k <n. It is not difficult to see that the orbit
O = Op(yiyiyk) is the set

O = {w = Yiyiyk, w1 = YiYp¥i, w3 = Yryivi },

where

YiYi = Yivk € Ro, and y; < yj, = y;
and

uk"yi = yiyk € Vo, and yi < yi -y,
Therefore

Nor(yiyiyk) € Op(yiyiyk) [ | Vs = vitit-

We have shown that Norp(w) = w.

Case 3 is analogous to Case 2. Case 4 is straightforward, since all rela-
tions are square free. We have proved condition (a).

Condition (b) is straightforward.

We have shown that Sp = (X;R) is a semigroup of skew polynomial
type. Clearly r = r(R) = r(Rp). It follows then from [16] Theorem 1.1, that
(X,r) is a solution of the set-theoretic Yang-Baxter equation which proves (c).

We shall prove (d). It will be enough to show that each ambiguity w =
YkY;¥Yi, With k > j > ¢ is solvable.

Note first that since (X, ) is a solution of the Yang-Baxter equation, the
group D is isomorphic to the dihedral group D3, and each monomial of length
3 has an orbit consisting either of 1, or 3 or 6 elements. Furthermore the orbit
Op(w) consists of exactly 6 elements. This follows directly from Lemma 2.19.,
it was proven first in [16]. Furthermore Op(w) contains exactly one ordered
monomial wy = ¥, ¥ Yk, , with 1 <41 < j1 < k1 < n, which is the normal form
of w (mod Ry). Two cases are possible. Either

?”12?“237‘12( ) =wy = ?”23?“12?“23( )

or

7”127”23?”12?”23( ) =wy = 7”23?”12( )

Denote by Ox(w) the set of all elements f € A, which can be obtained by finite
sequences of reductions, defined via the set of relations R (see [5]) applied to w. In
fact each reduction p applied to a monomial of length 3, which is not fixed under
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p behaves as one of the automorphism R'? and R?3 but only in one direction,
transforming each monomial w’ which is not ordered into p(w') = ¢pqw”, where
Cpg 1s the coefficient occurring in the relation used for p and w” < w'. So each
f € Ogn(w) has the shape f = cw*, where ¢ € k™, and w* is in the orbit Op(w).
We know only that Og(w) contains 6 monomials, but the normal form, wy, might
occur with 2 distinct coefficients.

Assume now that the ambiguity yiy;y; is not solvable. Then the orbit
O (w) contains two distinct elements ciwg and cowp, with ¢1,co € k™, and ¢; #
c2. On the other hand every f € Ox(w) satisfies f = w modulo (R). It follows
then wy € (N). One can find appropriate 7s,,---7s,_, € X where n;, 1 < j <mn,
are as in Proposition 2.21 so that the following equality holds in Sp:

Yir Ui Yk Msy = Nsp_z = W.

But then there is an equality in A

Yir Ui Yk Msy = Nsp_g = W

for some a € k™. But the element oV is in normal form, therefore y;,y;,yx, =0
in A leads to a contradiction. It follows then that each ambiguity yxy;y;, with
k > j > i, is solvable. Therefore R is a Grobner basis, and A is a binomial
skew polynomial ring. This proves conditions (d) and (e). It follows from [13]
Theorem 9.7 (see also Theorem 2.6) that the automorphism R(R) is a solution
of the classical Yang-Baxter equation. O

Proof of Teorem 2.20. Condition (1) follows from Proposition 2.21
(4). Lemma 2.23 implies (2) and (3). Clearly (3) implies (4). It is known that
every standard finitely presented algebra with quadratic Grobner basis is Koszul,
Fact 2.5, which implies (5). We have already shown that A is a binomial skew
polynomial ring. It follows then from the proof of Theorem 3.1 that A has global
dimension n. Now the result of P. Smith, see Proposition 3.2, implies that A is
Corenstein, hence A is Artin-Schelter regular of global dimension n. [0

3. The koszul dual of a binomial skew polynomial ring is
Frobenius. In this section we study the Koszul dual A' of a binomial skew
polynomial ring A. We prove Theorem A, which guarantees the Frobenius prop-
erty for a class of quadratic algebras with specific relations. This class includes
the Koszul dual A'. The main result of the section, Theorem 3.1, shows that
the binomial skew polynomial rings with n generators provide a class of Artin-
Schelter regular rings of global dimension n. The first proof of this theorem
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(1995) was given in [11], where we used combinatorial methods to show that A'
is Frobenius, and then the result of Smith [28] see Proposition 3.2, to show that
A is regular. In [16] this result was improved by a different argument, which uses
the good algebraic and homological properties of semigroups of I-type to show
that A is an Artin-Schelter regular domain. We prefer to present here the combi-
natorial proof of the Frobenius properties of A', which has not been published yet
and uses a technique which might be useful in other cases of (standard) finitely
presented algebras.

Theorem 3.1. Let A be a binomial skew polynomial ring. Then

(1) The Koszul dual A' is Frobenius.
(2) A is Artin-Schelter regular ring of global dimension n.

Our proof is combinatorial, we deduce the Frobenius property of A" from
its defining relations. We use Grobner basis techniques, the cyclic condition in
A, and study more precisely the computations in the associated semigroup S'.
Next we use the following result of of Smith, see [28], Prop. 5.10, to deduce the
Gorenstein property of A.

Proposition 3.2. Let A be a Koszul algebra of finite global dimension.
Then A is Gorenstein if and only if A' is Frobenius.

We keep the notation from the previous sections. As before we denote
the set of generators of A' as Z = {£1,&9,...,&, ).

Remark 3.3. In [10], Theorem 3.16 (see also [9]) was shown that
every binomial skew polynomial ring A satisfies the cyclic condition, a condition
stronger than the weak cyclic condition of Definition 1.14. So the algebra A,
satisfies the conditions of Definition 1.14. One can easily deduce from the relations
of A', see Notations 3.4 that it also satisfies the conditions of Definition 1.14.

We need the explicit relations of A'.

Let A = k(X)/(R) be a binomial skew polynomial ring, with a set of
relations
(3.1) R = {jri — cijriry h<icicn,
where for each pair 1 < i < j < n, the relation z;z; — ¢;jayx; satisfies j > 7/,
i’ < j', and ¢;; € k™. Furthermore, the relations R form a Grébner basis, with
respect to the degree-lexicographic order on (X).

Notation 3.4. Let = = {&1,...&,} be a set of indeterminates, E( X =
(). Consider the following subsets of the free associative algebra k(Z):

R* = {&& + (ciy) & h<ici<n,
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We call R* the dual relations, associated to . Let
R = {27 }1<j<n,
R = {(§)hzjzn,
R =R R,
RE=R* R

It follows from Definition 1.15 of Koszul dual that:

Remark 3.5. Let A =k(X)/(R) be a binomial skew polynomial ring,
with a set of relations R as in (3.1). Then the Koszul dual A" has the following
presentation via generators and relations:

(3.2) A =k(E)/(R).

The next lemma is straightforward.

Lemma 3.6. Let w € (X). Suppose ® C k(X) is a set of quantum
binomial relations and R* C k(Z) is the associated dual relation set. Let Ry
and R, respectively, be the semigroup relations associated with R and R*, see
Definition 1.4. Then the following conditions hold:

(1) There is an equality (w(§))(z) = w.
(2) (Ro)(&) = (R")o = (Ro)".
(3) The &-translation isomorphism TS induces semigroup isomorphisms
a) between the associated semigroups:
So = So(X, Ro) = (X;Ro) = So(§) = So(E, Rp) = (E;RG)
and

b) between the “Koszul-type” semigroups:
S = (X[ JR) > (S() = &R URD-

For our purposes it will be often more convenient to perform computations
and arguments in Sy, S' and A, respectively, and then translate the results for

So(€), (S(€))" and A'.

Lemma 3.7. In Notation 3.4 the following conditions are equivallent:
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1) R is a Grébner basis of the ideal (R) in k(X).

2) R* is a Grobner basis of the ideal (R*) in k(Z).

(1)
(2) ®
(3) R is a Gréobner basis of the ideal (R') in k(X).

(4) R is a Grébner basis of the ideal (RY) in k(Z).

Proof. Let V = Span X, V* = Span =.

We show first the implication (1) = (2). The implication (2) = (1) is
analogous.

Suppose condition (1) holds. Clearly, this implies that the algebra
A(k, X,R) is a binomial skew polynomial ring. It follows from Theorem 2.6
that the automorphism R = R(R) : V2 — V? is a solution of the Yang-Baxter
equation. It is not difficult to see that R* = R(R*) : (V*)? — (V*)? is also
a solution of the Yang-Baxter equation. Clearly the relations R* are of skew
polynomial type. It follows then from Theorem 2.6 that * is a Grobner basis of
the ideal (%) in k(Z).

The implication (1) = (3) is verified directly by Grobner bases tech-
nique, that is one shows that all ambiguities are solvable, see the Diamond
Lemma, [5]. Clearly there are three types of ambiguities: a) zpzjz;, n >k > j >
i>1,b) zjxixi, n>j>1i>1, and ¢) zjr;x;, n > j > i > 1. All ambiguities
of the type a) are solvable, since by (1), R is a Grobner basis. We will show
that all ambiguities of type b) are solvable. Let j,i be a pair of integers, with
n > j >t > 1. Consider the ambiguity x;x;x;. It follows from the cyclic condi-
tion in Definition 1.14 that there exist integers 1, j1, jo, with 1 <141 < j1,72 < n
such that R contains the relations: x;x; —c;;x;, x5, and x;, x; —cij, T4, T4, , Where ¢
and ¢;;, are non-zero coefficients. This gives the following sequence of reductions:

R12 R23 Rl2
T — (CijTi Tjy )T — CijTiy (Cijy Tiy Tjy) = CijCijy [Ty Tiy |25, — 0.

The other possible way of reducing x;x;x; is

R23
TjTiT5 — 0.

We have proved that all ambiguities of the type b) are solvable. An analogous
argument shows that the ambiguities of the type c¢) are also solvable. Thus #' is
a Grobner basis of the ideal (R') in k(X). O

Corollary 3.8. Let A =k(X)/(R) be a binomial skew polynomial ring,
let A" be its Koszul dual. Let F = k(X)/(R'). Then
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(1) F has a k-basis the set

N = (o525 afn | g, = 0,1, for all1<i<n}

(2) A' has a k-basis the set

N©) = {162 | &, =0,1, for all1<i<n}.

(3) The principal monomial of A has a reqular presentation W = x1x9 - - xy,.

(4) The socle of A" is one dimensional and is generated by W(£) = &1&;---&,,.

Remark 3.9. The semigroup S' = (X; (Ro|JR1)) can be presented as
S' ~ Sy/(R1). Tt is a semigroup with 0, zz = 0 for every x € X. To make the
computations in S' we compute modulo the relations Ry, and keep in mind that
w € (X) is equal to 0 in S' if and only if it can be presented as w = «’ in Sy,
where W' = azab € (X), for some z € X, a,b € (X). Denote

Ni = oo

We can identify S' with the semigroup (N, *) where the operation * on N is
defined as follows: for u,v € Né, either a) u*v = 0 and this is true if and only if
the normal form Norg,(uv) contains some subword of the shape zz,z € X, or b)
uxv=w € N, where Norg, (uv) = w (or equivalently Norg(uv) = cw, for some
non-zero coefficient c).

All relations in Sy, which do not involve subwords of the shape xx are
preserved in S'. In particular, the cyclic conditions are in force.

If u,v,w € Ny and u *w # 0 (that is u * w € N"), then each of the
equalities u * w = v *w and w * v = w * v implies u = v, i.e. (Né,*) has
cancelation low for non-zero products.

Theorem A verifies the Frobenius property for each quadratic algebra
with relations of the type ®'. We prove first some more statements under the
hypothesis of Theorem A.

Clearly the assumption that A = k(X)/(R) is a binomial skew polynomial
ring, implies that Sy = (X;Ry) is a semigroup of skew polynomial type (with
respect to the degree-lexicographic order < on (X) defined by 1 < x9 < -+ < x,.
It is proven in [10], that Sy satisfies the cyclic condition, therefore Ore condition
holds. Furthermore Sy is with cancelation law, [11]. Proposition 3.10 is true for
an arbitrary semigroup of skew polynomial type. In some parts we use argument
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similar to the proof of Proposition 2.21, but we prefer to give sketch of the proofs
explicitly, since they are made under different assumptions.

Proposition 3.10. Let Sy = (X;Ro) be a semigroup of skew polyno-

mial type, with respect to the degree-lexicographic ordering < on (X). Then the
following conditions are satisfied.

The monomial W1 = x129 - - - T, 1S normal.

For any j,1 < j < n-—1, there exist a uniquen; € X, such that xj1---xpn; =

LjLj41 " Ty
The elements 11, ...,Nn—1 are pairwise distinct.

For every j,1 < j < n — 1 the monomial W; = xjxj1- -z, has exactly
n—j+ 1 heads, namely

HWj = {J:j,xj+1, [P ,xn}.
For any 3,1 < j < n — 1, there exist a unique 0;,1 € X, such that
9j+1$1'”$j =TT Tjy1.
The elements 0o, . .., 0, are pairwise distinct.

For every 3,1 < j < n—1 the monomial wj = x1x2 - - ; has exactly j tails,
namely:

ij = {.1‘1,.1‘2, ce ,ZCj}.

In particular, every x;,1 < 1 < n, occurs as a head and as a tail of the
monomial W, = x129 -+ - Ty = Wh,.

The monomial W1 is the principal monomial of Sy with a reqular presenta-
tion W1 = x129 -+ - Xy

Under the assumption of Proposition 3.10 we prove first the following

lemma. Although the statements of Lemmas 3.11 and 2.22 are analogous, due to
the different hypotheses, we need different argument for the proofs.

Lemma 3.11. For each integer j, 1 < j < n—1, let (jj+1,---,Cjn;

Mj,j+1,---,Njn be the elements of X uniquely determined by the relations
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(Gjj+1mjj+1 = TjTjiq1) € Ro
(Gjj+2mjj+2 = Mjj+175+2) € Ro
33)

(Cjn—1Mjn—1 = Njn—2%n—1) € Ro
(CjnMjin = Njm—1%n) € Ro.

Then for each j, 1 < j <n —1, the following conditions hold:

(1) ijj‘FS 7é Njj+s—1, fOT all 572 S S S n _.7

(2) The following are equalities in Sp):
Cia+1Gi+2 " Gim = Tjg1 - Tn

(3) jr1Tjr2  TnMjn = TjTjt1 - Tn.

(4) The elements 0jn,Nj+1,ns- - - > Mn—1,n are pairwise distinct.
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Proof. Condition (1) is obvious. To prove the remaining conditions we

use decreasing induction on j, 1 <j <n — 1.

Step 1. j = n — 1. Clearly, z,,—1z, is normal, thus (cf. Remark 2.15)
the relation in $y in which it occurs has the shape z,_12, = (u—1,nMn—1,n, With
Cn—1,n = Tp—1. It is clear then that (,—1, = x, and x,_17, = TyNp—1,,. Hence
the set of heads of x,,_12y, is {zn—_1,2,}. This gives (2) and (3), (4) is trivial.

Step 2. Using decreasing induction on j we prove condition (4) for
all j,1 < j < n —1. Assume that for all k,n — 1 > k > j, the elements

Thy Tt 1y -+ Ty Chktls -+ 5 Chyny Mkt 1y -+ - Mheyn Satisfy

(Chkt 1M k1 = TrTrt1) € Ro
(Ch k2N k42 = Mk k+1Tk42) € Ro

(3.4)
(Ck,n—lnk,n—l = nk,n—21‘n71) e Ry
(Ck,nnk,n = nk,nflxn) € Ro;
all Mj41.n,Mj42n5---+n—1,n are pairwise distinct, and the modified conditions

(4), in which “j” is replaced by “k” hold. Let j j4+1,--.,Cjn, Mj,j+1 - - 1jn satisfy
(3.3). We shall prove that n;, # nn, for all k,j < k # n — 1. Assume the

contrary,

(3.5) Njm = Mk
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for some k > j. It follows from (3.5), the relations

gj,nnj,n = Njn—1Yn, and gk,nnk,n = Mk,n—1Yn,
and the Ore condition, that
MNjn—1 = Nk,n—1-

Similar argument implies in n — k steps the equalities

Nim = Mens>Njn—1 = Nen—15- -5 Mjk+1 = Nkk+1-

Now the relations

Ci k1M k+1 = M kTh1s Chk+1Mkk+1 = ThThy1

and the Ore condition again imply 7;, = x;. By (3.3) we have

CjkMjk = Nj kT € No.

This is impossible, since 7 = x, and all relations in Ry are square-free.

We have shown that the assumption 7, ,, = My, for some k > j, leads to
a contradiction. This proves (4) for all j, 1 <j <n —1.

We set

m="mmn12="72n,---57n—1 = NIn—1,n-
Next we prove (2) and (3).

By the inductive assumption we have

Cr ot 1Ck k42 Con = Thoy1 -+ - Tn € N
and
Li4+1 " TpNk+1 = Tk Tn.

Applying the relations (3.3) we obtain

(Cj,j+1§j,j+2 e Cj,n)nj =TjTjq1 Ty € No.

Denote the normal form Norg, ((j j+1(j,j+2 - - ¢j,n) modulo the Grobner basis Ry,
as

vj = Norg, (G j+1G.5+2 ** Cin)s

clearly, v; € No.
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We have to show that there is an equality of words in (X).
Vj = Tj41Lj42 " Tn-
The equality
VjMj = TjTjq1 Ty € N
implies
Nor(vjn;) = xjxjt1 - Tn,
as words in the free semigroup (X). Furthermore v; does not contain subwords
of the type xz, (this can be easily seen using the weak cyclic condition). Thus
Vj = L5 Ljy - Ty, wWhere i <Jaoor <Jnpo1 <,
and therefore
(3.6) n<j+1L
The theory of Grobner bases implies the following relations in (X).

TjTj1 - xp = Nor(vyng) 2 vim; = x5, 05, -+ Tj, 10

therefore j < j;. By the last inequality, and (3.6) only two cases are possible: a)
j1 =7j;and b) j; = j + 1. Assume that j; = j. It follows then that

Vj = Zj - Tp—1Tk+41 """ Tn,

for some k,k > j+1. (In the case when k = j+1, v; = z;xj42- - z,). Thus the
equalities

hold in S&p. This, by the cancelation low in Sy, we obtain 7, = n;, with j < &,
which is impossible. So the assumption j; = j leads to a contradiction. This
verifies j1 = j + 1, which implies v; = x;41---2,, and therefore the desired
equality

Tjg1- Tpnj = Tj- Ty

holds in §y. The lemma has been proved. O

Proof of Proposition 3.10. Condition (1) is obvious. Lemma 3.11
proves (2), (3). By the choice of n;,1 < i < n — 1, the following equalities hold
in S() :

InMin—1Tn—2""1j = Tn—-1Lnln—2"""1; = =+ = Lj41" " Tp-1Lnl); = LjLj4+1" " " Tn—1Ln,
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which implies (4). The proof of conditions (5), (6) and (7) is analogous to the
proof of (2), (3) and (4), respectively. It follows from the weak cyclic condition,
that the normal form Nor(u) of a monomial u € (X), with the shape u = ayyb,y €
X, has the shape Nor(u) = ajzzb; € Ny,x € X. Therefore W is the principal
monomial of §y. Condition (8) is obvious. O

The following lemma is used for the Frobenius property.

Lemma 3.12. For any monomial u € N there exist uniquely determined
o' and u" in N, such that

(3.7) uxu =x129... 2y, U xu=2129... 7).

Proof. Let u be an element of N'. Then

En

Y
u=mxz T,

where for all 7, 1 <7 <n, one has 0 <¢e; <1. Let n;,0;,1 <7,5—1<n-—1, be
as in Proposition 3.10. Let

u = Jj(l*En) (1—en-1) (1—¢1)

n * T]nfl [P 3 7]1 y
u = 9,(11_5") * 07(11__18”’1) % ...k 051_52):5%1_51).
It is easy to verify that the equalities (3.7) hold. The uniqueness of v’ and u”
follows from the cancelation law in Sg. O
Proof of Teorem A. Let F be the quadratic algebra from the hy-
pothesis of Theorem A.
Then Lemma 3.7 and Corollary 3.8 imply the theorem. For 0 < i we set

N} = {u € N' | uhas length i}
F; = Spany NV}

It is clear that Fy =k, F; = 0, for i > n, and for 1 < i < n one has
dimy F; = ﬁM! = (?), in particular, dimy F, = 1.

Clearly, F is graded: F = @y<;<,, Fi, Fi = 0, for i > n.

It follows from Lemma 3.12 that the map (—,—) : F; X Fni — Fn
defined by (u,v) = the normal form of uv (in F) is a perfect duality. This proves
Theorem A. O
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Now we can prove Theorem 3.1.

Proof of Teorem 3.1. Let A be a binomial skew polynomial ring.
By Fact 2.5 every algebra with quadratic Grobner basis is Koszul, which implies
the Koszulity of A . Furthermore from [1] one deduces that for every graded
k-algebra B with quadratic Grébner basis, Anick’s resolution of k as a B-module
is minimal. We shall use now the terminology of Anick. The set of obstructions
(i.e. the leading monomials of the elements of the reduced Grobner basis) for a
binomial skew polynomial A is {z;z; | 1 <14 < j < n}. Therefore the maximal k
for which exist k-chains is k = n—1, (in fact the only n—1-chain is z,x,—1 - - - x1).
It follows then from a theorem of Anick, [1], that gl. dim A = n. We have shown
that A is a Koszul algebra of finite global dimension. Furthermore, by Theorem
A, the Koszul dual A' is Frobenius. It follows then from by Proposition 3.2 that
A is Gorenstein, and therefore A is Artin-Schelter regular. [

Proof of Teorem B. Let A = k(X)/(R) be a quantum binomial
algebra. The implication (1) = (2) follows from Theorem 2.20. Assume now
that A is binomial skew polynomial ring. By Remark 3.3, A satisfies the weak
cyclic condition. Theorem 2.20 implies that The Koszul dual A' is Frobenius,
and has regular socle. This proves the implication (2) = (1).

The equivalence of conditions (2) and (2) follows from Theorem 2.6 (see
also [13] Theorem 9.7).

We have shown that conditions (1), (2), and (3) are equivalent.

Now it is enough to show that every binomial skew polynomial ring A
satisfies the conditions (a) , ..., (e). Conditions (a) and (b) are clear. We have
shown that A is Artin Schelter regular. It is shown in [16], Corollary 1.6 that A
is a domain. It is proven in [10] (see also [9] and [16]) that A is left and right
Noetherian. It follows from [14] that A satisfies polynomial identity. Now as a
finitely generated PI algebra, A is catenary, see [27]. O
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