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PROJECTIVELY NORMAL LINE BUNDLES ON k-GONAL

CURVES AND RATIONAL SURFACES

E. Ballico∗, C. Keem∗∗

Communicated by V. Kanev

Abstract. Here we prove the projective normality of several special line
bundles on a general k-gonal curve. Let X be a k-gonal curve arising as
the normalization of a certain nodal curve Y ⊂ P

1 × P
1. We prove the

existence of many projectively normal special line bundles on X . We also
show the existence of a large set, Φ, of special line bundles on X which are
not projectively normal (and not even quadratically normal) and for every
L ∈ Φ we compute the dimension of the cokernel of the multiplication map
H0(X, L) ⊗ H0(X, L) → H0(X, L⊗2). Let M be the blowing - up either of
P

2 or of P
1 × P

1 at a general finite set S. We show the projective normality
of certain line bundles on M , the case P

1×P
1 being used to prove our results

on k-gonal curves.

1. Introduction. Let X be a smooth k-gonal curve of genus g and R ∈
Pick(X) its degree k pencil. We assume h0(X,R⊗t) = t + 1 if 0 ≤ t ≤ [g/(k − 1)]
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and h0(X,R⊗t) = tk + 1− g if t > [g/(k − 1)]. By [2] or [5, Theorem 1.1], this is
the case when X is a general k−gonal curve of genus g.

Definition and Remark 1.1. (i) Fix L ∈ Picd(X) and set r :=
h0(X,L) − 1. Hence h1(X,L) = g + r − d. Following [6, Definition 1.3] and
[7] we will say that L is of type II if ωX ⊗ L∗ ∼= R⊗(g−d+r−1)(B) with B a
possibly empty effective divisor.

(ii) Notice that h0(X,ωX ⊗ L∗) = g − d + r = h0(X,R⊗(g−d+r−1)), i.e. B is the
base locus of ωX ⊗ L∗.

(iii) It is easy to see that for fixed integers d, g and r the set of all type II linear
series on X with numerical invariants d and r is parametrized by an open subset
of the symmetric product of deg(B) copies of X. Indeed, we equivalently fix the
integer t := g − d + r − 1 and the integer b := deg(B) = 2g − 2 − d − kt and
we take as B every degree b effective divisor B′ with h0(X,R⊗t(B′)) = t + 1.
By semicontinuity the set of all such B′ is an open subset Ω of the symmetric
product and the numerical condition h1(X,R⊗t) = r + 1 + b ≥ b + 1 implies
the non-emptiness of Ω. Hence the set of all line bundles on X of type II is
parametrized by an irreducible variety.

The first aim of this paper is to study the projective normality of type II
special linear systems on k-gonal curves. We will give positive results (a general
line bundle of this form on a certain curve X is projectively normal) as well as
negative results (a general line bundle of this form on a certain curve X is not
projectively normal). In the latter case we will even measure the failure of the
projective normality of L (see Theorem 3.9). More precisely, we will compute the
dimension of the cokernel of the multiplication map µ:H

0(X,L) ⊗ H0(X,L) →
H0(X,L⊗2), i.e. we will measure the failure for the quadratic normality of L. We
will do this for general B ⊂ X with fixed card(B). By semicontinuity, the failure
for the quadratic normality of L (i.e. dim Coker(µ)) for any given B cannot be
lower.

First we will give another proof of the following results proved in [3] with
a slight improvement. It corresponds to the case B = ∅.

Theorem 1.2. Fix integers g, k and t with g ≥ 2k ≥ 8. Let x be the
minimal integer with g ≤ kx − x − k + 1 and assume 0 ≤ 2t ≤ x − 3. Let X be
a general k-gonal curve of genus g and R ∈ Pick(X) its degree k pencil. Then
ωX⊗(R∗)⊗t is very ample and normally generated, i.e. the complete linear system
associated to ωX ⊗ (R∗)⊗t is an embedding and the image curve is projectively
normal.
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The next result is an extension of Theorem 1.2 to linear series of type II
with B 6= ∅.

Theorem 1.3. Fix integers g, k, t and z with g ≥ 2k ≥ 8. Let x be
the minimal integer with g ≤ kx − x − k + 1. Assume 0 ≤ 2t ≤ x − 3 and
0 ≤ z ≤ (k − 3)(x − 3 − 2t). Let X be a general k-gonal curve of genus g,
R ∈ Pick(X) its degree k pencil and B a general subset of X with card(B) = z.
Then ωX ⊗ (R∗)⊗t(−B) is quadratically normal.

In section 4 we will prove the following result.

Theorem 1.4. Fix integers a, z with a ≥ 1 and 0 ≤ z ≤ a(a−1)/2 and a
general S ⊂ P

2 with card(S) = z. Let u : U → P
2 be the blowing up of P

2 at S and
Ei, 1 ≤ i ≤ z, the exceptional divisors of u. Set L := u∗(OP2(a)) −

∑
1≤i≤z Ei ∈

Pic(U). Then L is normally generated, i.e. L is very ample and for all integers
t ≥ 2 the natural map σ(S, t) : St(H0(U,L)) → H0(U,L⊗t) is surjective.

Remark 1.5. (i) We believe that Theorem 1.4 is not optimal. The
main point is however its extension to more general varieties instead of P

2 and
to the case L := u∗(OP2(a)) −

∑
1≤i≤z eiEi with ei > 0. For the very ampleness

of L with weaker assumptions on z (i.e. for every z ≤ a(a + 1)/2 − 5), see [8,
Theorem 2.3].

(ii) The main tool for our proofs of Theorem 1.2 and 1.3 will be the case of P
1×P

1

instead of P
2 (see Theorems 3.6, 3.8 and 3.9). Indeed, our smooth k-gonal curve

X will be the normalization of a nodal curve Y ⊂ P
1 × P

1.

(iii) For general ideas and tools for proving such type of results, see [1], [10] and
references therein.

2. Line bundles on a blowing-up of a quadric surface. Set Q :=
P

1×P
1 . We choose homogeneous coordinates z0, z1 and w0, w1 for the two factors

of Q. For all non negative integers c, d the vector space H0(Q,OQ(c, d)) may be
identified with the set of all polynomials, f , in the variables z0, z1, w0, w1 which
are bihomogeneous of type (c, d), i.e. each monomial occurring in f with non-zero
coefficient is homogeneous of degree c in the variables z0, z1 and homogeneous of
degree d in the variables w0, w1.

Remark 2.1. Fix integers a, b with a ≥ b; by the Künneth formula we
have h0(Q,OQ(a, b)) = 0 if b < 0, h0(Q,OQ(a, b)) = (a + 1)(b + 1) if b ≥ −1.
We also have h1(Q,OQ(a, b)) = 0 if b ≥ −1 or a ≤ −1, h1(Q,OQ(a, b)) =
−(b+1)(a+1) if a ≥ −1 and b ≤ −1. We have hi(Q,OQ(c, d)) = hi(Q,OQ(d, c)),
0 ≤ i ≤ 2, for all integers c, d.



178 E. Ballico, C. Keem

Remark 2.2. Fix non-negative integers a, b and z and a general S ⊂ Q
with card(S) = z. Then we have h0(Q,IS(a, b)) = max{0, (a + 1)(b + 1) − z}.

Remark 2.3. For all non-negative integers a, b, c and d the multipli-
cation map µ : H0(Q,OQ(a, b)) ⊗ H0(Q,OQ(c, d)) → H0(Q,OQ(a + c, b + d))
is surjective. Indeed every monomial in the variables z0, z1, w0 and w1 which is
bihomogeneous of type (a + c, b + d) is in the image of µ.

Lemma 2.4. Fix P ∈ Q. We have
(i) h0(Q,I{P}(1, 1)) = 3 and h0(Q, (I{P})

2(2, 2)) = 6.
(ii) The multiplication map

µ : H0(Q,I{P}(1, 1)) ⊗ H0(Q,I{P}(1, 1)) → H0(Q, (I{P})
2(2, 2))

is surjective.
(iii) The symmetrized multiplication map

σ : S2(H0(Q,I{P}(1, 1))) → H0(Q, (I{P})
2(2, 2))

is bijective.

P r o o f. Every curve D ⊂ Q of type (1, 1) with P ∈ D is of the form
M ∩ Q, where M is a hyperplane in P

3 such that P ∈ M and conversely. Hence
h0(Q,I{P}(1, 1)) = 3 and dim(S2(H0(Q,I{P}(1, 1))) = 6. It is easy to see the
existence of curves D,D′ and D′′ of type (2, 2) on Q with the following properties:

(i) P /∈ D.
(ii) P ∈ D′ but D′ is not tangent at P to the line, A, of type (1, 0)

through P .
(iii) P ∈ D′′, D′′ is smooth at P and tangent to A at P .

Therefore h0(Q, (I{P})
2(2, 2)) = 6 = h0(Q,OQ(2, 2)) − 3.

Fix a hyperplane H ⊂ P
3 with P /∈ H. For every hyperplane M ⊂ P

3 with
P ∈ M the set M ∩H is a line in H. Viceversa, for every line B in H the span of
P and B is a plane through P . Hence the surjectivity of µ follows from the surjec-
tivity of the multiplication map H0(H,OH(1))⊗H0(H,OH(1)) → H0(H,OH (2))
and the equality h0(Q, (I{P})

2(2, 2)) = h0(H,OH(2)) = 6. Since µ is symmet-
ric, σ is surjective. Since dim S2(H0(Q,I{P}(1, 1))) = h0(Q, (I{P})

2(2, 2)), σ is
bijective. �

Lemma 2.5. Fix integers b, z with b ≥ z ≥ 0 and a general S ⊂ Q with
card(S) = z. We have
(i) h0(Q,IS(1, b)) = 2b + 2 − z and h0(Q, (IS)2(2, 2b)) = 3(2b + 1) − 3z.
(ii) The multiplication map

µ : H0(Q,IS(1, b)) ⊗ H0(Q,IS(1, b)) → H0(Q, (IS)2(2, 2b))

is surjective.
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P r o o f. The equality h0(Q,IS(1, b)) = 2b + 2 − z is obvious by Remark
2.2. One can easily check that h0(Q, (IS)2(2, 2b)) = 3(2b + 1) − 3z for general
S by double induction on z and b, the case z = 0 being obvious; alternatively,
see Lemma 2.6. Now we will check the surjectivity of µ. The case z = 0 follows
from Remark 2.3. The case b = z = 1 is just Lemma 2.4. Hence we may assume
b ≥ 2 and z > 0 and use induction on b. First assume b = z. Fix P ∈ S and set
A := S\{P}. Let D be the line of type (0, 1) containing P . By the generality of
S we may assume D∩A = ∅. Apply the inductive assumption to the integer b−1
and the set A. For every curve E of type (1, b−1) containing A the curveE∪D is
a curve of type (1, b) containing S. Hence by the inductive assumption we obtain
that Im(µ) contains the equations of all curves C + 2D with C a curve of type
(2, 2b − 2) containing A and singular at every point of A. Such equations form a
linear subspace, V (P ), of H0(Q, (IS)2(2, 2b)) with codimension 3. Do the same
for all points of S. Note that card(S) = z ≥ 2. For P,P ′ ∈ S with P 6= P ′

it is easy to check that V (P ′) ∩ V (P ) has codimension 3 in V (P ). Hence the
linear subspaces V (P ), P ∈ S, span H0(Q, (IS)2(2, 2b)). Hence µ is surjective.
Now assume z < b. Apply the case b′ := z just proved and then apply Remark
2.3; alternatively, first do the very easy case z = 1, b ≥ 2 and then use induction
taking the pair (b′, z′) with b′ := b − 1 and z′ := z. �

Lemma 2.6. Fix integers a, b and z with b ≥ a ≥ 2 and 0 ≤ z ≤ ab.
Let D ⊂ Q be a general smooth curve of type (1, 1). Let B be a general subset
of D with card(B) = min{a + b − 1, z}. Let A be a general subset of Q with
card(A) = max{0, z − card(B)}. Set W := A ∪ B. Then h0(Q, (IW )2(2a, 2b)) =
(2a + 1)(2b + 1) − 3(card(W )), i.e. h1(Q, (IW )2(2a, 2b)) = 0.

P r o o f. We may assume z = ab; not only the proof of the general case
is similar, but it follows from the statement of the case z = ab just taking a
subset of W . Hence card(A) = (a − 1)(b − 1). If a ≥ 2 we use induction on
the integer a and assume h1(Q, (IA)2(2a − 2, 2b − 2)) = 0. If a = 1 we assume
nothing. Notice that (IW )2(2a, 2b)|D is a line bundle, M , of degree 2a + 2b −
2(card(B)) = 2 because W ∩ D = B. Since D ∼= P

1 we have H1(D,M) = 0.
Let 2W (resp. 2A) be the zero-dimensional subscheme of Q with (IW )2 (resp.
(IA)2) as ideal sheaf and call q the bihomogeneous equation of D ⊂ Q. Take any
f ∈ H0(Q,OQ(2a− 1, 2b− 1)). We have fq ∈ H0(Q, (IW )2(2a, 2b)) if and only if
f ∈ H0(Q,IB ⊗ (IA)2(2a− 1, 2b− 1)); in other words, the residual scheme of 2W
with respect to the Cartier divisor D of Q is 2A ∪ B. Hence we have an exact
sequence

0 → IB ⊗ (IA)2(2a − 1, 2b − 1) → (IW )2(2a, 2b) → (IW )2(2a, 2b)|D → 0

Since H1(D,M) = 0, to prove the lemma it is sufficient to prove h1(Q,IB ⊗
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(IA)2(2a−1, 2b−1)) = 0. The residual scheme of 2A∪B with respect to D is 2A,
while IB⊗(IA)2(2a−1, 2b−1)|D is a degree a+b−1 line bundle on D. Hence, just
as we did before, to conclude it is sufficient to prove h1(Q, (IA)2(2a−2, 2b−2)) =
0. This equality is satisfied if a ≥ 2 by our inductive assumption. Hence from
now on we assume a = 1 and hence A = ∅ and card(B) = b − 1. We have

h0(Q,ID(1, 2b − 1)) = h0(Q,OQ(0, 2b − 2)) = 2b − 1 ≤ 4b − card(B)

= h0(Q,OQ(1, 2b − 1)) − card(B).

Hence h1(Q,IB(1, 2b − 1)) = 0 because B is general in D. �

Remark 2.7. We stress that results much stronger than Lemma 2.6
may be obtained using the method of [1] and [4]. We do not give them explicitly
because the real obstruction to obtain stronger results using our approach is given
by the bounds coming from the proof of Lemma 2.9 below.

The following result is weaker than Lemma 2.9 below, but it would be
sufficient for the proof of Theorem 1.2.

Lemma 2.8. Fix integers a, b, z with a > 0, b > 0 and 0 ≤ z ≤ a + b− 1.
Let S ⊂ Q be a general set with card(S) = z. Then

h0(Q,IS(a, b)) = (a + 1)(b + 1) − z, h0(Q, (IS)2(2a, 2b)) = (2a + 1)(2b + 1) − 3z

and the multiplication map

µS : H0(Q,IS(a, b)) ⊗ H0(Q,IS(a, b)) → H0(Q, (IS)2(2a, 2b))

is surjective.

P r o o f. The equality h0(Q,IS(a, b)) = (a + 1)(b + 1) − z is obvious
by Remark 2.2 and the generality of S. For the equality h0(Q, (IS)2(2a, 2b)) =
(2a + 1)(2b + 1) − 3z, see Lemma 2.6. Now we prove the surjectivity of the map
µS . The case a = 1 is given by Lemma 2.5. Hence we may assume a ≥ 2. If
z = 1 and a = 1 we may apply Lemma 2.5. The case z = 1 and a ≥ 2 is strictly
easier and may be done as in the proof of Lemma 2.5. Now assume z ≥ 2. Fix
P,P ′ ∈ S with P 6= P ′ and set A := S\{P}, E := S\{P ′} and B := S\{P,P ′}.
We have

h0(Q, (IA)2(2a − 2, 2b)) = h0(Q, (IE)2(2a − 2, 2b))

= (2a − 1)(2b + 1) − 3(card(E)) = h0(Q, (IS)2(2a, 2b)) − 2(2b + 1) + 3

= h0(Q, (IB)2(2a − 4, 2b)) + 2(2b + 1) − 3.

Take as D the line of type (1, 0) containing P instead of the line of type (0, 1)
containing P . With this modification we may repeat the proof of Lemma 2.5
(case b = z). �
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Lemma 2.9. Fix integers a, b and z with b ≥ a ≥ 1 and 0 ≤ z ≤ ab − a.
Let S ⊂ Q be a general set with card(S) = z. Then

h0(Q,IS(a, b)) = (a + 1)(b + 1) − z, h0(Q, (IS)2(2a, 2b)) = (2a + 1)(2b + 1) − 3z

and the multiplication map

µS : H0(Q,IS(a, b)) ⊗ H0(Q,IS(a, b)) → H0(Q, (IS)2(2a, 2b))

is surjective.

P r o o f. The equality h0(Q,IS(a, b)) = (a + 1)(b + 1) − z is obvious by
the Remark 2.2 and the generality of S. For the equality h0(Q, (IS)2(2a, 2b)) =
(2a + 1)(2b + 1) − 3z, see Lemma 2.6. Now we prove the surjectivity of the map
µS . First we assume z = ab − a. Since the case a = 1 is covered by Lemma 2.5,
we may assume a ≥ 2 and use double induction on a and b. We will prove the
surjectivity of µW for some particular W ⊂ Q with card(W ) = ab−a. The set W
will satisfy h0(Q,IW (a, a)) = (a+1)(b+1)−card(W ) and h0(Q, (IW )2(2a, 2a)) =
(2a + 1)(2b + 1) − 3(card(W )). The surjectivity of µS for a general S ⊂ Q with
card(S) = card(W ) will then follow from semicontinuity.

Let D ⊂ Q be a general smooth curve of type (1, 1) and call 2D the double
of D inside Q. Hence 2D ⊂ Q is the unique curve of type (2, 2) with (2D)red = D.
Let q be the bihomogeneous equation of D ⊂ Q; hence q2 is the bihomogeneous
equation of 2D. Take a general A ⊂ Q with card(A) = (a − 1)(b − 2) and a
general B ⊂ D with card(B) = ab − a − card(A) = a + b − 2. Set W := A ∪ B.
By the inductive assumption, the multiplication map
µA : (H0(Q,IA(a − 1, b − 1)))⊗2 → H0(Q, (IA)2(2a − 2, 2b − 2)) is surjective.
Since card(A) = (a − 1)(b − 2) ≤ h0(Q,OQ(a − 1, b − 1)) and A is general,
we have h1(Q,IA(a − 1, b − 1)) = 0 (Remark 2.2). Hence the restriction map
α : H0(Q,IW (a, b)) → H0(D,IB ⊗ OD(a, b)) is surjective; here we use that
W ∩ D = B. The surjectivity of the maps α and µA implies that Im(µW )
contains all equations of type uq2 with u ∈ H0(Q, (IA)2(2a−2, 2b−2)). Obviously
(IW )2(2a, 2b)|2D = (IB)2(2a, 2b)|2D . We will write IB,2D for the ideal sheaf of B
in 2D. Since H1(Q, (IA)2(2a − 2, 2b − 2)) = 0 (Lemma 2.6), the restriction map
ρ : H0(Q, (IW )2(2a, 2b)) → H0(2D, (IW )2(2a, 2b)|2D) is surjective. Hence to
prove the lemma it is sufficient to prove that the multiplication map

µB,2D : H0(2D,IB(a, b)|2D) ⊗ H0(2D,IB(a, b)|2D) → H0(2D, (IB)2(2a, 2b)|2D)

is surjective. The trouble comes from the fact that neither B nor 2B is a Cartier
divisor of 2D. Since card(B) = a+ b− 2 and h1(Q,OQ(a− 2, b− 2)) = 0, there is
a curve E ⊂ Q of type (a− 1, b − 1) with B = E ∩D (scheme-theoretically). Set
F := E ∩ 2D. Hence F is a Cartier divisor of 2D associated to a global section
of O2D(a − 1, b − 1). Hence IF,2D ⊗ O2D(a, b) ∼= O2D(1, 1). Thus the projective



182 E. Ballico, C. Keem

normality of Q ⊂ P
3 and the vanishing of H1(Q,OQ(−1,−1)) implies that the

line bundle IF,2D ⊗ O2D(a, b) is quadratically normal, i.e. the multiplication
map µF,2D : (H0(2D,IF,2D ⊗O2D(a, b)))⊗2 → H0(2D, (IF,2D)2 ⊗O2D(2a, 2b)) is
surjective. Obviously Im(µB,2D) contains Im(µF,2D). Hence by the surjectivity
of µF,2D the surjectivity of µB,2D is equivalent to

dim(Im(µB,2D)/ Im(µF,2D)) = length(2F ) − length(2B)) = a + b − 2.

Since Im(µF,2D) spans (IF,2D)2(2a, 2b), we have

dim(Im(µB,2D)/ Im(F,2D)) = a + b − 2

if and only if Im(µB,2D) spans (IB,2D)2 ⊗ O2D(2a, 2b) at each point of B. As-
sume that this is not the case. Recall that B is general in D. Since D is ir-
reducible the symmetric product of a + b − 2 copies of D is irreducible. Hence
our assumption implies Supp(Im(µB,2D)/(IF,2D)2 ⊗ O2D(2a, 2b)) = B. Hence
(IF,2D)2 ⊗ O2D(2a, 2b) is the subsheaf of (IB,2D)2 ⊗ O2D(2a, 2b) spanned by
Im(µB,2D) and we have Im(µF,2D) = Im(µB,2D). Now we move E among the
curves of type (a−1, b−1) containing B. Moving E the divisor F := E∩2D moves
and hence (IF,2D)2 ⊗ O2D(2a, 2b) moves, while (IB,2D)2 ⊗ O2D(2a, 2b) is fixed.
Hence we obtain a contradiction and conclude the proof of the case z = ab − a.
If z < ab− a we just take W = A∪B with card(A) = min{(a− 1)(b− 2), z} and
card(B) = z − card(A) = max{0, z − (a − 1)(b − 2)} and then repeat the proof
just given. �

3. Nodal curves in a quadric surface.

Remark 3.1. (i) Fix integers g and k with g ≥ 2k − 1 ≥ 5. Let C be
a general k-gonal curve of genus g and L ∈ Pick(C) the degree k pencil. By [2]
we have h0(C,L⊗t) = t + 1 if 0 ≤ t ≤ [g/(k − 1)] and h0(C,L⊗t) = tk + 1 − g if
t > [g/(k − 1)].
(ii) Indeed, the statement (i) above can be proved by showing a pair (X,R)
where X is a smooth curve of genus g and R ∈ Pick(X) with h0(X,R) ≥ 2,
h0(X,R⊗t) = t + 1 if 0 ≤ t ≤ [g/(k − 1)] and h0(X,R⊗t) = tk + 1 − g if
t > [g/(k − 1)]. Such a pair (X,R) comes from a certain construction in the
smooth quadric surface Q. We stress that it is essential to check that for such pair
(X,R) one has h0(X,R⊗t) = t+1 if 0 ≤ t ≤ [g/(k−1)] and h0(X,R⊗t) = tk+1−g
if t > [g/(k − 1)].
(iii) To be more precise, let x be the minimal integer such that g ≤ kx−x−k+1.
Set y := kx − x − k + 1 − g. Hence 0 ≤ y ≤ k − 2. Take a general S ⊂ Q with
card(S) = y and call A(S) the set of all integral curves Y ⊂ Q with type (k, x)
and Sing(Y ) = S. It was proved in [2] that the set A(S) is a non-empty open
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subset of a projective space of dimension (k+1)(x+1)−1−3y. Fix any Y ∈ A(S)
and let π : X → Y be the normalization map of Y . By the adjunction formula
we have pa(Y ) = kx − k − x + 1 and hence X has genus g. The pencil of lines
of type (0, 1) on Q induces R ∈ Pick(X) with h0(X,R) ≥ 2 and R is base point
free. Indeed, it was proved in [2] (or see [5, Theorem 1.1] that h0(X,R⊗t) = t+1
if 0 ≤ t ≤ [g/(k − 1)] and h0(X,R⊗t) = tk + 1 − g if t > [g/(k − 1)].

In the next remark we will use the following well-known result (see e.g.
[11, Lemma 2.1].

Lemma 3.2. Let X be a smooth curve of genus g and L ∈ Pic(X) with
L very ample and deg(L) ≥ g + 1. The line bundle L is projectively normal if
and only if it is quadratically normal.

P r o o f. The only if part is tautological. Now assume that L is quadrati-
cally normal, i.e. assume the surjectivity of the multiplication map H0(X,L) ⊗
H0(X,L) → H0(X,L⊗2). By induction on the integer k it is sufficient to prove
that for all integers k ≥ 2 the multiplication map µk : H0(X,L)⊗H0(X,L⊗k) →
H0(X,L⊗(k+1)) is surjective. By M. Green’s H0-Lemma ([9, Theorem 4.e.1])
the map µk is surjective if h1(X,L⊗(k−1)) ≤ h0(X,L)− 2. Since L is very ample,
h0(X,L) ≥ 3. Since deg(L) ≥ g+1, we have h1(X,L⊗(k−1)) = 0 if k ≥ 3. Now as-
sume k = 2. By Riemann - Roch we have h0(X,L)−h1(X,L) = deg(L)+1−g ≥ 2,
proving the lemma. �

Remark 3.3. (i) To fix our notation we will check the well-known fact
that H0(X,ωX) ∼= H0(Q,IS(k − 2, x − 2)). Let f : M → Q be the blowing - up
of Q at S. Call Ei, 1 ≤ i ≤ y, the exceptional divisors of f . We have

ωM
∼= f∗(ωQ) +

∑

1≤i≤y

Ei = f∗(OQ(−2,−2)) +
∑

1≤i≤y

Ei;

here we mix the additive and the multiplicative notation for line bundles on
M . Since Y is nodal, X is isomorphic to the strict transform of Y in M and,
identifying X with this curve in M , we have X ∈ |f∗(OQ(k, x)) − 2

∑
1≤i≤y Ei|.

By the adjunction formula we have

ωX
∼= ωM(X)|X ∼= (f∗(OQ(k − 2, x − 2)) −

∑

1≤i≤y

Ei)|X

and hence H0(X,ωX) ∼= H0(Q,IS(k − 2, x − 2)), as wanted.
(ii) Since h0(X,R⊗t) = t + 1 if 0 ≤ t ≤ [g/(k − 1)] and h0(X,R⊗t) = tk + 1 − g
if t > [g/(k − 1)], we obtain h0(X,ωX ⊗ (R∗)⊗t) = h0(Q,IS(k − 2, x − 2 − t))
for every integer t ≥ 0. Now we fix an integer t with 0 ≤ t ≤ [g/(k − 1)] and
a general finite subset B of X. Set E := f(B) and F := S ∪ E. Since B is
general, card(E) = card(B) and F may be regarded as a general subset of Y .
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Note that h0(X,R⊗t(B)) = max{t + 1,deg(B) + tk + 1 − g} since B is general.
Set A := ωX ⊗ (R⊗t)∗(−B). Hence

h1(X,A) = max{t + 1, deg(B) + tk + 1 − g}.

(iii) In Remark 3.4 we will connect the surjectivity of the multiplication map
τ(t, B) : H0(X,A) ⊗ H0(X,A) → H0(X,A⊗2) with the surjectivity of the multi-
plication map

µ(t, E) : (H0(Q,IF (k − 2, x − 2 − t)))⊗2 → H0(Q, (IF )2(2k − 4, 2x − 4 − 2t)).

A priori E is not general in Q but only in Y . If 3y + card(B) < (k + 1)(x + 1)
and we take Y general in A(S), then F is general in Q. Hence we may apply
the results of section 2 to obtain the surjectivity of µ(t, E). By Lemma 3.2 the
line bundle A is normally generated if and only if it is quadratically generated.
Hence if τ(t, B) is surjective, then A is normally generated, i.e. the image curve
φA(X) ⊂ P(H0(X,A)) is projectively normal. We need to check that A is very
ample; however, deg(A) ≥ g + 1 for the pairs of integers (t,deg(B)) in the range
of our consideration. Hence deg(A⊗2) ≥ 2g+2 and A⊗2 is very ample. Therefore
if τ(t, B) is surjective, then A is base point free and separates distinct points and
non-zero tangent vectors, i.e. A is very ample.

Remark 3.4. We continue the discussion of Remark 3.3. We have
H0(X,A) ∼= H0(Q,IS∪E(k − 2, x − 2 − t)), while there is a restriction map

δ(t, B) : H0(Q, (IS∪E)2(2k − 4, 2x − 4 − 2t)) → H0(X,A⊗2)

such that τ(t, B) = δ(t, B) ◦ µ(t, E). Hence if τ(t, B) is surjective, then δ(t, B)
must be surjective, while if δ(t, B) and µ(t, E) are surjective, then τ(t, B) is
surjective. Concerning the surjectivity of δ(t, B) we will see that the case B = ∅
is easier and we will do this first. This case is sufficient to prove Theorems 3.6
and 1.2.
(i) We first consider the case B = ∅, i.e. E = ∅. Note that there is a natural
isomorphism

H0(Q, (IS)2(2k−4, 2x−4−2t)) ∼= H0(M,f∗(OQ(2k−4, 2x−4−2t))−
∑

1≤i≤y

2Ei).

Using this isomorphism we may regard τ(t, ∅) as the restriction map

λ(t) : H0(M,f∗(OQ(2k − 4, 2x − 4 − 2t)) −
∑

1≤i≤y

2Ei) → H0(X,A⊗2).

Since X ∈ |f∗(OQ(k, x)) − 2
∑

1≤i≤y Ei|,

Coker(λ(t)) ⊆ H1(M,f∗(OQ(k − 4, x − 4− 2t))) ∼= H1(Q,OQ(k − 4, x− 4− 2t)).

If k ≥ 4 the latter cohomology group vanishes if and only if x ≥ 2t + 3. If
H1(Q, (IS)2(2k − 4, 2x − 4 − 2t)) = 0, then Coker(λ(t)) = H1(Q,OQ(k − 4, x −
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4 − 2t)) and hence we have both a criterion for the surjectivity of δ(t, ∅) (i.e.
of the quadratic normality of A) and a measure of the failure of the quadratic
normality of A when the criterion is not satisfied.
(ii) Here we assume B 6= ∅. Notice that F is the residual scheme of (IF )2 with re-
spect to C. Hence as in (i) above, we obtain Coker(δ(t, B)) ⊆ H1(Q,IF (k−4, x−
4−2t)) and that Coker(δ(t, B)) = H1(Q,IF (k−4, x−4−2t)) if H1(Q, (IE)2(2k−
4, 2x − 4 − 2t)) = 0.

Remark 3.5. In the set-up of Remark 3.4 we always have

dim(Coker(λ(t))) ≥ h1(Q,IF (k−4, x−4−2t))−h1(Q, (IE)2(2k−4, 2x−4−2t))

and a similar statement holds true for the normalization, X, of a nodal curve in
any smooth rational surface, say Π, just with respect to any special line bundle all
whose global sections is induced by a line bundle, D, on Π for the following reason.
For each P ∈ Π one expects (and quite often it is true) that (I{P})

2 imposes 3
independent conditions on the corresponding linear system on Π, while certainly
(I{P},X)2 imposes at most two independent conditions on the corresponding
linear system on X. Since h1(Π,OΠ) = h1(Π, ωΠ) = 0 for every smooth rational
surface Π, such D ∈ Pic(Π) are quite common. In the case E = ∅, i.e. in
the set-up of Remark 3.4.(i), if Sing(Y ) 6= ∅ we see as in Theorem 3.6 below a
different obstruction for the quadratic normality of certain line bundles on the
normalization of Y ; however, this new obstruction works in a more restricted
range of pairs of integers (genus,degree).

Theorem 3.6. Fix integers g, k and t with g ≥ 2k ≥ 8. Let x be the
minimal integer such that g ≤ xk − x − k + 1 and assume 0 ≤ t ≤ x − 3. Set
y := xk − x − k + 1 − g. Take a general S ⊂ Q with card(S) = y. Let A(S) be
the set of all integral nodal curves of type (k, x) on Q with S as singular locus.
Then A(S) 6= ∅ and A(S) is an irreducible variety of dimension xk + x + k − 3y.
Fix any Y ∈ A(S). Let π : X → Y be its normalization and R ∈ Pick(X) the
degree k pencil on X induced by the pencil of lines of type (0, 1) on Q. We have
h0(X,ωX ⊗ (R∗)⊗t) = g − tk + t. If 2t ≤ x − 3, then A := ωX ⊗ (R∗)⊗t is very
ample and normally generated, i.e. the complete linear system associated to A is
an embedding and the image curve is projectively normal. If x− 2 ≤ 2t ≤ 2x− 6,
then A is not quadratically normal and the cokernel of the multiplication map has
dimension (k − 3)(2t − x + 3).

P r o o f. The non-emptiness, irreducibility and dimension of A(S) was
proved in [2]. The value of h0(X,A) (i.e. by Serre duality and Riemann-Roch,
the equality h0(X,R⊗t) = t+1) was also proved in [2]. We use the notation intro-
duced in Remark 3.3. In particular ωM (X) ∼= f∗(OQ(k − 2, x− 2))−

∑
1≤i≤y Ei.
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Thus H0(X,A) ∼= H0(Q,IS(k−2, x−2−t)) and H0(X,A⊗2) ∼= H0(Q, (IS)2(2k−
4, 2x−4−2t)). We have h0(Q, (IS)2(2k−4, 2x−4−2t)) = (2k−3)(2x−3−2t)−3y
because h1(Q, (IS)2(2k−4, 2x−4−2t)) = 0 by Lemma 2.6 applied to the integers
z := y, a := k − 2 and b := x − 2 − t. By the assumption we have t ≤ x − 3. If
2t ≤ x−3 and A is very ample, the quadratic normality of A follows from Remark
3.4.(i) and Lemmas 2.8 and 2.9, while the projective normality of A follows from
its quadratic normality; Lemma 3.2.

Now we will check the very ampleness of A. Since h0(X,A) ≥ 2, the line
bundle ωX ⊗ (R∗)⊗t is very ample if and only if for every length 2 subscheme
Z of X we have h0(X,A(−Z)) = h0(X,A) − 2. Fix any length 2 subscheme Z
of X. We distinguish 3 cases. First assume either Z reduced, say Z = {P,P ′}
and π(P ) 6= π(P ′), or Z not reduced but π(Zred) /∈ S. Then the result follows
from the inequalities y ≤ k − 2, x − 2 − t ≥ 1 and the fact that the linear
system P(H0(Q,IS(k − 2, x − 2 − t))) separates distinct points of Q and non-
zero tangent vectors of Q\S. Now we assume Z reduced, say P 6= P ′, and
π(P ) = π(P ′). The result follows by using that P(H0(Q,IS(k − 2, x − 2 − t)))
contains a curve smooth at π(P ) and tangent to one of the two branches of Y at
π(P ) and hence not tangent to the other branch of Y at π(P ). Now assume that
Z is not reduced and π(Zred) ∈ S. For the failure of the quadratic normality of
A when x − 2 ≤ 2t ≤ 2x − 6, use the second part of Remark 3.4.(i). �

P r o o f o f T h e o r em 1.2. The conditions “very ample” and “normally
generated are open conditions in a family of line bundles with constant cohomol-
ogy. Hence the result follows from Theorem 3.6 because the set of all k-gonal
curves is irreducible. �

Remark 3.7. If y = 0 ( i.e. if k− 1 divides g) we have S = ∅ and hence
we may do also the case t = [g/(k − 1)]− 1 in the statement of Theorem 3.6 and
hence in the statement of Theorem 1.2.

Theorem 3.8. Take integers g, k, t, y, a set S ⊂ Q and curves Y , X as
in the statement of Theorem 3.6. Assume 2t ≤ x − 3 and Y general in A(S).
Take an integer z with 0 ≤ z ≤ (k−3)(x−3−2t). Let B be a general subset of X
with card(B) = z. Set L := ωX ⊗ (R⊗t)∗(−B). Then L is quadratically normal.

P r o o f. Set F := π(B). Hence card(F ) = z and F is just the union of z
general points of Y . We may consider it as general in Q because we took a general
Y ∈ A(S) and z ≤ kx+k+x−3y = dim(A(S)). Since z ≤ (k−3)(x−3−2t), we
have H1(Q,IF (k − 4, x − 4− 2t)) = 0. Hence the result follows from 3.4.(ii). �

P r o o f o f Th e o r e m 1.3. The result follows from Theorem 3.8. �

Theorem 3.9. Take integers g, k, t, y, a set S ⊂ Q and curves Y , X as
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in the statement of Theorem 3.6. Assume Y general in A(S). Take an integer z
satisfying the inequality 0 ≤ z ≤ (k−3)(x−3−2t). Let B be a general subset of X
with card(B) = z. Set L := ωX ⊗(R⊗t)∗(−B). We assume t ≤ x−4, z+y ≤ (k−
2)(x−2−t) and z > (k−3)(x−3−2t). Let τ : H0(X,L)⊗H0(X,L) → H0(X,L⊗2)
be the multiplication map. Then dim(Coker(τ)) = z − (k − 3)(x − 3− 2t) and in
particular L is not quadratically normal.

P r o o f. Set E := π(B) and use 3.4.(ii). As in the proof of 3.3.(ii) by the
generality of Y in A(S) and the generality of S we may take as F := S∪E a general
subset of Q with card(F ) = y + z. We have H1(Q, (IE)2(2k− 4, 2x− 4− 2t)) = 0
by Lemma 2.6 because we assumed z + y ≤ (k − 2)(x − 2 − t). �

4. Proof of Theorem 1.4. Finally we prove Theorem 1.4.

P r o o f o f T h e o r em 1.4. The very ampleness of L follows from [8,
Theorem 2.3]. The very ampleness of L follows also from the surjectivity of
σ(S, t) for every t ≥ 2. We will prove only the surjectivity of σ(S, 2), the general
case being easier. Hence it is sufficient to check the surjectivity of the mul-
tiplication map µS : H0(P2,IS(a)) ⊗ H0(P2,IS(a)) → H0(P2, (IS)2(2a)). We
copy the proof of Lemma 2.9 with the following modifications. We do only the
case z = a(a − 1)/2. Here D is a line. We specialize S to the union, W , of a
general A ⊂ P

2 with card(A) = (a − 1)(a − 2)/2 and a general B ⊂ D with
card(B) = a − 1. We take as E a general plane curve of degree a − 1 containing
B. We have h0(P2, (IW )2(2a)) = h0(P2,O2

P
(a)) − 3(card(W )) by the proofs in

[10]. Equivalently, we may copy the proof of Lemma 2.6. �
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