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LIE GROUPS AS FOUR-DIMENSIONAL SPECIAL
COMPLEX MANIFOLDS WITH NORDEN METRIC®

Marta Teofilova

An example of a four-dimensional special complex manifold with Norden metric of
constant holomorphic sectional curvature is constructed via a two-parametric family
of solvable Lie algebras. The curvature properties of the obtained manifold are stu-
died. Necessary and sufficient conditions for the manifold to be isotropic Kéahlerian
are given.

1. Preliminaries. Let (M, J, g) be a 2n-dimensional almost complex manifold with
Norden metric, i.e. J is an almost complex structure and ¢ is a metric on M such that:
(1.1) Jlr = —x, g(Jzx, Jy) = —g(z,y), x,y € X(M).

The associated metric g of g on M, given by g(z,y) = g(z, Jy), is a Norden metric too.
Both metrics are necessarily neutral, i.e. of signature (n,n).

If V is the Levi-Civita connection of g, then the tensor field F' of type (0, 3) is defined
by

(1.2) F(z,y,2z) =g (Vad)y, 2)
and it has the following symmetries
(1.3) F(z,y,z) = F(z, z,y) = F(z, Jy, Jz).

Let {e;} (: = 1,2,...,2n) be an arbitrary basis of T, M at a point p of M. The
components of the inverse matrix of g with respect to the basis {e;} are denoted by g¥.
The Lie 1-forms 6 and 6* associated with F are defined by

(1.4) 0(z) = g F(ei, ej, ), 6* = 6 o J, respectively.
The Nijenhuis tensor field N for J is given by
(1.5) N(z,y) = [Jz, Jy] — [x,y] — J[Jz,y] — Tz, Jy].

It is known [4] that the almost complex structure is complex iff it is integrable, i.e. iff
N =0.

A classification of the almost complex manifolds with Norden metric is introduced in
[2], where eight classes of these manifolds are characterized according to the properties of
F. The three basic classes: Wi, Wh of the special complex manifolds with Norden metric

*2000 Mathematics Subject Classification: 53C15, 53C50.
Key words: almost complex manifold, Norden metric, Lie group, Lie algebra.

154



and Wjs of the quasi-Kdhler manifolds with Norden metric are given as follows:

Wi F(e,,2) = 5= [o(e,0)0(:) + (2, 2)000)

+9(z, Jy)0(Jz) + g(z, J2)0(Jy)];
Wy Fx,y,Jz)+ F(y,z,Jx) + F(z,2,Jy) =0, #=0 & N=0, 6=0;
Wy F(x,y,2) + F(y,z,2) + F(z,2,y) = 0.

The class Wy of the Kdhler manifolds with Norden metric is defined by F = 0 and is
contained in each of the other classes.

Let R be the curvature tensor of V, i.e. R(x,y)z = V,Vyz -V, V,2 =V, 12 The
corresponding (0,4)-type tensor is defined by R(z,y,z,u) = g (R(z,y)z,u). The Ricci
tensor p and the scalar curvatures 7 and 7* are given by:

(17) p(y,Z) :gin(@iay727@j)7 T:gijp(ei7ej)7 T* :gijp(ei;Jej)-

(1.6)

A tensor of type (0,4) is said to be curvature-like if it has the properties of R. Let S
be a symmetric (0,2)-tensor. We consider the following curvature-like tensors:
() (@9, 7, u) = g(y, 2)S(x,u) — gl 2)S(y, v)
18) + 9w, w)S(y, =) — g(y,u)S(x, 2),

1
™ = §¢1(9)7 FQ(xayaZau) = g(y7 Jz)g(x, Ju) - g(x, JZ)g(y, JU’)

It is known that on a pseudo-Riemannian manifold M (dim M = 2n > 4) the confor-
mally invariant Weyl tensor has the form

ﬁ {%(P) - 2n7; 17T1}-

Let a = {z,y} be a non-degenerate 2-plane spanned on the vectors z,y € T,M,
p € M. The sectional curvature of « is given by
R(I’ y’ y’ ‘/L‘)
T (Za Y, :L') .
We consider the following basic sectional curvatures in 7, M with respect to the structures
J and g: holomorphic sectional curvatures if Joa = « and totally real sectional curvatures
if Ja L a with respect to g.

The square norm of V.J is defined by |V.J||> = g ¢"g ((Ve,J)er, (Ve,J)er). Then,
by (1.2) we get
(1.11) ||VJH2 = gijgklgpqﬂkajlqa

where Fiip, = F(e;, ek, ep).

(1.9) W(R)=R—

(1.10) k(o p) =

An almost complex manifold with Norden metric satisfying the condition || V.J||* = 0
is called an isotropic Kdhler manifold with Norden metric [3].

2. Almost complex manifolds with Norden metric of constant holomorphic
sectional curvature. In this section we obtain a relation between the vanishing of
the holomorphic sectional curvature and the vanishing of |[V.J||> on W-manifolds and
Ws-manifolds with Norden metric. In [1] it is proved the following
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Theorem A. ([1]) An almost complex manifold with Norden metric is of pointwise
constant holomorphic sectional curvature if and only if

3{R(z,y, z,u) + R(z,y, Jz, Ju) + R(Jz, Jy, z,u) + R(Jz, Jy, Jz, Ju)}
—R(Jy, Jz,x,u) + R(Jx, Jz,y,u) — R(y, z, Jz, Ju) + R(x, z, Jy, Ju)

—R(Jx, z,y, Ju) + R(Jy, z,x, Ju) — R(z, Jz, Jy,u) + R(y, Jz, Jz, u)

= 8H{m + w2}

for some H € FM and all x,y,z,u € X(M). In this case H(p) is the holomorphic
sectional curvature of all holomorphic non-degenerate 2-planes in T,M, p € M.

Taking into account (1.7) and (1.8), the total trace of (2.1) implies

(2.2) H(p) = 4—;2(7—1—7**),

(2.1)

where 7°* = g'gik R(e;, e;, Jey, Jey).
In [5] we have proved that on a JV,-manifold

(2.3) IV =2(r +7*),
and in [3] it is proved that on a Ws-manifold
(2.4) IVJI° = =2(r + 7).

Then, by Theorem A, (2.2), (2.3) and (2.4) we obtain

Theorem 2.1. Let (M, J,g) be an almost complex manifold with Norden metric of
pointwise constant holomorphic sectional curvature H(p), p € M. Then,

() [VJ|* =8n2H(p) if (M, J,g) € Wa;
(ii) |VJ|* = —8n*H(p) if (M,J.g) € Ws.

Theorem 2.1 implies

Corollary 2.2. Let (M, J, g) be a Wa-manifold or Ws-manifold of pointwise constant
holomorphic sectional curvature H(p), p € M. Then, (M, J,g) is isotropic Kihlerian iff
H(p) =0.

In the next section we construct an example of a W,-manifold of constant holomorphic
sectional curvature.

3. Lie groups as four-dimensional Ws-manifolds. Let g be a real 4-dimensional
Lie algebra corresponding to a real connected Lie group G. If { X1, Xo, X3, X4} is a basis
of left invariant vector fields on G and [X;, X;] = Ciijk (i,5,k = 1,2,3,4), then the
structural constants C’fj satisfy the anti-commutativity condition C’fj = ij’-“i and the
Jacobi identity C’Z-’“]-C’llCS + C’]’-“SC’}” + CfiCllcj =0.

We define an almost complex structure J and a compatible metric g on G by the
corresponding conditions:

(3.1) JX1 =Xy, JXo=Xs JX3=-Xi, JXi=-Xo,
Q(Xth) - g(XQ)XQ) - _g(X37X3) = _g(X4)X4) = 1’
g(Xian):()a 17&]; iaj:172a374'

Because of (1.1), (3.1) and (3.2), g is a Norden metric. Thus, (G, J, g) is a 4-dimensional
almost complex manifold with Norden metric.
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From (3.2) it follows that the well-known Levi-Civita identity for g takes the form
(33) 2g(inXja Xk) = g([Xia Xj]a Xk) + g([Xka XZ]; X]) + g([Xka Xj]a XZ)
Let us denote Fjj; = F'(X;, X;, X). Then, by (1.2) and (3.3), we have
QEjk = g([Xi, JX]] - J[X“ Xj], Xk) + g(J[Xk,Xl] - [JXk, Xz]; X])

(3.4)
+g([Xk, JXj] — [J Xk, Xj]a XZ)

According to (1.6), in order to construct an example of a Ws-manifold, we need to
find sufficient conditions for the Nijenhuis tensor N and the Lie 1-form 6 to vanish on g.

By (1.2), (1.5), (3.2) and (3.4) we calculate the essential components Nikj (N(X;, X;) =
Niijk) of N and 6; = 6(X;) of 0, respectively, as follows:

Niy = C3y — Oty — C35 + CFy, 61 = 2015 — Cfy + C7y + 033 — Ciy,

Niy = C3y — Cfy — C33 + C1y, 02 =203, + CF, + Cly + Ci3 + C3y,

Niy = C3y — Cfy + O35 — Cly, 03 =207 + Cf, + Cly + C33 + C3y,

Niy = C3y — Oy + C33 = Cy, 01 =203, — Oy + C}4 + C35 — C3y.
Then, (1.6) and (3.5) imply

(3.5)

Theorem 3.1. Let (G, J, g) be a 4-dimensional almost complex manifold with Norden
metric defined by (3.1) and (3.2). Then, (G, J,g) is a Wa-manifold iff for the Lie algebra
g of G are valid the conditions:

(3.6) Cly = Ciy — O35 = C3y — CFy, CYy = —(Cy + C33) = = (Cl4, + C34)
Cyy = Cly — Cfy = C3y — C, C3=—(C +Cly) = = (Co + C3y)
where C’fj (1,7, k = 1,2,3,4) satisfy the Jacodi identity.

One solution to (3.6) and the Jacobi identity is the 2-parametric family of solvable
Lie algebras g given by

[XlaXQ] :)\le)\XQ; [XQ;XS] :/’LX1+>\X4a
(37) g: [X17X3] = /_LXQ + )\)(47 [X27X4] = MXI + )\X3,
[X17X4] = /J/XQ + )\X?n [X37X4] = _IU’X?) + /j/X4; )‘7/1/ eR.

Let us study the curvature properties of the Wh-manifold (G, J, g), where the Lie
algebra g of G is defined by (3.7).

By (3.2), (3.3) and (3.7) we obtain the components of the Levi-Civita connection:

Vx, X2 =AX1 + pu(Xs3 + X4), Vx, X1 = AXa + (X3 + X4),
Vi, Xa = ~A(X1 + Xa) — uXs, Vi, X3 = ~A(X1 + Xa) — X,
(38) Vi Xi=-AXs, Vi, Xo= -AX1, Vi, Xs=uXs, Vi, X1=puXs,
Vx, X3 =Vx, Xy = puXo, Vx, X3 =Vx, Xy = pXi,
Vi, X1 = Vi, Xz = —AXy, Vi, X1 = Vx,Xs = —AX;.
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Taking into account (3.4) and (3.7), we calculte the essential non-zero components of F':

1 1
Fi14 = —Fy14 = F310 = §F322 = §F411 = Fyi0 = =,
(3.9)

1 1
Fii90 = §F122 = §F211 = Fy19 = —F314 = Fy14 = 1.

The other non-zero components of F' are obtained from (1.3).
By (1.11) and (3.9) for the square norm of V.J we get
(3.10) IVJ|I> = —32(\% — 12).
Further, we obtain the essential non-zero components R;;rs = R(X;, X;, X, X;) of

the curvature tensor R as follows:

1 1
*§R1221 = —Ry341 = —Ra3420 = R3123 = 533443 = Raio4 = A2 + 12,

(3.11) Riss1 = Riaa1 = Rosss = Roass = —Rizps = —Riaoz = A2 — /2,

Ri231 = Ri241 = Ra132 = Ro142
= —R3143 = —R3043 = —Ra134 = —Ra234 = 2\p.

Then, by (1.7) and (3.11) we get the components p;; = p(X;, X;) of the Ricci tensor and
the values of the scalar curvatures 7 and 7*:

P11 = paz = —4N% P33 = paa = —4p?,
(3.12) pr2 = psa = —2(A\% + p?), P13 = P14 = P23 = p2sa = 4\,
7= -8\ — p?), T = 16\ pu.

Let us consider the characteristic 2-planes «;; spanned on the basic vectors {X;, X }:
totally real 2-planes - a2, @14, @23, aizq4 and holomorphic 2-planes - a3, ags. By (1.10)
and (3.11) for the sectional curvatures of the holomorphic 2-planes we obtain

(3.13) k‘(Oé13) = k‘(Oé24) = —()\2 — M2).
Then, it is valid

Theorem 3.2. The manifold (G, J, g) is of constant holomorphic sectional curvature.
Using (1.9), (3.11) and (3.12) for the essential non-zero components
Wijks = W(Xi, X, X, X5) of the Weyl tensor W we get:

1 1
=Wiza1 = Wiggr = Wigar = Wazzs = Wagss = = Waaus
(3.14) 2 2

1 1 1
= — “Wisos = ——Wisoz = — (N2 — 12).
3 V1324 3 V1423 3( )

Finally, by (1.9), (3.10), (3.12), (3.13) and (3.14) we establish the validity of

Theorem 3.3. The following conditions are equivalent:
(1) (G, J,g) is isotropic Kdhlerian;
(i) [Al = [ul;

(iii) 7 =0;
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(iv) (G, J,g) is of zero holomorphic sectional curvature;

(v) the Weyl tensor vanishes;

. 1
(vi) R=501(p).
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PVYIIN HA JI1 KATO YETUPVMMEPHU CIIEIITMAJIHN
KOMIIJIEKCHIN MHOT'OOBPA3M4A C HOPAEHOBA METPUKA

Mapra Teodusioa

Koncrpyupan e npumep Ha YETHPUMEPHO CIIEIMATHO KOMILJIEKCHO MHOroobpasue ¢
HOD/IEHOBA METPHMKA U IMOCTOSIHHA XOJOMOP(MHA CEKIIMOHHA KPUBHUHA Ype3 JAByHapa-
METPUYHO CeMeiicTBO OoT pasperuMmu ajarebpu Ha Jlu. V3cmenpanu ca KpuBUHHUTE
CBOICTBa Ha IMOJIy9eHOTO MHOroobpasue. Jlajgenn ca HeOOXOAUMHI U JOCTATHIHH YCJII0-
BUs 33 Pa3JIEXKIAHOTO MHOroobpasue jia O'bJle M30TPOITHO KeJIEPOBO.
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