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ON SOME JACOBI SERIES”
Georgi Boychev

The paper presents properties of some Jacobi series.

Suppose that a + 1, + 1 and a + 8 + 2 are not equal to 0, —1, —2, .... The
polynomials {P,(La’ﬁ )(z) 20 defined by equalities

17
PR () = <n+a)F<n,n+a+5+1,a+1;Tz), n=012...; z€C,
n

where C is the complex plane and F(a, b, ¢; () is Gauss hypergeometric function, are called

Jacobi polynomials with parameters « and 3. The functions {lea’ﬁ )(z) 20 defined by
equalities
_ et (n 4 o+ 1)I(n+ B+ 1)

2
(@B)(2) = F 1,2 2 ——
Q" (2) T@ntatBT2)(- 1) (n,n+a+ 2n+a+ 6+ T )

n=0,1,2,...; 2€G=C\[-1,1],

are called Jacobi associated functions.

Let w(z) be that inverse of Zhukovskii function in the region G for which |w(z)| > 1.
Then, in the region G the Jacobi polynomials and Jacobi associated functions have
respectively the representations (n > 1) [1, Chapter III, (1.9), (1.30)]

(1) PO (2) = PO (2)n~ 2 [w(2)] {1+ p{™P) (2)},
and
(2) QD (2) = QP ()~ [w(2)] " H1 + ¢{P(2)}

where P9 (z) #£ 0, QP (z) # 0,{p£1a’ﬁ)(z) Foo, and {qr(la’ﬁ)(z) 29 are holomorhpic
functions in the region G.
If n — +o00, then

3) piP(z) =0
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and
(4) gy (z) = O(n™")
uniformly on every compact subset of G.

We call the series of the kind

—+o0
) Y anPL0(2)
n=0
Jacobi series.
If
0<rt= lir}rl sup |an, "< 1,

then the series (5) is absolutely and uniformly convergent on every compact subset of

the region E(r) = {z € C: |z + 1|+ |z — 1| < 7+ r~'} and divergent in C\E(r) [1,
(IV.1.1),(b)]. Let v(r) = OE(r) for r > 1.

Theorem 1 [1, (V.1.3)]. Let f(z) be a complex function holomorphic in E(R), where
R > 1. Then, the function f(z) is representable in E(R) by a series of the kind (1), i.e.

+oo
f(z)= > anpr(za’ﬁ)(z), z € E(R), with coefficients
n=0

1
W= m / FQQ P ()ds, 1 < v < RBin=0,1,2,...,
2im Iy
y(r)

where

D(a+1I(B+1)
MNa+p+1)

208 (n 4+ a+ D(n+ B+ 1) n
Cn+a+B+Dn+ 1)T(n++a+B+1)

) n=>0
17(104,[3) —

Now we shall prove the following

Theorem 2. Let 1 < R < 400, a, B, + B+ 1# —1,-2,... and f(z) be a complex

function holomorphic and bounded in the region E(R). Let {S,(laﬁ)(z)};'{i% be the partial
sums of Jacobi’s series, representing the function f(z) in E(R). Then,

(6) S@h)(z) =O(lnn), n— 4oo, ze E(R).

Proof. Let M be a constant for which

(7) lf(2)| <M, z€ E(R).
We assume that r € A(R) = {%, R).
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Using (1) and (2) it is easy to prove that

S@B)(z) = 1 / 1 - [w(z)/w(g)]”f(g)dg

2m s—z
o (a,8) (e,8)
1 D*P)(g,¢) = DA (z,q) n
tor | — (w2 " F(5)ds
v(r) (@.5)
1 5 (2,) n B
~ 95 / ﬁ[w(z)/w(g)] f(Q)ds = Jna + Jna — JIngs,
v(r)

where D) (z,¢) and {(ﬁaﬁ )(z, §)}:1>9 are complex-valued functions holomorphic in the
region G x G. Moreover, D(®%)(z, z) = 1 and s4eP) (2,2)=0(n=1,2,...) in G.
Using (3) and (4) it is not difficult to prove that
(2= <)\ (z,6) = O(n ™) (n — +00)

uniformly on every compact subset of G x G. Then we have

nal < Kant [ |©llad] <an 21 [ o] <an ™
y(r) v(r)
where K7 and K> are constants, which do not depend on r and n. Hence,
(8) Jn3=0m"1)(n — +o00)

uniformly with respect to r € A(R).
It is easy to prove that for |w(2)|, |w({)| € A(R), we have that

D(a,ﬁ)(g,g) — D(a76)(z7§)
¢—Z

S K37

where K3 is constant. Then,

nal < 5K [ 156 <g-Kad [ Jds| <rKad < R,
v(r) v(r)
From this inequality it follows that
9) Jn2=0(1) (n— +o0)

uniformly with respect to r € A(R).
For the integral J, 1 we have the representation

_ L[ wel) mwz) 1 = wz)/wE)]”

I = 2mi (/) c—z w(s) —w(z)
Obviously the function [w(s) —w(z)]/(s — z) is bounded for |w(s)|, |w(z)| € A(R). Let
F(¢2) = %j(z)f(z) Then, using (7) we get that |F((, z)| < K4, where K, is a

constant.

f(S)ds.
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Let w(z) = rexpif, where § € [—m, 7] and r € A(R). Putting w({) = rexpir
(re|-m+6,7m+06],r € A(R)), we obtain that
] T+6 1 ) 0
Jpr = — / Fi(r,0) 20T 0D (o iy,

’ 27 1 —exp(i(t — 0))
—7+0

where Fy(7,0) = F[(w(¢) + w™1(())/2, (w(2) + w™1(2))/2] is a periodical function with
respect to 7 and 6. Using substitution ¢ = @ — 7 in integral J,, 1 we get

ti
= /F1 1 762{5;1 k [r=2exp2i(t — 1) — 1]dt.

Obviously, |Fi(,0)| < K4. Then, using the inequality r > 1 we obtain that

T w/2
| sin(nt/2)] | sin nu|
Jn1| < K — 2 dt < K, —d
[Inal < K5 [sin(t/2)] — — 6 sing
- 0
where K5 and Kg are constants.
/2
/2 1/n .
LetI:/ [sinnuf - Thenlf/ S g+ / Isinnul o
0 sinu 0 sinu sinu
1/n

1/n
Using the inequality |sinnu| < nsinuwe obtain that I; <n / du = 1. Therefore,
0
(10) L =01)(n — +0).

Using that sinu > 2u/7 for u € (0,7/2), we get

/2 | .1 7r/21 1
pel [ 2 [ e T (WD o) = 3 (mE hun).
2 Jim U 2 Jim u 2 2 n 2 2

Hence,

(11) I = O(lnn)(n — 400).
From (10) and (11) it follows that

(12) Jn1 = O0(lnn)(n — 400).

Using asymptotic formulas (12), (9) and (8), we get the asymptotic formula (6) for
these z for which |w(z)| € A(R). Then, it is not difficult to prove that (6) is valid for
every z € F(R). Thus Theorem 2 is proved. O

As a corollary of Theorem 2 we can state the following proposition:

Theorem 3. Let 1 < R < 400, a,f,a+ B+ 1# —1,-2,... and f(z) be a complex
function holomorphic and bounded in the region E(R). Let {S&a’ﬁ)( )}.E2% be the partial
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sums of the Jacobi series, representing the function f(z) in E(R). If

o) (z) = S0 (n=0,1,2,...),

1 n
n+1 =
then {cfﬁf"ﬁ)(z) o0 are bounded in the region E(R).

Conversely, if {Uﬁla’ﬁ) (2)},2% are bounded in the region E(R), then f(z) is bounded
in E(R).
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