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ON THE SEMIGROUP OF ALL INCREASING FULL
TRANSFORMATIONS"

Ilinka Dimitrova

Let T}, be the full transformation semigroup on an n-element set and let Inc, be the
subsemigroup of T, consisting of all increasing transformations. This paper considers
some algebraic and rank properties of the semigroup Inc,. It is shown that the semi-
group Inc, is an R-trivial idempotent-generated semigroup. Finally, the maximal
subsemigroups of Inc, are characterized.

For n € Nlet X,, = {1 <2 < --- <n} be a finite n-element chain and let T,, denote
the full transformation semigroup, i.e. the semigroup of all mappings o : X,, — X,
under composition. We say that a transformation o € T, is increasing (decreasing) if
z < za (x> za) for all z € X,,. This paper investigates algebraic and rank properties
of the semigroup Inc, of all increasing mappings of X,. Algebraic and rank properties
of T,, have been studied over a long period and many interesting results have emerged
(see, for example [2], [4], [7]). In [6], Umar considered algebraic and rank properties
of the semigroup D,, of all decreasing transformations. Moreover, Umar ([5]) showed
that the semigroups Inc, and D,, are isomorphic. Finally, we characterize all maximal
subsemigroups of Inc,.

We begin by recalling some notations and definitions that are used in the paper.
For the standard terms and concepts in semigroup theory we refer to [3]. For every
transformation o € T, we denote by ker & and im « the kernel and the image of «,
respectively. The number rank o := | X,/ ker | = |im ¢/ is called the rank of a. Let U
be a subset of T;,, we denote by E(U) the set of all idempotents in the set U.

Let A C X, and let w be an equivalence relation on X,,. We say that A is a transversal
of 7 (denoted by A # =) if |ANZ| =1 for every equivalence class T € X, /.

Now, for 0 < r < n, we consider the two-sided ideals of Inc, and D,

K*t(n,r):={a € Inc,:|imal <7},
K= (n,r):={a €Dy :|ima| <r}
respectively. Also, for 2 < r < n, we consider the Rees quotient semigroups of Inc, and
D,
Pt =K (n,r)/K*(n,r—1),

P =K (n,r)/K (n,r—1),

*2000 Mathematics Subject Classification: 20M20.
Key words: transformation semigroup, increasing transformation, rank, idempotent rank, maximal
subsemigroup.

164



respectively. The elements of P." (P) may be thought as the elements of Inc, (D,) of

T

rank 7 precisely. The product of two elements of P;* (P7) is 0 whenever their product in
Inc,, (Dy,) is of rank strictly less than r. The set P;” = P, contains exactly one element,
namely the identity, which we denote by e.

Now, we recall some results for the semigroup D,, that are useful in what follows.

Proposition 1 ([6]). Let 0 < r < n. Then, every o € P is expressible as a product
of idempotents in P .

Proposition 2 ([6]). Let 0 < k <n—1 and lete € E(K~(n,r)). Then, ¢ is expressible
as a product of idempotents in P .

Therefore, from the isomorphism between Inc, and D, it follows:

Proposition 3. Let 0 < r < n. Then every o € P," is expressible as a product of
idempotents in P,

Proposition 4. Let 0 < k <n—1 and let e € E(K*(n,r)). Then, ¢ is expressible as
a product of idempotents in P .

From Proposition 3 and Proposition 4, we have:

Corollary 1.Let 0 < r < n—1. Then, K*(n,r) = (E(P})) as well as Inc, =
(E(P,).e).

For the definition of Green’s relations, see for example [3].

Proposition 5 ([6]). The semigroup D,, is R-trivial.

Again, using the isomorphism between Inc, and D,,, we obtain:

Proposition 6. The semigroup Inc, is R-trivial.

To identify the classes of semigroups to which Inc, belongs, we consider the starred
Green’s relations studied in [1]. Recall that on a semigroup S the relation £* (R*) is
defined by the rule that aL*5 (aR*(3) if and only if the elements «, 3 are related by the
Green’s relation £ (R) in some oversemigroup of S. The intersection of the equivalences
L* and R* is denoted by H*. To define J* we first denote the L£*-class containing the
element « of the semigroup S by L%. (The corresponding notation is used for the classes
of the other relations.) Then, a left (right) *-ideal of a semigroup S is defined to be a
left (right) ideal I of S such that LY C I (R C I), for all & € I. A subset I of S is a
«-ideal of S if it is both a left *-ideal and a right x-ideal. We also recall from [1], that the
principal *-ideal J*(«) generated by the element a of S is the intersection of all -ideals
of S to which « belongs. The relation J* is defined by the rule that a7 if and only
if J*(a) = J*(B).

We begin our investigations by the observation that K+ (n,r) is a *-ideal of I'nc, and
for «, B € Inc,, it holds

al*f < ima=imf

aR*( < kera = ker 3

aJ*p <= ranka =rank
HY = LrNR*

Thus the semigroup Inc,, like T,, itself, is the union of J*-classes J§3, Ji,..., J,
where

J:={a € Inc, : ranka =r} for r=0,...,n.
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The J*-class J;: contains exactly one element, namely e.

For 0 <r <n, we denote by E, the set of all idempotents in J*.

Further, we pay attention to the J*-class J_;. The R*-, £*- and H*-classes in J;;_;
have the following form

R, jy ={a € J;_; : the sole non-singleton class of kera is {i,j}},
1<i<j<n.
Li = {ae iy sima =X \{k}}, 1<k <n-1
Hi ok = RNl 1<k<i<j<n.

(n—1)

Clearly, |H[; ;y ;| =1 for k=i —1,i. Moreover, J;_; has exactly z different

R*-classes and exactly n — 1 different L£*-classes. It is obvious that an element « in the
H*-class H("; )k is idempotent if and only if ima # kera, i.e. if and only if £ =i. We

*

denote by £(; ;) the idempotent of the class H(Z. )i Therefore, we have that
Lemma 1. Every R*-class of J)_, contains a unique idempotent.

Since the product «of, for all a, 5 € J*_;, belongs to the class J*_; (if and only if
af € R, N Lj) if and only if ima # ker 3, it is easy to show:

Lemma 2. Let o, 8 € J}_,. Then,

He pywtpg)0 = otherwise.

{ Higpo o k=pk=q
We say that the element o € Inc,, is undecomposable in Inc, if there are no elements
B, € Inc, \ {a} such that a = 7.

Proposition 7. Idempotents of the class J_, are undecomposable in Inc,.

Proof. Let €(i,j) € E,_, for some 1 < i < j < n. Suppose that there exist
transformations 3,y € Inc, \ {€(; )} such that £ j) = B7. Clearly, the elements 3 and
~ have to be contained in J}_; or in J} = {e}. But € can be excluded as factor. Then,
Ry = R(*i,j)v LY = L7, imf # kerw, and 8 € Lj for some 1 < ¢ < n. Thus § € H(*m.)yq
with ¢ <14 < j. Since im 3 # ker-, it follows that + € H(*p’q)ﬂ. forsome 1 <p<g<n
or vy € H(*q,s),i forsome 1 <g<s<mn. Ifvye H(*p,q)’i then ¢+ < p < ¢, which contradicts

qg <1<3. Thus*yeH(”‘qs)iwithigq<sandfromq§i<jwe0btainq:i.

Therefore, 3 € H(’"i’j)ﬂ. and since |H(*i7j)7i| =1, we have 3 = ¢(; ;), a contradiction. [

From Corollary 1 and Proposition 7 we have

Corollary 2. If M C E,_1 then (M) C KT (n,n — 1), i.e. no proper subset of E,_1
can generate K*(n,n —1).

The rank of a finite semigroup S is usually defined by

rank S = min{|A| : A C S, (4) = S}.
If S is idempotent generated, then the idempotent rank of S is defined by
idrank S = min{|A| : A C E(S), (4) = S}.
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n
Since there are exactly

n(n—1)
2

different R*-classes in J;;_; and each R*-class con-

-1
tains a unique idempotent (see Lemma 1), we have |E,,_; U {e}| = % + 1. Then,
Corollary 1 and Corollary 2 provide
-1
rank I'nc, = idrank Inc, = % + 1.

Now we are able to characterize the maximal subsemigroups of Inc,.
Lemma 3. Every mazimal subsemigroup of Inc,, contains the ideal K*(n,n — 2).

Proof. Let S be a maximal subsemigroup of Inc,. Assume that J:_; C S, then
KT(n,n-2)Cc K*(n,n—1)=(J:_) CS. IfJ:_; € S, then SUK"(n,n—2) is a proper
subsemigroup of Inc, since K (n,n — 2) is an ideal, and, hence, SU K+ (n,n —2) =S
by maximality of S. This implies K*(n,n —2) C S. O

Theorem 1. A subsemigroup S of Inc, is maximal if and only if it belongs to one of
the following types:
1) Se = Incy \ {€};
2) S(i,jy = Incy \ {eq )}, for 1 <i<j<n.

Proof. It is clear that both S¢ and S(; ;) are maximal subsemigroups of Incy, since
ScU{e} = S5 Ulen )t = Incy.

For the converse part, let S be a maximal subsemigroup of Inc,,. Then, S = KT (n,n—
2)UT, where T C (J}_{UJ}) (see Lemma 3). If J € T then S C S, since J;: = {e} and
thus S = S¢ by the maximality of S. Let J¥ C T. Then, J;'_; € T. Since J_; C (E,_1),
by Proposition 3, the set T' does not contain at least one idempotent § € F,,_1. Assume
that there exists an element o € J*_; \ T and « # 6. Then, from e = ae = o and
Proposition 7, it follows that § ¢ (S, «). This contradicts the maximality of S and thus
we have T' = J; U (J;;_ \ {0}). Therefore, S = S(; ;) for a suitable 1 <i < j <n. O
n(n—1)

2

, we have

n(n—1)
>

Since the idempotents in J_; are exactly

Corollary 3. The semigroup Inc, contains exactly + 1 mazimal subsemi-

groups.
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B'BbPXY ITIOJIVIPVYIIATA OT BCMYKUN HAPACTBAIIIN ITbJIHN
ITPEOBPA3YBAHUA

Nnunaka A. JumurpoBa

ITonyrpymnara T, OT BCHYKH II'bJIHUA TPeOoOpa3yBaHUs BbPXY €IHO N-eJIeMEHTHO MHO-
2KECTBO € U3yJYaBaHa B PA3/IMYHU acCIeKTH or peauiia aBropu. OBGeKT Ha pasriiexIaHe
B HacTosIaTa pabora e nojyrpynara [nc, chbCTosdlna ce OT BCUYKU HAPACTBAIIY II'bJI-
Hu npeobpasysanusa. Odesuguo Inc, e nognosyrpyna na Tp,. JJokazaHno e, ye BCeKU
eJIeMeHT Ha moJiyrpynara Inc, oT paHr r MOXe Ja ce IIPEJICTaBU KaTo IIPOM3BeIeHNe
HAa UJEMIOTEHTH OT C'bINUs PAHT U BCEKU UJEMIIOTEHT OT PAHT O-MaJI'bK WU PABEH Ha
7 MOXKeE Jla Ce IPeJICTaBU KATO [IPOM3BeIeHNe Ha ujeMroTeHTu oT panr r. C momornra
Ha Te3U TBbPJCHUS € [IOKa3aHo, ue nojayrpymnara Inc, ce Hopaxja OT MHOXKECTBOTO
HA BCUYKHU MJEMIIOTEHTH OT PaHr n — 1 M ThXKIecTBeHOTO npeobpadysBanne. OcBen
TOBa € JIOKA3aHO, Y€ MJIEMIIOTEHTUTE OT PAHT N — 1 ca Hepa3/IoKUMU B MOJIyIPyIIaTa
Inc,. B pesynrar Ha TOBa € MOJyYEHO, Ye PAHI'BT U UJEMIIOTHYHUAT PAHT HA pa3r-
JIeXKIaHaTa IMOJIyrpyna ca paBau. KaTo ca n3noJsi3BaHu Te€3u TBHPJIECHUS € HAIIPpABEHA,
I'bJIHA KJIACUDUKAIUS HA MACKUMAJIHUTE MTOJIIOJIyTPYIH Ha ToJyrpynara Incy,.
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