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ON AFFINE CONNECTIONS IN A RIEMANNIAN
MANIFOLD WITH A CIRCULANT METRIC AND TWO
CIRCULANT AFFINOR STRUCTURES®

Iva Dokuzova, Dimitar Razpopov

In the present paper it is considered a class V' of 3-dimensional Riemannian manifolds
M with a metric g and two affinor tensors ¢ and S. It is defined another metric g in
M. The local coordinates of all these tensors are circulant matrices. It is found: 1)
a relation between curvature tensors R and R of g and g, respectively; 2) an identity
of the curvature tensor R of g in the case when the curvature tensor R vanishes; 3)
a relation between the sectional curvature of a 2-section of the type {z, ¢z} and the
scalar curvature of M.

1. Introduction. In this paper we investigate the class V' of manifolds admitting an
additional structure g, such that it’s cube degree is the identity. In the basic manifold M
the metric g is positively defined and ¢ is a parallel structure with respect to the affine
connection V of g. By g and ¢ we construct another metric f which is non-degenerate.
By f we obtain an affine connection V. Our main problem is to find a subclass of V,
such that V is a locally flat connection.

We consider a 3-dimensional Riemannian manifold M with a metric tensor g and two
affinor tensors ¢ and S such that: their local coordinates form circulant matrices. So
these matrices are as follows:

A B B
(1) gij = B A B R A>B> 0,
B B A
where A and B are smooth functions of a point p(z!, 2, 2%) on some F C R?,
' 0 1 0 ' -1 1 1
(2) ¢’=10 0 1], Sl=(1 -1 1
1 00 1 1 -1
Let V be the connection of g. The following results have been obtained in [1]:
(3) ¢’ =B glqr,qy) = g(z,y), =, y € xM.
(4) V¢g=0 <« gradA =grad B.S.
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(5) 0<B<A = gis possitively defined.

If M has a metric g from (1), affinor structures ¢ and S from (2) and V¢ = 0, then
we note for brevity that M is in the class V.
Now, we give an example of a manifold of this class. Let

(6) A=($1)2+($2)2+($3)2, B=$1I2+I2$3+$1$3,
be two functions of a point p(z', 2%, 23) # (z,x,2). Then, A > B > 0 and
A B B
(7) 9i;=|B A B
B B A

is positively defined. Also, we obtain grad A = grad B.S which implies Vg = 0. So,
the manifold M with a metric g, defined by (6) and (7), and affinor structures g and S,
defined by (2), is in the class V.

We denote ¢; = qaq5, ®7 = ¢j + gj, and from (2) we have:

00 1 01 1
8) g'=[1 0 0|, @=[101
010 110

2. Affine connections. Let M be in V. We denote f;; = gikqf + gjkqf, i.e.
2B A+B A+ B
(9) fii=|A+B 2B A+B
A+B A+B 2B
We calculate det f;; = 2(A — B)?(A + 2B) # 0, so f is a non-degenerated symmetric
tensor field. Evidently, we have that V¢ = 0, which thank’s to (2), (8) and (9), implies:
(10) Vq=0, Vf=0, VS =0, Vo =0.

For later use, from (1) — (9), we find next identities:
] s ] s ] 1 s
(11) %9is = fis, 5 fis = 2951 + fjis fiig® =@5  guf” = 295

Further, we suppose that a and § are two smooth functions in F', such that a # S,
a+ 23 # 0. Now, we construct the metric g as follows
(12) g=oa.g+p.f.
The local coordinates of g are

aA+26B BA+ (a+ B)B BA+ (a+5)B
A+ (a+P)B BA+(a+B)B  aA+26B

Since det g;; = (o — 8)%(A — B)*(A + 2B)(a + 28) # 0, § is a non-degenerated tensor
field.

Let o > 8 > 0, then A + 26B > A+ (a + 3)B > 0. Analogously to (5) we state
that g is positively defined.

Let a=0,8#0.

(a) If 8 > 0, then the main minors of the matrix g;; are: 28B > 0, 3%(B — A)(A +
3B) <0, (—8)%(A — B)?(A +2B)23 > 0. We state that g is an indefinite metric.

(b) If 8 < 0, then analogously to (a) we state that g is an indefinite metric.
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In [2] it is proved the next assertion:

Theorem 2.1. Let M be a manifold in V', g and g be two metrics of M, related by
(12). Let V and V be the corresponding connections of g and g. Then, Vq = 0 if and
only if, when

(13) grad a = grad 3.S.

Let 8 =01in (12). Then, we have
(14) J=a.g.

The condition (14) defines the well-known conformal transformation in the Riemannian
manifold M.

The general case, when a # 0, 8 # 0 in (12), leads to very complex calculations and
it will be an object of next investigations.

Now, we consider the case o = 0 in (12). We obtain
(15) 9ij = B-fij-
Then, from (_13) we can get that V¢ = 0 if and only if, when (3 is a constant. Further,
we suppose Vq # 0, i.e. § is not a constant. Thanks to (15) we get

(16) ViGij = Brfijs Br = V..
We have the well-known identities:

(17) Vij = Okfi; — LpiGaj — Djais
(18) ViGij = Okgij — UiiGaj — Ui Gais
(19) Vigij = 0.

Using (11), (16) — (19), for the tensor Tj; = T, — 5, of the affine deformation of V and
V we find
; , ;1 : i
(20) T = 040+ B0~ 50Sidws G~
2 23
— ~ 1 1
We have that Viq;? = Viqf — BiqF + B;0F — §ﬁa55q§fu + §ﬁaSqufij.

Let R be the curvature tensor field of V. Let R be the curvature tensor field of V. It
is well-known the relation (see [3])

(21) Ry = Rl + ViTh — Vi) + TR — T3 T,
From (20) and (21) after some calculations we obtain

) E?jk = R?jk; + 00 (V8 — BiBj + ofij) — 5?(Vk5i — BBk + ¢fir)
b3 TuSHRS — By — S TaSHV;0 — 0,8, o= 50057,

Theorem 2.2. Let M be in'V, V and V be the Riemannian connections of g and g,
related by (15). If V is a locally flat connection, then the curvature tensor field R of V
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R(:c,y,z,u) = [(QQ(LL‘,U)g(y,Z)*QQ(QC,Z)g(y,U)

=

(23) + (9(gz,u) + g(=, qu))(9(qy, 2) + 9(y, 7))

— (9(qz, 2) + 9(x, 42))(9(qy, u) + 9(y, qu))),
where x, y, z, u € xM.

Proof. We have R = 0. From (22) we find
(24) R?jk = 5;'1Pki — i Py — f1;QR + fikQ?a
where Py = Vi — i + o, Q) = 3SHVid! — B8,
Now, we put & = h in (24) and with the help of (11) we get
(25) Ry=—Py—vfs  ¥=35MVis"

We note that R;; = Rfj . are the local coordinates of the Ricci tensor of V, also 7 = R;; g%
and 7* = R;; f* are the first and the second scalar curvatures of M, respectively. The
identity (25) implies

(26) T = —2p — 4.
Using (11), we have that Qf = Py, f*" — 6%, and from (25) we get
(27) Qk = —Riaf™" = (¥ + )05

We substitute (25) — (27) in (24), and find

7_*

T* a a
?fij) - 5? (Rm‘ - ?fki) + fijRiaf" = fixRja f".

From (28) and R} = Rfjkgij we have

(28) Rl =6} (Rij -

7_*
(29) 2RI = 7o + ?cbﬁ — ®L Ry, f1.

Now, we contract (29) with f;, and from identity f;, R} = ®¢ Ry, we obtain:
*

20 Riq = <% + T> fri +7gri — ®LRy;

and

*

203 Riq = (% + T> fri + 7 gri — ®{ Rup..
The last system of two equations implies
(30) QiR = % ((T—; + T) Jri + T*gki) :
From (11) and (30) we find
(31) P Rio f7 = % <<%* + T) &+ T*Si> .
After substituting (31) in (29), we get

7_*

-
Rl = 55,’;+ 5 P,
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and also
* *

T T - T T

2 i = 59k T Sk =St sk
(32) Ry, 39k+6fk7 Ry f 6Sk+6k
From the last equations we find that

T =—7
That’s why (32) becomes
T - T

(33) Ry = 6(291” — fri)s Riif" = 6(51? — o).

Finely we obtain:
-
Rl = 6(252% — 20" gk + (O + Si) fij — (07 + SP) fri)

and
T
6

The last identity is equivalent to (23).
We note that thjk # 0, so V isn’t a locally flat connection. [

Ruijk = = (29kn9i5 — 29n;9ki + frenfis — fnjfri)-

Let p be a point in M and z, y be two linearly independent vectors in T, M. It is
known that

R(w,y,z,y)
9(, 2)9(y,y) — g*(x,y)
is the sectional curvature of the 2-section {x,y}.

u(x,y) =

Corollary 2.3. Let M satisfy the conditions of Theorem 2.2. Let x be an arbitrary
vector in T,M, and ¢ be the angle between x and gx. Then, the sectional curvature of
the 2-section {x, qx} is
2 ¥ 27")

Corollary 2.4. Let M satisfy the conditions of Theorem 2.2. Then, the Ricci tensor
of g is degenerated.

The proof follows from (33).

Note. Let {x, gz} be a 2-section and g(x,qx) = 0. Then, u(z, qz) = f%.
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BBbPXY A®MHHUN CBbP3AHOCTN B PUMAHOBO
MHOTOOBPA3UE C INPKYJIAHTHA METPUKA N JIBE
INPKYJJIAHTHN AVMMHOPHU CTPYKTVYPU

NBa P. HokyszoBa, Jlumursp P. Pazmonos

B nmacrosimara crarus e pasrienan kiac V oTTpuMepHA PpUMAHOBU MHOroobpasust M
Cc MeTpuKa ¢ U JBa adUHOpHU TeH30pa ¢ u S. /lepunupana e u apyra MeTpuka g
B M. JlokamHUTE KOOPJIWHATH HA BCUYKUA TE€3U TEH30PU CA IUPKYJIAHTHU MATPUIIA.
Hawmepenu ca: 1) 3aBUCHMOCT M€Ky TEH30pa HA KpUBHHA R 110pojieH oT g 1 TeH3opa
Ha KpuBuWHA R TOpOJeH OT §; 2) THIKIECTBO 3a TeH30pa Ha KpWBHHA R B ciyuas,

KOraTO TEH30DbT Ha KpuBHMHa R ce aHysupa; 3) 3aBHCHMMOCT MeXKJly CEKIMOHHATA
KPHMBHHA Ha IIPO3BOJIHA JIByMEPHA ¢-ILIOMIAJKA { T, g} U ckasapHara KpusnHa Ha M.
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