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THE DARBOUX PROBLEM FOR A CLASS OF 3-D
WEAKLY HYPERBOLIC EQUATIONS*

Nedyu Popivanov, Tsvetan Hristov

Some three-dimensional analogues of the plane Darboux problems for weakly hyper-
bolic equations are studied. In 1952 M. Protter formulated new 3-D boundary value
problems for a class of weakly hyperbolic equations, as well as for some hyperbolic-
elliptic equations. In the contrast of the well-posedness of the Darboux problem in
2-D case, the new problems are strongly ill-posed. For weakly hyperbolic equation,
involving lower order terms, we find sufficient conditions for existence and uniqueness
of generalized solutions with isolated power-type singularities as well as for uniqueness
of quasi-regular solutions to the Protter problem.

1. Introduction. Let Ω be the simply connected domain in R
3, expressed in Carte-

sian coordinates (x1, x2, t) :

Ω :=

{

(x1, x2, t) : 0 < t < d,

∫ t

0

√

K(τ) dτ <
√

x2
1 + x2

2 < 1 −

∫ t

0

√

K(τ) dτ

}

,

where K : [0, d] → R, K ∈ C3((0, d)) ∩ C([0, d]), K(0) = 0, K(t) > 0, for t > 0 and d is

the unique solution of the equation 2

∫ t

0

√

K(τ) dτ = 1.

The boundary of Ω is ∂Ω = Σ0 ∪Σ1 ∪Σ2, where Σ0 is the disc Σ0 := {(x1, x2, t) : t =
0,
√

x2
1 + x2

2 < 1} and

Σ1 :=

{

(x1, x2, t) : 0 < t < d,
√

x2
1 + x2

2 = 1 −

∫ t

0

√

K(τ) dτ

}

,

Σ2 :=

{

(x1, x2, t) : 0 < t < d,
√

x2
1 + x2

2 =

∫ t

0

√

K(τ) dτ

}

.

In Ω we consider the weakly hyperbolic equation

(1.1) L[u] := K(t)[ux1x1
+ ux2x2

] − utt + b1ux1
+ b2ux2

+ but + cu = f.

We have to mention that Σ1 and Σ2 are characteristic surfaces of the equation (1.1).

We investigate the following boundary value problem.
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Problem Pα. Find a solution to (1.1) in Ω that satisfies the boundary conditions

u|Σ1
= 0, [ut + αu]|Σ0\O = 0,

where α ∈ C1(Σ̄0\O).

This problem is formulated by Protter, as multidimensional analogue of the Darboux
problem in the plane. The following problems are known as Protter problems [15, 16].

Proter’s problems.Find solution to the equation

(1.2) K(t)[ux1x1
+ ux2x2

] − utt = f,

that satisfies one of the following boundary conditions

P1 : u|Σ0∪Σ1
= 0, P1∗ : u|Σ0∪Σ2

= 0 ;

P2 : ut|Σ0
= 0, u|Σ1

= 0, P2∗ : ut|Σ0
= 0, u|Σ2

= 0 .

He worked with the wave equation corresponding to K(t) = 1 or K(t) = tm, m ∈
R, m > 0 and also investigated equation (1.2) in a domain which contained Ω in its
hyperbolic part and contained a set in which (1.2) is elliptic. For equation (1.2), which
is of mixed hyperbolic-elliptic type, he formulated certain other problems, which are
three-dimensional analogues of the Guderley-Morawetz plane problems, appeared from
the transonic fluid dynamic models [13]. Are that 3-D Protter problems well posed, or
ill posed is still an open question.

When equation (1.2) is of changing type, the problems given by Protter or some
different statements of Darboux type problems in R

3 were studied by Aziz and Schneider
[2], Bitsadze [4], Edmunds and Popivanov [5] and others. In [11] one finds results for
mixed type equations including some special nonlinearity with supercritical exponent
term in various situations. For more publications in this area see, for example: [3], [10]
– [13].

For equation (1.2) with K(t) = tm, m ∈ R, m > 0

(1.3) tm[ux1x1
+ ux2x2

] − utt = f(x1, x2, t)

there are several interesting results. When m = 0, in 1960 P. Garabedian [6] proved
uniqueness of the classical solution of Protter’s problem P1 in R

4. In contrast to Darboux
problems on the plane, the corresponding problems P1 and P2 in R

3 are not well-posed
set, because the problems P1 and P2 for (1.3) have infinite-dimensional cokernels. Here
the result is represented in polar coordinates (̺, ϕ, t), where x1 = ̺ cosϕ, x2 = ̺ sin ϕ;
m ≥ 0.

Theorem 1.1 [14]. For all n ∈ N, n ≥ 4; an, bn arbitrary constants, the functions

vn,m(̺, ϕ, t) = t̺−n
[

̺2 −
( 2

m + 2

)2

tm+2
]n−1− 1

m+2

(an cosnϕ + bn sin nϕ)

are classical solutions of the homogeneous problem P1∗ for (1.3) and the functions

wn,m(̺, ϕ, t) = ̺−n
[

̺2 −
( 2

m + 2

)2

tm+2
]n−1+ 1

m+2

(an cosnϕ + bn sinnϕ)

are classical solutions of the homogeneous problem P2∗ for (1.3).

Khe Kan Cher has found [9] some non-trivial solutions for the homogeneous Problems
P1∗ and P2∗, but for the Euler-Poison-Darboux equation.

N. Popivanov and M. Schneider [14] studied problem P1 for the degenerating hyper-
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bolic equation (1.3). They introduced a new class of generalized solutions to the problem
P1 and proved that such solution exists and it is unique, but it has a very strong power-
type singularity on the characteristic surface Σ2. For results concerning equation (1.3)
with lower order terms see [8] and the references cited there.

S. A. Aldashev [1] studied the Proter problems for the equation (1.1), and he climed
that the homogeneous problems P1∗ and P2∗ have infinitely many classical solutions
and homogeneous problems P1 and P2 have only trivial solutions.

For the weakly hyperbolic equation involving lower order terms, it is well known that
the plane problems of Cauchy, Darboux and Goursat are well posed if the coefficients
satisfy the so called Protter’s condition (see [7], [16]). More precisely, for the 2-D equation

K(t)uxx − utt + aux + but + cu = f

the Protter’s condition is

(1.4)
ta(x, t)
√

K(t)
→ 0 as t → 0.

It is clear that the Problem Pα is not classically solvable for each smooth right-hand
side function. Our aim is to give notions for quasi–regular solution of this problem and
for generalized solution in case K(t) = tm, m ∈ R, m > 0. Then under some conditions,
analogues to (1.4), for lower order terms in (1.1) we prove existence and uniqueness of
such generalized solution and find right-hand side functions for which this solution has
strong power-type singularity isolated at the vertex O of Σ2. Further, we find sufficient
condition for uniqueness of quasi–regular solution to Problem Pα.

2. Generalized and quasi–regular solutions. Now, in order to obtain our results,
we give the following definitions of a generalized solution to Problem Pα with a possible
singularity at point O and of a quasi-regular solution.

Definition 2.1.A function u = u(x1, x2, t) is called generalized solution of problem
Pα with K(t) = tm, m ∈ R, m > 0 in Ω, if

(1) u ∈ C(Ω̄\O) ∩ C1(Ω̄\{Σ̄1 ∪ O}), u
∣

∣

Σ1
= 0, [ut + α(x)u]

∣

∣

Σ0\O
= 0;

(2) For each 0 < ε < 1 there exists a constant C(ε), such that

|u(x1, x2, t)| ≤ C(ε)
(

1 − |x| −
2

m + 2
t

m+2

2

)1−2β

,

|uxi
(x1, x2, t)| ≤ C(ε)

(

1 − |x| −
2

m + 2
t

m+2

2

)−2β

, i = 1, 2,

|ut(x1, x2, t)| ≤ C(ε)
(

1 − |x| −
2

m + 2
t

m+2

2

)−2β

in Ωε := Ω ∩
{

|x| > ε + 2
m+2 t

m+2

2

}

, β = m
2(m+2) ;

(3) The identity
∫

Ω

{

utvt − tm(ux1
vx1

+ ux2
vx2

) + (b1ux1
+ b2ux2

+ but + cu − f)v
}

dx1dx2dt

=

∫

Σ0

α(x)(uv)(x, 0)dx1dx2
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holds for all v from

V := {v ∈ C1(Ω̄) : [vt + (α + b)v]
∣

∣

Σ0
= 0, v = 0 in a neighbourhood of Σ2}.

Definition 2.2.We call a function u(x1, x2, t) ∈ C2(Ω) ∩ C1(Ω̄ \ {Σ1 ∪ Σ2}) ∩ C(Ω̄)
a quasi-regular solution of Problem Pα with α ∈ C(Σ̄0) if

(1) u(x1, x2, t) satisfies L[u] = f in Ω, u|Σ1
= 0, [ut + αu]|Σ0

= 0.

(2) If Ω(ε) are regions with boundaries ∂Ω(ε) lying entirely in Ω, then the integrals
along ∂Ω(ε) which result from the application of Green’s theorem to

∫∫

Ω(ε)

uL[u] dτ,

∫∫

Ω(ε)

utL[u] dτ,

∫∫

Ω(ε)

uxi
L[u] dτ, i = 1, 2

have a limit when ∂Ω(ε) approach the boundary of Ω for ε → 0.

3. Existence and uniqueness theorems. Let consider equation (1.1) in polar
coordinates (̺, ϕ, t) :

(3.5) L[u] = K(t)

[

1

̺
(̺u̺)̺ +

1

̺2
uϕϕ

]

− utt + a1u̺ + a2uϕ + but + cu = f,

where x1 = ̺ cosϕ, x2 = ̺ sin ϕ, a1 = b1cosϕ+b2sinϕ, a2 = ̺−1(b2cosϕ−b1sinϕ). Here
we assume that all coefficients of (3.5) depend only on ̺ and t, and α(x1, x2) = α(̺).

Theorem 3.1.Let b ∈ C2(Ω̄\O), c ∈ C1(Ω̄\O), α ∈ C1((0, 1]) and b1 and b2 have
the form

(3.6) bi = t
m

2 b̃i, b̃i ∈ C2(Ω̄\O), i = 1, 2.

Then, there exists at most one generalized solution of Problem Pα with K(t) = tm, m ∈
R, m > 0 in Ω.

Theorem 3.2.Let conditions of Theorem 3.1 be fulfilled and the function f ∈ C1(Ω̄\O)
for some k ∈ N ∪ {0} has the form

f(̺, ϕ, t) =

N
∑

n=0

{

f (1)
n (̺, t) cosnϕ + f (2)

n (̺, t) sin nϕ
}

.

Then, there exists one and only one generalized solution of Problem Pα with K(t) =
tm, m ∈ R, m > 0 in Ω.

Remark 3.3. Note that the condition (3.6) is a little stronger than Protter’s con-
dition. We suppose that for m < 2 it is possible to have existence and uniqueness of
generalized solution to Problem Pα under some weaker condition. For example, this
might be true for equation (1.1) with Tricomi operator in its main part (K(t) = t).

Theorem 3.4.The Problem Pα for equation (3.5) with a1, b ∈ C2(Ω), c ∈ C1(Ω)

L[u] = f(̺, ϕ, t) =

N
∑

n=0

{

f (1)
n (̺, t) cosnϕ + f (2)

n (̺, t) sin nϕ
}

has at most one quasi-regular solution

u(̺, ϕ, t) =

N
∑

n=0

{

u(1)
n (̺, t) cos nϕ + u(2)

n (̺, t) sin nϕ
}
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in Ω, if for (̺, ϕ, t) ∈ Ω

a2 = 0, K ′(t) −
√

K(t)

(

a1 +
K(t)

̺

)

+ K(t)b ≥ 0,

lim
t→0+0

[γ0
t + γ0(b + 2α)] ≥ 0,

a00 > 0 for all 0 ≤ n ≤ N,

where

a00 = −2γ0R + (Rγ1)̺ + (Rγ2)t − K(t)γ0
̺̺ + γ0

tt +

(

γ0

(

a1 +
K(t)

̺

))

̺

+ (γ0b)t,

γ1 = µK(t), γ2 = −µ
√

K(t), 2γ0 = µ

{

−
K ′(t)

2
√

K(t)
+ a1 +

K(t)

̺
+ b
√

K(t)

}

,

µ = ̺ −

∫ t

0

√

K(τ) dτ, R = c(̺, t) −
n2

̺2
K(t).

4. On the singularity of solutions of Problem Pα. In this section we find
sufficient conditions for the coefficients and appropriate functions on the right-hand side,
for which the corresponding unique generalized solution to Problem Pα has strong power
type singularity isolated at the vertex O of the characteristic surface Σ2. It is interesting
that this singularity does not propagate along the bi-characteristics of Σ2 and does not
depend on the power of degeneration m.

Theorem 4.1.Let the conditions of Theorem 3.1 hold and for (x1, x2, t) ∈ Ω,

(4.7)

bi(x1, x2, t) = t
m

2 xi|x|
−1a(|x|, t), a ∈ C2(Ω̄ \ O),

a(|x|, t) ≥ 0, ∂̺(a + b)(|x|, t) ≥ 0, 2α(|x|) + (a + b)(|x|, 0) ≥ 0,
(

m − 2|x|−1t
m+2

2

)

a(|x|, t) ≤ t{a2 − b2 − 4c + 2∂τ (a + b)}(|x|, t),

where ∂τ := t
m

2 ∂̺ + ∂t, ̺ = |x|. Then, for each function

fn(x, t) = |x|−2n

(

x2
1 + x2

2 −

(

2

m + 2

)2

tm+2

)n−m+1

m+2

Re(x1 + ix2)
n

∈ Cn−2(Ω) ∩ C∞(Ω\Σ2),

where n ∈ N, n ≥ 4, there exists a unique generalized solution of Problem Pα with
K(t) = tm, m ∈ R, m > 0 in Ω and it satisfies on Σ2 =

{

t = t(|x|) =
(

2−1(m +

2)|x|
)

2
m+2

}

the estimate

(4.8)
∣

∣un

(

x1, x2, t(|x|)
)∣

∣ ≥ |x|−n

∣

∣

∣

∣

cos

(

n arctan
x2

x1

)∣

∣

∣

∣

.

Finally we give an example for existence of singular solutions of Problem Pα, where
the conditions (4.7) look very simple.

Example 4.2. Consider the equation (1.1) in case K(t) = tm, m ∈ R, m > 0,
b1 = a0t

σ|x|−1x1, b2 = a0t
σ|x|−1x2, where σ ≥ max{m, 2 + m/2}, a0 ≥ 0 and b are

constants, c = c(|x|, t) ∈ C1(Ω̄), α(|x|) ∈ C1([0, 1]), b2 − 4c ≥ 0, 2α + b ≥ 0.
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In that case conditions (4.7) are fulfilled and Theorem 4.1 states that the correspond-
ing generalized solution un of Problem Pα in Ω with right-hand side fn(x, t), satisfies on
Σ2 the estimate (4.8).

REFERENCES

[1] S. A. Aldashev. Criterion of uniqueness of solution of the Darboux-Protter problem for
multi-dimensional hyperbolic equations with the Chaplygin operator. Ukr. Math. J., 56

(2004), 1331–1342.
[2] A. Aziz, M. Schneider. Frankl-Morawetz problems in R

3. SIAM J. Math. Anal., 10

(1979), 913–921.
[3] J. Barros-Neto, I. Gelfand. Fundamential solutions for the Tricomi operator. Duke

Math. J., 128 (2005), 119–140.
[4] A. V. Bitsadze. Some classes of partial differential equations. New York, Gordon and

Breach Science Publishers, 1988.
[5] D. Edmunds, N. Popivanov. A nonlocal regularization of some over-determined boundary

value problems I. SIAM J. Math. Anal., 29 (1998), 85–105.
[6] P. R. Garabedian. Partial differential equations with more than two variables in the

complex domain. J. Math. Mech., 9 (1960), 241–271.
[7] S. Gellerstedt. Sur un probleme aux limites pour une equation lineaire aux derivees

partielle du second ordre de type mixte. Arkiv for Math. Astr. Fys. B., 25A (1937), No 29,
1–23.

[8] T. Hristov, N. Popivanov. Singular solutions to Protter’s problem for a class of 3-D
weakly hyperbolic equations. Compt. Rend. Acad. Bulg. Sci., 60 (2007), No 7, 719–724.

[9] Khe Kan Cher. On nontrivial solutions of some homogeneous boundary value problems for
the multidimensional hyperbolic Euler-Poisson-Darboux equation in an unbounded domain.
Differ. Equations, 34 (1998), 139–142.

[10] D. Lupo, C. Morawetz, K. Payne. On closed boundary value problems for equations of
mixed elliptic-hyperbolic type. Commun. Pure Appl. Math. 60 (2007), No 9, 1319–1348.

[11] D. Lupo, K. Payne, N. Popivanov. Nonexistence of nontrivial solutions for supercritical
equations of mixed elliptic-hyperbolic type. In: Progres in Non-Linear Differential Equa-
tions and Their Applications, vol. 66 Birkhauser, Basel 2006, 371–390.

[12] T. E. Moiseev. On the solvability of the Tricomi problem for the Lavrent’ev-Bitsadze
equation with mixed boundary conditions. Differ. Equ., 45 (2009), No 10, 1547–1549.

[13] C. Morawetz. Mixed equations and transonic flow. J. Hyperbolic Differ. Equ., 1 (2004),
No 1, 1–26.

[14] N. Popivanov, M. Schneider. The Darboux problem in R
3 for a class of degenerated

hyperbolic equations. J. Math. Anal Appl., 175 (1993), 537–579.
[15] M. Protter. New boundary value problem for the wave equation and equations of mixed

type. J. Rat. Mech. Anal., 3 (1954), 435–446.
[16] M. Protter. A boundary value problem for the wave equation and mean value problems.

Annals of Math. Studies, 33 (1954), 247–257.

Nedyu I. Popivanov, Tsvetan D. Hristov
Faculty of Mathematics and Informatics
University of Sofia
5, J. Bourchier Blvd
1164 Sofia, Bulgaria
e-mail: nedyu@fmi.uni-sofia.bg
e-mail: tsvetan@fmi.uni-sofia.bg

198



ЗАДАЧА НА ДАРБУ ЗА КЛАС ТРИМЕРНИ СЛАБО

ХИПЕРБОЛИЧНИ УРАВНЕНИЯ

Недю Попиванов, Цветан Христов

Изследвани са някои тримерни аналози на задачата на Дарбу в равнината. През

1952 М. Протер формулира нови тримерни гранични задачи както за клас сла-

бо хиперболични уравнения, така и за някои хиперболично-елиптични уравне-

ния. За разлика от коректността на двумерната задача на Дарбу, новите задачи

са некоректни. За слабо хиперболични уравнения, съдържащи младши члено-

ве, ние намираме достатъчни условия както за съществуване и единственост на

обобщени решения с изолирана степенна особеност, така и за единственост на

квази-регулярни решения на задачата на Протер.
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