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INTEGRAL INEQUALITIES AND APPLICATIONS TO
PARTIAL DIFFERENTIAL EQUATIONS WITH “MAXIMA”"

Kremena Stefanova

This paper deals with some nonlinear integral inequalities that involve the maximum
of the unknown scalar function of two variables. The considered inequalities are
generalizations of the classical integral inequality of Gronwall-Bellman. The impor-
tance of these integral inequalities is due to their wide applications in the qualitative
investigations of partial differential equations with “maxima” and it is illustrated by
some direct applications.

1. Introduction. In the last few decades, great attention has been paid to automatic
control systems and their applications to computational mathematics and
modeling. Many problems in the control theory correspond to the maximal deviation
of the regulated quantity [6] and are adequately modeled by differential equations with
“maxima”[2], [4]. The qualitative investigation of properties of differential equations
with “maxima” requires the creation of an appropriate mathematical means. One of the
main mathematical tools, employed successfully for studying existence, uniqueness, con-
tinuous dependence, comparison, perturbation, boundedness, and stability of solutions
of differential and integral equations is the method of integral inequalities. This method
is well studied for ordinary differential equations and delay differential equations ([1],
the monograph [3] and cited therein references). At the same time there are only some
partial results for integral inequalities containing the maximum value of the unknown
function [5].

The purpose of this paper is to establish some new integral inequalities in the case
when maximum of the unknown scalar function is involved in the integral. The direct
application of the obtained results is illustrated on partial differential equations with
“maxima”.

2. Main results. Let h > 0 be a constant and zg, yo, X, Y be fixed points such
that 0 <zg < X <ocand 0 <yp <Y < 0.

Definition 1. The function o € C1([xg, X),Ry) is from the class F if it is a nonde-
creasing and a(z) < x for x € [z, X).
Let the functions «;, 8; € F fori =1,2,...,nand j = 1,2,..., m. Denote

J = min (lglgnai(xo), 1§ng£m ﬁj(aco)).
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Consider the sets G, ¥, A defined by

G = {(zy) eR*:z€ o, X), y€yo,Y)},
VA {(m,y)GRQ:xG[J*h,xo]yye[yOaY)}v
A = {(xy)eR:zeJ-hX), y€yY) =GUW.

Definition 2. The function w € C(Ry,Ry) is said to be from the class Q if:

(1)  w(x) >0 for x>0 and it is a nondecreasing function;
w [ 4
wlz)

In the case when the nonlinear functions under the integrals are from the class Q) we
obtain the following result:

Theorem 1. Let the following conditions be fulfilled:

1. The functions o, B; € F fori=1,2,...,nandj=1,2,...,m.
2. The functions f;, g; € C([J,X) X [yo,Y),Ry) fori =1,2,...,n and j =
1,2,...,m.

3. The function ¢ € C(¥,R,).

4. The function ¢ € C(R4,R}) is nondecreasing with tlim o(t) = co.
5. The functions w;, ©0; €Q,i=1,2,... , nandj=1,2,...,m.
6. The function u € C(A,Ry) and satisfies the inequalities

al(l‘)

u(z,y) < k+ Zi:/a N yy fi(s,t)(p(u(s,t)>wi(u(s,t))dt ds
W i/ﬁj(w) /yygj(svtﬁ/?(u(svt))@j(gel[na;f é]u(f t))dtds

(o)
for (z,y) € G,
(2)  ulz,y) < o(z,y) for (z,y) € ¥,

where k = const > 0.
Then for (z,y) € G1 the inequality

(3) u(z,y) < WH(W(M) + Ale,y))

holds, where W1 is the inverse function of

(4) W(r)z/m&, 0<rg<M

(5) q(t) = max ( nax wi(t), max o (t)), teRy
(6) M = max (k sefax ol y)>7 Y€ [yo.Y)

0‘1(93)

(7) Az, y) Z/ flstdtds—i—z:/ /g]stdtds
;g 7(3«0) Yo

(zo0)



G1 = sup{(:c,y) eG: WM)+ A(z,y) € Dom(W_l)}.

Proof. Define a function z : A — (0,00) by the equalities

M+Z/ . fl s, t)p(u(s, t))w; (u(s, t))dt ds

o s (€.1)
z(x,y) =¢ + / /g (s, t)p(u(s,t max u(&,t))dtds,
o) = Joio Juo els—h,s]
(z,y) € G
M, (z,y) € ¥
where the constant M is defined by (6).

The function z(z,y) is nondecreasing with respect its both arguments, z(xg,y) = M
for y € [yo,Y) and the following inequalities are valid

(8) w(z,y) <z2(zy),  (2,y) €A,
9) (hax u(Gy) s max z(6y) = 2(s,y), s € [ X), v € [y, Y).

From (1), (8), (9) and the definition of the function ¢(t) we get for (z,y) € G

(z,y) < M+Z/1(zo) fi(s, (= (s,t))q(z(s,t))dtds

+ Z/J(m) /yo g;i(s,t)p ))q(z(s,t))dtds.

Define a function K : G — [M,00) by the right hand-side of inequality (10). Note
that K (x,y) is a nondecreasing function, K (xg,y) = M for y € [yo,Y) and the inequality
z(z,y) < K(z,y) holds for (z,y) € G. Differentiate the function K (z,y) with respect to
x and y, use its monotonicity, condition 1 and obtain

Kay(,y) < 3 filou(). ) o (K (0u(). ) Ja (K (0(x).9) ) (@)

+Zgj 85(@), ) (K (8(2), ) a( K (B;(2). ) ) (8 ()’
< sO( (x,y))Q(K(ﬂzy))

K
X (Z fi(ai(z), y) (ai(z) + Z 9; (8 (x),y) (B (@)') :

From inequality (11) we have

9 Ko, y) ; (o (), y)ak(z Y (B (z " (x
12) 3 (w(K(x,y))q(K(m,y))) S;ﬂ( (e p)el sz:;g](ﬁ]( »9)55()
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Integrate inequality (12) with respect to y (y € [yo,Y’)), use (4), and obtain

9 o)) — Ka(z,y)
5z K@) (K (z,y))q(K(z,y))
(13) 0
< Z/ fi(az( x)dt JFZ/ 9; ﬂj )53(51”)‘#

Integrate (13) with respect to  (x € [z, X)) and obtain for (z,y) € Gy
(14) W (K (z,y)) < W(M) + A(z,y),
where the function A(z,y) is defined by equality (7).

Since W1 is an increasing function, from (8), (14) and z(z,y) < K(z,y) we obtain
the required inequality (3). O

In the case when the function ¢(z) = a? where p = const (0 < p < 1), we obtain the
following result:

Corollary 1. Let the following conditions be fulfilled:

1. The conditions 1, 2, 3 and 5 of Theorem 1 are satisfied.
2. The function u € C(A,Ry) and satisfies the inequalities

ai(z) y
u(z,y) <k+z / /fzstu”sth( (st))dtds
i=1 a;(zo) Yo
15
( ) m Bi(x) y
t , )W t))dtds, (z,y) € G,
+z_; / / 51’ (s )w](geﬁla;}fé]u('s )) s, (2,9)
7= Bj(zo) Yo
(16) u(l‘,y) S d)(xay) (l’,y) c \I/,

where k = const > 0 and p = const such that 0 < p < 1.
Then, for (z,y) € Ga the inequality

(17) w(a,y) < WH(W(M) + Az, )
holds, where q(t), M and A(z,y) are defined by (5), (6) and (7), respectively, W1 is

d
the inverse function of W(r) = / >
r SP(s)

Gy = sup{(:c,y) eG: W(M) + A(z,y) € Dom (Wﬁl)}.

,0<r < M,

3. Application. We apply some of the above solved inequalities to obtain some
qualitative properties of partial differential equations with “maxima“.

Example 1. Consider the following partial differential equations with “mazima”
(18) oy =F(z y, o(ey), o(s,y)) for x> w0, ¥y
with the initial conditions
v(xo,y) =1(y)  fory € [yo,Y), v(x,m0) =pa(x)  forz € [0, X),
U(Iay) :¢($7y) fO’f’ (x,y) € [T(xO) _haIO] X [y07Y)a

max
s€lo(z), 7(2)]

(19)
216



where v € R?, F [0, X) X [yo,Y) x R? x R? — R2, h > 0 is a constant.

Theorem 2 (Upper bound). Let the following conditions be fulfilled:
1. The functions o, T € F and 0 < 7(x) —o(x) < h for x > xy.
2. The function F € C([xg,X) X [yo,Y) x R x R,R) and satisfies for (z,y) € G,

v € R?, the condition |F (z,y,v(z,y), Jnax )]U(s,y))‘ < Jv(z,y)P [R(x,y)|v($,y)|‘7+
selo(x), T(x

Q(Jc,y)| " I(HE)%X( ”v(s,y)|q}, where the functions R, Q € C(G,Ry) and p, ¢ are con-
s€lo(x), 7(x

stants such that 0 < ¢ <1,0<p<landl—p—q4>0.

3. The function ¢ € C([T(xo) — h,x0] X [yo,Y),R).

4. The functions p1 € C([yo,Y),R), p2 € C([zo,X),R) and the equalities p1(yo) =
902(930) ’ cm(y) = w(moay)a RS [yOaY) hold.

5. The initial value problem (18), (19) has at least one solution, defined for (z,y) €
[r(0) — b, X) X [y, V).

Then, for (x,y) € G the solution of the initial value problem (18), (19) satisfies the
inequality

T ry

@) o) < W +-p=0) [ [ [Re0)+Qs0)]dtds
Zo Y Yo

where the constant M is defined by

(21) M = max (|1 (y)] + g2(2)] — 92 (@o)],

w(s,y))-

max
SE[T(mo)*h, z0]

Proof. From condition 2 of Theorem 2 for the norm of the solution v(z,y) of the
initial value problem (18), (19) it follows

oz, 1)) < 101 ()] + ()] — [a(zo)+ / / R(s,0)[o(s, D) (|o(s, 1)) "dt ds

(22) I o )
+//Q(s,t)‘v(s,t)‘p(ge[gr(riz;)i(s)]‘v(g,t)qutds, (z,y) €G
(23) |’U(ﬂ§,y)| < w(may)v (xay) € [T(’Jjo) - h,l‘o] X [yO;Y)

Set |v(z,y)| = V(x,y) for (z,y) € [t(x0) — h, X) X [y0,Y ), change the variable, use

maXee(o(s), r(s)] V(& Y)| < MaXeer(s)—n, r(s)] 10(§, y)| for y € [yo,Y) and s € [x0, X) and
obtain

Viz,y)<le1 ()] + le2(2)| - |<P2(ﬂfo)l+//R(S,t)V”(S,t)(V(S,t))th ds

(24) T(z) y )
+/ /Q(T_l(n),t)(T_l(n))'V”(T_l(n),t)(geglgg’n]V(E,t))thdn,
7(x0) Yo
(z,y) €G
(25) V(z,y) < ¢¥(z,y) (z,y) € [T(x0) — h, o] X [y0,Y).
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According to Corollary 1 from (24), (25) for u(z,y) = V(z,y), ¢(z,y
( =1 =

k= le2(@)] = lp2(zo)| + lo1(y)], n = 1, a(z) = 2, m =1, f(z) = 7 =
R(z,y), g(s,t) = R(lT Hm), ) s € [r(w0), T), £ € [yo,Y), w(V) = &(V) = V7,
W(r) = (: sgiq == wWi(r) = ((1 2 5)7“) =1 Dom(W~') = Ry we obtain

for (z,y) € G

z ry
(26)  V(z,y) < ”f/M”’q +(0-p- d)/ / [R(s,t) +Q(s, 1) |dtds .
Zo Y Yo
From inequality (26) and the definition of the function V' (z, y) we obtain the required
inequality (20). O
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NHTEI'PAJIHN HEPABEHCTBA U ITPUJIO2KEHUA B YACTHUTE
JANOEPEHIITMAJIHN YPABHEHU A C “MAKCUMYMMN”

Kpemena B. Credanosa

B rasu cratus ca pasperieHd HIKOW HEJUHEHHU WHTErDAJIHU HEPABEHCTBA, KOUTO
BKJIFOYBAT MAKCUMyMa Ha HEU3BECTHATA (DYHKIWSI HA JIBE TpoMeHnBu. Pasriieranure
HEPaBEHCTBA ITPEJICTAB/ISIBAT 0000IIEHNsT Ha KJIACUIECKOTO HEPABEHCTBO Ha ['poHyoJI-
Besman. 3nadennero Ha Te3U MHTErPAJHU HEPABEHCTBA CE OIIPEJIENIsl OT IIIMPOKUTE UM
IPUJIOYKEHUs B KAYECTBEHUTE M3CJIEIBAHNUsI Ha YaCTHUTE NupepeHInaaIHN yPaBHEHUS
¢ “MakcuMyMu’ ¥ € WIIOCTPUPAHO UPE3 HAKOU JUPEKTHU HPUTIOKEHMSI.
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