Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA
BULGARICA

FIANCKA

BbATAPCKU
MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Pliska Studia Mathematica Bulgarica

visit the website of the journal http://www.math.bas.bg/~pliska/

or contact: Editorial Office

Pliska Studia Mathematica Bulgarica

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49

e-mail: pliska@math.bas.bg



Pliska Stud. Math. Bulgar. 20 (2011), 169-186 PLISKA,
STUDIA MATHEMATICA
BULGARICA

NONLINEAR NORMALIZATION IN LIMIT THEOREMS
FOR EXTREMES

E. I. Pancheva, K. V. Mitov, S. Nadarajah

It is well known that under linear normalization the maxima of iid random

variables converges in distribution to one of the three types of max-stable
laws: Frechet, Gumbel and Weibull. During the last two decades the first
author and her collaborators worked out a limit theory for extremes and ex-
tremal processes under non-linear but monotone normalizing mappings. In
this model there is only one type of max-stable distributions and all contin-
uous and strictly increasing df’s belong to it. In a recent paper on General
max-stable laws, Sreehari points out two “confusing” results in Pancheva
(1984). They concern the explicit form of a max-stable df with respect to
a continuous one-parameter group of max-automorphisms, and domain of
attraction conditions. In the present paper the first claim is answered by
a detailed explanation of the explicit form, while for the second we give a
revised proof. The rate of convergence is also discussed.

1. Introduction

Any limit theorem for convergence of normalized maxima of iid random vari-
ables to a max-stable law G separates a subclass of distribution functions (d.f.’s)
MDA(G) called max-domain of attraction of G. Thus, if we use a wider class
of normalizing mappings than the linear ones, we get a wider class of limit laws
which can be used in solving approximation problems. Another reason for using
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nonlinear normalization concerns the problem of refining the accuracy of the ap-
proximation in the limit theorems: by using monotone mappings in certain cases
we can achieve a better rate of convergence. In the last two decades E. Pancheva
and her collaborators investigated various limit theorems for extremes and ex-
tremal processes using as normalizing mappings the so-called max-automorphisms
(see e.g. Pancheva (2010)): continuous and strictly increasing in each coordinate.
The max-automorphisms L : R — R% d > 1 preserve the max-operation, i.e.
L(XVY) = L(X) V L(Y), there exist inverse mappings L~! and they form a
group w.r.t. the composition. We denote this group by GM A.

Choosing mappings from GM A for normalization in the limit theorems, we
are forced to change the notion of type (F') for a nondegenerate d.f. F: We
say that a d.f. G belongs to type(F) if there exists T € GM A such that G =
FoT. Now the three extreme value distributions (Fréchet’s ®,, Gumbel’s A, and
Weibull’s ¥, ) belong to the same type, the max-stable type (MS).

Let us recall the major notions of the univariate max-model: A nondegenerate
d.f. G is called max-stable if there exists a continuous one-parameter group
(c.o.g.) L={L;:t >0} in GMA such that for all ¢ > 0

(1) G'(z) = G(L¢(x)), = €R.

A d.f. G satistying (1) has to be continuous and strictly increasing. Conversely,
given G, let us consider (1) as a functional equation for the unknown £. By solving
it one obtains that there exists a continuous and strictly increasing mapping

h : Support(G) < (—o0,00)
such that
(2) Li(z) = h~ ' (h(z) —logt), t> 0.
Substituting (2) in (1) and solving w.r.t. G(.), we get
(3) G(z) = expf{—e "},

and this is the general explicit form of any max-stable d.f. We denote for any d.f.
G,

lg =inf{z : G(z) > 0}, rg =sup{z:G(x) < 1}.
Remark. Note that representation (3) can be expressed also in the form

(3) G(z) = exp{—e M@ ¢ >0



Nonlinear Normalization for Extremes 171

or in the form
(37) G(z) = exp{—ce 2@} ¢y >0

for parametrization of the class MS. Under this parametrization the c.o.g. £
remains the same since h(x) = c1hy(x) = ho(x) — log c2. Then

Li(x) = h™" (h(z) —logt) = by ' (b1 (z) — C—lllog t) = hy ' (ha(z) — logt).

In this connection, the claim in Sreehari (2009), Remark 1, p.191, is unfounded.

The convergence to type theorem (CTT) is the main tool for proving limit
theorems for cumulative extremes. A convergence to type takes place if both
convergences F,, = F and F, o T,, = G, with T,, € GM A, imply G € type(F),
i.e. there exists a T € GM A such that G = FoT. Using here max-automorphisms
we are confronted with similar difficulties as if we were working in a space with
infinite dimension. Let f : [0,1] — [0,00) be continuous and vanish in zero, and
let Ry be the set of all sequences {T},} C GM A satisfying the conditions

a) T, (z) > z,

b) h <T,(x+h)—Ty(z) < f(h) =0, h—0.

Denote R = |J; Ry. The sequences {T,} from R are equicontinuous and
bounded from below. If in addition there exists a limit mapping 7', then the
right-hand side of b) gives the continuity of 7" and the left-hand side of b) supplies
its strong monotony, i.e. T'€ GM A.

Now, the CTT in our model claims: The compactness (w.r.t. the pointwise
convergence) of the normalizing sequence {T,,} C R is necessary and sufficient for
a convergence to type (cf. Pancheva (1993)). Unfortunately, this new formulation
of CTT makes it difficult for application. This is the reason for restricting our
investigation to regular normalizing sequences only. In this way we lose in
generality but win in clarity.

Definition 1. We refer to a sequence {L,} C GM A as regular on a set SxT
if for every x € S and t € T there exists a limiting max-automorphism

(4) Li(x) = lim L[:é] o Ly (x)

uniformly on compact subsets of T' and the mapping t — L; is one-to-one.

The main advantage of the restriction to regular normalizing sequences is
that instead of using CTT we use the continuity of the composition.
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Let X1, X5, ... beiid r.v.s with d.f. F'. Let G be a nondegenerate d.f. Suppose
that there exists a regular normalizing sequence {L,} on (lg,7¢) x (0,00) such
that

(5) F"(Ln(2)) = G().

Using the regularity of the sequence we see immediately that the limit law
G satisfies functional equation (1), hence G is max-stable w.r.t. the c.o.g. £ =
{L¢,t > 0} determined by (4). If (5) is met we say that F' belongs to the max-
domain of attraction of G w.r.t. £, briefly F' € M DA(G).

We underline that the normalizing sequence has to be regular on (Ig, r¢) with
the following example.

Example 1. Let F(x) = A(z) and L,(z) =

log nx if x>—.
n
Then (5) is met with G(z) = ®;(x) and
lim Lo Ln(x) = La(x)
where
( E, x>0,
t for te(0,1)
—o0, <0
Li(z) = .
-, x>0,
t for ¢>1.
0, =<0

Hence {L,} is regular on (0,00) x (0,00), ®; is max-stable with h(z) = logz,
Li(z) = exp(logx — log t).

By the use of regular normalizing sequences one preserves the well-known
classical structures of limit theory: the class of the limit df’s in (5) coincides with
the class of all df’s satisfying functional equation (1), coincides with the class of
all df’s having the explicit form (3) (i.e. strictly increasing and continuous df’s).
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Theorem 5 in Pancheva (1984) says: A nondegenerate d.f. F belongs to
MDA(G) iff

1= F(z) =1+ o(D]R(h(z))e "™, & —rp,

where R(x) is a regularly varying function at infinity. The normalizing mappings
can be chosen as

Ly(x) = h™ {h(x) + log[nL(log n)]}.

Sreehari (2009) pointed out that the necessary part of the above statement is
wrong and proposed the following theorem: If a nondegenerate d.f. F € M DA(G)
then there exists a sequence of positive functions {L*(x;n)} such that

K{h(x) +log(nL*(z;n))}
L*(z;n)

(6) — 1, asn — oo, forx € (lp,rp),

where K(z) = [1 — F o h™Y(x)]e®. Conversely, if for some strictly increasing
continuous function h(x) and a sequence of positive functions {L*(z;n)} equation
(6) holds then F € MDA(G), G(z) = e=¢ " In this case L, (x) can be chosen
as

(7) Ly(z) = h™{h(x) + log[nL* (z;n)]}.

We are thankful to Sreehari M. for discovering the annoying mistake. Yet,
in the framework of our max-model the suggested normalization (7) cannot be
adopted: the variables x and n in L* are not separated and in general one cannot
check if (7) defines (or does not define) a regular normalizing sequence. The
aim of the present paper is to give a revised answer to the domain of attraction
problem if using regular norming sequences. We start with several illustrative
examples, then in Section 3 we state and prove our main results.

2. Examples

Example 2. Let X, X5,... be iid. r.v. with c.df. F(z) =1—-27% = > 1.
Denote M,, = max{Xy, Xo,...,X,}. We want to find a normalizing sequence
L, (z) such that

P{M, < L,(z)} = P{L,'(M,) < z} — proper limit distribution.
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It is natural to assume that the function U(z) := 1%% =2z% z>1wil
play an important role. Let us check some properties of U(xz). We have that
U'(x) = 2*(1 +Inz) > 0 for every > 1. So, U(x) is strictly increasing and
continuous on the interval [1,00), U(1) = 1, and U(z) T oo as x — oo, and
U:[1,00) — [1,00).

Therefore, there exists the inverse function U~!(z), that is

UU (2)=U Y (2)V '@ =z and U (U(2)) =2

for every x > 1. The function U~!(x) is also strictly increasing on [1,00),
Ut1)=1,UYz) »oc0asz — oo, and U1 : [1,00) — [1,00).

2.1. Fréchet limit distribution. Let us denote L,(r) = U~!(nz) and then
U
L Yz) = ﬂ, for every x >0 and n=1,2,...
n

n
We prove that as n — oo,
M,)

P{L,'(M,) <z} =P {L

Sx} — exp(—1/z), x>0.
n

Indeed

n

p{U08) ) b (us, < - tun) - (P [ < 0 ue))

_ -1 —U*I(nx) n_ o 1 "
= <1 U™ " (nx) )—(1 Ul(n:c)U_l(m)>

1 n
= (1-—) —exp(-1/a)=0a .
( n:L‘) exp(—1/x) 1(x), n— o0
The sequence L,(z) = U~!(nz) is regular. For this one has only to check that
for t > 0, L[;%] o Ly(z) — Li(x) = x/t. Recall that ®;(x) is max-stable d.f. w.r.t.
the c.o.g. {L¢(z) = ¢, t > 0}. Indeed

U(Ly(x)) UU Ynz)) nx

Loy o La() = T B

2.2. Gumbel limit distribution. It appears that there exists another nonlinear
normalization for the sequence M,, which leads to the Gumbel limit distribution.
In other words we find a normalizing sequence L, (z) such that

P{Mn < Ln(m)} = P{L;Ll(Mn) < .I'} - exp(_eim) = A(.I')
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U
Let us denote L,(x) = U~ !(ne®) and then L,!(x) = log (z)

and n=1,2,.... Then as n — oo,

pa for every z > 0

p {log U(nM") < x} S expl—e ),z € (—00,00).

Indeed

n

_ -1 x\—U"1(ne®) " _ 1 "
= (1 U (ne) ) = (1 Ul(ne‘r)U_l(nex)>

1 n
= <1 - —> — exp(—e™ ), n— 0.

ner

P {log VM) x} —P{M, < U (ne)} = (P{X; < U\ (ne®)})"

In order to prove that the sequence L,, is regular one has to check that for ¢ > 0,

L[_ni] o Ly(z) — Li(z) = x — logt. Recall that A(x) is max-stable w.r.t. c.o.g.
{L; =z —logt, t >0}, hence h(x) = z. Indeed,
_ U(Ly(z))
1 _ n
Ly 0 L,(x) =log Tt
U(U~Y(ne*)) ne’ n
= log L €)) 406 i log L — z—logt, n— oo
og [nt] og [nt] T + log [nt] — T ogt, n o)

Remark. The nonlinear normalization L,(z) = U !(nx) in Example 2.1
and L, (z) = U~!(ne®) in Example 2.2 cannot be represented in an explicit form,
but U~!(.) can be determined asymptotically as the solution of the equation
logx 4+ loglogz +t = 0 (see e.g. de Bruijn (1958)).

2.3. Linear normalization. Since the tail of the d.f. F(z) =1—27%, z>1
is very light there should exist sequences a,, > 0 and b,, such that

P{M, <a,z+b,} —e ¢, z€(—00,00).
Note that the above relation is equivalent to
(8) n(l — F(apz + b)) — e .

The normalizing sequences can be chosen as follows: b, = U~!(n) and a, =

, n > 2. For every n > 2 let us mention that b,l;” =n and b, log b, = logn.

log b,,
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Then

x

~(ioa, +on)
logby b”)

’ = oo (s +1)]
- [bn <bn10gbn - 1)]

_ n(bbn)(ﬁﬂ)( z +1)‘1°g”>[1f£n(@+1)]

" logn

n(1 = Flanz +by)) = n (

. /[ 2 ~(ogm) [ 325 (s +1)]
n logn ( 1)

logn

(g ) el
logn )
We observe that

by, 1
= —
logn logb,

0, n— o0

because b,, T 0o, as n — oo. Using this and the fact that
—logn
< €T + 1> N €—x7
logn

bn

z 7(10gn)[logn($+l)]
(e )

logn

we obtain

— (e*m)o =1,

which completes the proof. After some standard calculations one can see that

the sequence of linear transforms L, (z) = + by, is regular.

x
log b,

Recall that there is only one type of limit df’s in (5). Thus, if FF € M DA(®,)
w.r.t. a regular normalizing sequence {L,}, then one can always find another
regular normalizing sequence {71} such that F' € MDA(A).
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Example 3. Let X7, X5, ... be ii.d. r.v.s with standard exponential d.f.

1—e* x>0,
F(z) = { 0, z<0.
3.1. Linear normalization. It is well known that the sequences a, = 1,

b, =logn, n=1,2,... provide that for every fixed x € R,

(F(anz + by))" = (1 _ €—<anx+bn)>” _ (1 _ 6_(x+1ogn)>”

— n
— _ n e T
:<1—e$e log”) :(1——) —e °, n— oo.
n

The sequence L,(x) = x + logn is regular.

3.2. Nonlinear normalization.
3.2.1. Gumbel limit distribution. Let us define

1 et >0,
- 11, x2<0

and its inverse

_ logx = >1,
v 1(30):{ —o0, < 1.

Take the normalizing monotone transforms L, (z) = U~ (ne®). Assume that z €
R is fixed, then ne® > 1 for every n > e~ and then L, (z) = log(ne®) = x+logn,
which coincides with the linear normalization given above and F"(L,(x)) —
A(x). This is not surprising because the exponential distribution belongs to the
normal max-domain of attraction of A (NMDA(A)). Hence the normalizing
sequence

cannot be other than linear (or asymptotically equivalent to a linear one).

Recall that F' belongs to the normal max-domain of attraction of A if F' be-
longs to the max-domain of attraction of A with respect to the same normalizing
sequence {L,} as A itself.
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3.2.2. Fréchet limit distribution. Recall that ®,, is max-stable w.r.t. L;(z) =
w1/ = exp{(alogz — logt)}. Hence for a > 0,

_ | alogz, >0,
o) o) ={ VBT 20
Now we take the following monotone normalizing sequence
(10) Lp(z) = U (ne"®) = log(na®) = alogz + logn

and obtain the convergence
o 1 —a
(F(Ln@)" = (1=e 5 @) = (1= sy — (1o 7" s o,

Therefore under the regular normalizing sequence (10) the exponential distribu-
tion belongs to the M DA(®,,).

Remark. Note that if using nonlinear normalizing sequences, the classical
relation

Fe MDA(®,) < 1—-F € RV_,

is not true, as Examples 2 and 3 show.

Example 4. Let X;, Xo,... be ii.d. r.v.s with Pareto distribution, i.e.

1—-(14+2)"% x>0,

where a > 0.
4.1. Linear normalization. It is well known that the sequences a, = n'/®,

b, =—1,n=1,2,... provide that for every fixed x > 0,

(Fan +bn)" = (1= (1+ ane +b,) )" = (1= (1 + 01/ — 1)‘“)”

n 7 \" —a
= (l—n_lac_o‘) = (1——) —e * , n— oo,
n
i.e. Pareto distribution belongs to NMDA(®,) with the regular normalizing
sequence L, (z) = n'/“z — 1.
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4.2. Nonlinear normalization.
4.2.1. Fréchet limit distribution. Let us define

1 _{(1+x)a, x>0,

V@) =1=Fm | L z<0

and its inverse

1/a _
_ T 1 z>1,
Ul(m):{—oo r <1.

Take h(x) as in (9) and define the monotone normalizing sequence
Ln(z) = U (neh@)y = nl/og — 1.

It is in fact the linear transform given above.

4.2.2. Gumbel limit distribution. Let us now set h(z) = z for z € R and
define the regular normalizing transforms Ly, (z) = (ne®)/® — 1. Then we have
e * -

F"(Ly(z))=(1- 7)” —e ¢, n— oo,

thus the Pareto d.f. belongs to M DA(A) w.r.t. the above normalizing sequence.

3. Main results
1

=————.Th
1_Fx) ¢

Let F be an arbitrary nondegenerate d.f. Denote again U(x)
mapping U : (Ip,7r) — (1,00) is monotone increasing.

Lemma 1. There exists a continuous and strictly increasing function g(x)
such that

(1) e

as r — rp,

if and only if U is asymptotically continuous at rg, i.e.

U(xz+0)

(12) Uz —0)

—1, asx—r1rp.
This statement is a light modification of Lemma 2, Faktorovich (1989).
The following result answers the max-domain of attraction problem when

using regular normalizing sequences (cf. Theorem 6.4. in Balkema and Embrechts
(2007)).
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Theorem 1 (On max-domain of attraction). Let F' € MDA(H), where
H(z) = e " Then F is asymptotically continuous at rr and the normalizing
sequence L, can be taken as

(13) Ly(x) = g~ (ne"™),

where g is continuous and strictly increasing on (Ip,rr) and satisfies (11). Con-
versely, let F' be asymptotically continuous at rg and let h: (lp,rF) < (—00,00)
be continuous and strictly increasing. Then there exists a continuous and strictly
increasing function g, such that the sequence gil(neh(x)) 1s regular and normal-
izes the convergence

(14) F™(Lo(x)) — exp{—¢ """}, n — oo,

i.e. F € MDA(H).

Remark. Roughly speaking, Theorem 1 says that, given F' is asymptotically
continuous at its right endpoint, then F" (L, (z)) — H(z) iff the tail of F, the tail
of H and the regular normalizing sequence L,, are connected by the asymptotic
relation

1

(15) Ln(z) ~ <ﬁ>H (n.e"™), n — .

Here U is a left continuous inverse of U. The latter is equivalent to

n(l = F(Ly(x))) — e "M@ n— 0.

Proof of Theorem 1. Let FF € MDA(H). Assume that F' is not asymp-
totically continuous at rp. Then p = F(rp—0) < 1 or there is a constant ¢ > 1 and
a strictly increasing sequence x,, — rg such that (1—F(z, —0))/(1—F(z,)) > c.
(cf. Theorem 3.1.3, Embrechts et al.(1997)). For z fixed and n — oo the nor-
malizing sequence L, (z) T rp, hence F (L, (z)) — p and F"(L,(z)) ~ p"™ — 0 in
contradiction to the assumption ' € M DA(H). Thus F has to be asymptoti-
cally continuous at rp, and, by Lemma 1, there exists a strictly increasing and
continuous function g, with

(16) o(z) ~ (ﬁ) (2) = U@), as = — rp.
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The inverse function g~!(x) exists. It is strictly increasing and g~ !(x) T oo, as
x — oo. Therefore

Ulg~' () ~ glg™ (x)) ~ @, asa — oo

The sequence L, (z) = g~ ! (ne"®)) satisfies F"(L,(z)) — H(z), n — oo. Indeed,

P {M, < Lu(2)} = P{M, < g7 (ne"®)}

n

= P" {X1 < gil(neh(x))} = [1 -1~ F(gfl(neh(x))))}

1 n I @) ]" .
— S IR I I I - _o—Nz)
- ey~ |1 ) [1 " ] (=)

as n — oo.
Besides, the sequence L,, is regular because for t > 0,

X -1 neh(:c)
o L(x) =h" <log %) =hp! (log M)

h(zx)
— 1l 10e 28 — 1! [ log e"® 1+ 100
h ( og ] h oge + log ]

= n! (h(m) + log ﬁ) — b (h(z) —logt) = L¢(x), n — oo.
n
Conversely, by Lemma 1 there exists a continuous and strictly increasing function
g such that (16) is satisfied. Then the mapping L, (z) := g~ (ne®)) belongs to
the GMA and the sequence {L,} is regular. Thus, we have only to show (14).
Since (16) we have

—1
Ling

n(1 = F(La(x))) = n(l = F(g~ (")) ~ n/g(g~ (ne"®))) = ). 0
Corollary 1.

1 <«
1. Let FF € MDA(®,). Then h(z) = alogz and Ly(x) ~ (ﬁ) (nz®).

The function R(x) = nx® is reqularly varying at infinity, hence U (L, (z)) €

RV,,. Since U(y) = for y — rp we conclude that Fo L, € RV_,.

1—F(y)
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2. In the max-model with monotone mormalization, the necessary and suffi-
cient condition for F € MDA(®,) is F o L, € RV_,. It differs from the
necessary and sufficient condition F € RV_,, in the maz-model with linear
normalization (cf. Examples 2, 3 and 4).

3. Let '€ MDA(A). Then h(xz) =x and Ly(x) ~ (ﬁ) (ne®). Hence

! (ﬁ) (Ln(2) — &%, 1 — oo

1 1 -
Choose yp, T rr such that 1 — F(y,) = —. Then for U = (—)
n 1-F
U™ (Ln(x))
U~ (yn)

The converse is also true (cf. de Haan (1970)).

Remark. Examples 2, 3, and 4 from Section 2 show that a distribution may
belong to MDA of two different max-stable laws. Moreover, every continuous and
strictly increasing df belongs to the max-domain of attraction of every max-stable
df. Yet it will be wrong to conclude that “domains of attractions of different types
are not disjoint if using monotone normalization” as read in some authors. In
fact, if using monotone normalization, there is only one type of max-stable laws!

Theorem 2. Let F € MDA(H),H(x) = e~ " w.r.t. the regular normal-
izing sequence Ly, defined in Theorem 1. If g(x) = U(x) then

|F"(Ly(z)) — H(z)| =0(1/n), n— oo.

Remark. If the function g(z) is asymptotically equivalent to U(z) then the
rate of convergence depends also on the rate of convergence in the asymptotic

g(z)
Ulx)

Proof. Since F"(L,(z)) = [1 — %@)]n, we have to estimate

n
[1 B e—h($)] B 6767h<z>
n

relation — 1 as x — oo.
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For u > 0 it follows from the power series that

n

(17) nlog(l—%):—u—i—O(l), n — 0o,

Using the inequality |[e=® — e~°| < |a — b], (a,b > 0), one gets

—h(z) 1" e

[
n
—h(z)
e eXp (n log [1 — € ]) — eXp (_e—h(ﬂ3)>
n

=0 <l> , M — 00.

n

The last relation follows from (17) with u = e~ *) > 0. O

—h(z)
< |—-nlog [1 _° ] — e M@
n

Corollary 2. Let L, and T, be two normalizing sequences of maz- automor-
phisms, such that

(18) n(l = F(Ly(x))) — e,
(19) n(l = F(Ty(z))) — ¢ ")

for h continuous and strictly increasing. Then both sequences are reqular and
asymptotically equivalent in the sense that

LY (T (z) =z, n— oo.

Conversely, if (18) holds and {T,} is asymptotically equivalent to {L,} in the
above sense, then (19) also holds.

Proof. Covergences (18) and (19) imply that

Lo(z) ~ (ﬁ) - (n"®) ~ T, (2).

Take L, (x) = g~ (ne"®) and T, (z) = f~(ne"®)) where g and f are continuous
and strictly increasing functions satisfying (11). Both ¢g~! and f~! are asymp-

totically inverse to U(z) = = F@) Since L;'(y) = h™t(logg(y) — logn) we
— F(z
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have

n

-1 h(x) h(x)
= p! {log —gof (ne )} ~h1 {log ne } = 1.
n n

Conversely, (19) can be rewritten as

Llofz@»::hl{bgﬂﬂggfn}

n(1l = F(To(2)) = n {1 = F(LalLy* o Tu(@)])} ~n {1 = F(Ln(x))} — e,

n

g
As a conclusion let us consider the normalization of maxima of normally
distributed iid random variables.

Example 5 (Normal distribution). Let X;, Xs,... be iid r.v.s with stan-
dard normal d.f.

x
1 2 1 2
N(x :—/e“/2du and density n(z) = e /2 1 e (—00,00).

—0o0

By Theorem 1 the regular normalizing sequence L,(z) = U~ !(ne®), where
1
U = ——, causes the weak convergence
1-7

(20) N*(Ly(2)) — e ¢

Theorem 2 says that the rate of this convergence is O(1/n). Unfortunately, the
sequence U~ 1(ne®) is not very useful in practice, because of the fact that the

1 -1
inverse function (m) is not explicitly known. Thus we go through the

well known asymptotic relation

1 X z2
21 Ulx)=———~ = —— =V2rre?
(21) (x) @) g(x) o V2rxeT, x— 00
in order to find an asymptotic inverse of g(x) and of U(x), respectively. Following
the same way as in the proof of Theorem 1.5.3 in Leadbetter et al. (1983), we
obtain the following asymptotic inverse of g(z) as x — oo

g Yx) = /2logz — log 4w — loglog x
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for which
Ulg ! (x)) ~g(g7 (z)) ~ 2, asz — oco.

Now we define the sequence

T, (x) = g~ (ne®) = \/2logn + 2z — log 4w — log(logn + ).

Next we show that both sequences 7T, and L, are asymptotically equivalent.
Uly)

Indeed, since L, !(y) = log —=* we have
n

UTn U -1 T T
LY oTy,(x) :logw :logw :log%—&—o(l) — T,n — 00.

Then one can use the sequence T, (x) for normalization in (20), thus
(22) N(Ty (1)) — A@), n— o,

According to Theorem 2 the rate of convergence in the equation (20) is O(1/n).
On the other hand the rate of convergence in the equation (22) depends also on
the rate of convergence in the asymptotic relation (21). It is not difficult to show
that in this case the rate of convergence is equivalent to that in the linear case,

1
namely O (—) (see e.g. de Haan (1970)).
logn

Acknowledgments. The authors are thankful to the referee for the com-
ments and suggestions on an earlier version of the paper.

REFERENCES

[1] G. BALKEMA, P. EMBRECHTS. High risk scenarios and extremes. A geometric
approach. Zuerich Lectures in Advanced Mathematics, EMS, 2007.

[2] N. G. DE BRUDLN. Asymptotic methods in analysis. North-Holland, Amster-
dam, 1958.

[3] P. EMBRECHTS, C. KLUPPELBERG, T. MIKOSCH. Modelling Extremal
Events for Insurance and Finance. Springer, Berlin, 1997.

[4] I. Yu. FAKTOROVICH. On one way to nonlinear normalization of random
variables. Journal of Soviet Math. 47(5) (1989), 103-115 (in Russian).



186 E. I. Pancheva, K. V. Mitov, S. Nadarajah

[5] L. DE HAAN. On regular variation and its application to weak convergence
of extremes. Mathematical Centre Tract, 32. CWI, Amsterdam, 1970.

[6] M. R. LEADBETTER, G. LINDGREN, H. ROOTZEN. Extremes and related
properties of random sequences and processes. Springer, Berlin, 1983.

[7] E. PANCHEVA. Limit theorems for extreme order statistics under nonlinear
normalization. Lecture notes in Math., vol. 1155, 1984, 284-309.

[8] E. PANCHEVA. Convergence to type theorem with monotone mappings. The-
ory Probab. Appl. 38 (1993), 679-684.

[9] E. PANCHEVA. Max-semistability: a survey. Probstat Forum 3 (2010), 11-24.
http://probstat.org.in

[10] M. SREEHARI. General max-stable laws. Eztremes 12 (2009), 187-200.

E. I. Pancheva Kosto V. Mitov

Institute of Mathematics Aviation Faculty,

and Informatics, BAS, National Military University,
Acad. G. Bonchev Str., Bl. 8 5856 D. Mitoropolia, Bulgaria
1113 Sofia, Bulgaria e-mail: kmitov@yahoo.com

e-mail: pancheva@math.bas.bg

Saralees Nadarajah

School of Mathematics,

University of Manchester,
Manchester M13 9PL, UK

e-mail: mbbsssn2@manchester.ac.uk



