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A. Fabricant, N. Kutev, T. Rangelov

ABSTRACT. The principle eigenvalue and the maximum principle for second-

order elliptic equations is studied. New necessary and sufficient conditions
for symmetric and nonsymmetric operators are obtained. Applications for
the estimation of the first eigenvalue are given.

1. Introduction

The aim of this paper is to investigate the principal eigenvalue and the related
maximum principle for linear second order uniformly elliptic equations in diver-
gence form

(1) Lu=— (a]?(x)umk + a?(m)u) + N(m)um] +0%(z)u in Q,

J z;

(2) af(w)ﬁjgk > p|€|? forevery z €, €€ R", pu= const>0.
Here 2 is a bounded domain in R",
3) df, a)eCl(Q), ¥ € C(Q), ¥’ € L¥(Q), 0 € C', {af} - { J’}

and under the repeating indices the summation convention is understood.
The case of L™ coefficients or domains with weaker regularity assumptions
can be considered in a similar way as in [2] but for simplicity we omit it.
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Let us recall that the maximum principle for the operator L holds if every
weak subsolution u € H{ () of (1) is nonpositive, v < 0 in . The function
u € H () is a weak subsolution of (1) if the integral inequality

/ (afua:k’wxj + aguwmj + bjwumj + bouw) dr <0
Q

is satisfied for every nonnegative function w € C¢ ().
The motivation for investigation of this problem is the comparison principle
for quasilinear second-order uniformly elliptic equations in divergence form

(4) Qu) = —%aj(w,u, Du) + b(z,u, Du) in Q.
j

In fact the maximum principle in the linear case is the base for the validity
of the comparison principle for weak C'(Q) smooth sub- and supersolutions of
(4). More precisely, if

1 1
Oa Oa
a?(x):/a—(x Sy, Py) dt, a /8— x, Sy, Py) dt,
(5) % 9
~ ob 0
H(m):/—(x Sy, Py) dt, b°( / (z, Sy, Py)dt
0 opi 0

where S; = v(x) + t(u(z) — v(z), P, = Dv(z) + t(Du(z) — Dv(z) and u, v €
C1(€) are weak sub-and supersolutions of (4), then the validity of the comparison
principle for (4) is reduced to the validity of the maximum principle for linear
equation (1) with the above coefficients (5). As a consequence of the maximum
principle we get immediately the uniqueness and the continuous dependence on
the data of the weak solutions of (1) and (4). Moreover, using suitable chosen
barrier functions one can estimate the amplitude of the weak solutions of (1) or
(4) which is an important step in the proof of the existence of a classical solution
by means of the Leray-Schauder fixed point theorem. The maximum principle is
important also in the investigations of the asymptotic behaviour of the solutions
of linear and quasilinear parabolic equations in divergence form which appear
in the population dynamics modeling a population which will persist or will go
extinct.

There are two type of conditions guaranteeing the validity of the maximum
principle. The first of them are necessary and sufficient and are given in [1] for
linear equations in divergence form and in [2] for general nondivergence form
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equations. One of the main results in [1] and [2] is that the maximum principle
for the operator L holds if and only if the first eigenvalue Az, of L with zero
Dirichlet data is positive. It is clear that the positiveness of the first eigenvalue
Az is not easy checkable condition so that this result is more useful for some
theoretical investigations. However, there are some qualitative properties of A,
which can be used one to find out lower and upper bounds for the first eigenvalue.
For example, )7, is an increasing function with respect to the coefficient ° and
a decreasing one with respect to the domain inclusions, i.e. Az (b%) > Ar(b°) if
b0 > 0% and AL () < A(Q) if 2 D Q. Moreover, A, is Lipschitz continuous with
respect to the coefficients a?, b, b0 (using the L> norm) and concave function
of b° (see [2]).

There are also second type results which are only sufficient but easy checkable
conditions for wide class of equations. They are given, for example, in [4], [6],
[8] (see also the references there) and guarantee the maximum principle for (1) if
one of the following assumptions is satisfied:

(i) o' —diva® >0 inQ, a® = (af,--- ,ad);
(i) 8 — divb>0 in €, b= (b, ,b");
(6) (iii) The matrix A+ A* is a nonnegative one, where
ko
A= ( a{) b(]) ) and A* is the conjugate matrix of A.
ap, b

Unfortunately, conditions (6);, (6); are not useful for quasilinear equations
(4) because the derivatives of the coefficients ag, v given by (5) are not under
control. That is why (6);, (6);; are replaced in the nonlinear case with some
additional structure assumptions guaranteeing that ag or ¥ are identically equal
to zero (see theorem 9.5 in [6]). By the way, (6);, (6);; are not sharp even in the
linear case because they guarantee that the discrete spectrum of the operator L
(or of the formal self-adjoint operator L* of L) is on the right hand side of the
origin. However, it is possible the first eigenvalue of L (or L*) to be far from the
origin.

As for (6)ij;, it seems to be the most general sufficient condition but it is
not sharp, too. Following the idea in [7] we obtain that (6);; is not invariant if
equation (1) is rewritten in an equivalent way, for example with

(7) Lu=— (afumk + (a + fj)u> + (0 + ) ug, + (8° + div f) u

Zj

for arbitrary vector f(z), f/ € C%(Q). Now (6);;; for equation (1) in the new
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form (7) is

The matrix Ay + A"JZ is a nonnegative one, where

(8) B at b+ f7
Af_(ag-iff’“ b0+divf)'

Condition (8) can be better than (6);; for some special choice of f.

Starting from the idea of Protter in [7] we consider the whole class of equa-
tions (7) instead of (1) and sufficient conditions (8) instead of (6);;;. Moreover,
we prove in section 2 that (8) is also a necessary condition for the validity of
the maximum principle for symmetric operators if (8) is taken over the set of
all vectors f(x), f/ € C%(Q). Unfortunately, the same result is not true for

nonsymmetric operators. The reason is that the matrix i(A s+ A}) in (8) corre-

1
sponds exactly to the symmetric part Ly = §(L + L) of the operator L and the

first eigenvalue of Lcan be far from the first eigenvalue of Lg, see theorem 3 in
section 3.

However, over the set of nondegenerate transformations of the operator L pre-
serving the first eigenvalue of L, for example, Lu = e~*L(ue?) for z € C'(Q), we
get as in the previous case a necessary and sufficient condition for the maximum
principle for nonsymmetric operators.

In this way we prove in section 2 several equivalent formulas for the first
eigenvalue Az, which are different from the well known results and in many cases
are more convenient for lower and upper estimates for Az.

Using the new expressions for Az, we get in section 3 some quantitative prop-

erties of the first eigenvalue \;, with respect to the coefficients a’, b’ as well as

J
with respect to the matrix {af}.

2. Main results and definitions

In this section we will recall some definitions for the first eigenvalue Ar. If the
operator L is a symmetric one, i.e. a? = I/, then the variational formulation of
Ar is given in the following way

9) AL = irq}f/ (afvxjvxk + 2ijvxj + b0v2) dz
Q
where the infinum is taken over all functions v € H}(?), [v*dz = 1.
Q

As it is well known (see [5]) the above infinum is attained for a function
¢ € H(Q), ¢ > 0 in Q, which solves the equation Lp = A in 2, ¢ = 0 on 9N
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in a weak sense. The function ¢ is the first eigenfunction of L and every weak
solution 1) € HE () of the above equation is a multiple of ¢.

When L is a nonsymmetric operator then the following “max-min” represen-
tation formulae for the first eigenvalue Ay, holds

(10) A = supinf (Lv/v), v € W>*(Q), v >0 in Q.
v T

In order to formulate our results we will rewrite the operator L in the following
equivalent way

(11) Luz—(afumk—i-(gj—cj)u) +(gj+cj)umj+b0u

Zj

where ¢/ = %(b] +a2), = %(bﬂ —a?).
The reason is that the influence on Az, of the coefficients ¢/ from the symmetric
part Lg of L is quite different in comparison with the coefficients ¢/ forming the
nonsymmetric part (L — L*) of L.
For every Llpschltz continuous vector f(z), f/ € C%(Q) let us introduce the
notations

01o(f) = ess inf (B° + div f — o (£ + ¢)(f* + g"))

oLy = sup or(f)
fieco1(Q)

(12)

~1
where {a’?} = {a’?} and Lg is the symmetric operator

Lou = — (afum,c + gju> =+ gjumj + bu.

z;
Now for symmetric operator Ly we have the following result.
Theorem 1. Let the operator Lo satisfy (2) and (3). Then o, = A, and

hence the mazimum principle for Lo holds if and only if or, > 0.
Proof. For arbitrary f(z), f/ € C%(Q2) we get from (9) the inequalities

AL mff (a ‘U, Uy, + 297 VU (fjfuz)xj -+ bo,uz) dz
1nff{ ; [vx] +a' (g™ + fM)v ] [V, + 0 (9° + f*)]
[bo T div f = ab(f7 + )+ g*)] 0} do > o1, (1)

ie. A, > SI}paLO(f) =0,
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In order to prove the opposite inequality we will use a special choice of f.
For every positive constant ¢ > 0, there exists from (1.10) in [2] a function
uw € C®(Q), v’ > 0 in Q, such that Lou® > (\z, — 6)u’. Now for f/ =

—af ul /u5 — ¢’ we get from (12) the estimate

0L, = 0L, (f) = essminf (Lou‘s/u‘s) > A, — 0.
After the limit 6 — 0 we have the desired inequality o7, > Az, and hence

Ly = ALg- O

As for general nonsymmetric operators L, an equivalent definition of Az, by

means of oy, is a little bit more complicated. More precisely, let us introduce for
every Lipschitz functions z(z), f/(x) € C%!(Q) the notation

(13)
oL(f,2) = ess inf (b0+divf—a§(fi+gj)(f’f+g )+ iz, — Lak 2, zmk)
op= sup or(f,2)

z,[1€CO1(Q)

The following theorem gives the relation between the first eigenvalue A\j, of
the nonsymmetric operator L and the first eigenvalues of the family of suitable
chosen symmetric operators.

Theorem 2. Let the nonsymmetric operator L satisfies (2) and (3). Then
or, = A and hence the mazimum principle for L holds if and only if or, > 0.
Moreover, the following identity takes place

(14) oL = sup Ap,
2€CO1(Q)

where operator M, is defined as
1
M,u = 3 (e_Z/QL(eZ/Qu) + ez/QL*(e_z/Qu))

1 . 1
= 5(L—i—L*)u—i— (072%. ~1 afzmjzmk) u.

Proof. From (9) and the chain of inequalities

A, = inf [oMyudr= inf [e*/?vL(e*/?v)dx
veHL(Q) & veHL(Q) &)
—1

< [ e #PwL(e**w) dz = <fe Z¢L¢5d$> <fe_zq52d:n> = AL
Q Q



On principal eigenvalue for linear second order elliptic equations 167

—1

where w = e7#/2¢ (f e % g? daz) and ¢ is the first eigenfunction of L, we get
Q

the estimate

(15) sup Ay, < Ar.
z

In order to prove the opposite inequality let us consider a sequence €2; of
expanding C'*° smooth subdomains of €2, UQ; = Q, A(2) = lim Az (£2;), where
j—o0

AL(€2;) is the first eigenvalue of L in ;. If ¢ > 0, ¢ > 0 are the first eigenfunc-
tions of L and L* respectively, we consider the truncated functions

' k;j for x € Q andlIn(¢/v) > kj,
(16) 2zl =< In(¢/1p) for x € Q and mj < In(¢py)) < kj,
m;j for z € Q and In(¢/¢y) < m;,

where k; = supIn(¢/v), m; = infln(p/4p).
Q; Q;

Simple computations give us the identity M ;v = Apv in Q;, v = (pep) /2.

Since v > 0 in € it follows from corollary 2.1 in [2] that Am,; > Ar. Using

the monotonicity of )\M2 ;with respect to the domain inclusions, after the limit

j — 0o we get the inequality sup Az, () > A, for every k=1, 2, ---.
z
From theorem 1 we have
: 1 A .
sup Az, () = supess inf|b° + 2y — —afzszxk +divf — af(f’ + ) (f* + g5
= JL(Qk)
ie. or(Q) =sup A, (Qk) > AL
After the limit & — oo, from (15) we obtain the final result (14)
JL:)\L:sup)\Mz. O
Using theorem 2 we will give here diffefent variants of o, or equivalently for
Ar, which are useful for the investigations of the qualitative properties of Az in
section 3.

Proposition 1. Let the operator L satisfy (2), (3) and ¢/, ¢/ € C%1(Q).
Then the identity

(17) Ap=or = sup essinf [bo +divf + ozfcjc"C — af(fj + ) (f* + g%
2€C01(Q) TEQ
holds, where fJ = 4cl — g7 + a?zxk.
Remark 1. For the special choice of f and z in (17), f/ = ¢/ —¢7 = —a? z2=0
we get immediately from (17) the condition (6); and for fJ = —¢/ — ¢/ = —b/,
z = 0 respectively, the condition (6);;.
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3. Properties of the principal eigenvalue

In this section we will give some applications of theorems 1, 2 and propositions
1 for qualitative properties of A\;. For this purpose let us recall the well known
monotonicity and concavity properties of A, with respect to b°: Ay, is an increas-
ing and concave function with respect to b°.

For the time being it is not known whether a similar monotonicity result for

Ar is true with respect to the matrix {a?} or coefficients a?, b, respectively g7,

¢/. To give some particular answer of these questions we will need the following
properties of Aj.
Theorem 3. Let the operator L satisfy (2), (3). Then the inequalities

(18) Ao <AL < Ar,

hold, where Lg is the symmetric part of L and L1 = Ly + a?cjck.

Moreover, if additionally a?, g/, ¢ € CY(Q) then
(19)
(i) AL=A, & ¢r=0¢r, in Q@ & div(cpi ) =0 inQ,
where ¢r,, ¢, are the first eigenfunctions of L and Lg respectively;
1 -
(ii)) A=A, & = §akzxk for some z € CY1(Q) and more precisely,

J
z=In(¢r/tr-)
Proof. By integration by parts we get immediately the estimate
A = [¢rLopdr = [ [af(%)mj (PL)z, + 297 $($L)e; + 007 | dz
Q Q

. k j 0,2 _
> ve}frﬁﬂ)f{ (ajvmjvmk + 297 vvg; + v ) dr = Ap,.

Since cjzzj — %af 2y 2zy, < oz?cjck we get from (14) and theorem 2 the in-

equalities \;, = o, =sup Ay, < Ap, , where M, is defined in theorem 2.

z
Now let us suppose that div (cqﬁ%o) =0 in 2 and for simplicity let us denote
¢r, = ¢o and A, = Ag. Since Lu = Lou + %div (cu?) it follows that Legg = Aocbo,
¢o = 0 on 9N, ¢y > 0 in 2, i.e. ¢ is the first eigenfunction of L, ¢y = ¢, and

AL = Ao = AL,
Suppose that ¢9 = ¢r. An easy calculations give us the identity
1 . 2 1 . 2
ALgo = Arpr = Lér, = Lo = Logo + %le (cdp) = Aodbo + %le(C%)

ie. (AL — Xo) @3 = div(cp3) in Q. Integrating the above expression in 2 we get
immediately that A\, = Ao = Az, and div(c$3) = div(cgb%o) =01in Q.
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Finally, let us suppose that A, = Ag. By integration by parts we have

/¢0L0¢0 dr =X o= A, = /¢LL¢L dr = /¢LL0¢L dx
) ) )

and from theorem 2 in section 6.5 in [5], it follows that ¢1, = .

To prove (20) i, let us suppose that ¢/ = a;?zm,c for some z € C*(2). Since
the operator e*L(ue™*) = Lju has the same first eigenvalue as the operator
L we have A\;, = Ar,. Moreover, if ¢, is the first eigenfunction of L; then
¢ =€*br,, ¢r- = e *¢r, and 2z = In(¢r/¢Pr~).

The rest of the proof of (20);; follows by means of (14) and the special choice
(16) of 27 in the proof of theorem 2. a

Using theorem 3 we will give some partial results about the monotonicity of

Az with respect to the matrix {a?}. For this purpose we introduce the operator

M=~ (b + 67— H)_+ 59+

z;
Proposition 2. Let the operators L and M satisfy (2) and (3) and {a?} >
{m;“} Suppose that one of the following assumptions is satisfied:

i) L and M are symmetric operators;

1

i) ¢ = a? 2y, for some z € CYY(Q) and u?cjck = a? ek for ae. z € Q

-1
where {,u;“} = {m?} ;
i) {aé?} > {mf} + kI, k = const > 0,1 is the unit matriz and u? dek <

k(wn/ |Q|)n/2 for a.e. x € Q, where wy, is the volume of the unit ball in R™ and
|2 = mess .

Then the inequality A\, > Apr holds.

As for the monotonicity of \;, with respect to ¢/ and ¢/, it is trivially to
prove that A7, increases when div g decreases. However, the monotonicity of Ar,
with respect to ¢/ is not clear. For convenience we will denote the operator L
with L. and with A, and ¢, the first eigenvalue and the first eigenfunction of L.,
respectively, when the coefficients a?, g7, bV are fixed and ¢/ vary.

Proposition 3. Let the operator L. satisfy (2) and (3). Then the following
inequality holds:

(20) A > Ae for every [t| > 1 where \ie = Ae & Age = Ao for every s € R.
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As for the concavity of A, with respect to the coefficients ¢ we have such result
only in fixed directions tc, t € R. In different directions ¢, ¢ a similar result is
true with a correction term. More precisely, we get the following result.

Proposition 4. Let the operators L. and Lz satisfy (2) and (3). Then Ay
is a concave function of t2. If ¢ # € then for every 0 < t < 1 the inequality

As > (1=t)Ar, +tAL, holds, where Su = L(_seqeutt(l—t)a; B —&) (P —e)u.
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