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ABSTRACT. In this note we define moduli stacks of (primitively) polarized
K3 spaces. We show that they are representable by Deligne-Mumford stacks
over Spec(Z). Further, we look at K3 spaces with a level structure. Our main
result is that the moduli functors of K3 spaces with a primitive polarization
of degree 2d and a level structure are representable by smooth algebraic
spaces over open parts of Spec(Z). To do this we use ideas of Grothendieck,
Deligne, Mumford, Artin and others.

These results are the starting point for the theory of complex multiplica-
tion for K3 surfaces and the definition of Kuga-Satake abelian varieties in
positive characteristic given in our Ph.D. thesis [28].

Introduction. In this note we will consider moduli spaces of K3 surfaces
with a polarization. For a natural number d and an algebraically closed field k,
a K3 surface with a polarization of degree 2d over k is a pair (X, L) consisting
of a K3 surface X over k and an ample line bundle £ on X with self intersection
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number (£,£) = 2d. The moduli space of polarized K3 surfaces with certain
level structure over C is constructed as an open subspace of the Shimura variety
associated with SO(2,19). Over Z we use techniques developed by Artin to show
the existence of such spaces.

In various places in the literature one finds detailed accounts on coarse
moduli schemes of primitively polarized complex K3 surfaces. We outline in
Section 4.3 two approaches to the theory, one via geometric invariant theory ([35])
and another via periods of complex K3 surfaces ([4, Exposé XIII] and [10, §1]).
Here we take up a different point of view and work with moduli stacks rather than
with coarse moduli schemes. In this way, our exposition is closer to [25] where
moduli stacks of primitively polarized K3 surfaces and their compactifictions over
@ are constructed. We define the categories Fag and My, of primitively polarized
(respectively polarized) K3 surfaces of degree 2d over Z and show that they are
Deligne-Mumford stacks over Z.

For various technical reasons we will need to work with algebraic spaces
rather than with Deligne-Mumford stacks. In the case of abelian varieties one
introduces level n-structures using Tate modules and considers moduli functors
of polarized abelian varieties with level n-structure for n € N, n > 3. These
functors are representable by schemes. We adopt a similar strategy in order to
define moduli functors which are representable by algebraic spaces. For a certain
class of compact open subgroups K of SO(2,19)(A ) we introduce the notion of
a level K-structure on K3 surfaces using their second étale cohomology groups.
Further, we introduce moduli spaces Faqx of primitively polarized K3 surfaces
with level K-structure and show that these are smooth algebraic spaces over
Spec(Z[1/Nk]) where Nx € N depends on K. These moduli spaces are finite
unramified covers of Foy. Important examples of level structures are spin level n-
structures. These are level structures defined by the images of some principal level
n-subgroups of CSpin(2,19)(A ) under the adjoint representation homomorphism
CSpin(2,19) — SO(2,19). We denote the corresponding moduli space by Faq .

Let us outline briefly the contents of this note. In the first few sections
we review some basic properties of K3 surfaces. Then we continue with the
study of the representability of Picard and automorphism functors arising from
K3 surfaces. The core of the problems discussed here is Section 4.3 in which
we define various moduli functors of polarized K3 surfaces and prove that those
define Deligne-Mumford stacks. In Section 5.1 we define level structures on K3
surfaces associated to compact open subgroups of SO(2,19)(Af). In the last
section we show that the moduli functors of primitively polarized K3 surfaces
with level structure are representable by algebraic spaces.

Notations. We write Z for the profinite completion of Z. We denote
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by A the ring of adeles of Q and by Ay = 7. ® Q the ring of finite adéles of Q.
Similarly, for a number field £ we denote by A and Ag ; the ring of adeles and
the ring of finite adeles of F.

If Ais a ringg A — B a ring homomorphism then for any A-module
(A-algebra etc.) V' we will denote by Vg the B-module (B-algebra etc.) V ®4 B.

For a ring A we denote by (Sch/A) the category of schemes over A. We
will write Sch for the category of schemes over Z.

By a variety over a field k we will mean a separated, geometrically integral
scheme of finite type over k. For a variety X over C we will denote by X" the
associated analytic variety. For an algebraic stack F over a scheme S and a
morphism of schemes S — S we will denote by Fg the product F xg S’ and
consider it as an algebraic stack over S’.

A superscript © indicates a connected component for the Zariski topology.
For an algebraic group G will denote by GY the connected component of the
identity. We will use the superscript ™ to denote connected components for other
topologies.

Let V' be a vector space over Q and let G — GL(V) be an algebraic
group over Q. Suppose given a full lattice L in V' (i.e., L® Q = V). Then G(Z)
and G(Z) will denote the abstract groups consisting of the elements in G(Q) and
G(Ay) preserving the lattices L and L, respectively.

Acknowledgments. This note contains the results of Chapter 1 of my
Ph.D. thesis [28]. I thank my advisors, Ben Moonen and Frans Oort for their
help, their support and for everything I have learned from them. I would like to
thank Bas Edixhoven and Gerard van der Geer for pointing out some mistakes
and for their valuable suggestions. I thank the Dutch Organization for Research
N.W.O. for the financial support with which my thesis was done.

1. Basic results.
Definitions and examples. We will briefly recall some basic notions
concerning families of K3 surfaces.

Definition 1.1.1. Let k be a field. A non-singular, proper surface X
over k is called a K3 surface if Qg(/k >~ Ox and H'(X,0x) = 0.

Note that a K3 surface is automatically projective. Let us give some basic
examples one can keep in mind:

Example 1.1.2. Let S be a non-singular sextic curve in }P’% where k
is a field and consider a double cover i.e., a finite generically étale morphism,
X — IP’% which is ramified along S. Then X is a K3 surface.
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Example 1.1.3. Complete intersections: Let X be a smooth surface

which is a complete intersection of n hypersurfaces of degree dy,...,d, in P2
over a field k. The adjunction formula shows that Qg(/k = Ox(di+---+d,—n—3).

So a necessary condition for X to be a K3 surface is dy +--- +d,, = n + 3. The
first three possibilities are:

n=1 d1:4
n=2 d1:2,d2:3
n=3 d1:d2:d3:2.

For a complete intersection M of dimension n one has that H*(M, Oy (m)) = 0 for
allm € Z and 1 <14 < n— 1. Hence in those three cases we have H'(X,0x) =0
and therefore X is a K3 surface.

Example 1.1.4. Let A be an abelian surface over a field k of characteris-
tic different from 2. Let A[2] be the kernel of the multiplication by-2-map, let
m: A — A be the blow-up of A[2] and let E be the exceptional divisor. The
automorphism [—1]4 lifts to an involution [~1]; on A. Let X be the quotient
variety of A by the group of automorphisms {id i»[—1] 5} and denote by ¢ : A X
the quotient morphism. It is a finite map of degree 2. We have the following

diagram
/ A \
A X

of morphisms over k. The variety X is a K3 surface and it is called the Kummer
surface associated to A.

Definition 1.1.5. By a K3 scheme over a base scheme S we will mean a
scheme X and a proper and smooth morphism w: X — S whose geometric fibers
are K3 surfaces. A K3 space over a scheme S is an algebraic space X together
with a proper and smooth morphism w: X — S such that there is an étale cover
S"— S of S for which ': X' = X xg8" — S is a K3 scheme.

If m: X — Sis a K3 space, then 7,0x = Og. Indeed, this is true since 7
is proper and its geometric fibers are reduced and connected.

Remark 1.1.6. A K3 space X over S is usually defined as an algebraic
space X together with a proper and smooth morphism 7: X — S such that for
every geometric point s € S the fiber X, is a K3 surface. In this note we will
restrict ourselves to Definition 1.1.5 above. The reason is that for this class of
K3 spaces one can easily see that certain automorphism functors of K3 spaces
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are representable by schemes (cf. Theorem 3.3.1). We do not know if this holds
in general.

1.2. Ample line bundles on K3 surfaces. In order to construct the
moduli stacks of polarized K3 spaces one needs a number of results on ample line
bundles. We give them below.

Definition 1.2.1. Let X be a K3 surface over a field k. The self-
intersection index (L,L)x of a line bundle L on X will be called its degree. A

line bundle £ on X is called primitive if L® k is is not a positive power of a line
bundle on Xi.

Theorem 1.2.2. Let X be a K3 surface over a field k.

(a) If £ is a line bundle on X, then (L,L) is even. If L is ample and d :=
(L,L)/2, then the Hilbert polynomial of L is given by hr(t) = dt? 4 2.

(b) Suppose L is an ample bundle. Then L is effective and H (X, L) = 0 for
i > 0. Further, L™ is generated by global sections if n > 2 and is very ample
if n> 3.
Proof. (a) First note that, by Serre duality, h?(Ox) = hO(Qgc/k) =
h%(Ox) = 1. Since h°(Ox) = 1 we find that x(Ox) = 2. Hirzebruch-Riemann-
Roch gives

X(£) = X(0x) + 5+ ((£,£) = (£,9%,)
1

=2+--(L,0)
2

as Q% s is trivial. Hence (L,L) = 2d is even. If £ is ample then its Hilbert
polynomial is hz(t) = dt? + 2

(b) By Serre duality and the fact that Qg(/k ~ Ox we have h'(L) =
h?=H(£71). In particular h%(L£) = h%(L~') = 0 as an anti-ample bundle is not
effective. Since d := (£, L£)/2 > 0 it follows that h%(L) =d+2+h' (L) >0, s0 L
is effective. For the remaining assertions we refer to [30], Section 8. OJ

Example 1.2.3. Let 7: X — P2 be a double cover of P? as in Example
1.1.2. The line bundle £ = 7*Op2(1) is ample and one has that (£,£)x =
2(Op2(1), Op2(1))p2 = 2. Hence any K3 surface X which is a double cover of P?
ramified along a non-singular sextic curve has an ample line bundle £ of degree 2.
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Example 1.2.4. Let X C P"*2 be a K3 surface which is obtained as a
complete intersection of multiple degree (d1,ds,...,d,); see Example 1.1.3. Then
Ox (1) degree dydy - - - dy,. Note that the equality dy +dy+- - -+d,, = n+3 implies
that at least one of the d; is even.

Note that if 7: X — S is a K3 scheme over a connected base S then for a
line bundle £ on X the intersection index (L3, L3)x. is constant for any §. This
follows from the fact that 7 is flat and the relation (Ls, £5)x. = 2x(Ls) — 4.

Lemma 1.2.5. Letm: X — S be a K3 scheme and let L be a line bundle
on X which is fiberwise ample on X, i.e. Lz is ample on Xz for every geometric
point 5 € S. Let 2d = (L3, Ls)x. for any point 5 € S. Then L™ is a locally free
sheaf of of rank dn® +2 and L" is relatively very ample over S if n > 3.

Proof. By Theorem 1.2.2 (b) we have that for all § € S the group
HY(X5, L) is trivial. It follows from [11, Ch. III, §7], that 7,L" is a locally free
sheaf and that m.L; & HY(X5,£?). The rank statement follows from Theorem
1.2.2 (a). By part (a) of Theorem 1.2.2 one sees that for every geometric point § €
S and any n > 3 the line bundle L7 gives a closed immersion Xz — P(7.L?) over
x(8). Hence the morphism X «— P(7,.£") induced by £" is a closed immersion.
This finishes the proof. O

2. Cohomology groups of K3 surfaces.

2.1. Quadratic lattices related to cohomology groups of K3 surfa-
ces. In this section we introduce some notations which will be used in the sequel.
Let U be the hyperbolic plane and denote by Eg the positive quadratic lattice
associated to the Dynkin diagram of type Eg (cf. [31, Ch. V, 1.4 Examples]).

Notation 2.1.1. Denote by (Lo,v) the quadratic lattice U @ E$?.
Further, let (Vy, o) be the quadratic space (Lo, ) @z Q.
We have that Lg is a free Z-module of rank 22. The form ¢y has signature
(194,3—) on Lo @ R.

Let {e1, f1} be a basis of the first copy of U in L¢ such that

Yler,er) =¥(f1, f1) =0 and (e, f1) = 1.

For a positive integer d we consider the vector e; — dfy of Lg. It is a primitive
vector i.e., the module Lg/(e; — dfy) is free and we have that ¥ (e; — dfy,e1 —
dfi) = —2d. The orthogonal complement of e; — df; in Lo with respect to v is
(e1 +df1) U2 @ E§92.

Notation 2.1.2. Denote the quadratic sublattice {e; + df1) ® U®? @
E§92 of Lo by (Lag,aq). Further, we denote by (Vag,19q) the quadratic space
(Lad, Yoa) @2 Q.
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The signature of the form o4 g is (194, 2—). We have that (e; —df1)® Lag
is a sublattice of Lg of index 2d. The inclusion of lattices i: Loy < Lo defines
injective homomorphisms of groups

(1) #4: {g € O(Vo)(Z) | gler — dfy) = ex — df1} — O(Vaa)(Z)
and
(2) #*: {g € SOVO)(Z) | gler — df1) = ex — df1} — SO(Vag)(Z).

Let L}, denote the dual lattice Hom(Lag,Z). Then the bilinear form )94 defines
an embedding Loy <— L3, and we denote by Ayq the factor group L},;/Log. It
is an abelian group of order 2d ([17, §2, Lemma]). One can extend the bilinear
form 14 on Log to a Q-valued form on L3, and define

Q2d: Asq — Q/2Z
defined by
qod(x + Lag) = aq(, x) + 27

for any x € L} ;. Let O(qaq) denote the group of isomorphisms of Ay preserving
the form ga4. Then one has a natural homomorphism 7: O(V54)(Z) — O(qaq)- It
is shown in [23] that

*({g € O(Vo)(Z) | gler — df1) = e1 — df1}) = kex(r).

2.2. De Rham cohomology. Let X be a K3 surface over a field k. The
following proposition will play an essential role when studying deformations of
K3 surfaces (Section 4.1). We will use it also to show that the automorphism
group Aut(X) of a K3 surface is reduced (see Theorem 3.3.1 below).

Proposition 2.2.1. If X is a K3 surface over a field k, then

(a) The Hodge-de Rham spectral sequence
E?j = Hj(X’ QZX/k:) = Hg-}%(Xv k)

degenerates at E1. For the Hodge numbers hJ = dimy, H7 (X, Q’X/k) of X

we have
hl,() _ h(),l — h2,1 — hl,? =0
h0,0 —_ h2,0 — h0’2 — h2,2 -1
hbt = 20.
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(b) Let Oy, = Q%k be the tangent bundle of X. Then H'(X, Ox/x) = 0 for
i =0 and 2 and dimy H'(X,0x/;,) = 20.

Proof. If k has characteristic zero, then one may assume that £k = C
and the proposition follows from [17, §1, Prop. 1.2]. The case char(k) =p > 0 is
treated in [8, Prop. 1.1]. O

Remark 2.2.2.  Part (b) of the proposition is classical in the case
k = C. The proof in the general case is due to Rudakov and Shafarevich. It can
be reformulated in following way: There exist no non-trivial regular vector fields
on a K3 surface (cf. [29, §6, Thm. 7]).

2.3. Betti cohomology. Let X be a complex K3 surface. Then the
Betti cohomology groups H%(X,Z) are free Z-modules of rank 1,0,22,0,1 for
i =0,1,2,3,4 respectively. One has a non-degenerate bilinear form (given by the
Poincaré duality pairing):

V: H5(X,2)(1) x HE(X,Z)(1) — Z

given by
P(z,y) = —tr(zUy)

where x Uy is the cup product of z and y and tr: H3(X,Z(2)) — Z is the trace
map. It has signature (19+,3—) over R. The quadratic lattice (H%(X,Z)(1),v)
is isometric to (Lo, 1) (cf. Section 2.1). For proofs of those results we refer to
[17, §1, Prop. 1.2].

The group H%(X,Z) carries a natural Z-Hodge structure (which we will
abbreviate as Z-HS) of type {(2,0), (1,1),(0,2)} with h?9 = h%2 =1 and AM! =
20 as we see from Proposition 2.2.1.

For a complex K3 surface H!(X,Ox) is trivial so the first Chern class
map

c1: Pic(X) — H3(X,Z)(1)
is injective. Exactly in the same way we see that for a K3 space 7: X — S, where
S is a scheme over C, one has a short exact sequence of sheaves

0 — R'7™M0% — R*n™7Z(1)

as ROy is trivial.

Notation 2.3.1. Let L be an ample line bundle on X. We denote
by P%(X,Z)(1) the orthogonal complement of ci(L) with respect to 1. It is a
free Z-module of rank 21 called the primitive part (or the primitive cohomology
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group) of H%(X,Z)(1) with respect to c1(L). The restriction of 1 defines a non-
degenerate bilinear form:

Y PA(X,2)(1) x PA(X.Z)(1) — Z.

The group P%(X,Z(1)) carries a natural Z-HS induced by the one on
H%(X,Z(1)) of type {(—1,1),(0,0), (1, 1)} with =51 = h1:=1 =1 for which ¢¢
is a polarization.

Remark 2.3.2. Let £ be an ample line bundle for which (£,£)x = 2d
and assume that it is primitive. Let {e1, f1} be a basis of the first copy of U in
Lg as in Section 2.1. By [4, Exp. IX, §1, Prop. 1] one can find an isometry

a: (HE(X,Z(1)),%) — Lo
such that a(c1(£)) = e1 — dfi. Therefore a induces an isometry

a: (PA(X,Z(1)),¢c) — (Lo, ¥2a)-

2.4. Etale cohomology. Let k be a field of characteristic p > 0 and fix
a prime [ which is different from p. Suppose given a K3 surface X over k. Then
the étale cohomology group HE (Xp,Z;) is a free Z;-module of rank 1,0,22,0, 1
fori=0,1,2,3,4. One sees this in the following way: If k has characteristic zero,
then the claim follows from the corresponding result for Betti cohomology and
the comparison theorem between Betti and étale cohomology ([19, Ch. III, §3,
Thm. 3.12]). Assume that p > 0. By [8, §1, Cor. 1.8] there exists a discrete
valuation ring R with residue field & and a smooth lift X over R of X. If 7 is
the generic point of Spec(R), then by the smooth base change theorem for étale
cohomology ([19, Ch. VI, §4, Cor. 4.2]) one has that

3) Hét(Xl}»Z/an) = Hét(Xﬁ»Z/an)
for every i = 0,...,4 and every n. Hence HY(Xj,Z;) = H(X;,7Z;) and we
deduce the claim from the characteristic zero result.

Further, one has a non-degenerate bilinear form

Yz, HE (X5, Z0) (1) x HE (X5, Z0)(1) — Zy

given by
Yz, (w,y) = —trz, (z Uy)
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where trz, : H% (X5, Z1)(2) — Z; is the trace isomorphism. This is simply Poin-
caré duality for étale cohomology ([19, Ch. VI, §11, Cor. 11.2]).
The Kummer short exact sequence of étale sheaves on X

1= pym -Gy -G, —1
gives an exact sequence of cohomology groups
H(}t(Xl_w“l”) - Hr}t(Xl%ma) - Hclt(XEma) - Hgt(Xl'le")‘
By (3) the group HZ (X, p») is trivial we have an injection
0 — Pic(X) /1" Pic(X) — HZ (X, tyn)-
Taking the projective limit over n one sees that the first Chern class map
c1: Pic(X) ©z Zy — Hg(Xp, Z)(1)

is injective. In particular, since H2 (X%, Z(1)) is free, Pic(X) has no I-torsion for
any [ different from p.

Similarly, if 7: X — S is a K3 space then one can consider the long exact
sequence of higher direct images, coming from the Kummer sequence

1 1 1 2
R mippyn — Ry Gy — Ry Gy — RE T piyn.

Further, since the stalk of Rl m,p;» at any geometric point of S is zero (one uses
here the proper base change theorem), the sheaf itself is zero ([19, Ch. II, §2,
Prop. 2.10]). Hence passing again to the projective limit over n we obtain the
exact sequence of Z;-sheaves

0 — RLYmGyn @ 7y — RATZy(1).

Notation 2.4.1. Let L be a primitive ample line bundle on X with
(L, L)x = 2d. Denote by P2(Xy,Z(1)) the primitive part of H2 (X5, Z;)(1) with
respect to c1(L) i.e., the orthogonal complement of c1(L) in H2 (X, Z)(1) with
respect to 1z,. Denote the restriction of 1z, to P% (X5, Zi(1)) by ¥r.z,-

If k£ has characteristic 0, then by the comparison theorem between Betti
and étale cohomology one has that (HZ(Xj,Zi(1)),v¢z,) is isometric to
(H}(Xc,Z(1)),v) ®z Z; which is isometric to (Lo,v) ®z Z;. Moreover since
the comparison isomorphism respects algebraic cycles, the same holds for the
primitive parts with respect to £ i.e., we have that (Pft(X,;,Zl(l)),@ZJg,Zl) .
(Lad; Y2a) ®z 7.
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Assume that char(k) = p > 0. Then the pair (X, £) ® k has a lift (X, L)
over a discrete valuation ring R with char(R) = 0 and with residue field k (see
[8, §1, Cor. 1.8]). Using the same argument as above one concludes that

Hey (X, Za)(m) = Hey (Xy, Zr) (m)

and that (HZ(Xp,Z)(m),vz,) is isometric to (HZ(Xj Zi)(m),vz,), where
7 is the generic point of Spec(R). Consequently the two quadratic lattices
(P2(X5,Z4(1)),¢z,2,) and (P3(Xy, Zi(1)),vz,) ®z Z; are also isometric. Thus,
if £ is primitive, then there is an isometry

a: (HCQt(Xfm Zl(l))a wl) - LO ® Zl
such that a(c1(£)) = e1 — df;. It induces an isometry

a: (P3(X5 Zi(1)),%2.2,) — (Loa, ¥2d) @ Z.

Remark 2.4.2. Let k£ be a field of characteristic p. We make the
following notations

20 =[]z and AP =20 Q.
I#p
(p)

In the sequel we will be considering étale cohomology with Z®) or A 7
Then we have that for a K3 surface over a field k one has isometries

(HE (X5 20/ (1)), 005) 2 (Lo, ) @7 2%

and for a primitive ample line bundle £ of degree 2d on X one has

(PA(X5, 2P (1)), 4,f) = (Laa, toa) @2 27,

coefficients.

Here 9y and 1  are the corresponding bilinear forms coming from the Poincaré
duality on H2 (X3, ZP)(1)).

2.5. Crystalline cohomology. Let k be a perfect field of characteristic
p > 0 and let W = W(k) be the ring of Witt vectors with coefficients in k.
Consider a K3 surface X over k. Then by [8, Prop. 1.1] the crystalline cohomology

group H'. (X/W) is a free W-module of rank 1, 0, 22, 0, 1 for i = 0, 1, 2, 3, 4
respectively. We consider next the crystalline Chern class map

c1: Pic(X) — H2. (X/W).
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As pointed out in [8, Appendice, Rem. 3.5] the Chern class map defines an
injection
c1: NS(Xp) ®z Zp — Heio(X/W (k)
where NS(X;) = Pic(X7)/ Pic?(X3) is the Néron-Severi group of Xz. In particu-
lar this means that the Néron-Severi group of X has no p-torsion.
If K is the fraction field of W then we shall denote by H'. (X/K) the
K-vector space H! . (X/W) @w K.

3. Picard schemes and automorphisms of K3 surfaces.

3.1. Picard and Néron-Severi groups of K3 surfaces. In this section
we will study Picard functors of K3 spaces. Those functors will play an important
role in two aspects in the construction of moduli spaces of (primitively) polarized
K3 surfaces. First, we will define (quasi-) polarizations on K3 surfaces using
Picard spaces (cf. Definition 3.2.2 below). Later, in Section 4.2, we will use Picard
spaces in the construction of the Hilbert scheme parameterizing K3 subschemes
of PN

For a separated algebraic space X over a scheme S we denote by Pic(X)
the group of isomorphism classes of invertible sheaves on X. Let m: X — S be a
K3 space and consider the relative Picard functor

Picy/s: (Sch /S)? — Groups.
By definition it is the fppf-sheafification of the functor
Px/s: (Sch /S)? — Groups given by T+ Pic(X xgT).

For every g: T — S we have that Picy/g(T) = HY(T, R'7,G,,) where ': X xg
T — T is the product morphism and all derived functors are taken with respect
to the fppf-topology.

Theorem 3.1.1. For a K3 space w: X — S the relative Picard functor
Picy/g is represented by a separated algebraic space locally of finite presentation
over S.

Proof. The representability follows form [3, §7, Thm. 7.3]. The proof of
the separatedness property goes exactly in the same way as the proof of Theorem
3 in [5, Ch. 8, §8.4]. O

Let S = Spec(k) be a spectrum of a field. Then Picx/;, is represented by
a group scheme (cf. [26] or Lemma 3.1.2 below) and shall denote by Pic% s its
identity component. We set further

PicTX/k = U n_l(Picg(/k)
n>0
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where n: Picy;p — Picxy, is the multiplication by n.

Lemma 3.1.2. Let X be a K3 surface over a field k. Then Picx, is
represented by a separated, smooth, zero dimensional scheme over k. In particular
Picg(/k 18 trivial. Further, we have also that PiCTX/k is trivial.

Proof. Combining Theorem 3 and Theorem 1, with S = Spec(k), of [5,
Ch. 8, §8.2] one concludes that Pic X/k 18 representable by a separated scheme,
locally of finite type over k.

By Theorem 1 of [5, Ch. 8, §8.4] one has that

dimy, Picx/;, < dimy, Hl(X, Ox)=0

and as the equality holds in this case, Picx/;, is smooth over k. This shows the
validity of all assertions except for the claim about Pic’, Ik

The scheme Pic’ /i 1S proper and of finite type over k (cf. [5, Ch. 8,
Thm. 4]). Since its dimension is zero it is a finite commutative group scheme
over k. The injectivity of the étale Chern class map shows that Pic(X) has no
I-torsion for | # p. By the first part of the lemma we have that NS(X) = Pic(X).
Then the injectivity of the crystalline Chern class map shows that Pic(X) has no
p-torsion either. Thus Pic(X) is torsion free and therefore Pic’, /k(l_c) is trivial.
Since in this case Pic’ Jk is reduced we conclude it is trivial. O

If X is a K3 surface over a field k, then NS(X) = Pic(X), which follows
from the fact that in this case Pic®(X) is trivial. Hence Pic(X) is a free abelian
group of rank at most 22 (use [19, Ch. V, §3, Cor 3.28]). If the characteristic of
the ground field is zero, then rkyz Pic(X) < 20.

Let m: X — S be a K3 scheme. Define Picg(/s and Pic}/s as the
subfunctors of Picx/g consisting of all elements whose restrictions to all fibers X
belong to Picg(s Jr(s) and Pick_ Jn(s) respectively.

Proposition 3.1.3. For a K3 scheme w: X — S over a quasi-compact
base S one has that Picy,g is an algebraic space which is unramified over S.
Further, we have that Picg(/s and PicTX/S are trivial.

Proof. The first part of the proposition follows from the preceding
lemma as it is enough to check the Picx /g is unramified in the case S is a spectrum
of a field. To prove the second part we notice that according to [5, Ch. 8, §8.3,
Thm. 4] we have open immersions Picg(/s — Picy/g and Pic}'(/s — Picx/g. By
Lemma 3.1.2 above for every geometric point § € S the subspaces Picg(E /5(3) and
Pic, Jr(s) are trivial hence Picg( /S and Pic’ /g are trivial. O

Remark 3.1.4. Let 7: X — S be a K3 scheme and let £ and M be
two line bundles on X. If L™ = M"™ for some n € N, then £ is isomorphic to
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M@ 7*N where N is a line bundle on S. Indeed, we have that ¢l(L£)" = cl(M)™
in Picx/g. Since Pic’y /s is trivial we have that the multiplication by n-morphism

[n]: Pic x/s — Picx/g is an injective homomorphism of group schemes. Since
cl(L)" = cl(M)™ we conclude that cl(£L @ M™1) is trivial, so M and £ differ by
an invertible sheaf coming from the base S ([5, Ch. 8, §8.1, Prop. 4]).

Remark 3.1.5. It is easy to see that the statement of Proposition 3.1.3
remains true for K3 spaces.

A morphism of schemes 7: X — S is called strongly projective (respecti-
vely strongly quasi-projective) if there exists a locally free sheaf € on S of constant
finite rank such that X is S-isomorphic to a closed subscheme (respectively a
subscheme) of P(E).

Lemma 3.1.6. Let S be a noetherian scheme and suppose given a K3
scheme m: X — S. If w is a strongly projective morphism, then we have that

(i) for any n € N the multiplication by n-morphism
[n]: Picx/s — Picx/g
is a closed immersion of group schemes over S.
(ii) for any A € Picx,5(S) the set of points
S°={s €S| A is primitive on X}
s open in S.

Proof. (i): By definition we have a closed immersion X — P(&) for
some locally free sheaf £ on S. Let Ox (1) denote the pull-back of the canonical
bundle O(1) on P(£) via this inclusion. For a polynomial ® € Q[t] let Pick /s
be the subfunctor of Picy,s which is induced by the line bundles £ on X with
a given Hilbert polynomial ® (with respect to Ox (1)) on the fibers of X over
S. Then Pic;}} /s is representable by a strongly quasi-projective scheme over S
and Picx/g is the disjoint union of the open and closed subschemes Pic;}} /s for
all ® € Q[t]. For a proof of this result we refer to [5, Ch. 8, §8.2, Thm. 5].

Since all schemes Pic;}} /g are quasi-compact we have that for a given ®
the image [n](Pic% /g) is contained in a finite union Uz’ecg Pic?/ g- We will show
first that for a given ® € Q[t] the morphism

[n]: Pic%/g — U Picii/s

iecy
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is proper. As all schemes involved are noetherian we can apply the valuative
criterion for properness. We may assume that S is a spectrum of a discrete
valuation ring R and that X admits a section over S and let  and s be the
generic and the special point of S. Under those assumptions any element of
Picx/g comes from a class of a line bundle ([5, Ch. 8, §8.1, Prop. 4]). To show
that the restriction of [n] to Pic?} /g 1s proper we have to show that if £ is a line
bundle over the generic fiber X, of X, then L™ extends uniquely to a line bundle
on X which is a n-th power of a line bundle. This follows from [5, Ch. 8, §8.4,
Thm. 3] as both £ and L™ extend uniquely over X.

Further, the morphism [n]: Picx,g — Picx/g is an immersion of the
corresponding topological spaces and as it is proper on every open and closed
Pic?}/s, the image [n](Picy,g) is closed in Picy,s. We are left to show that
the natural homomorphism of sheaves Op;c, s 1]+ Opic ” is surjective. As
this can be checked on stalks we see further that it is enough to show the
surjectivity assuming that S is a spectrum of a field. But under this condition the
claim follows from Lemma 3.1.2. Indeed, Picx;, is a reduced, zero dimensional
scheme. Hence all subschemes Pic?} Ik being reduced, quasi-projective and zero
dimensional, are finite unions of points. Then the restrictions [n]: Pic?}/k —
Uz’ecg Pic?}"/k are closed immersions and hence [n]: Picy,, — Picxy is also a
closed immersion. Therefore Op;c, e 1]+ Opic Ik is surjective.

(73): We may assume that S is connected. Then the intersection index
(A5, A5) is constant on S, say (Az, As) = 2d. For any natural number n consider
the closed subscheme S,, of S defined by the following Cartesian diagram

Sy —— S

T

PiCX/S ﬂ) PiCX/S .

Then the subset S° of S can be identified with S\ |J,, Sn where the union is taken
over all n € N such that n? divides d. So it has a structure of an open subscheme
of S. 0O

Remark 3.1.7. Note that if 7: X — S is a K3 scheme, then the Picard
functor Picy/g can be constructed using the étale topology on S instead of the
fppf-topology. In other words Picy/g is also the étale sheafification of Py/g.
This follows from the fact that 7 is a proper morphism, using the Leray spectral
sequence for m and the sheaf G,,. For a proof we refer to the comments on p.
203 in [5, Ch. 8, §8.1].
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Example 3.1.8. Let A be an abelian surface over an algebraically closed
field k of characteristic different from 2 and let X be the associated Kummer
surface. Then one has that

Pic(X)g = NS(X)g = NS(4)5 1 @ Q@16

where NS(A)[=14 denotes the elements of NS(A) invariant under the action of
[—1]4. We refer to [32, §3, Prop. 3.1] for a proof.

3.2. Polarizations of K3 surfaces. Here we will define the notion of a
polarization on a K3 space.

Definition 3.2.1. Let k be a field. A polarization on a K3 surface X/k
s a global section A € PicX/k(k:) which over k is the class of an ample line bundle
L. The degree of Ly, is called the polarization degree of A. A quasi-polarization
on X is a global section \ € Picy (k) which over k comes from a line bundle Ly,
with the following property:

(i) Ly is nefi.c., (L5, Ox,(C)) >0 for all irreducible curves in X,
(ii) if (L5, Ox,(C)) =0 for a curve C in Xj, then (C,C)x, = (—2).

If (X,)\) is a polarized K3 surface over k, then one can find a finite
separable extension k&’ of k such that A\ comes from a line bundle Ly over k.
Indeed, this follows either from Remark 3.1.7 or from Proposition 4 in [5, Ch. 8,
§8.1] taking T' = Spec(k*P) and the fact that Br(k®P) is trivial.

Definition 3.2.2. Let S be scheme. A polarization on a K3 space
m: X — S is a global section \ € PicX/S(S) such that for every geometric point s
of S the section A\s € Picx, .(s)(k(5)) is a polarization of Xs. A quasi-polarization
on X/S is a global section A € Picx,g(S) such that for every geometric point §
of S the section A5 € Picx, /.(s)(k(8)) is a quasi-polarization of Xs.

Definition 3.2.3. A polarization (respectively quasi-polarization) A on
a K3 space m: X — S is called primitive if for every geometric point § of S the
polarization (respectively the quasi-polarization) A5 € Picx_ /. (s)(k(5)) is primitive
i.e., it is mot a positive power of any element in Picx, /.. (k(3)).

Lemma 3.2.4. Let (m: X — S, \) be a K3 space over S with a polariza-
tion . Then one can find an étale covering S — S such that g : Xgr — S’ is
a K3 scheme and Ag/ is the class of a relatively ample line bundle Lg on Xgr.

Proof. By definition one can find an étale covering S1 — S such that
m: Xg, — 51 is a K3 scheme. The pull-back Ag, of X is a polarization on Xg; .
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By Remark 3.1.7 the Picard functor Pic Xg, /S can be computed using the étale
topology on S;. Hence one can find an étale covering S’ — S such that \g is
equal to the class of a line bundle Lg on Xg/. By definition Lg/ is pointwise
ample hence using Lemma 1.2.5 we conclude that it is relatively ample. This
finishes the proof. O

The self-intersection (L, Ly ) for a geometric point 5 on S’ is constant
on every connected component of S’. We say that \ is a polarization of degree
2d if (Lg,Lz) = 2d for every geometric point 5" of S’.

3.3. Automorphism groups. Let S be a scheme and 7: X — S be an
algebraic space over S. Define the automorphism functor in the following way:

Autg(X): (Sch /S)? — Groups
Autg(X)(T) = Autr(X7)

for every S-scheme T

Theorem 3.3.1. If m: X — S is a polarized K3 space over S, then
Autg(X) is representable by a separated group scheme which is unramified and
locally of finite type over S.

Proof. Let S’ — S be an étale cover such that 7': X' = X xg 8" — 5’
is a projective K3 scheme over S’. The existence of such an étale covering S’
follows from Lemmas 1.2.5 and 3.2.4. Let S” be the product S’ xg S’. Denote
by m; the projection morphisms 7;: X’ xx X' — X' - X — S fori =1,2. By
definition X’ x x X’ is representable by a quasi-compact subscheme of X’ x ¢ X'.

Using Proposition 1.4 in [15, Ch. II] we can see that we have an exact
sequence of groups

(4) )—— Autg(X)(T) —_— AutSI(X/)(T) — Autgu (X/ X x X/)(T).

It follows from [12, Exp. 221, §4.c] that the functors Autg/ (X') and Autgr (X' x x
X') are representable by group schemes locally of finite type over S. For simplicity
we denote them by ) and W respectively. Then from the exact sequence (4) we
see that Autg(X) is representable by the fiber product

Autg(X) w

l g
(pri.pr3)

y —>WXSW

where A: W — W xg W is the diagonal morphism.
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The fact that the Autg(X) is separated follows directly from the valuative
criterion for separatedness.

To check that Autg(X) is unramified we may take S to be the spectrum
of an algebraically closed field k. A point in Auty(X)(k[e]/(€?)), which under the
natural homomorphism maps to the the identity in Auty(X)(k), may be identified
with a vector field on X. By Proposition 2.2.1 (1) a K3 surface has no non-trivial
vector fields hence we conclude that Auty(X) is reduced. O

Remark 3.3.2. The proof of the theorem shows that Autg(X) is 0-
dimensional over S. Its fibers are constant group schemes.

Let m: X — S be a K3 space and let A be a polarization of X. Define
the subfunctor Autg(X,\) of Autg(X) in the following way

Autg(X,\): (Sch /S)? — Groups
Auts (X, \(T) = {a € Autg(X)(T) | A = X € Picx/s(T)}

for every S-scheme T

Proposition 3.3.3. The functor Autg(X,\) is a closed subfunctor of
Autg(X). It is represented by a separated group scheme which is unramified and
of finite type over S. Its relative dimension over S is zero.

Proof. The functor Autg(X,A) is a closed subfunctor of Autg(X). It
is representable by the subgroup scheme of G = Autg(X) (locally of finite type
over S) given by the following (Cartesian) diagram:

Autg (X, \) S

l l()\,id)
¥

G:GXSS PiCX/S XSS:PiCX/S.

Here we have that A\: S — Picy/g is the section given by A and ¢ is the
composition o o (id, ) where

o: G X PiCX/S — PiCX/S

is the action of G on Picy/s.

Just as in the proof of the preceding theorem we may take S to be the
spectrum of an algebraically closed field k in order to check that Autg(X,\) is
unramified. If o € Auty(X,\)(kle]/€?) which is the identity in Auty(X,\)(k),
then by Theorem 3.3.1 above we see that « is the identity element of the group
Auty(X)(k[e]/€?). Since by definition we have an inclusion

Auty, (X, N)(k[e]/€?) € Auty(X)(k[e]/€*)
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we conclude that Autg(X, \) is unramified over S.

Let 5: Spec(f2) — S be a geometric point. Then by [18] (see also
Corollary 2 in [20]) the set Autg(X, A)(Q2) is finite. Hence Autg(X, ) is of finite
type over S. O

Note that in general, for a K3 surface X over a field k, the group
Autg(X)(k) might be infinite.

Example 3.3.4. For any complex K3 surface X with rky Pic(X) = 20
one has that Autc(X)(C) is infinite. For a proof see [33, §5, Thm. 5].

There are also examples of K3 surfaces X having a finite group of auto-
morphisms. An example of a complex K3 surface with rky Pic(X) = 18 and finite
automorphism group is given in the remark on page 132 in [33].

3.4. Automorphisms of finite order. In this section k will be an
algebraically closed field. If it is a field of characteristic p, then we will denote
by W the ring of Witt vectors with coefficients in k and K will be the field of
fractions of W.

Let X be a K3 surface over k. If k = C, then it is a well-known theorem
that Autc(X)(C) acts faithfully on H%(X,Z). Here we prove a similar result for
the automorphisms of finite order of X acting trivially on H2(X,Z;) where [ is
a prime number different from char(k). The only restriction we impose is that
char(k) # 2. Later on in Section 5.1 we will introduce level structures on K3
surfaces and we will use this result to show that the corresponding moduli stacks
are algebraic spaces.

Lemma 3.4.1. Let X be a K3 surface over k and assume that char(k) =
0. Then Auty(X)(k) acts faithfully on H2(X,Z;) for every prime .

Proof. Without loss of generality we may assume that the field &
can be embedded into C. Fix an embedding o: k — C. By the comparison
theorem between Betti and étale cohomology we have an isomorphism
H2(X,7;) 2 H3(X ®y C,Z) ®7 Z;. Let a € Autg(X)(k) be an automorphism
acting trivially on HZ%(X,Z;). Then ac acts trivially on H3(X ®, C,Z) ® Z.
Since H%(X ®, C,Z) is a free Z-module we conclude from [17, Prop. 7.5] that
o =1id X- [l

Proposition 3.4.2. Let (X,\) be a polarized K3 surface over k and
assume that char(k) = p is different from 2. Then the finite group Auty (X, \)(k)
acts faithfully on H%(X,Z;) for any 1 # p.

Remark 3.4.3. This result can be viewed as an analogue of Theorem
3 in [22, Ch. IV] for (polarized) K3 surfaces.
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We will reduce the proof of Proposition 3.4.2 to the preceding lemma. To
do so we will use crystalline cohomology and compare the action of an element
in Autg(X,\)(k) on HZ(X,Q;) and H2 (X/K).

Let X be a K3 surface over a field k. We denote by H"(X) and H™(X x X)
either H}(X,Q;) and HJ} (X x X,Q;) for any [ prime to char(k) or HZ, (X/K)
and H», (X x X/K). Note that we will be working with classes of certain
algebraic cycles on X and X x X so we should consider some Tate twists of
these cohomology groups. But since k is algebraically closed and the Galois
action does not play any role in our consideration (we shall only consider some
characteristic polynomials of automorphisms of X) we will omit these twists.

For an isomorphism a: X — Y we will denote by af and of,, the

cris
isomorphisms induced on HZ (X, Q;) and H2. (X/K) respectively.

cris
Lemma 3.4.4. The Kiinneth components of the class cl(u) € H*(X x X)
of any algebraic cycle on X x X are algebraic.

Proof. We have that HL(X,Q;) = H3(X,Q;) = 0 and H}

cris(X/W) =
H3. (X/W) = 0. Then the Kiinneth isomorphism reads

HY(X x X)= (H'X)® H'(X)) ® (H*(X) ® H*(X)) & (H*(X) ® H'(X)).
Using this decomposition we write
cl(u) = up @ ug @ uy.

Every element of the one dimensional spaces H*(X) ® H%(X) and H°(X) ®
H*(X) is algebraic. These are rational multiple of the classes of {pt} x X and
X x {pt}. Hence up and uy are algebraic. It follows that us is expressed as a
linear combination of algebraic classes, hence it is algebraic. O

In particular, if A = §(X) C X x X is the diagonal, then its Kiinneth
components cl(A) = 19 ® 7w & 74 € H*(X x X) are algebraic. Denote by (-, )
the intersection pairing on CH?*(X x X)gq.

Corollary 3.4.5. Let u € CH?*(X x X)g be a rational cycle and let
cl(u) € HY(X x X) be its algebraic class. Then its characteristic polynomial
det(1 — ¢ - cl(u)|H*(X)) has rational coefficients which are independent of | and
p (i-e., of H4(X,Q;) and H%, (X/K)). The coefficient in front of t' is given by

si = (u;, m2)
fori=1,...,22.

Proof. The proof follows from the preceding lemma and by Theorem 3.1
in [34]. O
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Theorem 3.4.6 (Ogus). If p > 2 then the natural morphism of groups

Auty(X)(k) — Aut(HZ(X/W))
18 injective.
Proof. This is a result of A. Ogus and can be found in his paper on
Supersingular K3 crystals [24, §2, Cor. 2.5]. O

Proof of Proposition 3.4.2. Take an element a € Auty(X,\)(k).
According to Proposition 3.3.3 it has finite order. Denote by u = I';, € X X
X the graph of a. Then the automorphism of H2(X,Q;) induced by cl(u) €
H (X x X,Q) is the one induced by . By assumption it is the identity hence
its characteristic polynomial is (¢ — 1)22. By Corollary 3.4.5 it is exactly the
characteristic polynomial of the automorphism o of H2, (X/K) induced by
a. Since o is an automorphism of finite order the induced map o, on the
crystalline cohomology is semi-simple (K has characteristic zero). Hence a
acts trivially on H2, (X/K) and by Theorem 3.4.6 it is the identity automorphism
as H?

o:s(X/W) is torsion free. O

Remark 3.4.7. Note that the only property of o which we used in the
proof of Proposition 3.4.2 is that it has finite order. This is really essential as in
general the characteristic polynomial of o] will not give enough information to
conclude that the action of a5 on H CQriS(X /W) is trivial. The proof given above
shows actually that any automorphism of finite order o of X acting trivially on
H2(X,7;) for some [ # p is the identity automorphism id .

4. The moduli stack of polarized K3 surfaces. We are ready to
define moduli functors of (primitively) polarized K3 surfaces over Spec(Z). We
will follow the line of thoughts in [9] in order to prove that these functors define
Deligne-Mumford stacks. Shortly, this can be given in three steps.

1. Describe the deformations of primitively polarized K3 surfaces.

2. Construct a Hilbert scheme parameterizing K3 surfaces embedded in PV
for some appropriate N € N.

3. Construct a “Hilbert morphism” my;;, from the Hilbert scheme to the moduli
stack which is surjective and smooth. Use this morphism to conclude that
the moduli stack is a Deligne-Mumford stack.

These steps are spelled out in detail in Sections 4.1-4.3.
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4.1. Deformations of K3 surfaces. Let k be an algebraically closed
field. Denote by W the ring of Witt vectors W (k) in case char(k) = p > 0 and
W = k otherwise. Let A be the category of local artinian WW-algebras (A, m4)
together with an isomorphism A/my = k compatible with the isomorphism
W/pW = k.

Let Xo be a K3 surface over k. Consider the covariant functor

Defsch (X()): A — Sets
given by
Defgen(Xo)(A) = {isom. classes of pairs (X, ¢o) |[where X — Spec(A)

is a K3 scheme and ¢y is
an isom. ¢g: X @4 k = Xo}.

Proposition 4.1.1. The functor Defge,(Xo) is pro-representable by a
formal scheme S over Spf(W) which is formally smooth of relative dimension 20,
i.e. it is (non-canonically) isomorphic to Spt(W([t1, ..., ta]]).

Proof. This is Corollary 1.2 in [8] in case char(k) = p > 0 and [17, Cor.
5.7] in case char(k) = 0. O

Let £y be a line bundle on Xy. For moduli problems one should study
the deformations of the pair (Xo, Ly). Define

DefSch(XOa £0)2 A — Sets

to be the functor sending an object A of A to the isomorphism classes of triples
(X, L, ¢p) of flat deformations X of Xy over A, an invertible sheaf £ on X and
an isomorphism ¢g: (X, L) ®4 k = (Xo, Ly). We have a morphism

(5) Defgen (Xo, Lo) — Defgen(Xo).

Theorem 4.1.2. If the line bundle Ly is non-trivial, then the functor
Defsen(Xo, Lo) is pro-representable by a formally flat scheme of relative dimen-
sion 19 over W and the morphism (5) is a closed immersion, defined by a single
equation.

Proof. See [8, Prop. 1.5 and Thm. 1.6]. O
Deligne proves that if L£g is an ample line bundle over X then one can find

a discrete valuation ring R which is a finite W module and a lift (X — Spec(R), £)
of (Xo,Lp) over R. In general one needs ramified extensions of W in order to
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find a lift of (X, Lo). The next lemma shows that one can find a lift over W if
the self-intersection of Lg is prime to the characteristic of k. More precisely one
has:

Lemma 4.1.3. Let Ly be an ample line bundle over Xg. If the polarizati-
on degree (Lo, Lo)x, = 2d is prime to the characteristic of k, then Defgcn(Xo, Lo)
is formally smooth.

Proof. According to [24, §2, Prop. 2.2 ] (see also Lemma 2.2.6 in [7]) it is
enough to see that ¢1(Lo) & F2H% 5(Xo/k). Since we have that (¢1(Lo),c1(Lo)) =
2d # 0 in k it follows that ¢1(Lo) & F?H%(Xo/k). For the proof in the case k
has characteristic zero we refer to [27, §2, Thm. 1]. O

4.2. The Hilbert scheme. Recall that if X is a K3 surface over a field k
with an ample line bundle £, then the Hilbert polynomial of £ is hr(z) = da?+2,
where (£, L) = 2d.

We fix two natural numbers n and d assuming that n > 3. Let P, (x)
be the polynomial n2dz? + 2 and let N = P;,,(1) — 1. Denote by Hilbf,d’" the
Hilbert scheme over Z representing the subvarieties of PV with Hilbert polynomial

Py n(x). Let

7 Z — HilbL""

be the universal family over the Hilbert scheme. For any morphism of schemes
f: 85— Hilbﬁi’" we consider the following (Cartesian) diagram:

(6) A =5x (Fib ) z Z

’ ™

S ! Hilb "

Proposition 4.2.1. There is a unique subscheme Hg ,, of Hilbgd’n with
the property:
A morphism of schemes f: S — Hilbﬁi’" factors through Hg,, if and only if the
following conditions are satisfied.

(i) The pull-back X of the universal family over Hilbf,d’" is a K3 scheme over
S (see Diagram (6) above),

(1) the line bundle f"*Opn (1) is isomorphic to L™ @ 1" M for some ample line
bundle L on X and some line bundle M on S,
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(13i) for every geometric point 5: Spec(2) — S the natural homomorphism
HO(PY, 0pn (1)) @ Q — HO(X5, L2)
is an isomorphism.

There exists an open subscheme Hflwn of Hyp such that: A morphism of schemes

f:8— Hilbid’” factors through HY' if and only if conditions (i), (i) and (iii)
are satisfied and in addition for every geometric point § of S the line bundle L3
from (i) is primitive.

Proof. The proof of the proposition is standard and can be found in the
case of curves in Mumford’s book [21, Ch. 5, §2, Prop. 5.1]. We shall sketch only
the additional arguments needed in our situation.

There is a maximal open subscheme U; of Hilbf,d’" such that every fiber of
the pull-back &7 of the universal family Z over U is a non-singular variety. Let Us
be the open subscheme of Uy consisting of the points s for which H(Xy 5, Ox, ) =
0 (see [13, Ch. III, §12, Thm. 12.8]). Denote by X the pull-back of the universal
family over Us.

Let Picy, JUs be the relative Picard scheme of Xy over Us. The two line
bundles Q%(Q IUs and Oy, define two morphisms: w, A\: Uy — Picy,y,. Define Uz
to be the fiber product:

Us Us
l |
PiCXQ/UQ A PiC/'\gQ/U2 X Us PiCXz/Uz

where A is the diagonal morphism. Since Picy,y, is separated Us is a closed

subscheme of Us. The pull-back X3 — Ujs of the universal family over Hilbid’"
is a K3 scheme.

Let [n]: Picy, y, — Picy,,u, be the multiplication by-n-morphism. The
pull-back of Opn (1) over Us defines a morphism A: Uz — Picy, /i7,. Define Uy to
be the fiber product

Uy Us

| b

PiCXg/Ug L IDIC‘)(‘S/U3 .

By Lemma 3.1.6 the morphism [n] is a closed immersion hence Uy is a closed
subscheme of Us. Clearly, Uy is the subscheme of Hilbﬁi’" for which properties
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(i) and (ii) hold. One takes Hg, to be the (closed) subscheme of Us obtained
as in the end of the proof of Proposition 5.1 in [21, Ch. 5, §2] (where instead
of Q. Ju, one works with the pull-back L' of the bundle Opn (1)). It satisfies all
conditions of the proposition.

To show the existence of H-", one has to take the open subscheme U of
U, above corresponding to the poinfs in Uy over which the class of the pull-back
of Opn (1) in Picy,p, is only divisible by n. The existence of such a subscheme
can be seen, in a way similar to the proof of Lemma 3.1.6 (ii), using the fact that

the homomorphisms [n]: Picy, yu, — Plcy,u, are closed immersions. [

We will use the schemes Hg,, and ngn to construct moduli stacks of
polarized K3 surfaces over Z.

4.3. The moduli stack. One way to construct the coarse moduli space
of complex K3 surfaces with a primitive polarization of degree 2d is to use period
maps. This approach is taken up in [4, Exposé XIII, §3]. Here we will use rather
different techniques to deal with this problem in positive and more generally in
mixed characteristic.

Definition 4.3.1. Let d be a natural number. Consider the category Foq
defined in the following way:

Ob: The objects of Foq are pairs (m: X — S, \) consisting of a K3 space m: X —
S with a primitive polarization \ of degree 2d over S € Sch.

Mor: For two objects Xy = (m1: X1 — S1, A1) and Xy = (m2: Xo — Sa,A2) we
define the morphisms to be
Hom(Xy, Xp) = {pairs (fs, f) | fs: S1 — Sa is a morph. of
schemes and f: X1 — Xa xg, 54 St

is an isom. over S1 with f*\g = )\1}.

The functor pr,,: Fag — Sch sending a pair (7: X — S, ) to S makes
Foq into a category over Sch. We will denote by Foq g the full subcategory of Foq
consisting of the objects over S.

Definition 4.3.2. For a natural number d we define the category Moy of
K3 spaces with a polarization of degree 2d in the same way as in Definition 4.3.1
but taking as objects pairs of polarized K3 spaces (w: X — S, \) over a scheme S.

We have that Fyy is a full subcategory of My,. Those two categories are
the same if and only if d is square-free.



156 Jordan Rizov

Theorem 4.3.3. The categories Foq and Moy are separated Deligne-
Mumford stacks of finite type over Z. The inclusion Foq — Mag is an open
mmersion.

Definition 4.3.4. We will call F54 the moduli stack of primitively
polarized K3 surfaces of degree 2d and My, the moduli stack of polarized K3
surfaces of degree 2d.

Remark 4.3.5. Let us explain first why we want to consider moduli
of primitively polarized K3 surfaces. For various reasons we will have to work
with algebraic spaces rather than with algebraic stacks. Just like in the case of
abelian varieties one can introduce level structures on K3 surfaces and hope that
the corresponding moduli problems are representable by algebraic spaces. We
will define level structures on a polarized K3 surface (X, \) using its primitive
cohomology groups P2(Xp,Z(1)) for certain primes [ (see Section 5.1). To be
able to do that we will need that P2 (X}, Z;(1)) belongs to a single isometry class
of quadratic lattices, which is the case, if A is primitive.

We will prove the theorem in a sequence of steps.

Lemma 4.3.6. The categories Foq and Moy are groupoids.

Proof. We have to check two axioms. See for instance [16, Ch. 2, Def.
2.1] or p. 96 of [9]. One sees immediately that the usual notions of pull-backs
satisfy these two axioms. O

Lemma 4.3.7. The groupoids Foq and Moy are stacks for the étale
topology.

Proof. The proofs for My; and Fyy are exactly the same so we will
prove the lemma for Fo;. We have to check two properties. Namely, first we
will show that for any scheme S € Sch and any two objects X and ) over S the
functor

Isomg(X,)) : (Sch /S) — Sets

defined by
(r: 8" — S) — Hom(m*X, 7))

is a sheaf for the étale topology on S. Then we prove that descent data are
effective (cf. [16, Ch. 2, Def. 3.1] or Definition 4.1 in [9]).

The functor Isomg(X,)Y) is an étale sheaf: Take two objects X = (X —
S,Ax) and Y = (Y — S, A\y) over S. Let S’ be an S-scheme.
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Let {S]}icr be an étale covering of S" and f; € Isomg(X,Y)(S’) for
j = 1,2 are two elements such that fi|g = fo|g. Then clearly f1 = fo as
isomorphisms of the pair (Xs/, Vg). ' '

Let {S!}ier be an étale covering of S’. Suppose given elements f; €
Isomg(X,Y)(S)) such that fi’s;j = fj’s;j where Si; = S xg Sj. We have to
show that those come from a global “isomorphism”. Note that without loss of
generality we may assume that X; — S! are K3 schemes. Combining [15, Ch.
IT, Prop. 1.4] and effectiveness of descent for morphisms of schemes (see [5, Ch.
6, §1, Thm. 6(a)]) we conclude that f’ descends to a morphism f: Xg — Yg
such that fg; = fi. Since Picy,g and Picy/g are algebraic spaces (in particular
sheaves for the étale topology on S) and f*Ay,, |5é = Axg |5é we see that f*Ay,, =
Axg . Hence we have that f € Isomg(X,Y)(S’) and f|g; = f;. This shows that
Isomg(X,)) is an étale sheaf.

Effectiveness of descent: Suppose given an étale cover S’ of S and an
object X' = (7': X’ — S, )\) with descent datum over S. Without loss of
generality we may assume that the algebraic space X' is actually a scheme (by
refining the étale covering S’ if needed). We have to show that (7/: X' — S’/ \)
descends to a polarized K3 space (rm: X — S, \) over S.

Denote by S” the product S’ xg S’ and let pr; for i = 1,2 be the two
projection maps. The descent datum on X’ — S’ over S identifies the two
schemes pri X’ and prj X’. Denote this scheme by R. Then we have two étale
morphisms

R—=X'

which make R C X’ xg X’ into an étale equivalence relation. Following the
constructions of [15, Ch. I, §5, 5.4] we obtain an algebraic space X over S such
that X x g S’ is isomorphic to X’. Hence m: X — S is a K3 space.

Since Picx/g is an étale sheaf the local section A over S’ together with
descent datum over S give rise to a global section A € Picy,g(S) such that
Asr = X. Clearly, A is a polarization of X — S. O

Next we deal with the representability of the isomorphism functors of
polarized K3 surfaces. For two algebraic spaces X and Y over a base scheme S
define the contravariant isomorphism functor

Isomg(X,Y): (Sch /S) — Sets
by

Isomg(X,Y)(T) ={f: Xr — Yr | f is an isomorph. of alg. spaces over T'}
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for any S-scheme T'.

Lemma 4.3.8. For any S € Sch and two objects X and Y of Foq
(respectively Mag) over S, the functor Isomg(X,)) is representable by a separated
scheme which is unramified and of finite type over S.

Proof. Let X and Y be the objects (X — S, Ax) and (Y — S, \y)
respectively.

Step 1: We can find an étale cover S’ of S such that X' = X xg &’
and Y/ = Y xg S are projective K3 schemes over S’. Denote by S” the
product S’ xg S’. By [12, Exp. 221, §4.c|]) the functors Isomg/ (X', Y’) and
Isomgn (X' xx X', Y’ xy Y’) are representable by schemes U and V), locally of
finite type over S. By Proposition 1.4 in [15, Ch. II] one has an exact sequence
of sets

0 — Isomg(X,Y)(T) — Isomg/ (X', Y')(T)
— ISOIHS//(X/ X x X/,Y/ Xy Y/)(T).

Then we see that Isomg(X,Y) is representable by the scheme defined by the
following Cartesian diagram

Isomg(X,Y) V

| g
(pri.pry)

U———=V XgV

where A: YV — V xg V is the diagonal morphism.

Step 2: By Step 1 the functor Isomg(X,Y) is represented by a scheme
locally of finite type over S. Then the functor Isomg (X', ) is represented by the
scheme defined by the following Cartesian diagram:

Isomg(X,)) S

| |-
(id,Ay)

Isomg(X,Y) xg S Isomg(X,Y) x5 Picy)s — Picy/s

where the bottom-right arrow is just the pull back morphism.

Step 3: We are left to show that Isomg(X,)) is unramified over S. As
in the proof of Theorem 3.3.1 it is enough to check the properties of Isomg(X',))
when S is a spectrum of an algebraically closed field. In this case Isomg(X,)) is
either empty or it is isomorphic to Auty (X, \). As the latter is separated, reduced
and of finite type over k we conclude that the same holds for Isomg(X,)). O



Moduli stacks of polarized K3 surfaces in mixed characteristic 159

Proof of Theorem 4.3.3. We will give the proof for Fy; in several
steps. For the proof that Mo, is a Deligne-Mumford stack one should only replace
Hy'y by Hgg below.

Step 1: We saw in Proposition 4.2.1 that there exists a Hilbert scheme
H g:i, of finite type over Z, classifying K3 surfaces with a polarization of degree 2d
which are embedded in a projective space via the third power of the polarization.
One has then the universal family f: X — Hg:l and we know that Oxy(1) =
L3 ® f*M for some ample line bundle £ on X of degree 2d and an invertible
sheaf M on H g;l. Although the line bundle £ with this property is not unique,

its class Ay = cl(L) € Picy prr is uniquely determined as A3 = c(Ox(1)).
Define the morphism of stacks 7

. pr
THilb: Hy j — Fod-

sending H}', to the pair (f: X — HY',, A\x). By construction the self-intersection
index (Ax p, Axp) is 2d for any h € ngl and Ay is primitive so this morphism is
correctly defined.

Step 2: The morphism Ty @5 surjective. This follows form the definition
(cf. [16, Def. 3.6]) and Lemma 3.2.4. Indeed, for any (7: X — S,\) € Faq(S5)
one can find an étale cover S’ — S such that 7g/: Xg» — S’ is a K3 scheme and
Mg’ is equal to the class of a relatively ample line bundle £’ on Xg/. By Lemma
1.2.5 the line bundle £’® defines a closed immersion X g < P(rgr, L 3). Refining
S’ further if needed we may assume that P(rg/,L'%) is isomorphic with IP’%‘?H.
Then the inclusion Xg — P(rg, L’ 3) satisfies the conditions of Proposition 4.2.1
by construction. Hence it corresponds to a morphism fx: S’ — H. g;l and we have
that

i (fx: S — Hg:i) = (rg: Xgr — S, Agr).

Step 3: The morphism myi, s representable and smooth. Let S be a
scheme and suppose given a morphism S — Fyy corresponding to a primitively
polarized K3 space (m: X — S, \). We have to show that the product S x £,, Hg;
is representable by an algebraic space which is smooth over S (via pry). By the
surjectivity of iy, one can find an étale cover S’ of S and a projective embedding
Xgr — IP’%‘?H, defined by a very ample line bundle £3. It gives rise to a morphism
S'— H g:i with

b (S" — HE ) = (X5 — S, Asr) € Foa(S").
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We claim that the product S’ x z,, ng is representable by a scheme isomorphic
to PGL(9d + 2)g/. For any S’-scheme U we have that

S %y HE(D) :{ (U = §).(U — HI").g) |
g € Hom((Xy — U, A\v), main(U — HE')) in Foq }

where m (U — Hgg) = (Xy — U, Ax|y). Any such morphism g gives rise to an
isomorphism £3 = Ox, (1) ® f{;M for some invertible sheaf M on U and hence
an isomorphism

P(rp+L?) 2 P(fr.0x, (1) @ M).

But by condition (iii) of Proposition 4.2.1 we have an isomorphism

P(fuOuxy (1) ® M) = P(pru,Opgoari (1)) = Pyt

and hence we obtain an isomorphism P(ry.L3) = P%dﬂ. This correspondence
gives a bijection

S" X 5,y HY"(U) < { isomorphisms Py L3) = ]P’%d's'1 }

and the right hand set can be identified with PGL(9d+1)g/(U). For this we refer
to the arguments given on pp. 101-103 in [21]. Hence S’ x £, Hg:i is representable
by the scheme PGL(9d + 1)g which is smooth over S’

We will show next that S x£,, Hg;l is a smooth algebraic space over S.
We have a surjective map of étale sheaves

S X £y, Hg:i—> S X £y, ngd.
The product

R:= (S/ X Faa ng;l) % (SX}'deZI;T;i) (S/ X Fad H?I::i)

can be identified with the smooth S-scheme (S’ xg S’) xz,, HY',. The natural
morphism
R — (8" x g, HY") x (S x5, HY")

is quasi-compact and the two projection maps

pr
R—=5XFyy H3y
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are étale as they correspond to the two étale projection morphisms
S xgS'—=§ . Hence S xg£,, Hgﬁi is an algebraic space, which is moreover
smooth over S as it possesses a smooth atlas S" x z,, Hy", (over S).

Step 4: Using Remark 4.1.2 (i) in [16, Ch. 4] (or Prop. 4.4 in [9])
and Lemma 4.3.8 we see that the diagonal morphism A: Foy — Fog Xz Foq is
representable, separated and quasi-compact. Then we can apply Theorem 4.21
of [9] to the morphism 7y : ngd — Fq and conclude that Foq is a Deligne-
Mumford stack of finite type over Z.

Step 5: We will show that the algebraic stack Foq4 is separated. As Foq
is of finite type over Z one can use the valuative criterion for separateness from
[9, Thm. 4.18] (cf. [16, Prop. 7.8 and Thm. 7.10]). It reduces to showing that
if (m;: X; — S, \;), for i = 1,2, are two primitively polarized K3 spaces over the
spectrum S of a discrete valuation ring R with field of fractions K, then every
isomorphism f: (X1 @K, \1®K) — (Xo®@ K, A2 ® K) extends to a S-isomorphism
between (X7, A1) and (X2, A2). Note that after taking a finite étale covering of S
we may assume that:

(a) X; are schemes,

(b) A\; = ¢1(L;) for some ample line bundle £;,

(c) f gives an isomorphism of pairs f: (X1 @K, L1 @ K) — (Xo® K, L2, RK).
Then using [20, Thm. 2] (as a K3 surface is non-ruled) we see that f extends
uniquely to an isomorphism between (X1, £1) and (X2, L2).

Step 6: We are left to show that the natural inclusion Foy «— Moy is
an open immersion. Take a noetherian scheme S and suppose given a morphism
S — Mgy corresponding to a polarized K3 space (m: X — S, \). Let f: S’ — S
be an étale covering such that g : Xg — S’ is strongly projective (cf. Step 2 in
the proof of Theorem 4.3.3). According to Lemma 3.1.6 the set of points

S ={s € S’ | such that \g , is primitive}
is an open subscheme of S’. The morphism f is étale and hence f(S’°) C S is
also an open subscheme which represents S x a4, F2q4. O

Remark 4.3.9. Another possible proof of Theorem 4.3.3 is to use
Artin’s criterion ([16, Cor. 10.11]). This approach is taken up in [25, Thm. 6.2]
where M. Olsson constructs a compact stack of “polarized log K3 spaces” over Q.

An immediate consequence of Theorem 4.3.3 is the existence of a coarse
moduli space of polarized K3 surfaces. More precisely Corollary 1.3 in [14] says
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Corollary 4.3.10. The moduli stacks Faq and Mog have coarse moduli
spaces which are separated algebraic spaces.

Note that this argumet shows that Foy and Msyy are global quotient
stacks.

Before going on we will shortly outline how one can obtain stronger results
on coarse moduli schemes of polarized K3 surfaces in characteristic zero.

Approach via periods of K3 surfaces. As we mentioned in the
beginning of this section one can use analytic methods to construct a coarse
moduli scheme of primitively polarized K3 surfaces. Consider the complex space

OF = {w € P(Lag ® C)| ¢oq(w,w) = 0 and tq(w, @) > 0}
which consists of two connected components. It can be identified with the space
SO(2,19)(R)/(SO(2)(R) x SO(19)(R)).
Let Q% denote one of its connected components, say corresponding to
S0(2, 19)(R)*/(SO(2)(R) x SO(19)(R)),

where SO(2,19)(R)" is the connected component of SO(2,19)(R) containing the
identity. It is a bounded symmetric domain of type IV and of dimension 19. Let
T be the group {g € O(Vy)(Z) | g(ex — df1) = e1 — df1} and denote by I'" the
subgroup of I' of index 2 which consists of isometries preserving the connected
components of QF. Then I't acts on QF properly discontinuously and the space
QT /T is a coarse moduli scheme for primitively quasi-polarized complex K3
surfaces of degree 2d. There is an open part Q° of QF such that Q°/T't is a
coarse moduli scheme for primitively polarized complex K3 surfaces of degree 2d.
For details and proofs we refer to [4, Exp. XIII]. The existence of a coarse moduli
scheme is Proposition 8 in loc. cit.

Approach via geometric invariant theory. Let k be an algebraically
closed field of characteristic zero. Then using the techniques of [35, Ch. 8], and
more precisely §8.2 (see Theorem 8.23), one can prove that the moduli functor
Foq @ k (respectively Moy ® k) has a quasi-projective coarse moduli scheme over
k. Indeed, one has that Assumptions 8.22 in [35, §8.2] are satisfied:

(i) The functor is locally closed. This follows from the proof of Proposition
4.2.1.

(ii) The separateness property is shown in Step 2 of the proof of Theorem 4.3.3.
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(iii) The functor is bounded by Theorem 1.2.2. See also Remark 8.24 in loc. cit.
and note that the condition ‘w? is trivial’ is a locally closed condition.

One actually shows that the scheme in question is H g;l ® k/PGL(N)j (respecti-
vely Hs 4 ® k/PGL(N)j) for a suitable N € N.

Combining the approach to coarse moduli schemes via geometric invariant
theory and Corollary 4.3.10 we conclude that Fa;q (respectively Magq) has a
quasi-projective coarse moduli scheme.

Proposition 4.3.11 The moduli stacks Foq and Moy are smooth of
relative dimension 19 over Z[z).

Proof. According to [16, Prop. 4.15] we have to show that for any
strictly henselian local ring R and surjection Spec(R) — Spec(R’) defined by a
nilpotent sheaf of ideals one has that the natural map

Hom(Spec(R'), Faqzj1/24) — Hom(Spec(R), Fagz(1/24))

is surjective. Since R is strictly henselian every K3 space over Spec(R) is a K3
scheme and the same holds for spaces over Spec(R’) (see [11, EGA 1V, 18.1.2]).
Hence by Lemma 4.1.3 we conclude that Fyq (1 /24 i3 smooth over Z[1/2d].

The same argument applies also to the dimension claim. Since every K3
space over Spec(k[e]/€?) is a K3 scheme we conclude from Theorem 4.1.2 that the
dimension of Fyg 71 /24 at every point is 19.

This proof also shows that Mg is smooth of relative dimension 19. O

Remark 4.3.12. Since smoothness will be essential for all our further
considerations, unless explicitly stated, by Faq (respectively Myy) we will mean
the smooth stack Foq ®7z Z[55] (respectively Moy ®7 Z[5]) over Spec(Z[]).

We will end this section speculating about other possible moduli spaces
and functors of polarized K3 surfaces. Note first that one could have started with
a moduli functor F; of (primitively) polarized K3 schemes of degree 2d. The
problem we came up with restricting only to schemes was proving effectiveness
of descent for K3 schemes. For this reason one takes the “étale sheafification”
of F}, considering (primitively) polarized K3 spaces. This makes the descent
obstruction essentially trivial.

Next, one can consider deformations of polarized K3 surfaces as in Section
4.1 by algebraic spaces and not only schemes. For a polarized K3 surface (X, A)
over an algebraically closed field k define

DefAlgSp(XOa )\0)2 A — Sets
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to be the functor sending an object A of A to the isomorphism classes of triples
(X, \, ¢o) where (X — Spec(A), ) is a polarized K3 space and ¢ is an isomor-
phism ¢g: (X, L) @4k = (X0, Ly). Combining Theorem 4.3.3, Lemma 4.3.11 and
[16, Cor. 10.11] we conclude that Def 5155, is pro-representable, formally smooth
and of dimension 19.

5. Level structures of polarized K3 surfaces. Recall that for
an abelian scheme (A, \) over a base scheme S and a natural number n which is
invertible in S one defines a (Jacobi) level n-structure on A to be an isomorphism
0: Aln] — (Z/nZ)s of étale sheaves on S satisfying some further properties.
In other words, one uses the Tate module of an abelian variety in order to
define level structures. For a K3 surface X we will use the same idea applied
to HZ (X%, Zi(1)). More precisely, we will introduce the notion of level structures
on primitively polarized K3 surfaces of degree 2d corresponding to open compact
subgroups of SO(Vaq,124)(A ) (see below) and define moduli spaces of primitively
polarized K3 surfaces with level structures. We set up some notations first.

e All schemes in this section will be assumed to be locally noetherian.

e For a finite set of primes & = {p1,...,p.} we denote by Z4 the product
Hpe,%’ Z, and by Ng the product of the primes in %.

e We fix a natural number d. We shall use the notations Lgg % and Lg 4 for
the quadratic lattices Log ® Zg and Ly ® Zg (cf. Section 2.1).

e Let K C SO(Vaq)(Z) be a subgroup of finite index and let & = {p1,...,p,}
be the set of prime divisors of 2d and primes p for which K, # SO(Vaq)(Z,).

We denote by Kg the product [[ 4K,

5.1. Level structures. Let S be a connected scheme over Z| m p | and

suppose given a polarized K3 space (7: X — S, \) of degree 2d. Let P2m.Z4(1)
be the sheaf of primitive cohomology i.e., the orthogonal complement of ¢;()\) in
R%m.Z5(1). Take a geometric point b of S and let b: Spec(k(b)) — S be the
corresponding morphism of schemes. Consider the free Z z-module of rank 21

P%(b) == b*P2m,Z5(1),

i.e. the fiber of P2m,Z4(1) at b with its action of W?lg(S, b) and the bilinear form
Y Zgs-
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Suppose given an class oy in the set

_y7E(S D)
{K@\Isometry (Lgd,Z@ ,P? (b)) }

where K4 acts on Isometry (Lgdzgg,P2 (5)) on the right via its action on Lag 7,

and ﬂ'Tlg(S, b) acts on the left via its action on P?(b). Let &' be another geometric

point in S. The oj determines uniquely a class in

B W?lg(S,E')
{K@\Isometry (de,zgg ) PQ(b/)) }

in the following way: One can find an isomorphism
(7) Or: 7 E(S,b) = 7B (S, V)
and an isometry
Sot: Hy (X5, Zs (1)) — Hay(Xyy, Zs (1))

determined uniquely by dr, mapping c;(A;) to c1(Ay), such that det(y - z) =
6x(7) - det(x) for every x € HZ(Xp, Zz(1)) and v € Tr‘iﬂg(S, b). The isometry
Set defines an isometry between P2(b) and P?(b') which we will denote again by
det- Let & be a representative of the class aj. Then the class ag of det © & in
K% \Isometry (L2d7 2, P21/ )) is WTlg(S, b')-invariant. Any other representative é;
of aj differs by an element in Ky and hence gives rise to the same class aj in
K %\Isometry (Lgdw, p? (l_)’)) .

Any two isomorphisms (7) differ by an inner automorphism of ﬂ?lg(S, b)
and therefore we see that that class of de o & is independent of the choice of an
isomorphism (7).

This remark allows us to make the following definition.

Definition 5.1.1. A level K-structure on a primitively polarized K3
space (m: X — S,\) over a connected scheme S € (Sch /Z[1/py...p]) is an
element of the set

_yTE(SD)
{K%—»\Isometry(de,zg3 , P? (b)) }

The group Kg acts on Isometry(Lgd’Z@,PQ(i))) on the right via its action on
Loz, and ﬁflg(S, b) acts on the left via its action on P?(b). In general, a level
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K-structure on (m: X — S, \) is a level K-structure on each connected component
of S.

If a: Lag — P2(b) is a representative of the class «, then via the
isomorphism

01 O(Vad) (Zg) = O(P*(b))(Z)

the monodromy action
p: 7I8(S,B) — O(P2(8))(Z.5)

factorizes through a*d(Kz).

Remark 5.1.2. If all residue fields of the points in S in Definition 5.1.1
are of characteristic zero, then one can define a level K-structure to be an element
of set

'8 (S,b)
{K\Isometry (Lyy 5, P2(b)) }

where P2(b) := b* P2, Z(1).

We will consider two important examples of level structures on primitively
polarized K3 spaces.

Example 5.1.3. Fix a natural number n and consider the group
K, = {7 € SO(Vag)(Z)| y =1 (mod n)}.

Then the set A consists of the prime divisors of 2dn. We will give a direct
interpretation of level K,-structures.

Let S be a scheme over Z[1/2dn] and consider a primitively polarized K3
space (m: X — S, ) of degree 2d. As usual we denote by P27, (Z/nZ)(1) the
orthogonal complement of ¢;()\) in R27,(Z/nZ)(1) with respect to the bilinear
form 1, = 1 ®z Z/nZ. Then a level K,-structure amounts to giving an isomor-
phism

N (PAm(Z/nZ) (1), ¥em) = (Lagzmz: Yoaz/mz)s

of étale sheaves on S, where (Logz/nz,V24,2/nz)s is the constant polarized étale
sheaf over S with fibers (Log, t2q) ® Z/nZ.
We will call level a K,,-structure on X simply a level n-structure.

Example 5.1.4. Let G be the algebraic group SO(V54) over Q. Consider

the even Clifford algebra Ct(Vag,1)9q) over Q and let Gy be the even Clifford
group over Q. In other words we set

G1 = CSpin(Vaq) = {9 € CT(Vaa)* | gVoag™" = Voa}.
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The natural homomorphism of linear algebraic groups G; — G given by g +—
(v — gvg™!) fits into an exact sequence (see [6, §3.2])

0— Gy — G — G—0.
Set G1(Z) to be G1(Q) N C*(Lag)*. We have an exact sequence (see [2, §4.4])
8) 0 — Z/2Z — G1(Z) — G(Z).
For a natural number n denote
Iy={v€GZ)|y=1 (modn)}

and
ISP = {fy €G1(Z)|y=1 (mod n)in C+(L2d)}.

If n > 2, then T',, and I';Y are torsion free. Hence one sees from the exact sequence
(8) that T is isomorphic with its image I'? in G(Q).
Consider the group

KP={y€Ci(Z) y=1 (modn)inC¥(Ly3)}.

We have that K’ N G1(Q) = I';’. Moreover the image K% of K;¥ in G(Z) is of
finite index. Indeed, for every [ not dividing 2nd, the l[-component of K2 is G(Z;)
as shown in [2, §4.4]. Hence the set & for K2 is the set of prime divisors of 2dn.

We consider polarized K3 surfaces with level K%-structure. Note that
this level structure is in general finer than level K,-structure as K% C K,, is of
finite index. We will call it spin level n-structure.

5.2. Motivation. We will pause here and give a motivation for the
rest of the definitions we make in this section. So far we have defined level
K-structures using the primitive second étale cohomology group of a polarized
K3 surface. Using these level structures one can define moduli stacks Faqx of
primitively polarized K3 surfaces of degree 2d with a level K-structure and show
that they are algebraic spaces (cf. Theorem 6.1.2 below). Over C, we can relate
these spaces to the orthogonal Shimura variety associated to the group SO(2,19).
More precisely in Chapter 3, Section 3.4.2 of [28] we define a period morphism

jax.c: Faax.c — Shr(SO(2,19), 0F)c

which is étale. This is similar to the case of moduli of abelian varieties where one
can identify A, 1, ® C with ShAn(Cszg,fJ;t)C. In general, due to the fact that
the injective homomorphism (2)

i*': {g € SO(Vo)(Z) | gler — dfr) = e1 — dfi} — SO(Vaa)(Z)
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defined in Section 2.1 is not surjective, the period map jq k c need not be injective.
In order to construct an injective period morphism we will define level structures
using the “full” second étale cohomology group of a K3 surface. We use these
full level structures in [28, Ch. 3] to show that every complex K3 surface with
complex multiplication by a CM-field F is defined over an abelian extension of F.

5.3. Full level structures. The inclusion of lattices i: Log < Lo (see
Section 2.1) defines injective homomorphisms of groups

0 {g € O(Vo)(Z) | gler — dfy) = e1 — dfr} — O(Vaa)(Z)

and
i*: {g € SOVO)(Z) | g(er — dfr) = e1 — df1} — SO(Vaq)(Z).

Definition 5.3.1. A subgroup K C SO(Vag)(Z) of finite index is called
admissible if it is contained in the image

*({g € SO(Vo)(Z) | gler — df1) = er — df1}) € SO(Vaa)(Z).

A~

If K is an admissible subgroup of SO(V24)(Z) then all its subgroups of
finite index K’ C K are also admissible.

Example 5.3.2. The group Kyy is admissible. Hence all its subgroups
of finite index are admissible, as well.

Example 5.3.3. If d = 1 then K,, is admissible for any n > 2.

Let K be an admissible subgroup of SO(Vaq)(Z) and let # be the set,
consisting of all prime divisors of 2d and, of the primes p for which K, #
SO(Vaq)(Zy). Using the notations introduced before Definition 5.1.1 we set

H%(b) := b* R% 1, Z5(1).

In order to simplify the notations we will identify a subgroup of {g € SO(Vo)(Z) |
g(er — df1) = eq — df1} with its image in SO(Vaq)(Z) under the injective homo-
morphism 724,

Definition 5.3.4. A full level K-structure on a primitively polarized K3
space (m: X — S,\) over a connected scheme S € (Sch/Z[1/py...py]) is an
element of the set

7218(S.b)
{K%\{Q € Isometry(Lo gz, H*(b)) | g(er — dfr) = 01(/\13)}} .
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The group Kg acts on {g € Isometry(Loz,, H*(b)) | glex — dfi) = c1(X;)} on
the right via its action on Loz, and ﬂ'Tlg(S, b) acts on the left via its action on
H?(b). A full level K-structure on (7: X — S, \) over a general base S is a full
level K-structure on each connected component of S.

Again, a class «aj for a geometric point b as above determines uniquely a
class ag for any other geometric point ¢'. If &: Lo 4 — H 2(b) is a representative
of the class «, then via the isomorphism

&: O(V)(Zas) = O(H2(5))(Zs)

the monodromy action p: Tri‘lg(S, b) — O(H?%(b))(Zy) factorizes through
a4 (K ).

Example 5.3.5. Let n > 3 be an integer. Define the group

KM = {9 € SO(Vo)(Z)| gler — df1) =e1 —dfi and g =1 (mod n)}.
By definition it is an admissible subgroup of SO(Vaq)(Z). Let S be a scheme over
Z[1/2dn] and consider a K3 space (m: X — S, ) with a primitive polarization
of degree 2d. Then a full level KM structure amounts to giving an isomorphism

an: (REm(Z/nZ)(1),%) — (Loz/nz: Yo,2/mz)s

of étale sheaves on S, where (Lo 7/nz,%07/nz)s is the constant polarized étale
sheaf over S with fibers (Lg, o) ® Z/nZ.
We will call a full level KI"-structure on X simply a full level n-structure.

6. Moduli spaces of polarized K3 surfaces with a level struc-
ture. In this section we will use the notion of a (full) level structure level
structure to define moduli functors of primitively polarized K3 spaces with a (full)
level structure. Using Artin’s criterion and Proposition 3.4.2 we will show that
these functors are representable by algebraic spaces over open parts of Spec(Z).

We shall be using the notations established in the beginning of Section
5.1. In particular we fix a natural number d. To a subgroup K of SO(Vaq)(Z)
we associated a finite set of primes # and Ny will denote the product of these

primes.

6.1. Moduli of K3 surfaces with level structure. Let K be a
subgroup of SO(Z) of finite index. We will assume further that it is contained
in K, for some n > 3. Let X1 = (m: X1 — Si,A1) and Ay = (mg: Xy —
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S3) be two objects of Fay. Suppose that S; and Sy are connected and let
(f, fs) € Hom(X, Xs) (in Fog). Let by and by be two geometric points of Sy
and Sy such that fg(b1) = by. Then the morphism f defines a homomorphism
* o P%(by) — P2(by). Hence we obtain a map

V. K@\Isometry(Lgd’Zoﬂ,Pz(l;z)) — KE@\Isometry(Lgd’Z@, Pz(l;l))

given by a — f; o and commuting with the monodromy actions on both sides.

Definition 6.1.1. For d and K as above consider the category Foqx
defined in the following way:

Ob: Triples (m: X — S, \,«) of a K3 space w: X — S with a primitive polari-
zation \ of degree 2d and with a level K-structure o on (w: X — S, A).

Mor: Suppose given two triples X1 = (m1: X1 — S1,A1,01) and Xy = (mg: Xo —
Sa, Ag,a0).  Let ,}fsi S - Sy be a morphism of schemes. Choose base
geometric points b} and by on any two connected components S| and Sy
of S1 and Sy for which f: S — S5 such that fg(b)) = b,. Define the
morphisms between X1 and Xo in the following way

Hom(Xy, X3) = {pairs (fs, f) |fs: S1 — Sz is a morph. of spaces,
f: X1 — X3 Xg, 15 S1 15 an isom. of
Sy — spaces with f*Ao = A\ and

fY(a1) = ag on any conn. cmpt. of Sl}

Next we define three projection functors.

1. Consider the following forgetful functor
Prrygx - Foax — (Sch /Z[1/N 4))

sending a triple (m: X — S, A\, a) to S. It makes Faqk into a category over
(Sch /Z[1/Nz]).

2. For any K, satisfying the assumptions of the beginning of the section, one
has a projection functor

(9) prr: Foax — Fod,z]1/Ny)

sending a triple (7: X — S, \,a) to (7: X — S, ) and an element (f, fg) €
Hom(X,)) of Fagx to (f, fs).
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~

3. For any two subgroups K; C Kj of finite index in SO(Va4)(Z) (contained in
some K,, for n > 3) one has a projection functor

(10) PT(K, Ka)* F2d K1 2[1/Ngs, 08,] — F2dKo,Z[1/Neg, s

It sends an object (X — 5, \, ak, ) to (X — S, A, ak,) where ak, is the class
of ag, in KQVO/{}\ISOIDGJDI'Y(LQCLZ@,PQ(b)). Morphism of ‘7:2d,K1,Z[1/N931Ug32]
are mapped to morphism of f2d7K27Z[1/N@1U@2] in the obvious way.

From the definitions of the functors we see that prx, = pr, k,) © prk, over
Z[l/NO/ﬁU‘@z]‘

Theorem 6.1.2. The category Faqx 15 a separated algebraic space over
Z[1/Ng|. It is smooth of relative dimension 19 and the forgetful morphism (9)

pri: Faaxk — Fodz[1/Ny)

is finite and étale.

Proof. We divide the proof into several steps.

Step 1: The category Faqk is a stack. The proof goes exactly in the
same lines as the one of Lemma 4.3.7. We will use Artin’s criterion (cf. [16, Cor.
10.11]) to show that Faq is an algebraic space.

We claim that the diagonal morphism A: Fogx — Fagk Xz[1/N 4] FodK
is representable, separated and of finite type. By Remark 4.1.2 in [16] it is
equivalent to showing that for any two objects X = (X — S, Ax,ax) and Y =
(Y — S, \y,ay) the functor Isomg(X,)) has these properties. We will prove
first the following result.

Lemma 6.1.3. For any object X of Faoqx we have that Autg(X) =
{idx}.

Proof. By assumption the group K is contained in K,, for some n > 3.
Hence a level K-structure on a primitively polarized K3 space (X — S, \) defines
in a natural way (using the functor prkk,)) a level n-structure o, on X. We
have that

Autg (X — S, X, @) (U) C Autg((X — S, X, o)) (U)

for an S-scheme U hence it is enough to prove the lemma assuming that K = K,,.
Let X = (X — S,\, ) be an object in Foyk, let f € Autg(X)(U) and
assume that U is connected. Take a geometric point b: Spec(2) — U. Then
for the finite set &8 = {the prime divisors of n} the morphism f induces an
automorphism
fi: Ha( X5, 2z (1)) — HE (X5, Zp(1))
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fixing ¢1(A\;) and such that
fé: Pa(Xp, Z/nZ(1)) — P& (X, Z/nZ(1))

is the identity (cf. Example 5.1.3). As the automorphism f is of finite order
we have that f% € O(PA(Xj;,Z%(1))) is semi-simple and its eigenvalues are
roots of unity. We have further that f% = 1 (mod n) so we conclude by [22,
Ch. 1V, Application II, p. 207, Lemma] that fZ is the identity automorphism
of P%(X3,Z5(1)). As it fixes c1()\;) we see that it acts as the identity on
HZ (X3, Z4(1)). Therefore by Proposition 3.4.2 we that f = idx,. As the

geometric point b can be chosen arbitrary we have that f = id xp- O

We see from the lemma that for a S-scheme U the set Isomg(X,Y)(U)
is either empty or it consists of one element. Indeed, suppose that
fi € Isomg(X,Y)(U) for i = 1,2. Then the composition f; ' o f; belongs
to Autg(X)(U) and hence it is the identity. This shows that Isomg(X,)) is
representable and of finite type. The fact that it is unramified and separated
over S follows from Lemma 4.3.8 as one has that

Isomg (X, Y)(U) C Isomg ((X — S, Ax), (Y — S,Ay))(U).

Next we claim that the stack F4x is locally of finite presentation. This follows
from [1, Exposé IX, 2.7.4] and the fact that Fyq is locally of finite presentation.
Conditions (777) and (iv) of [16, Cor. 10.11] follow from the corresponding
properties of Foy and the fact that for any small surjection of rings R — R’ the
category of étale schemes over R is equivalent to the category of étale schemes
over R’ ([11, EGA 1V, 18.1.2)).

Thus Faqk is an algebraic stack. As Autg(X') = {idx} for any object we
have that Fy4k is an algebraic space ([16, Cor. 8.1.1]).

Step 2: We will show that the morphism of algebraic stacks pri : Fogx —
F2d,7(1/N ) 1 representable and étale. Indeed, let S be a connected scheme and
suppose given a morphism S — Fyy i.e., a polarized K3 space (7m: X — S, \) over
S. Let b: Spec(2) — S be a geometric point of S. Let p: 7218(S,b) — O(P?(b))
be the monodromy representation and let a: Log s — PQ(B) be an isometry.
Then the preimage p~' o a®¥(Kyz) is an open subgroup of WTlg(S’, b) (of finite
index) and hence it defines an étale cover Ss of S. One has that the class a of
& in Kg\Isometry (Lagz,,, P%(b)) is W?lg(S&,B)—invariant by construction (for a
fixed geometric point b € Ss over b). Therefore we obtain a primitively polarized
K3 space (Xg, — Sa,As,, ) with a level K-structure a. For two markings &,
and Gy we have that 434(Ky) = a3%(K z) if and only if ;' o @ is an element of
the normalizer Nov,,,)(z,)(K#) of Kg in O(Vaq)(Zz).
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Denote by S’ the disjoint union of S5 where & runs over all (finitely many)
classes in O(Vaa)(Z2)/Noy,)(2,)Kz). Let (X' — 5, Agr, a) be the primitively
polarized K3 space with a level K-structure given by the triple (X g, — Sa, As;, @)
on the a-th connected component S of S’. Then by construction we have a
morphism of algebraic spaces

Lo
S =8 szdzu/zv%] }_Qd,]K

over S. This morphism is surjective. Indeed, by [16, Prop. 5.4] this condition can
be checked on points, in which case it is obvious by construction. The morphism
S’ — S is étale and therefore we conclude that prg g: S X Foaz Foaxk — S

S 1/Ngl
and 7 are also étale. Hence pri is étale.

Step 3: By Step 2 and Theorem 4.3.3 the algebraic space a4k is smooth
and of relative dimension 19 over Z[1/Ng]. O

Remark 6.1.4. Let K; C Ky C K,, be subgroups of finite index in

SO(V54)(Z) and suppose that n > 3. Then the morphism (10) of algebraic spaces

DT K2)* F2dK1 21 /Nos, smy) = F2d,K2, 201 /Nog, s,

is finite and étale. This follows from the theorem above and the relation pri, =
pTKQ © pr(Kl,Kz)‘

Example 6.1.5. Let n > 3 be a natural number. Consider the group
K,, defined in Example 5.1.3. We define Foq, = Foqk, to be the moduli space of
primitively polarized K3 surfaces with level n-structure over Z[1/2dn].

Example 6.1.6. Fix a natural number n > 3 and consider the group K2
defined in Example5.1.4. We define Faqns» = Faqxa to be the moduli space of
polarized K3 surfaces with spin level n-structure over Z[1/2dn].

6.2. Moduli K3 spaces with full level structures. Suppose that
K C K, for some n > 3 is an admissible subgroup of SO(Vaq)(Z). Let X =
(m: X1 — S1,\1) and Xy = (me: X9 — S9) be two objects of Fay. Suppose that
S and So are connected and let (f, fg) € Hom(Xy, Xs) (in Faq). Let by and by
be two geometric points of S; and Sy such that fg(by) = b. Then the morphism
f defines a homomorphism [ : H?(by) — H?(b;) sending the class of Aj, to the
class of A; . Hence we obtain a map

£ Kp\{ g € Isometry (Lo z,, H*(b2)) | g(er — dft) = c1(Ag3,) | —
— Ky\{ g € Isometry(Loz,, P*(b1)) | gler — dfr) = c1(Mg,) }
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given by a — fJ o a and commuting with the monodromy actions on both sides.

Definition 6.2.1. For a natural number d and an admissible subgroup K
of SO(Vag)(Z) as above consider the category f;;‘l}]lK defined in the following way:

Ob: Triples (m: X — S, \,a) of a K3 space m: X — S over S with a primitive
polarization X\ of degree 2d and with a full level K-structure o on (m: X —

S, \).

Mor: Suppose given two triples X1 = (m1: X1 — S1,A1,01) and Xy = (mg: Xo —
Sa, Ao, 0).  Let fs: 81 — Sz be a morphism of schemes. Choose base
geometric points b} and by on any two connected components S| and Sy
of S1 and Sy for which f: S — S5 such that fg(by) = by. Define the
morphisms between X1 and Xo in the following way

Hom(Xy, Xs) = {pairs (fs, f) |fs: S1 — Sz is a morph. of spaces,
f: X1 — X Xg, 15 S1 15 an isom. of
S1 — spaces with f*Xo = A1 and

fY(a1) = ag on any conn. cmpt. of Sl}

A full level K-structure o on a primitively polarized K3 space (X — S, \) defines
in a natural way a level K-structure via the injective morphism

iy, Ka\{ g€ Isometry(L(),Z@,HQ(l_))) | gler —df1) =1 (Ng) } —
— Kg\Isometry (Lgdzga , P2 (l_)))

commuting with the monodromy action. This morphism is defined by the embed-
ding of lattices i: Lag — Lg (see (1) in Section 2.1). Using this, just like in the
case of moduli of primitively polarized K3 surfaces with a level structure, we
define natural functors.

4. Define a functor
. full
ik: Foax — Fedx

sending (X — S, \,a) to (X,— S,\,i(a)) which makes f;g}lK into a full
subcategory of Foqx over (Sch /Z[1/Ng]).

5. One has the forgetful functor
(11) Pric: Fodik — Fodz[1/Ne]

sending a triple (7: X — S, \,a) to (m: X — S, \) and an element (f, fg) €
Hom(X,Y) of Fiilk to (f, fs).
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6. For any two admissible subgroups K; C Ky of SO(Vaq)(Z), contained in
some K,, for n > 3, one has a projection functor

. rfull full
(12) Pr(K, Ko) - fQ‘é,Kl,Z[l/N@IU@Q] - fQI(iKQ,Z[l/Nggluggz]
defined in a similar way as the corresponding morphism (10) in 3.

The functors prx and pr, x,) defined above are the restrictions of the corres-
ponding functors (9) and (10) to the category of primitively polarized K3 surfaces
with full level K;-structures via ik, for j = 1,2.

Theorem 6.2.2. Let K be an admissible subgroup of SO(Vaq)(Z) con-

tained in K,, for somen > 3. The category Fyy f“” s a separated, smooth algebraic

space of relative dimension 19 over Z[l/Nj]. The morphism paqK : f;guK

F. is étale and the morphism ix: Fll, < Foux is an open immersion.
2d,Z[1/N ) 14 2d,K ; P

Proof. To prove that .7-"5‘[}1 is representable by an algebraic space of
finite type over Z[1/N 4| one follows the steps of the proof of Theorem 6.1.2. In
this way we also see that the projection morphism pogx : '7:2d,]K — Fodz]1/Ny) 1
finite and étale. Therefore we have a commutative diagram

full K
F 2311( F: 2d,K
P2d,K
P2d,K
F2d,2[1/Ng)

where the two morphisms pogx are étale and surjective. Hence ik is also étale
and therefore it is open. O

Remark 6.2.3. Let K; C Ky be two admissible subgroups of SO(Vag)(Z).
Then the morphism of algebraic spaces
. rfull full
Pr(K;,Ka)* f2lc},K1,Z[1/Ngg1U@2] - fQ‘é,KQ,Z[l/Ngglu@Q]
is finite and étale. This follows from the theorem above and the relation pri, =

PTK, © pr(Kl Ka)-

Example 6.2.4. Let n > 3 be a natural number. Consider the group
KU defined in Example 5.3.5. We define .7-"531}1 F. fuleuH to be the moduli space

of primitively polarized K3 surfaces with full level n-structure over Z[1/2dn].
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