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ABSTRACT. An existence theorem is proved for a class of quasi-linear
singular integro-differential equations with Cauchy kernel.

1. Introduction. Many classes of singular integral and integro-differen-
tial equations are currently used in several fields of applied engineering mechanics
like elasticity, plasticity, viscoelasticity and fracture mechanics. Non-linear singu-
lar integro-differential equations are further applied in other fields of engineering
mechanics like structural analysis. Such structural analysis problems are reduced
to the solution of a non-linear singular integro-differential equations connected
with the behavior of the stress fields. These types of singular integral equations
and singular integro-differential equations form the latest high technology on the
solution of very important problems of solid and fluid mechanics and therefore
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in recent years special attention is given to them [1]-[3], [10, 11, 15]. We refer
to Ladopoulos E. G. [8] for many applications of singular integral equations and
singular integro-differential equations in Engineering and Science. Also, we refer
to [4, 5, 12], [15]-[18] for the methods of solution and many other applications.

The aim of this paper is to investigate the existence of solution of a class
of quasi-linear singular integro-differential equation with Cauchy kernel in the
form:

(1.1) A(s,u(s))u'(s) — B(s,u(s))i, / MalT = g(s,u(s)),

™ T—S
r

under the initial condition
(1.2) u(r) =0,

where I' is a closed smooth contour and r is a fixed point on I

Our discussion is based on the applicability of Schauder’s fixed point
theorem [6, 7, 14, 15, 18] to our problem.

Throughout the paper L,(I'), (1 < p < 00), means the Banach space of
all measurable functions f on I', with the norm:

-1

191, = ( [1rwra)”

and WI} (I'), (1 < p < 00), means the Sobolev space of all functions u € Ly(T")
which possess v’ € L,(I") [9].

We shall seek the solution u(s) of equation (1.1) in the Sobolev space WI},
under the following conditions:

(I) The functions A(s,u(s)), B(s,u(s)) and g(s,u(s)) are continuous and
positive on the region:

D ={(s,u):s €T, |ul <oo}. We assume:

(1.3) A?%(s,u) — B*(s,u) > 1,

for each (s,u) belongs to D.
(IT) The functions A(s,u(s)) , B(s,u(s)) and g(s, u(s)) satisfy the following
Holder-Lipschtiz conditions:

(1.4) | As2,u2) — A(s1,u1)| < ya(ls1 — s2l” + |ur — ual),
(1.5) |B(s2,u2) — B(s1,u1)| < y2(]s2 — s1]° + [uz — 1)
and

(1.6) lg(s2,u2) — g(s1,u1)| < 3|2 — s11° + |uz — wil).
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where v;, (i = 1,2,3) are positive constants and 0 < 6 < 1.

Theorem 1.1. Assume that A(s,u(s)), B(s,u(s)) and g(s,u(s)) satisfy
conditions (1.3)—(1.6). Then equation (1.1) under the initial condition (1.2), has
at least one solution u in the space W;.

It is worthwhile to notice that our problem (1.1) and (1.2) is a generalization
of the problem discussed by Wolfersdorf L. V. in [18].

We shall solve our problem through two steps. The first step, in Section
2, we write the function u/(s) in the form of an integral equation in the unknown
function wu(s), and we discuss some properties of the kernel of a fixed point
equation in u(s). The second step, in Section 3, is to prove the existence theorem
for our problem (1.1), (1.2).

2. Reduction to fixed point equation. In this section we obtain
some results which give us the possibility to handle the fixed point equation with
the help of Schauder’s fixed point theorem.

Theorem 2.1. If condition (I) is satisfied, then the quasi-linear singular
integro-differential equation (1.1) reduces to a fized point equation under the initial
condition (1.2).

Proof. Let us consider the analytic function

1 u' (o)

2.1 3(2)= — [ L% 05, & (c0) =
(2.) @) =55 [ H %0, o7 (0) =0
which for the following Sokhotski formulae [5] hold:

1 1 u't(7)
4 _ )
(2.2) O+ (s) = :|:2u (s) + 9 /F p— dar.
Therefore

BF(s) + B (s) = %/F%df
(2.3) and
Dt (s) — D (s) = u/(s).

Substituting the expressions from equations (2.3) into (1.1), we get the
following boundary value problem (B.V.P.):

g — A(s,u(s)) + B(s,u(s))\ . _ . g(s,u(s))
24 27() <Mamw—BwMQQ@<)+A@mm—3ww@y
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From the theory of linear singular integral equations [5], the index

x of equation (1.1) is the index of the problem (2.4) and it is given by
= [ Als:u9) *+ Bls,u(s)
A(S,U(S)) - B(S,U(S))

>. Assuming that y = 0, hence we can put:

(2.5) C(s) = =2 O f(‘”

A(s,u(s)) — B(s,u(s)) X~ (s)
Therefore,
(2.6) X(z) =exp(M(z)) with M(z) = QLm /F %dﬂ
where
(2.7) XT(s) = /C(s)exp(M(s)) and X (s)= Cl’(s) exp(M(s)).

Substituting (2.5) into (2.4), we get:

Pr(s)\ _ (2 (s) g(s,u(s))
e () = (7)) * Gow R ew
From [5], the B.V.P. (2.8) has the following solution:

Hence,
) = g(s,u(s))
¥ = A uls) - B a))
X*t(s) g(v,u(v)) v
(2.9) 2mi Jr Xt (0)(A(v,u(v)) — B(v,u(v)))(v — s)d
and
o —X"(s)g(s,u(s)
P ) = X AG, u(s) - Bl ul)
(2.10) LX) 9(v, u(v)) dv.
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Then,
e als.u(s) X~ ()
) =) = 50 () — B, u(s) (1 ¥ X+<s>) ¥
- s)) g(v,u(v))
(211) 4 o /F XA, w(v)) = Blo,u@))(o =)
From (2.5) and (2.7), we have:
(212)  X'(s)- X (s)= ( N e u<5)>) exp(M(s)).
From (2.3), (2.5), (2.11) and (2.12), we obtain:
e = Assugts, u(s)
f2(s,u(s))
B(s,u(s)) exp(M(s)) g(v,u(v)) 1
(2.13) I ERT R (mv,u(v))) ( = ) v
where:
{ p(v,u(v)) = X+ () (A(v, u(v)) — B(v,u(v)))
(2.14)
f(s,u(s)) = /A%(s,u(s)) — B2(s,u(s)).

Integrating the expression (2.13), and applying the initial condition (1.2),
we can see that our original problem turns to a fixed point equation for u(s) as
follows:

= [ {A(muw))g(a,u(a)) )

f*(o,u(0))
e Gin) (7)o

The above integral equation can be written as the following fixed point
equation:

(2.15) Su = u,

where S is the operator defined as follows:

(2.16) (Su)(s) = /8 T(o,u(o))do,
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with the kernel function:
A(s, u(s))g(s,u(s))

T(s,u(s)) = f2(s,u(s)) +
B(s,u(s))exp(M(s)) g9(v,u(v)) 1
(2.17) T i (s u(s) /p <M(Uau(v))> <U - S> "

where s € I'. Hence the theorem is verified. 0O

Lemma 2.1. The kernel function T(s,u(s)) given by (2.17) is bounded
in the space L,, p > 1.

Proof. We shall estimate the kernel T'(s,u(s)) for p > 1 as follows:

(2.18) 1T (s, u(s)llp < [[N1(s)[lp + [[N2(5)]]p
where

_ A(s,u(s))g(s, u(s))
(2.19) Ni(s) = 7205, u(3)
and

- D) | (s ()

By using condition (I) and from [7, 13], we have:

(2.21) IN1(s)llp < [ A(s, u(8)) [lpr [19(5,1(8)) | pa s
where

pitHpyt=p7l
(2.22) 1A(s, u(s)) |, = (/ A(s, u(s \mds)
and

(2.23) lo(s, ) s = ( [ lots.uts) \mds)

By using the conditions (1.4)-(1.6), we obtain:

(2.24) |A(s,u(s))] <m  with m =mR+ o1, o1 = maX\A(s 0)].
sel’

Therefore, from (2.22) and (2.24), we have:
-1
(2.25) [A(s, u(s))llp, < mLP
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where

L=|I= /Fds is the length of T
Similarly,
(2.26) l9(s;u(s) <z with 1 = 3R + 03,02 = max g(s, 0)]
Therefore, from (2.23) and (2.26), we have:
(2:27) lg(s. w()lp < n2LP.
Substituting from (2.25) and (2.26) into (2.21), we have:
(2.28) |IN1(s)|[p < Q1 = const,
where

Q1 =mmL? .

Also, by using condition (I) and [13], we obtain:

sesoromn (3| (85 (1))

1 [ (9w uw) :9 .
where, g7 + g5t + g3t = pL. T /F (M(v,u(v))> (v >

To obtain a bound for the norm given in (2.29), we carry out the calculation
in three steps:

[N2(s)lp < <

p

(2.29) < |B(s,u(s))llg | exp(M(s))llg,

)
g3

(a) Estimation of ||B(s,u(s))||q,- As in (2.24) it is easy to see that:

(2.30) |B(s,u(s))| <ms with n3="R+o03 o03= max |B(s,0)].
S
Therefore,
—1
(2.31) 1B(s,u(s))llg < msLh .

(b) Estimation of || exp(M(s))| q.- Since by [4],
lexp(M(s))llg < (1 + [[M(5)llg) exp([|M (s)llg,),

where, from (2.6) and [5],

1 InC(7) 9 =1
— [ ——=d < C < L%
sz [ D] < OOl < prlm -+ mLE

q2

(2.32)  [[M(s)llqo =
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one obtain

-1 -1
(2.33) [ exp(M(s))llg, < (14 p1AL® ) exp(p1AL® ),

where

A=(m+ 7]3)2-

i e o) (52 ) 2

equations (2.7), (2.14) and condltlon (I), we get:
L) ()

(2.34) < pamp L% (W

From (2.31), (2.33) and (2.34) into (2.29), we obtain:
(2.35) IN2(s)]lp < QLY = Qo

. By using
a3

(c) Estimation of

lgs, u()llg
S P exp (M (5) gy —

> < P2772Lqi‘"_1

where
Q= [pamenz(L™%2 4 pyA)exp(ptAL% )| .
Finally, substituting from (2.28) and (2.35) into (2.18), we have:

(2.36) 1T(s,u(s)llp < Q,
where Q = Q1 + Q2 = const. Lemma 2.1. is proved. O

3. Existence theorem. For non-negative constants R and «, let us
define the following compact set:

(3.1) Kzoz’i = {U € Co(), ul < R, |u(s2) —u(s1)] < afsz — 31\5, 81,82 € F} 5

where Cy(T") is the space of all continuous functions u(s) that defined on I" such
that u(r) = 0. We are going to prove some assertions about the set K 10%(;, its
image under the operator S, i.e. S(Kp 0.0 ,,) and the continuity of the operator S
defined in (2.23). It is easy to see that the set K O‘; is a convex set.

In fact, we shall show that the operator S defined by (2.26) transforms
the function u into a function which belongs to the class K 10%2.
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Therefore, for each u € K 10%’(;, let us have:
(3.2) (Su)(s) =v(s), v(s) € Co(I),

where

(Su)(s) = / T(o,u(o))do.
Then, for any s € I', we have from (2.26) and (2.43) that:
(33) o) < [ 1Tw)ldo < |T(su) |, < R
r

where R = QL% and p~1 +x~ 1 = 1.
Now, we evaluate |v(s2) — v(s1)| for p > 1, p7 4+ k1 =1, K < 571,

s1,89 € I'. We have:
S1 52
/ T(o,u)do —/ T(o,u)do

/ (o, u)do

S1

[v(s2) —v(s1)] < <

—1
< < [T(s,w)llpls2 — sal™

If |T(s,u)|[p < Q < a, the operator S maps the whole space Co(I") into
its convex compact subset K%i. In particular, S maps K?{L into itself. Then

all the transformed functions v(s) belong to the set K %i. Hence, the following
lemma is valid.

Lemma 3.1. Let the functions A(s,u(s)) , B(s,u(s)) and g(s,u(s))
satisfy conditions (1.3)—(1.6). Then, for arbitrary u € Ko’i, the transformed
points (Su)(s) = v(s) belong to the set K]O%’i.

Lemma 3.2. The operator S, defined in (3.2), which transforms the set
Kjo%’il into itself, is continuous.

Proof. Let {u,}>°, be a sequence of elements of the set K]O%"; converges

uniformly to the element u € K ]O%";.
Let us assume that:

Cr(s) = C(s,un(s)) =

In C(7,un (1))

M, (s) = M(s,unp(s)) = —/F p— dr,
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Xo(s) = X*(s,un(s)),

(v, un (V) = X7 (V)(A(V, un (V) = B(v, un(v)))

and
f(s,un(s)) = V/A2(s,un(s)) — B2(s,un(s)).
We consider the following difference:

o (s) — v(s)] < / ' [T(0, un(0)) — T(o, u(o))|do,
where:

T (s,un(s)) = T(s,u(s))| < [(Nn)(s)] + [(N2)(s)];
such that:

1y gy = Al un(5))g(s,un(s))  Als, uls))g(s, uls))

W) = =55 o)) 72(s,u(3))

and

(N2)(s) = B(s,un(s))exp(Mn(s))/F(Z(v,un v))> ( 1 )dv—

i f (s, un(s)) (v, up(v)) v—5

(
(
it G (755)

Now, we show that: lim |v,(s) —v(s)| =0.

Since ||uy|| is uniformly bounded, using the conditions (1.3)—(1.6), we

have
i |A(s,un(s)) — Als,u(s))| = 0.
i |B(s, un(s)) — Bs, u(s)] = 0
and
i g(s, un(s)) — g(s. u(s))| = 0.
Therefore,
(3.4) lim_[(N2)(s)] = 0.

n—~oo

In the following , we estimate (N.2)(s). To carry out our investigation we
consider

[In| = [M (s, un(s)) — M(s, u(s))| :
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|I,| = |M(s,un(s)) — M(s,u(s))| < %\(ln C(s,un(s)) —InC(s,u(s)))|+

(3.5) +

1 InC(1,un(7)) —InC(s,un(s)) InC(r,u(r)) —InC(s,u(s))
/F( — )d’]’ .

T—S T—S

211

Since A(s,u(s)) and B(s,u(s)) are uniformly continuous, then

Jim [C(s, un(s)) = C(s, uls))| = 0,

therefore

(36) Jim |/Os,ua(3)) — VO, u(s)) | =0
(3.7) 711220 IInC(s,un(s)) —InC(s,u(s))| =0,
and

lim [ f(s,un(s)) = f(s,u(s))| = 0.

n—oo

The difference in the right hand side of the inequality (3.5) tends uniformly
to zero as n tends to oo.

To handle the integral in the same inequality (3.5), we draw a circle of
center z and radius w, so small that inside the circle lies the single arc of the
curve I

We decompose this integral into two parts I!(s) + IL ~!(s) where [ is the
the part of I' inside the circle and I' — [ is the remaining part.

By using equation (2.5) and condition (1.3), we have:

S, U(S S, U(S 2
Cls.ulo))] = | Gt BT < (s ) + Blsvu(s)?

Due to the continuity of the functions A(s, u(s)), B(s,u(s)) and from the
inequalities (1.4), (1.6), we obtain:

[C(run(r)) = Cls,un($)] < F(1+aw)l7 — 5%,

where ¥ = 2(n1 +n3) (71 + 72)-
Therefore, we get the following inequality

1 In C(7,un(7)) — InC(s,un(s)) _ S—1
= [ dr| <301+ [Ir =o' ar

21 T—8

w
< 25m(1 + au)/ 9= 1gt < %
0
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€ = small positive number,

where
t=|r—s|, |dr]|=mdt; m = positive constant, (see [5]),
and
oe o
w< | .
Consequently,
1 /mC(T,u(T)) - lnC(s,u(s))dT} <€
2mi 1 T—S5 3
Then
2e
1)l < =

Since the point s € I lies outside the arc of integration I' — [ and IT!(s) are
continuous, then we can select a positive integer J. such that, for each s, the
inequality

—1 9
Is)| < 5
holds for each n > J.. Hence it follows that:

|In| <e for mn>J.

and
nh—>Holo | M (s,un(s)) — M(s,u(s))| = 0.

Therefore,
(3.8) nILII;O | exp M (s, un(s)) —exp M(s,u(s))| = 0.

From (2.7), (3.6) and (3.8), we obtain:
(3.9) Tim_ X (s) = X" ()] = 0,
therefore,
(3.10) lim |ja(s, un(5)) — (s, u(s))| = 0.

n—~oo

By using the properties of the convergent sequence, we have:

(3.11) lim_|(N2)(s)] = 0.
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Hence , by using (3.4) and (3.11), we obtain:

lim |v,(s) —wv(s)] =0.

Then, the operator S is continuous. Lemma 3.2 is proved. O

Proof of Theorem 1.1. From the preceding lemmas and Arzela-

Ascoli theorem [9, 15], the image of KIO%’(SQ is compact. Therefore, we can use
Schauder’s fixed point theorem to show that the operator S has at least one fixed
point. Our main result (Theorem 1.1.) is proved. O

1]

2]
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