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ABSTRACT. This work is the continuation of two earlier ones by the au-
thor and stimulated by many more recent contributions. We develop a very
general calculus of pseudodifferential operators with microlocally defined
normed symbol spaces. The goal was to attain the natural degree of gen-
erality in the case when the underlying metric on the cotangent space is
constant. We also give sufficient conditions for our operators to belong to
Schatten—von Neumann classes.

1. Introduction. This paper is devoted to pseudodifferential opera-
tors with symbols of limited regularity. The author [28] introduced the space of
symbols a(z) on the phase space E = R"™ x (R™)* with the property that

(1.1) Xya(e")| < F(z%), vy el
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for some L' function F on E*. Here the hat indicates that we take the Fourier
transform, I' C E' is a lattice and x,(z) = xo(z — ) form a partition of unity,
1 =23 cr Xy, Xo € S(E). A. Boulkhemair [4] noticed that this space is identical
to a space that he had defined differently in [3].

It was shown among other things that this space of symbols is an alge-
bra for the ordinary multiplication and that this fact persists after quantization,
namely the corresponding pseudodifferential operators (say under Weyl quanti-
zation) form a non-commutative algebra: If aq, as belong to the class above with
corresponding L' functions F; and F5 then ay oay = ag where a3 belongs to the
same class and as a correponding function we may take F3 = Oy Fy * Fy * (-)~N
for any N > 2n. Here * indicates convolution and a* : S(R") — S'(R") is the
Weyl quantization of the symbol a, given by

1 .
(12) aule) = o / / D00 gyuty)dyds.
The definition (1.1) is independent of the choice of lattice and the corresponding
function yo. When passing to a different choice, we may have to change the
function F' to m(z*) = F % (-Y~™° for any fixed Ny > 2n. We then gain the fact
that the weight m is an order function in the sense that

(1.3) m(z*) < Colz* — y"\Nom(y*), =*,y* € E*.

(See [11] where this notion is used for developing a fairly simple calculus of
semi-classical pseudodifferential operators, basically a special case of Hormander’s
Weyl calculus [26].)

The space of functions in (1.1) is a special case of the modulation spaces
of H.G. Feichtinger (see [12, 14]), and the relations between these spaces and
pseudodifferential operators have been developed by many authors; K. Grochenig
[18, 19], Grochenig, T. Strohmer [22], K. Tachigawa [32], J. Toft [33], A. Holst,
J. Toft, P. Wahlberg [25]. Here we could mention that Boulkhemair [5] proved
L?-continuity for Fourier integral operators with symbols and phases in the orig-
inal spaces of the type (1.1), that T. Strohmer [31] has applied the theory to
problems in mobile communications and that Y. Morimoto and N. Lerner [27]
have used the original space to prove a version of the Fefferman-Phong inequality
for pseudodifferential operators with symbols of low regularity. This result was
recently improved by Boulkhemair [§].

Closely related works on pseudodifferential - and Fourier - integral oper-
ators with symbols of limited regularity include the works of Boulkhemair [6, 7],
and many others also contain a study of when such operators or related Gabor
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localization operators belong to to Schatten-von Neumann classes: E. Cordero,
Grochenig [9, 10], C. Heil, J. Ramanathan, P. Topiwala [24], Heil [23], J. Toft
[34], and M.W. Wong [37].

The present work has been stimulated by these developments and the
prospect of using “modulation type weights” to get more flexibility in the calcu-
lus of pseudodifferential operators with limited regularity. In the back of our head
there were also some very stimulating discussions with J.M. Bony and N. Lerner
from the time of the writing of [28, 29] and at that time Bony explained to the
author a nice very general point of view of A. Unterberger [36] for a direct mi-
crolocal analysis of very general classes of operators. Bony used it in his work [1]
and showed how his approach could be applied to recover and generalize the space
in [28]. However, the aim of the work [1] was to develop a very general theory
of Fourier integral operators related to symplectic metrics of Hérmander’s Weyl
calculus of pseudodifferential operators, and the relation with [28] was explained
very briefly. See [2] for even more general classes of Fourier integral operators.

In the present paper we make a direct generalization of the spaces of [28].
Instead of using order functions only depending on x* we can now allow arbitrary
order functions m(z,z*). See Definition 2.1 below. In Proposition 2.4 we show
that this definition gives back the spaces above when the weight m(z*) is an order
function of x* only.

In Section 3 we consider the quantization of our symbols and show how to
define an associated effective kernel on Ex E, E = T*R", which is O(1)m(y(z,y))
r+y

2
map induced by the symplectic structure. We show that if the effective kernel is
the kernel of a bounded operator : L?(E) — L?*(E) then our pseudodifferential
operator is bounded in L?(R"). In particular if m = m(z*) only depends on z*,
we recover the L?-boundedness when m is integrable. This result was obtained
previously by Bony [1], but our approach is rather different.

,J Yy —=x)) and J : B* — E is the natural Hamilton

where v(x,y) = (

In Section 4 we study the composition of pseudodifferential operators
in our classes. If a; are symbols associated to the order functions mj, j =
1,2, then the Weyl composition is a well defined symbol associated to the order
function ms(z, 2*) given in (4.11), provided that the integral there converges
for at least one value of (z,z*) (and then automatically for all other values by
Proposition 4.1). This statement is equivalent to the corresponding natural one
for the effective kernels, namely the composition is well defined if the composition

of the majorant kernels m; <x——53/, T Ny — x)) and mo (%w, Ty — 33)) is
well-defined, see (4.16), (4.17).
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In Section 5 we simplify the results further (for those readers who are
familiar with Bargmann transforms from the FBI — complex Fourier integral
operator point of view).

In Section 6 we use the same point of view to give a simple sufficient
condition on the order function m and the index p € [1, 00|, for the quantization
a" to belong to the Schatten—von Neumann class C), for every symbol a belonging
to the symbol class with weight m. See [34, 35, 25, 20, 21] for related results and
ideas.

In Section 7 we finally generalize our results by replacing the underlying
space £*° on certain lattices by more general translation invariant Banach spaces.
We believe that this generalization allows to include modulation spaces, but we
have contented ourselves by establishing results allowing to go from properties
on the level of lattices to the level of pseudodifferential operators. The results
could undoubtedly be even further generalized. In this section and the preceding
one, we have been inspired by the use of lattices and amalgan spaces in time
frequency analysis, in particular by the work of Grochenig and Strohmer [22]
that uses previous results by Fournier-Stewart [15] and Feichtinger [13].

We have chosen to work with the Weyl quantization, but it is clear that
the results carry over with the obvious modifications to other quantizations like
the Kohn-Nirenberg one, actually for the general symbol-spaces under consider-
ation the results could also have been formulatated directly for classes of integral
operators.

Similar ideas and results have been obtained in many other works, out of
which some are cited above and later in the text.

Acknowledgements. We thank J. M. Bony for a very stimulating and
helpful recent discussion. The author also thanks K. Grochenig, T. Strohmer, A.
Boulkhemair and J. Toft for several helpful comments and references.

2. Symbol spaces. Let E be a d-dimensional real vector space. We
say that m : E —]0, 00| is an order function on F if there exist constants Cy > 0,
Ny > 1, such that

(2.1) m(p) < Colp — w)°m(u), Vp,u € E.

Here (p—p) = (14 |p — p|?)V/? and || is a norm on E.
Let E be as above, let E* be the dual space and let I' be a lattice in
E x E*, sothat I' = Zey + Zes + - - - + Zegy where eq, ..., e94 18 a basis in E x E*.
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Let x € S(E x E*) have the property that

(2.2) Y rx =1 7x(p) = x(p— )
vyel

Let m be an order function on E x E*, a € §'(E).

Definition 2.1. We say that a € S(m) if there is a constant C > 0 such
that

(2.3) Ixyal < Cm(y), v €T,

where X = TyX and x4 denotes the Weyl quantization of x~. The norm will
always be the the one in L? if nothing else is indicated.

To define the L?-norm we need to choose a Lebesgue measure on F, but
clearly that can only affect the choice of the constant in (2.3).

Proposition 2.2. S(m) is a Banach space with HaHg(m) equal to the
smallest possible constant in (2.3). Changing T, x and replacing the L? norm
by the LP-norm for any p € [1, 00| in the above definition, gives rise to the same
space with an equivalent norm.

Proof. The Banach space property will follow from the other arguments
so we do not treat it explicitly. Let m, ', a be as in Definition 2.1.

Let T be another lattice and let X be another function with the same
properties as x. We have to show that

IXFallr <Cm(y), 7€l

Lemma 2.3. 3¢ € S(E x E¥) such that 3 . . ¥¥xy = 1, where ¢, =
.

Proof. Let Y € S(E x E*) be equal to 1 near (0,0), and put x¢(z,&) =
X(e(x,€)). Then 3 (1 —X5)#xy — 0in SO(E x E*), when € — 0, so for e > 0

small enough,
DNy == (1= X5y
vel’ vyel’

has a bounded inverse in £(L?, L?). Here S is the space of all a € C*®°(E x E*)
that are bounded with all their derivatives. By a version of the Beals lemma (see
for instance [11]), we then know that the inverse is of the form W* where ¥ € S°.
Also 7, ¥ =V, y € I'. Put ¢ = U o (X5)" for € small enough and fixed, so that
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hy = Ty, Yo € S (using for instance the simple pseudodifferential calculus in
[11]). Then > ¥¥xy =1. O
Now, write
Ta =Y WU
yel’

Here (using for instance [11])
X595 lee.iny < G =", 1<p<oo, N >0.

Hence, if N is large enough,

(2.4) IX2allr < Cpn Y (7 =7 Nix¥al
vyel’
< Comva Y T ""my)
vyel
< CpnamO_F -V H0)m)
vyel
< Cm(7).

Conversely, if [[x¥alzr < Constm(y), 7 € T, we see that by the same
arguments that |[xYal[z: < O(1)m(y),y €. O

Next, we check that this is essentially a generalization of a space intro-
duced by Sjostrand [28] and independently and in a different way by Boukhemair
[3]. It is a special case of more general modulation spaces (see [12, 14]). That
follows from the next result if we take an order function m(z,x*) independent
of x.

Proposition 2.4. Let m = m(x,x*) be an order function on E x E* and

let x € S(E), > jesXj =1, where J C E is a lattice and x; = 7;x. Then

(2.5) S(m) = {a € S'(E); 3C > 0, |x;u(z*)| < Cm(j,z*)}.

Proof. Let K C E* be a lattice and choose x* € S(E*), such that
> ker Xi = 1, where x; = 7xx*. If a belongs to the set in the right hand side of
(2.5), then by Parseval’s relation,

(2.6) IXE(D) (xj (2)u(@)) |2 < Cm(j, k).
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Now x5 (D) o xj(z) = X;‘jk, where xjr = TjkX0,0, X0,0 € S, (J,k) € J x J*, so
a € S(m). Conversely, if a € S(m), we get (2.6). According to Proposition 2.2,
we can replace the L? norm by any LP norm, and the proof shows that we can
equally well replace the L? norm that of FLP. Taking FL>, we get

i (@)xG(a) = < Cm(j k),

and since m is an order function, we deduce that a belongs to the set in the right
hand side of (2.5). O

3. Effective kernels and L?-boundedness. A closely related no-
tion for effective kernels in terms of short time Fourier transforms has been in-
troduced by Grochenig and Heil [20].

We now take E = R?" ~ T*R™. If a,b € S(E), we let

(3.1) a#b = (e27PoP) a(2)b(y))y—s

denote the Weyl composition so that (a#b)" = a® o b*. Here 0(Dy¢, Dy ,) =
D¢- Dy, — D, - D,, where we write (z,&), (y,n) instead of «, y whenever convenient.

We know that the Weyl composition is still well-defined when a, b belong
to various symbol spaces like

(3.2) S(m) = {a € C=(E); |Dga(z)| < Cam(z)},

when m is an order function on E. (See Example 4.4 below for a straight forward
generalization.)
Let {(x) = z - 2* be a linear form on E and let a be a symbol. Then,

(3.3) el = e DD (@ a(y)),_,
_ ezf(m)(e%Hga)
where Hy, = / 9 l 9 (with “x = (x,£)”) is the Hamilton field of ¢
R R T S ‘
Similarly,
(3.4) a#e’t = ) (e_%H"a).

From (3.3), (3.4), we get

(3.5) e Htate ™ = efleq,
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where we notice that (e'¢a)(x) = a(x + Hy), and
(3.6) "2 #a#e’r = M,

if m is a second linear form on E.

If a € S(E) is fixed, we may consider that a is concentrated near (0,0) €
E x E*. Then we say that e ¢ei™q is concentrated near (Hy,m) € E x E*.
Conversely, if b is concentrated near a point (xg, () € E x E*, we let y5 € E* be
the unique vector with z¢g = Hy» and write

0
—Hyx izd iy i%0 0 iy

(3.7) b=¢c “Voeog = e Wode 2 Hafte' 2 #eY0,

where a is concentrated near (0,0) € E x E*.
To make this more precise, let (as in [30])

(3.8) Tu = C/ew(x’y)u(y)dy, C >0,

be a generalized Bargmann transform where ¢(z,y) is a quadratic form on C™ x
C"™ with det ¢gy %0, Im qbgy > 0, and with C' > 0 suitably chosen, so that T is
unitary L?(R") — Hg(C™) = Hol (C™) N L%(e~2%(®) L(dx)), where L(dz) denotes
the Lebesgue measure on C™ and & is the strictly plurisubharmonic quadratic
form given by

(3.9) ®(z) = sup —Im¢(x,y).
yeRM

We know ([30]) that if Ap = {(1:, g@_@) ;T € C”}, then

1 0z
(3.10) Ao = rr(E),
where
(3.11) kr : C¥ ~ EC 3 (y, ¢y (2, 1)) = (2, ¢ (x,y)) € c™n
. . ) . . 1 0
is the linear canonical transformation associated to T'. Here — = — +
ox 2 \ORex
1 0

_'81—>’ following standard conventions in complex analysis.
i Olmz

If a € S°(F) we have an exact version of Egorov’s theorem, saying that

(3.12) Ta"T™ =av,
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where @ € S%(Ag) is given by @ ok = a. In [30] it is dicussed how to define and
estimate the Weyl quantization of symbols on the Bargmann transform side, by
means of almost holomorphic extensions and contour deformations. We retain
from the proof of Proposition 1.2 in that paper that

(3.13) u(z) = / @ K (3 u(y)e P L(dy), u € Ha(C"),

where the kernel is non-unique but can be chosen to satisfy
(3.14) K (z,y) = On(1)(z —y) 7V,

for every N > 0. (This immediately implies the Calderén-Vaillancourt theorem
for the class Op (S°(E)).)
If a € S(E), then for every N € N

(3.15) K fur—1(2,y)] < On(a)(z) M (y) ™Y, 2,y € C,

where Cy(a) are seminorms in S.

200
Identifying z € C™ with /{}1 (1:, _8_> € E, we can view KjefgWT,l as a
i Oz

function K (z,y) on E x E and (3.15) becomes
(3.16) et (@) < On(a)(@) ™ ()™, 2,y € E.

Now, let b in (3.7) be concentrated near (zo,z)) = (Jy§,z5) € E x E*
with a € S(E), where we let J : E* — E be the map y* — Hy~ (and we shall
prefer to write Jy* when we do not think of this quantity as a constant coefficient
vector field). Then by (3.5)—(3.7), we have

(3.17) b = e W0 #6002 HaHte 0/ 240
(3.18) b = e MU0 o e#5)V/2 5 g o €H5)/2 o (1WE)"”

Now it is wellknown that if z* € E* then e )" = (¢7%")" is a unitary
operator that can be viewed as a quantization of the phase space translation
E>xw— x4+ H,» € E. On the Bargmann transform side these quantizations can
be explicitly represented as magnetic translations, i.e. translations made unitary
by multiplication by certain weights. In fact, let £(z,§) = z{§-x +x¢- & be a linear
form on C?" which is real on Ag, so that

. 200 n
(3.19) xo-ﬁ—l-ﬂfo-;%(x)GR, Ve e C".
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By essentially the same calculation as in the real setting, we see that

(6i€)wu($) — ei;cg(a:—l—%xo)u(l._}_xo)? = H@,
and here we recall from the unitary and metaplectic equivalence with L2?(R")
(via T) that (e’)” : Hy — Hg is unitary, or equivalently that

1
(3.20) —®(z) + @(z + x0) + Re (z:c(’g (x+ 5300)) =0, Vx € C".

(A simple calculation shows more directly the equivalence of (3.19) and (3.20).)
Notice also that if we identify u with a function u(p) on Ag via the natural
projection (z,&) +— =z, then u(z + x¢) is identified with u(p + Hy), where the
Hamilton field Hy is viewed as a real constant vector field on Ag.

It follows that b has a kernel satisfying

1 1
K38 o)l = | (24 50t 0.y = 305 - 0 )

and from (3.16) we get

3.21) |K (2, 9)] < Cw(a) <x _ (:co _ %Jzé) >_N <y _ (m + %ng) >_N,

1 1
so the kernel of b" is concentrated near <:c0 - EJ xy, Lo + §J xé)

Now, let m be an order function on F x E* and let a € g(m) Choose
a lattice I' C E x E* and a partition of unity as in (2.2) as well as a function
Y € S(E x E*) as in Lemma 2.3. Write

(3.22) a= ZQ’Y’ ay = Yyay, ay = xya,
vyel

where |a,|| < Cm(y). Then, using that ¢ is continuous: L?(E) — S(E), we
see that a, is concentrated near ~ in the above sense and more precisely,

(3.23) K (z,y)|

1 -N 1 -N
< Cnm(y) <l‘ — (’Y{r — 5JW>> <y - (’yx + 5‘”‘”*>> , T,yEE,

where we write v = (V3,7z+) € E X E*.
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r+y
2

Let g(x,y) = < My — 56)> = (qz(2,9), ¢z (v, y)), so that

_ 1 1
g '(v) = <%c =57+ §J%> :

and hence

e =) =0 (o= (1= 3 ) ) (v = (e 377 ) )+

so (3.23) implies

(3.24) Kei(2,9)] < Cn(@m(){g(z,y) —7) N
< Cn(a)m(q(x,y))(g(z,y) — 1),

where we used that m is an order function in the last inequality. Choose N with
Ny — N < —4n, sum over ~ and use (3.22) to get

r+y
2

(3.25) K (wy)| < Cla)mlg(x, ) =c<a>m( ,J1<y—x>), .y ek

We get

Theorem 3.1. Let a € S(m), where m is an order function on E x E*,
E = T*R". Then a has an effective kernel (rigorously defined after applying
a Bargmann transform as above) satisfying (3.25), where C(a) is a S(m) norm
T+Y o
—,J
2 Y

of a. In particular, if M(x,y) = m (y—m)) is the kernel of an

L?(E)-bounded operator, then a® is bounded: L?*(R"™) — L*(R™).
As mentioned in the introduction, the statement on L2-boundedness here

is due to Bony [1], who obtained it in a rather different way. A calculation, similar
to the one leading to (3.25), has been given by Grochenig [18].

Corollary 3.2. If M is the kernel of a Shur class operator i.e. if

sup ("L = ey, swp [Ty = )de < oo,
T Y
then a® is bounded: L*(R™) — L*(R").

Corollary 3.3. Assume m(xz,z*) = m(z*) is independent of x, for
(v,2%) € E x E* and m(z*) € LY(E*), then a¥ is bounded: L*(R") — L?*(R™).
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4. Composition. Let a,b € S(E), E = R" x (R")*, (20, ), (Yo,v5) €
E x E* and consider the Weyl composition of the two symbols em'msa(ac — Ip),
e®¥ob(z — yo) , concentrated near (zg,z}) and (yo, yg) respectively:
(4.1) e 37D D) (055 (1 — )V by — o)) (2, 2).

We work in canonical coordinates z ~ (z,¢) and identify E' and E*. Then

oz y") = Jz*-y", J = ( _(1) (1) ) J=-J J*=-1,

and ¢37(P=:Dy) s convolution with k, given by
1 : * * 1 * ok
_ - (x-x*+yy*+2Jz*y*) g% 7, %
k(az,y)—(%Vﬂ//emw Yy Y et dy*.

The phase ® = z- a4+ y - y* + %Jx* - y* has a unique nondegenerate critical
point (z*,y*) = (2Jy,—2Jx) and the corresponding critical value is equal to
—20(z,y) = —2Jx -y. Hence k = Ce 27(@¥) = Ce=2/%¥ for some (known)
constant C.

The composition (4.1) becomes

42 C / / (12 (=) G025+ 9) g (3 — 20)b(y — yio)dady =

Cet# (@5+y5) // 61(72Jx-y+m-mg+y-y3)a($ + 2 — 20)by + 2z — yo)dady.
The exponent in the last integral can be rewritten as
— * ¥ __ _ l -1, * 1 —1,.% 1 * *
2Jr-y+x-xoty-yy=-2J |z 2J yo | - |y + 2J xg | + 2Jx0-y0,

and the composition (4.1) takes the form e (%) d(z), where

7 * ok ) 1
d(z) = Cle37@5:95) //e_QZU(I’y)a (x +z - (300 + 5«7%))
1
X b (y +2- <yo - §J~”Uf5>) dzdy.
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Since o(x,y) is a nondegenerate quadratic form, we have for every N > 0 by
integration by parts,

) <y [ ()™ <$+Z- (W éjyg>>N

1 —-N
X <y—f—z— (yo— §Jx8>> dxdy.
Hence for every N > 0,

()] < C <z _ (3:0 + éJyS) >N <z _ (yo _ %ng) >N.

Using the triangle inequality, we get

1 b
(U+Je =)L+ |z =) 2 Lz —al =8 2 1+ o=t + | = 52
SO /
1 1/2
(1+‘Z_a|)(1+’2_b|)25(1+‘a—b|)1/2 <1+‘Z_a—2i—b‘>

and hence for every N > 0,

1 1, 1 \\Y
X<z—§(x0—§Jx0+yo+§Jy0>> .

Clearly, we have the same estimates for the derivatives of d(z). It follows that
the composition (4.1) is equal to e?*%0¢(z — zy), where

1 1 1
(4.4) 25 = x5+ Yo, 20 = 5 <1:0—§Jx8+y0+§<]y8> ,

and where ¢ € § and for every seminorm p on S and every IV, there is a seminorm
g on S such that

49 0= ((wrpom) - (- 2i)) @t
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It follows that:
e e(z — 20) € S({+ — (20, 25)) M)

with corresponding norm bounded by

an,m(a)gn,m () < <$0 + %Jﬁ(ﬁ) - <yo - %J3/6‘> >_N7

for all N, M > 0 where gy, y are suitable seminorms on S.

Let a1 € S(my), az € S(ms) and decompose aj = . er 4jy as in (3.22),

so that a;, € S({(- =4)~N) for every N with the corresponding estimates on the
norms,

Hajﬂug(@_wﬂv) < CNHajug(mj)mj('Y)-

Then the above discussion shows that with v = (74, Vz+),0 = (0z,0,+) € ', we

have
~ 1 1 N
a177#a2,6 €S << - (5(’)& + 63:) - §J(7x* - 6$*)77x* + 6$*)> ) )

and

lary#azsliz .- . y-m

1 1 N
< CMHal”g(ml)”a2||§(m2)m1(/7)m2(5) < (’Vm + §J’736*) - (5:1: - §J5:r*)> .

Summing over vy, § we see that ¢ = a1#as is well-defined and belongs to S (mgN))
provided that the sum

m{ (e = > <€w*_<%*+5x*)>N<€‘” - (1(% ) %J(%* - 5m*))>N

(v,0)eT'xT 2

y <(fy ; gm*) - (590 - %Jam*) >_N ma(1)ma (6)

converges for all e € I. (We will see that this defines an order function if the sum
converges for at least one €.) Without changing the convergence or the order of
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(N)

magnitude of ms ’ we may replace the summations by integrations:

(4.6) mgN) (z,2%)

:////<z*—(m*+y*)>_N <z_% (x—%Jm*+y+%Jy*>>—N

1 1 -
X <<x + §J:c*) — (y — §Jy*)> mi(x, " )ma(y, y*)drdydx™dy*.

~ 1 - 1 ~ 1
In order to understand the integral (4.6), we put = = §J:c*, Y= §Jy*, Z= EJZ*,

and study the set 3(z, z*) where the arguments inside the three brackets vanish
simultaneously:

FHj=7,
r+y—T+y=2z
r—y+zT+y=0,

which can be transformed to
(4.7) X(z,2"): Cy+y=2+2z,

Now it is clear that for every M > 0 there is an N > 0 such that

N
(4.8) m{"

(2,27)
<0O(1) //// dist (z, z*, y,y*; 2(z, 2°)) " Mmy (z, 2" )ma (y, y* ) dedydz* dy*.

Since m1, mo are order functions, we have

IN

my(z,2) < O)dist (z,2%,y,y" Sz, 2)) Vomy (I
(

ma(y,y*) < O()dist (z, 2", y,y"; X(z, z*))NOmg(HE)(x,x*,y,y*)),
where Iy, : (E x E*)?2 — ¥(z, 2*) is the affine orthogonal projection and we write

Iy (z, 2% y,y*) = (Hg)(m,m*;y,y*),Hg)(m,m*;y,y*)). We conclude that for N
large enough,

(4.9) mgN) (2,2") < O(1)ms(z,2"),
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where

(4.10) ms(z,2") = /( )m1($7$*)m2(yay*)d2
Y(z,2*

or more explicitly,

2
Loyrty=Lu2 42
x*+y*:z*

(411) m3(z7z*) = /lJm*—m—%Jz*—z ml(xﬂx*)mQ(y7y*))dx

Reversing the above estimates, we see that ms(z,2*) < O(l)mgN) (z,2%),ift N >0
is large enough.

Proposition 4.1. If the integral in (4.10) converges for one value of
(z,2%), then it converges for all values and defines an order function ms.

Proof. Suppose the integral converges for the value (z,z*) and consider
any other value (z + t, z* + t*). We have the measure preserving map

1
¥(z,2%) > (x, 2", y,y") — (ac +ta* +t Y+ §Jt* +t,y*) €X(z+t, 2" +t"),
S

1
ma(z+t, 25 +1*) = / mi(x +t,x" + tF)me <y + = Jt* + t,y*) dx
3(z,2*) 2

IN

2
< CU(t, ) Nomg(z, 2%).

C((t,t*))No <t + Zt*>NO ma(z, 2*)

The proposition follows. O
From the above discussion, we get

Theorem 4.2. Let my, my be order functions on E x E* and define ms
by (4.11). Assume that ms(z, z*) is finite for at least one (z,z*) so that ms is a
well-defined order function by Proposition 4.1. Then the composition map

(4.12) S(E) x S(E) 3 (a1,a2) — a1#az € S(E)
has a bilinear extension

(4.13) g(ml) X g(mz) > (a1,a2) — a1#as € g(mza);
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Moreover,

(4.14) la1#a2 5y < Ot Iy 92150

Remark 4.3. In the remainder of the paper we will further develop the
characterization of symbols and operators by means of generalized Bargmann
transforms. Theorem 4.2 will be generalized in Theorem 7.8. We shall also see
that under the more general assumptions of that theorem, the composed symbol
aj#tay is characterized by the relation (5.17) for the effective kernels (defined in
Section 5) and that the integral, defining the composition of the effective kernels
of a}’ and a¥, is absolutely convergent. Theorem 7.11 below can be used to define
spaces H; sandwiched between S and S’ such that a¥’ : Hy — Ha, ay : Ha — Hs
and the composition a4 o a¥’ : H; — Hs will have the Weyl symbol as#a;.

Alternatively, one could (most likely) show that S(E) is dense in S(m)
for sequences in S(E) that are bounded in S(m) and converge in S'(E) and
deduce the uniqueness of the extension (4.13) by showing that it is sequentially
continuous in the same way. A simple proof of that would probably follow from
using the associated effective kernels as in Section 5 together with the Lebesgue
dominated convergence theorem.

We end this section by establishing a first connection with the effective
kernels of Section 4. Let a; be as in the theorem with a3 = a1#a2. According
to Theorem 3.1, we then know that ay’ has an effective kernel K; = Kgg (x,y)

J

satisfying

(415)  Ka) = OUmy(ate ). where alay) = (324070 - o)) .

Since the composition of the effective kernels of a” and a¥ is an effective kernel
for a§ = a’ o ay we expect that

(4.16) ma(a(7,7)) = C / ma (a(F, 2))ma(a(Z, ),

or more explicitly,

(4.17) m3< Y - )
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Writing
. T4y
= 5
2t = J_l(g_x)7
T+7z
r = ,
2
o = JHZ-7),
Z+y
y = )

we check that the integral in (4.17) coincides with the one in (4.11) up to a con-
stant Jacobian factor, so the results of this section fit with the ones of Section 3.

Example 4.4. Let a; € §(mj), J = 1,2, where m; are order functions
on E x E* of the form

mj(xz,z*) = ﬁlj(x)(a:*YNf, N; € R,
mj(xz) < C’(x—y)Mjmj(y), xz,y € E, M; > 0.

Then, the effective kernels K, Ky of af’, a¥ satisfy

Kyta.0) = 0@m; (4L 77y - ) = 0wy (S5 ) (o -y

Then a1#as is well-defined and belongs to S(ms), where

ma (L =) = [ (T ) =)o () a

provided that the last integral converges for at least one (and then all) value(s)
of ((z+y)/2,J Y (y —x)). If we use that

i <$;Z> < O1)in <x+y> (z—y)™n

2
o <Z;y> < O(1)ms <$;y> (@ — )M,
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we get

(118) o (5L 07— )
< 0(1)in ("E : y) sy ("E : y) /<:c )N = Not M g

Thus m3 and a#as € g(mg) are well-defined if
(419) —(N1+N2)—|-M1+M2 < —2n.

The integral I in (4.18) is O(1) in any region where x —y = O(1). For |z —y| > 2,
we write I < Iy + I + I3, where

2

e [, is the integral over |z — z| < glm —y|. Here (z —y) « (z —y).
. . 2

e [, is the integral over |z — y| < glm —y|. Here (z — z) « (x — y).

2
e I3 is the integral over |z — z|, |z — y| > glm —y|. Here (x — z) « (y — z) >

é<$—y>-

We get

(z—y)
I - (x— y>fN2+M1 / <T>7N1+M2+2nfldr  (x — y>7N2+M1+(7N1+M2+2n)+7
0

with the convention that we tacitly add a factor In(z — y) when the expression
inside (...)4+ is equal to 0. Similarly (with the same convention),

— N1+ M- —No+M71+2
Iy <:L‘ _ y> 1+ Mo+ (—No+Mi+ n)+‘

In view of (4.19), we have

(o)
13 o / 7"7<N1+N2)+M1+M2+2n71d7" o <ﬂ§' o y>f(N1+N2)+M1+M2+2n
(z—y)

it follows that

(4_20) I <x N y>maX(—N2+M1+(—N1+M2+2n)+7—N1+M2+(—N2+M1+27L)+)
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so with the same convention, we have

(4.21) mg(z,x™)
< (’)(l)ﬁzl(x)ﬁzg(x)(a:*>max(_N2+M1+(_N1+M2+2")+’_N1+M2+(_N2+M1+2”)+).

This simplifies to
(4.22) ms(z,2*) < O(1)my (x)ie(z)(@*) N2 ML= ND)
if we strengthen the assumption (4.19) to

(423) —Ni + My, —Ny + My < —2n.

5. More direct approach using Bargmann transforms. By
using Bargmann transforms more systematically (from the point of view of Fourier
integral operators with complex phase) the results of Section 3, 4 can be obtained
more directly. The price to pay however, is the loss of some aspects that might
be helpful in other situations like the ones with variable metrics.

Let F be a real d-dimensional space as in Section 2 and define T' : L*(F) —
Hg(FC) as in (3.8)-(3.11). Then we have

Proposition 5.1. If m is an order function on F' X F'*, then
~ 200
(5.1) S(m) = {u e S'(F); _q)(x)]Tu( )] < Cm ( Tl ( (Zx( )>> },

where the best constant C' = C(m) is a norm on S(m).

Proof. Assume first that u belongs to S(m) and write u = > ver VY XY u
as in Lemma 2.3. The effective kernel of ¥ satisfies

(5.2) K5 (2,)] < On(a =) "Ny =),

for every N > 0, where throughout the proof we identify FC with F x F* by
means of 7 o k7 and work on the latter space. Here m: Ag — F C is the natural
projection. Then we see that

le"*Tu(z)| < Cn(u Zm N = O(m(x)).
~€l
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Conversely, if e=®Tu = O(m(x)), then since the effective kernel of Xy
also satisfies (5.2), we see that e_‘bT)@u = Oy({x — ) Mm(y)), implying
le=*TxyullL2 = O(m(y)), and hence ||xyul| = O(m(v)). O

With this in mind, we now take a € S(R" x (R")*;m) and look for
an explicit choice of effective kernel for a®. Let T : L*(R") — Hg(C") be a

Bargmann transform as above. Consider first the map a — Kgw(z,y) € S'(R™ X
R"™) from a to the distribution kernel of a®, given by

1 o r+y
w — i(z—y)T
(5.3) Kow(z,y) G /e a( 5 ,T) dr

1 : o
= W/// ez(x_y).T—’—Z(%_t).sa(t,T)dtdeT.
™

We view this as a Fourier integral operator B : a — K,w(x,y) with quadratic
phase. The associated linear canonical transformation is given by:

KB : (taT;t*vT*): (%va;Say_m) — (x77+§7y7_7+§> :(fL',fL'*;y,y*),
which we can write as
54 s (t ittt Tt t— — —t+ =, — — .

From the unitarity of 7', we know that T*T = 1, where

(5.5) T v(y) = C/e_imv(x)e_Qq)(m)L(daz).
We can therefore define the effective kernel of a" to be

(5.6) KM(z,y) = e *@ K (2,5)e W),
where

67 Ta"T () — / K (2, 7)0(y)e 2D L(dy), v e Ho(C™),
K(z,5) = C* // @WK (8, s)dtds.

We write this as

K(z,y) = C? / / @)= W9) K (8, 5)dtds,
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(5.8) K(z,y) = (T @ T)(Kaw)(,y),
where
(5.9 Tu)(y) =€ [ e u(s)ds = T
We see that 7T : L*(R") — Hg+(C") is a unitary Bargmann transform,
where
(5.10) " (y) = sup Im ¢ (y,5) = sup Im ¢ s) = ().
The canonical transformation associated to T is
(5.11) K . (s,%(y, s)) — (y,—%(y,s)) .
If
(5.12) u(s,o0) = (5,—07),

we check that
200 _ 200* _
(5.13) Kf = LKTL, L : (x, Z%(@) — (:c, Za—y(w)) .

Clearly T ® Tis a Bargmann transform with associated canonical trans-
formation k7 X (tkre), so in view of (5.4) the map a — K is also a Bargmann
transform with associated canonical transformation

(5.14) (E x E"C > (t,7;t*,7%)

— (,@T ((t, T) — %J(t*,7*)) JLKT ((t,T) + %J(t*ﬁ*))) ;

where E = R"™ x (R™)*. The restriction to the real phase space is

(5.15) Ex E*> (t,7;t",7%) —

(ﬁT ((t,T) - %J(t*m*)) JURT (t,T) + %(t*m*))) € Ap X tAp = Ap X A+,
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and this restriction determines our complex linear canonical transformation uni-
quely.
As in Section 3 we may view the effective kernel K°f(z, y) in (5.6)
209
as a function on E x E, by identifying =,y € C" with w3’ <x,f—(x)>,

i Ox
209
/1;1 (y, ;%(y)) € FE respectively. With this identification and using also the

general characterization in (5.1) (with 7' replaced by T' ® T)), we sece that if
a € §'(E), then a € S(m) iff

1 1
(5.16) K (= It 0+ 5 7) = O()m(t, 1), (1t) € B x B,

where we shortened the notation by writing ¢ instead of (¢,7) and t* instead of
(t*, 7).

Theorem 3.1 now follows from (5.16), (5.6), (5.7).

Theorem 4.2 also follows from (5.16), (5.6), (5.7) together with the remark
that the kernel K (x,y) = K4(z,y) is the unique kernel which is holomorphic on
C™ x C", such that the corresponding K (‘jg given in (5.6) is of temperate growth
at infinity and (5.7) is fulfilled. Indeed, then it is clear that

(517) Ki8 oy (0:) = [ Ko ) K (2o L)

and the bound (5.16) for a;#as with m = ms follows directly from the corre-
sponding bounds for a; with m = m;.

6. C), classes. In this section we give a simple condition on an order
function m on E x E* (E = T*R") and a number p € [1,00] that implies the

property:

(6.1) 3C > 0 such that: a € S(m) = a® € Cp(L* L?)
and [la”llc, < Cllallzn-

Here C,(L? L?) is the Schatten—von Neumann class of operators: L?*(R") —
L?*(R™), see for instance [16].

Let m be an order function on E x E* and let p € [1,400]. Consider the
following property, where ¢ is given in (4.15) and I' C E is a lattice,

(6.2) 3C > 0 such that if |aq | < m(q(e, §)), a,F €T,
then (aa,g)a,ser € Cp(2(T),£3(1)) and ||(aa,g)lc, < C.
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Notice that if (6.2) holds and if we fix some number Ny € N*, then if (4, g)a,ger
is a block matrix where every A, 3 is an Ny x Ny matrix then

(6.3)  same as (6.2) with aq,g replaced by Aq g and |- | by || - || (N0, cno)-

Proposition 6.1. The property (6.2) only depends on m,p but not on
the choice of T.

Proof. Let m,p, I satisfy (6.2) and let T be a_second lattice in E.
Let (aaﬁ) be a I' x I' matrix satisfying ]aaﬁ] < m(q(a,B)). Let m(a) € T be
a point that realizes the distance from a to I', so that |r(a) — a] < Cy for
some constant Cy > 0. Let Ny = max #ﬂfl(a) and choose an enumeration
7 a) = {a,... ,aN(a) s N(a) < N, for every a € I'. Then we can identify

(aaﬁ)fxf with the matrix (Aq g)agerxr where A, g is the Ny x Ny matrix with

the entries

a. 7, if1<j<N(a), 1 <k<N(P),

(Aag)jp =1 7
0, otherwise.

Then || A, ]| < Cm(q(e, 8)) and we can apply (6.3) to conclude. O

Theorem 6.2. Let m be an order function and p € [1,00]. If (6.2) holds,
then we have (6.1).

Proof. Assume that (6.2) holds and let a € S(m). Define K (,7) as in
(5.7). It suffices to estimate the C}, norm of the operator A : L?(e 2® L(dz)) —
L%(e~2®L(dx)), given by

Aufz) = / Kz, p)uly)e ") L(dy),
or equivalently the one of A.g : L?2(C") — L?(C"), given by
(6.4 Aggu(e) = [ KT, y)u(u)L(dy),
with K% given in (5.6). Recall that K°f(z,y) = O(1)m(q(z,y)) (identifying C"

with T*R"™ via 7, o k1), so K(z,7) = O(1)m(q(=, y))e‘b(x)"'q’(y)_
For a, 8 € T' we have (identifying I" with a lattice in C™)

(6.5) K (z,7) = e @K, s(x, 7))@=
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where

(6.6) Fo(z —a) = ®(a) + 22—?(&) (x — )

is holomorphic with

(6.7) Re F(z — a) = ®(x) + Ro(z — ), Rolz —a) = Oz — af?),
and

(6.8) VAV Eas(@9) < Cremlg(a,8)), |z —al,ly— Bl < Co.

Here we identify «, § € E with their images m,x7(a), m.k7(5) € C™ respectively.
In fact, the case k = £ = 0 is clear and we get the extension to arbitrary k, £ from
the Cauchy inequalities, since K, g is holomorphic.

We can also write

(6.9) K (z,y) = Co@I K, 5(z,y)e WA,
where

Golr —a)=ImFy(v —a), Kyg= efta(z—a) ~a7ﬁ($7y)eR5(y—ﬁ)7

S0

(6.10) VeV Kas(@,y)| < Crem(q(a, B)), |z —al,ly — 8] < Co.
Consider a partition of unity

(6.11) 1= Xa(®@), Xal@) =x0(x—a), xo € C¥(Q:R),

acl

where € is open with smooth boundary. Let Q, = Qg + «, so that (6.10) holds
for (z,y) € Qa x Qg.
Let W : L?(C") — Dser L*(Q3) be defined by

_ —iGg(z—0)
Wu=((e u@)ig )

so that the adjoint of W is given by

W =3 g (@)la, (@), v = (va)acr € D LH(S).

acl’ ael
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Then W and its adjoint are bounded operators and
(6.12) Aet = W AW,

where A = (An)aper and Aeg @ L2(C") — L2(C"), A : L2(Qp) — L*(Q4)
are given by the kernels K°f(z,y) and x.(2)Ka 5(7,y)xs(y) respectively. It now

suffices to show that
AP L*Qs) — P L (Qp)
ger Ber

belongs to €}, with a norm that is bounded by a constant times the S (m)-norm
of a.

Let eg, e1,- -+ € L?()) be an orthonormal basis of eigenfunctions of minus
the Dirichlet Laplacian in €2y, arranged so that the corresponding eigenvalues form
an increasing sequence. Then e, ; := o€, j = 0,1,... form an orthonormal basis
of eigenfunctions of the corresponding operator in L?(£),). From (6.10) it follows
that the matrix elements K, ;.3 of A, g with respect to the bases (€q,.) and
(eg,.) satisfy

(6.13) Kol < Cymiq(a, B))(5) N (k)N

for every N € N. We notice that (Kq ;. k)(a,j),8,kerxn is the matrix of A
with respect to the orthonormal basis (ea,j)(a,jjerxn- We can represent this
matrix as a block matrix (K7K); ren, where K% : ¢2(I') — ¢(T') has the matrix
(Ka,j:8,k)a,per- Since (6.2) holds and a € S(m), we deduce from (6.13) that
(6.14) IE7* e, < Cn (i)=Y (k).

Choosing N > 2n, we get

(6.15) IAlc, <D 1K ||g, < oo.
i

Hence a® € C) and the uniform bound [|a”||c, < |lal| §(m) also follows from the
proof. O

Example 6.3. Assume that

(6.16) /E [ 2% Loy da™ < oo,
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Then

(6.17) (m(q(@, ) o per = (m (a J2r SEACE a)))a,ﬂel‘

is a matrix where each translated diagonal {(a,3) € I' xI'; @ — f = ¢} has an ¢P
norm which is summable with respect to § € I'. Now a matrix with non-vanishing
elements in only one translated diagonal has a C), norm equal to the ¢ norm of
that diagonal, so we conclude that the C}, norm of the matrix in (6.17) is bounded
by

> lm(5.8)ller < co.

éel

We clearly have the same conclusion for every matrix (aqg)a,ger satisfying
laq,5] < m(q(e,3)), so (6.2) holds and hence by Theorem 6.2 we have the prop-
erty (6.1).

7. Further generalizations. Let FE be a d-dimensional real vector
space and let I' C F be a lattice. We shall extend the preceding results by
replacing the ¢°°(I")-norm in the definition of the symbol spaces by a more general
Banach space norm. Let B be a Banach space of functions v : I' — C with the
following properties:

(7.1) Ifue B, yeT, then yu € B, and ||7yul| g = ||ul|B.

(7.2) by € B, VyeT,

where 7 u(a) = u(a — ), 0y(a) = 04,0, @ € I'. (The last assumption will soon
be replaced by a stronger one.)
Ifu=73" cru(y)d, € B, we get

lulls < ) lut)Igy N5 = Cluller,
where C' = ||6,|| g (is independent of 7). Thus
(7.3) M) C B.
We need to strengthen (7.2) to the following assumption:

(7.4) If ue Band v:T' — C satisfies |v(y)| < |u(v)|, Vv €T,
then v € B and ||v||p < C|lu||p, where C' is independent of u,v.
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It follows that [|u(y)d~||p < C|lu||B, for all w € B, v € ', or equivalently that

C

T lullz = Cllul|5,
y

lu(v)] <

(7.5) B C (>(T"), and ||ul|ge < C|lu|ls, Yu € B.

If f € ¢1(T') then using only the translation invariance (7.1), we get

€ B,
(7.6) u€ B= Jru
1 *ullz < [ flle ]l 5.

Using also (7.4) we get the following partial strengthening: Let k : T' X
I — T satisfy |k(a, 8)| < f(a — B) where f € ¢1(T'). Then

(7.7) u€ B= o)=Y klap)ulf) € B and ||vlls < O|flle |lulls,
Ber

where C' is independent of k,u. In fact,
u€ B=|ul€B= fx|u|l €B,

and v in (7.7) satisfies |v| < f * |u| pointwise.

Let I' C E be a second lattice and let B C °°(T) satisfy (7.1), (7.4). We
say that B < B if the following property holds for some N > d:

(7.8) Ifue Bandui:T — C satisfies [u(7)| < > (¥ — ) V|u(y)|, €T,
~yel

then @ € B and |u]| 5 < Cllullg, where C is independent of w, .

If (7.8) holds for one N > d and M > d then it also holds with N replaced
by M. This is obvious when M > N and if d < M < N, it follows from the
observation that

F-—n"M<Cnu Zﬁ -8 MB-y N
Ber
(cf. (4.20), where I is the integral in (4.18), 2n is replaced by d, and we take
M; = My = 0), which allows us to write

YA -NMuM) < Crar() M w0,
vyel
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where v(8) 1= 27@ — )" Nu(y)| and v belongs to B since (7.8) holds.

Definition 7.1. Let T, T be two lattices in E and let B,E be Banach
spaces of functions on I' and r respectively, satisfying (7.1), (7.4). Then we say
that B= B, if B < B and B < B. Notice that this is an equivalence relation.

We can now introduce our generalized symbol spaces. With E ~ R? as
above, let I' C E x E* be a lattice and B C ¢*° a Banach space satisfying (7.1),
(7.4). Let a € S'(E).

Definition 7.2. We say that a € §(m, B) if the function

1
I'sy— ——|xyal

m(y)

belongs to B. Here x~ is the partiction of unity (2.2).

Proposition 2.2 extends to

Proposition 7.3. S(m B) is a Banach space with the natural norm. If
we replace T', x, B by r , X, B, having the same properties, and with B C (T
equivalent to B, and if we further replace the L? norm by the LP norm for any
p € [1,00], we get the same space, equipped with an equivalent norm.

Proof. It suffices to follow the proof of Proposition 2.2: From the esti-
mate (2.4) we get for any N > 0,

1
el allie < G S - )" Il
m) o =)

where we also used that m is an order function. Hence, since B, B are equivalent,

ol ot |

The reverse estimate is obtained the same way. O

As a preparation for the use of Bargmann transforms, we next develop
a “continuous” version of B-spaces; a kind of amalgam spaces in the sense of
[22, 13, 15]. Let I" be a lattice in a d-dimensional real vector space E and let
B C £>(T) satisfy (7.1), (7.4). Let 0 < x € C§°(E) satisfy > x> 0.

xall 2|

Definition 7.4. We say that the locally bounded measurable function
u: E — C is of class [B], if there exists v € B such that

(7.9) )| < Z V)T x(@

vel’
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The space of such functions is a Banach space that we shall denote by
[B], equipped with the norm

(7.10) lullj = inf{||v]| 5 (7.9) holds }.

This space does not depend on the choice of xy and we may actually characterize
it as the space of all locally bounded measurable functions u on F such that

(7.11) u(z)] <Y w(y){z—~)~", for some w € B,
vyel

where N > d is any fixed number. Clearly (7.8) implies (7.11). Conversely, if u
satisfies (7.11) and x is as in Definition 7.4, then

-N < C’Z TaX
acl

so if (7.11) holds, we have,

u(z)| < CZ Z x(@ - (y+a))
- CZ ()N w)(B)x(z — ),
B

and ()N xw € B.

Similarly, the definition does not change if we replace B C £°°(I') by an
equivalent space B C €°°( ).

Let m1, mo, m3 be order functions on Eq X Es, Fo X E3, E1 X E3 respec-
tively, where Ej; is a real vectorspace of dimension d;. Let I'; C Ej; be lattices
and let

By C ZOO(Fl X Fg), By C EOO(FQ X Fg), B3 C ZOO(Fl X Fg)
be Banach spaces satisfying (7.1), (7.4). Introduce the

Assumption 7.5. If k; € m;B;, j = 1,2, then

Z/ﬁ )k (7, B)

v€l'y

converges absolutely for every (o, ) € T'y x I's. Moreover, ks € msBs and

k3 /msllBs < Cllk1/mi|B, [[k2/m2] B,
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where C' is independent of k1, ks.

Again, it is an easy exercise to check that the assumption is invariant
under changes of the lattices I'; and the passage to corresponding equivalent
B-spaces.

Proposition 7.6. We make the Assumption 7.5, where B; satisfy (7.1),
(7.4). Let Kj € m;j[B;] for j = 1,2 in the sense that K;/m; € [B;]. Then the
integral

Ks(x,y) := Ki(z,2)Ka(z,y)dz, (x,y) € By x E3,
Es

converges absolutely and defines a function Ks € ms[Bs]. Moreover,
1 K3 /msllpy) < CIEL/mall (g, K2/m2ll 5,
where C' is independent of K1, K.
Proof. Write

’Kl(l’,z)‘ S Z kl(aaV)X(l)(x -,z = ’Y)
F1><F2

Ka(zy) < ) k(v 8xP(z—vy-5),

I'a ><F3

with (V) € C$°(Ey x By), x? € Cg°(By x E3) as in Definition 7.4 and with
kj S ijj- Then

’K?)(J:a y)

IN

/ K (2, 2) | o (2, )l d=
Es

> ki(o, k2 (v, B)F(x — a,y — By —7),
(e,8)€T | xT'g
v, €y

IN

where
F(z,y;7 —9) = /x(l)(fc, 2= XD (z -+ y)dz
= /x(l) (z,2 — (v = ¥)xP (2, y)d.

We notice that 0 < F(z,y;v) € C§°(E7 x E3) and that F(z,y;vy) # 0 only for
finitely many « € I". Hence for some Ry > 0,

Ka(zp)l < > > D klay + k(v 8) | Flz—a,y — B57).

|[v/<Ro (o,B)€T1 xT'3 \ v
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Since
1

ml(',“‘)

for every fixed v, and ko /mgy € Bs, the Assumption 7.5 implies that

kl(a‘}_’y) eBlv

Z/ﬁ a,7" +7)k2(', B) € m3Bs,

for every v € I'. The proposition follows. O

We next generalize (5.1). Let ' = R? and define T : L?(F) — Hg(F©)
as in (3.8)—(3.11). Let m be an order function on F' x F* let I' C F' x F* be a
lattice and let B C £°°(I") satisfy (7.1), (7.4). Then we get

Proposition 7.7. We have
Q / 1 -9
(7.12) S(m. B) = {u e 8'(F); — ((e Tu) oo KT) e (B},

where m: Ag > (x,€) — 2 € FC is the natural projection.

Proof. This will be a simple extension of the proof of (5.1). As there,
we identify FC with F x F* by means of 7 o k7 and work on the latter space.
Assume first that u € S(m, B) and write u = > p9¥xyu as in Lemma 2.3, so
that (|[xyul)rer € mB. Using (5.2), we see that

e Tu(x)] < Cn Y IIx¥ull(z =),
vel

and hence e"®Tu € m[B], i.e. u belongs to the right hand side of (7.12) (with
the identification 7 o k).

Conversely, if e=®Tu € m|[B], then since the effective kernel of x5 satisfies
(5.2), we see that

e *Tx%u(x)| < Cy / (=N =N Sy — a) N aady,
ael’

where (ay) € mB. It follows that

e TxYu(x)] < Cn (e =N (v = a) Nag = Cn iz —7) Vb,
ael

where (by)yer € mB, and hence ||[x3ul < éwa, sou € S(m,B). O
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_ From this, we deduce as in (5.16) that if a € S’(E), E = F x F*, then
a € S(m, B) iff

1 1
(7.13) K (t — STt + 5Jt*) e m[B],

where K&ff is the effective kernel of a® in (5.6), (5.7) after identification of C% =
FC with E via the map 7 o ki = E — FC. We recall the identity (5.17) for the
composition of two symbols.

(7.13) can also be written

(7.14) K (x,y) € m[B], where i =mogq, [B]=[B]og,

where ¢ is given in (4.15).
The following generalization of Theorem 4.2 now follows from Proposi-
tion 7.6.

Theorem 7.8. For j =1,2,3, let mj be an order function E x E*, where
E=R"x (R")*, letI'; C E x E* be a lattice and let B; C £>°(I';) satisfy (7.1),
(7.4). Let mj = mjogq, fj =q 1(Ty), Zm(fj) D Ej = Bjoq. Assuming (as we
may without loss of generality) that fj =T'xT where ' C E is a lattice, we make
the Assumption 7.5 for fnjéj.

Then if a; € g(mj,Bj), j = 1,2, the composition az = ay#ag is well
defined and belongs to §(m3, Bs), in the sense that the corresponding composition
of effective kernels in (5.17) is given by an absolutely convergent integral and
ng S T?Lg [Bg]

We next consider the action of pseudodifferential operators on generalized
symbol spaces. Our result will be essentially a special case of the preceding
theorem. We start by “contracting” Assumption 7.5 to the case when E3 = 0.

Let m1, ms, m3 be order functions on Ey x Fs, Fs, F; respectively. Let
I'; C Ej, j = 1,2 be lattices and let

B, C EOO(Fl X FQ), By C KOO(FQ), B3 C KOO(Fl)

be Banach spaces satisfying (7.1), (7.4). Assumption 7.5 becomes
Assumption 7.9. If k; € m;B;, j = 1,2, then

ks(a) = Z k1 (a, B)k2(8)

Bels
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converges absolutely for every a € I'1, and we have k3 € mgBs. Moreover,

[ks/msl|B; < Cllk1/mal| B, |lk2/m2|| B,
where C' is independent of k1, ka.
The corresponding “contraction” of Proposition 7.6 becomes

Proposition 7.10. Let Assumption 7.9 hold, where Bj satisfy (7.1),
(7.4). Let K; € mj[Bj] for j =1,2. Then the integral

Ks(x) = g Ki(z,2)Ko(2)dz, x € F,
2

converges absolutely and defines a function Ks € mg[Bs]. Moreover,

| K3 /ms3ll(p,) < ClK1/mall gy HK2/mall|B,),

where C' is independent of K1, K.
We get the following result for the action of pseudodifferential operators
on generalized symbol spaces.

Theorem 7.11. Let mo, ms3 be order functions on E = R"™ x (R™)* and
let m1 be an order function on E x E*. Let [ C E x E* be a lattice such that
= qil(f) =T x T where T’ C E is a lattice. Let By C EOO(IA“), By, By C £>(T)
satisfy (7.1), (7.4). We make the Assumption 7.9 with I'1,T's =T' and with my,
By replaced with m1 = mq o q, By = Bjo q, where q is given in (4.15).

Then, if a1 € S(m1,By), u € S(my, By), the distribution v = a¥(u) is
well-defined in g(mg, Bs) in the sense that

HOTu(e) = [ Kelllz)e O Tuly)L(dy),

with Kg{,f (z,y) as in (5.6), converges absolutely for every x € C™ and

1
—((¢"®Tv) oo kr) € [Bs),
ms
as in (7.12).
We shall finally generalize Theorem 6.2.

Theorem 7.12. Letp € [1,00| and let m be an order function on E x E*
where E = R"™ x (R")*. LetT' C E be a lattice and B C £>*(q(I" x I")) a Banach
space satisfying (7.1), (7.4). Assume that
(7.15) if (ae8)aper € (Mo q)Bogq, then (aqp) € Cp(£3(T), £2(T))

and ||(aa)llc, < Cll(aa,p)ll(mog)Bog:
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where q is given in (4.15) and C > 0 is independent of (aq,3). Then there is a
(new) constant C > 0 such that

(7.16)  Ifa € S(m,B), then a” € Cp(L*,L%) and [|la*|c, < Cllallg,, 5

The proof of Proposition 6.1 shows that the property (7.15) is invariant
under changes (', B) — (T, B) with B C £>°(¢(T’ x T')) equivalent to B.

Proof. We follow the proof of Theorem 6.2. Assume that (7.15) holds
and let a € S(m, B) be of norm < 1. It suffices to show that A : L2(C") —
L%(C") is in C, with norm < C, where Az is given in (6.4) and K°T there
belongs to m o q[B o g|, provided that we identify C™ with E via 7 o k7.

We see that we still have (6.9) where (6.10) should be replaced by

(7'17) \VﬁViKa,g(:c,y)\ < Ck,faa,ﬁ? ‘x - 04’, ‘y - ﬁ‘ < Cy,
(@a,8)aper € (mogq)Bogq, a,B €T.
Write Aeg = W*AW as in (6.12),

AP LAQs) — PL Q) A= (Aap).

ger Ber

The matrix elements K, j.3.; of Ay g now obey the estimate (cf. (6.13)):
(7.18) | Kajsokl < On ()N (k) Naas

with as g as in (7.18). Using (7.15), this leads to (6.14) and from that point on
the proof is identical to that of Theorem 7.12. O
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