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ABSTRACT. An algebra (A, o) is called Leibniz if ao(boc) = (aob)oc—(aoc)ob
for all a,b,c € A. We study identities for the algebras A(@ = (A, 04), where
aoqb=aob+gboais the g-commutator. Let char K # 2,3. We show that
the class of g-Leibniz algebras is defined by one identity of degree 3 if ¢? # 1,
q # —2, by two identities of degree 3 if ¢ = —2, and by the commutativity
identity and one identity of degree 4 if ¢ = 1. In the case of ¢ = —1 we
construct two identities of degree 5 that form a base of identities of degree 5
for —1-Leibniz algebras. Any identity of degree < 5 for —1-Leibniz algebras
follows from the anti-commutativity identity.

1. Introduction. Denote by A = (A,0) an algebra with vector space
A over a field K of characteristic # 2,3 and multiplication (a,b) — a o b. Let
(a,b,¢) =ao(boc)— (aob)oc be the associator and a o, b =aob+ gboa be
the g-commutator, where ¢ € K. Denote by A@ = (A, 04) the algebra with the
g-commutator. Notice that ao_1b=aob—boa is a commutator (Lie bracket,
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usually denoted by [a,b]) and ao1 b= aob+boa is an anti-commutator (Jordan
bracket, sometimes denoted by {a,b}).

Example. If A is an associative algebra, then ACY = (A4,[, ]) is a Lie
algebra,

[a,b] = —[b, a],
[[a, 0], c] + [[b, ¢, a] + [[¢, a],b] =0,
and AD = (A, {, }) is a Jordan algebra,
{a,b} = {b,a},
{{a,a},{b,a}} = {{{a,a},b},a}.

Usually, g-commutators are studied in the frame of quantum groups. It
seems that the study of g-identities has their own interest. We try to demonstrate
it in the class of Leibniz algebras. We call an algebra A Leibniz (more exactly
right-Leibniz) if for all a,b,c € A

ao(boc)=(aob)oc—(aoc)ob.
Leibniz algebras were introduced in [2], [7]. In other words, Leibniz algebras are
algebras with the identity lei = 0, where

lei = Iei(tl, to, tg) = tl(tth) — (tltg)tg + (tltg)tg.

Example. Let (L,*) be a Lie algebra with multiplication x and let M
be an L-module under the right action (M,L) — M, (m,a) — ma. Make M a
trivial left L-module: am = 0, a € L, m € M. Then the vector space L & M
becomes a right-Leibniz algebra under the multiplication

(a+m)o(b+n)=axb+mb.
Indeed,

(a+m)o((b+n)o(c+s))=(a+m)o(bxc+nc)
=ax*x(bxc)+m(bxc)=(axb)xc— (axc)*b+ (mb)c— (mc)b
=({(a+m)o(b+n))o(c+s)—((a+m)o(c+s))o(b+mn).

We call the so-obtained algebra L + M (a semi-direct sum of Leibniz algebras)
standard Leibniz.
Endow a standard Leibniz algebra (L + M, o) with the commutator [, |.
Then
[a+m,b+n]=(a+m)o(b+n)—(b+n)o(a+m)

= (a*xb) +mb— (b*a) —na = 2[a,b] + mb — na,
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where [a,b] = a*b—bxa. The algebra (L+ M, |, ]) (more exactly, L + M under
multiplication [a,b] + (mb — na)/2) is called Omni-Lie [6], [9].

Given non-associative polynomials fi,..., fs, we let Var(fy,..., fs) de-
note the variety of algebras defined by identities f; = 0,..., fs = 0. Let Lei be
the class of Leibniz algebras, i.e., the variety of algebras defined by the (right)-
Leibniz identity lei = 0.

In this paper we construct identities for g¢-(right)-Leibniz algebras. In
particular, we describe identities for Omni-Lie algebras.

We prove that the category of ¢-Leibniz algebras is equivalent to the
category of Leibniz algebras if g2 # 1,q # —2. This means that, for ¢ # +1, -2,
every algebra with identity lei@ = 0 can be obtained as A from some Leibniz
algebra A and, conversely, if B is an algebra with identity lei’® = 0, then B(-%
is right-Leibniz. In the case of ¢ = —2 we should add to the identity lei@ = 0
the identity leigq) = 0 in order to obtain equivalent categories.

Theorem 1.1. Let q # —1,1,—2. The class of q-Leibniz algebras Leil@
satisfies the identity lei@ = 0, where
lei(q) = lel(q) (tl, tg, tg)
= (q2 —1) (t1(tats) —ta(tits)) + (q2 +q—1) (tat1)ts+ (tats)ts — t1(tste) — g ts(tita).
The varieties £ei, £ei9 and Var(lei'?) are equivalent.

In particular, Var(lei(q)) has no special identity for £ei(® if ¢ # —2,¢% # 1.
The identity leigq) = 0 is a consequence of the identity lei? = 0 if ¢ # —2,¢% # 1.

Theorem 1.2. Let ¢q = —2. The class of q-Leibniz algebras Lei(2)
satisfies the identities lei=?) =0 and leig_Q) = 0, where 1ei(®) s given above and
1ei\? = 1ei\? (¢, ta, t3) = —t1 (tats + tsta) + q(tats + tata)ts.

The varieties Sei, £i™?) and Var(lei(_Z),lei(fm) are equivalent.
So the identity 161572) = 0 is a special identity for Var(lei(_Q)) which does
not follow from the identity lei"2 = 0. All other special identities for £ei(~2)

follow from lei=? = 0.
Let acom, com and ljac be non-commutative non-associative polynomials

defined by
acom = tito + totq,
com = tito — totq,
ljac = (tyta)ts + (tats)t1 + (tst1)te.
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Define non-commutative non-associative polynomials leiliey, leilies of
degree five by

leﬂiel(tlv t2, t37 t4, t5) =2 Ijac(lja‘c(tlv t27 t3)7 t47 t5) - [lja’c(tlv t27 t3)7 [t47 t5]]7

. 1 .
leiliey(t1, 12, 13, 14, t5) = —5 > sign o(—4(((to(2) to(3) ) to@) Vo) )11
c€Sym(2,3,4,5)
+2(((to@) to@))t1)to) o) + 2(((to@) to@))tow@) )t )to(s)
+ ((t1to@2)to@)) (to@ton)) + ((Fite@) (to@)tos))tem))-

For a non-commutative non-associative polynomial f(t1,...,%x), denote
by Alt(f) its skew-symmetrization

Alt f(tl,...,tk): Z Signaf(tg(l),...,tg(k)).

oE€Sym,,
Let

leilie(tl, t2, tg, t4, t5) = Alt(4(((t1t2)t3)t4)t5 — ((tltg)tg)(t4t5)).

Theorem 1.3. Let ¢ = —1. Let A be a right-Leibniz algebra. Then AV
satisfies the identities acom = 0, leilie; = 0 and leilie; = 0. Any multilinear
identity of Leil=V of degree no more than 4 follows from the anti-commutativity
identity. Any multilinear identity of Lei-V of degree 5 follows from the identities
acom = 0, leilie; = 0 and leilies = 0.

Corollary 1.4. Let A be a right-Leibniz algebra. Then AV satisfies
the identity leilie = 0.

Corollary 1.5. FEwvery Omni-Lie algebra satisfies the polynomial identi-
ties acom = 0, leiliey = 0, leilies = 0 and leilie = 0. The identities acom = 0,
leilie; = 0 and leilieo = 0 form a base of the identities in the space of multilinear
identities of degree no more than 5 for the class of Omni-Lie algebras.

Note that the polynomials leilie, leilies and leilie have 9, 60 and 90 terms,
respectively.
Let

leijor(tl, t2, tg, t4) = (tth)(t3t4).

Theorem 1.6. Let ¢ = 1. Let A be a right-Leibniz algebra. Then AW
satisfies the identities com = 0 and leijor = 0. Every multilinear identity which
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is true for any Leibniz-Jordan algebra follows from the identities com = 0 and
leijor = 0.

In other words, there are no special identities for the class of Leibniz-
Jordan algebras.
The Leibniz operad has a dual operad defined by the identity

a(be + ¢b) = (ab)c + (ac)b.

Such algebras are called Zinbiel [7], [8]. Identities for g-Zinbiel algebras are
described in [3], [4].

2. Non-commutative non-associative polynomials. Let
K{ty,ta,...} be the algebra of non-commutative non-associative polynomials
in the variables ty,%2,... (the free magma algebra). For a polynomial f =
ft1,...,tg) € K{t1,ta,...}, we say that f = 0 is an identity for the algebra
(A, o) if f(ar,...,ax) =0 for all ay,...,a; € A.

12k -1)

Recall that there exist E( b1

ty - - tg. For example, there are 5 types of bracketing for 4 elements:

((trta)ta)ts, (trt2)(tata), t1(ta(tsts)), t1((tats)ts), (t1(tats))ta.

Order the types of bracketing somehow. If ¢ is a type of bracketing, denote by
o(tiy,...,t;,) the string t;, ---t;, with bracketing type o. For example, if k = 4
and o is the bracketing type (tl (tgtg))t4 then O’(tl, tg, tl, tg) = (tl(tQtl))tg.

Let a be some bracketing type of ¢1,...,t,. We say that a monomial
of the form a(t;,,...,t;,) has multidegree (r1,... ) if {i1,...,in} C{1,... k}
and r,, = |{s :is = m,s = 1,...,n}| is the number of indices i equal to m for
any m = 1,..., k. Call f = f(x1,...,2r) homogeneous of degree (ry,...,r)) if
f is a linear combination of monomials of multidegree (r1,...,7r;). Say that a
homogeneous polynomial f has degree [ if r{ +---+ 1, =1[.

A homogeneous polynomial f = f(t1,...,t;) of multidegree (1,...,1)
is called multilinear. Notice that the degree of a multilinear polynomial f €
K{ty,...,tx} is equal to the number of variables k. In other words a polynomial f
is multilinear if f is a linear combination of monomials of the form «a(t;,,--- ,t;,),

1 -k
where ( , ) € Sym, is a permutation of the set {1,...,k} and « is a
11 ... 1k

) types of bracketing for the string

bracketing.
Given polynomials f1,..., fs,g € K{t1,...,t;}, we say that the identity
g = 0 follows from the identities f1 = 0,..., fs = 0, and write {f1 =0,..., fs =
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0} = g =0, if ¢ = 0 is an identity for any algebra in the variety defined by the
identities f1 =0,..., fs =0.

Let £ be a variety of algebras and let £(@ be the class of algebras A@
such that A € £. Suppose that (A4,0,) € £(@ has identities f; = 0,..., fs = 0.
We say that these identities are £ -minimal if

e for any r = 1,...,s, the identity f, = 0 does not follow from the identities
fl :05"'af7‘71 :OafT‘+1 :Ov"'afs 207

e if {fi=0,...,/,-1=0,9=0,f,11=0,...,fs =0} = f,=0and g =0
is an identity for £@ then {fi =0,...,fr1=0,fr =0, fr41=0,..., fs =
0} =g=0.

Let (f,g) — f-g = fg be the multiplication of the algebra K{tq,t5...}.
Let us endow the algebra with the multiplication (f,g) — f-qg given by f ;g9 =
f-9+4+qg- f. For example,

(t1 + 3t1ta) - ((2t3)t ) t1((t2ts)t1) + 3(tat2)((t2t3)tr),
(t1 + 3t1ta) ¢ ((tats)tr) = t1((tats)tr) + 3(t1ta)((tats)t1)
+ q((tgtg)tl)tl + 3q((t2t3)t1)(t1t2).
Let
Tq : K{tl,tg,. . } — K{tl,tg, .. }
be a linear map defined by
Tq(ti) =1,
T(f - 9) = 74(f) - 74(9) + a7(9) - T4([)
for any f,g € K{t1,ts,...}. Then
Tq - (K{tl,tg, .. .}, ) — (K{tl,tg, .. .}, 'q)
is the homomorphism
7q(f - 9) = 14(f) "¢ To(9)-
Given a bracketing type o, we set
04 = T40.
In other words, o4(t1,...,tx) is the polynomial obtained from o(¢1,...,t;) by the
multiplication o,. For example, if o is the bracketing type (t1t2)t3, then

o4(ts, t1,ta) = (tatr)ta + q((tits)ta + ta(tst1)) + ¢*ta(tits).

Lemma 2.1. For any bracketing type o
U_qO'q(til, e 7tik) = (1 — q2)k_10'0(ti1, e 7tik)-
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Proof. We use induction on k. For k = 2 the statement is true:
oq(tivstiy) = tisti, + qtigtiy,
and
0 qoq(tiy, tiy) = tiytiy — qtistiy + qliy - tiy — ¢Ptiyti,
= (1 — ¢Htiti, = (1 — ¢*)oo(tiy, tiy)-
Suppose that our statement is true for £k — 1. Let
(tiyseoytiy) =0 (tigy- ,tik,)a”(tik,H, ooy tiy)
for some 1 < k' < k and for some bracketings o', o¢”. Then
Og(tivs - stin) = oq(tivs iy )og (tiy s -5 tiy)
+qog iy, s ti)og(tins -5 tiy)
and
0—q0q(tiys - i) = 0l qog(tiy, oo tiy, ol jog (i, oo tiy)
—q0”g0d(tiy, sty )0l gog(tiy, s tiy,)
+qol oqtiy, oo tiy)olgog(ti, s tiy,)
—q%0" ol (tiy, ... i )0 qoq (i oo tiy)

= U/—qallg(tila s 7tik/ )Uﬁqo—g(tikuﬂv R 7t’Lk)

2/ / " 1
—q 0l qog(tivs o stiy )0l qogd (i, oo tiy)

By the induction hypothesis

ULqJ;(t'Lj? e 7tik/) - (1 - q2)k/710—6(t11, e ,tik,),

Uzqalq/(tikwl’ csti) = (1= qz)kiklila(/)/(tikfﬂ’ sty

Therefore,

O'LqO'ZI(til, ce ,tik,)U/,/qO'/q/(tik,+1, PN ,tik)

2/ / no_n
—q 0o (tiy, ..ty ol oq (t,-k,“, s tiy)

and
0—q0q(tiys - i) = ol qog(tiy, s tiy, )0 og (b, s tay,)
— ¢*0’ o)ty i )0 qoq (i o5 tiy)
= (1= ¢®* Loo(tiy, .-, tiy)-

From Lemma 2.1 we infer the following

421

(1 — q2)k_20'0(t1'1, - 7tik)7
—¢*(1 = ¢*)F 200 (tiy - - -

7tlk)
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Theorem 2.2. (¢ # 1) Let fi1,...,fs be homogeneous polynomials of
degree k. Then the class of q-algebras Var(fy,... ,fs)(q) forms a variety defined
by the system of polynomial identities o_qf1 = 0,...,0_4fs = 0. This variety is
equivalent to Var(fi,..., fs) and the equivalence can be given by A = (A, %) —
ACD = (A% )

The equivalence of varieties means the following. There exist functors
F:Var(fi,...,fs) = Var(o_¢f1,...,0-¢fs), (A,0) — (A, 04),

G :Var(o_gf1,...,0-qfs) — Var(fi,..., fs), (A, %) — (A, %)
such that

GF(A, o) = (A,0), FG(A,x) = (A, *).

Here
''b= L b
a *q = W a *q .
Recall that all polynomials fi,..., fs are supposed homogeneous. Notice that,

for any (A4,0),(B, ) € Var(fi,...,fs) and a morphism between them, i.e., a
homomorphism ) : (A,0) — (B, ), there corresponds a morphism of algebras 1) :
F(A,o) — F(B,-) in the category Var(o_,fi,...,0_4fs), i.e., a homomorphism
i (A,04) = (B, ). Indeed,

Y(a1 oq az) =

Y(a1 0ag +qazoay)

= (a1 0az) + qy(az o ar)

= (a1) - (az) + q¥(az) - ¥(ar)
=

a1) -q ¥(az).

If I is an ideal of (A,o) then I is an ideal of (A,o4). Therefore, simplicity,
nilpotency and solvability properties of algebras in the category Var(fi,..., fs)
remain the same for the corresponding algebras in Var(o_gf1,...,0-qfs). If
(A,0) is free in the variety Var(fi,...,fs), then (A,o,) is free in the variety
Var(o_qfi1,...,0-¢fs). We pay attention to the fact that the categories
Var(fi,..., fs) and Var(o_,f1,...,0_4fs) are equivalent only in the case of ¢g?#1.

Let g1,...,9s, h be non-commutative non-associative polynomials. Sup-
pose that, for a class £ of algebras, the corresponding class £@ of g-algebras
satisfies the identities g1 = 0,...,9; = 0 and A = 0. In this case we say that
h = 0 is a special identity or an s-identity for Var(g1,...,gs)-

We give another application of Lemma 2.1.
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Theorem 2.3. If q # +1, then the map
Tq : (K{tl,tg, .. .}, ) — (K{tl,tg, .. .}, 'q)

18 an isomorphism.

Let £ be some class of algebras. For a polynomial f € K{t;,ts,...}, we
say that f = 0 is an identity for £ if every algebra A € £ satisfies the identity
f = 0. Recall that the class of all algebras satisfying given polynomial identities
forms a variety.

Recall that Lei is the class of Leibniz algebras and £ei® is the class of
¢-Leibniz algebras, i.e., algebras of the form A@ = (A, 04), where A € Lei.

Define non-commutative polynomials rjac (right-Jacobian), lalia (
anti-Lie-admissible), ralia (right-Anti-Lie-admissible), lia (Lie-admissible), s
(standard left-skew-symmetric), s} (standard right-skew-symmetric) and sk]
Lie-admissible) by

le ft—
(Sk-

rjac(ty, ta, ts) = t1(tats) + tatsty) + ts(tita),
( [t1, ta]ts + [ta, ta]ts + [t3, t1]t2,
valia(ty, to, t3) = t1[ta, ts] + to[ts, t1] + ts[t1, Lo,
lia(t1, b, t3) = [[t1, ta], t3] + [[t2 3], 1] + ([t £1], ta],

alial® = lalia +q - ralia, q € K.

) =
lalia tl, tg, 3)
3)

Recall that for a non-commutative non-associative polynomial f(¢q,...
tr), we denote by Alt(f) its skew-symmetrization

Alt f(tl,...,tk): Z 81gn0f( 1)7"'7t0(k))'

o€Sym,,
Let

sp(t, ..o te) = Alt(t (t2( - - (tk—1tk))))s

sh(ty, ... tg) = AL((-+- (t1t2) - - tg—1)tk,

sty k) = Ale([tr, [ta, -+ s [, ta]]]).
Notice that
com = sy, lalia = s}, ralia=s}, lia = s, — s; = lalia —ralia.

If algebras are anti-commutative, i.e., satisfy the identity acom = 0, then

ljac = —rjac,

lia = 4 ljac.
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3. Right-center and Lie elements. Let F' = F(V) be a free right-
Leibniz algebra generated by a space V. Let (F!€ [, ]) be the subspace of F
generated by V under the commutator [, |. We say that a € F' is a Lie-element
if a € (FY%, [, ]). Homomorphic images of Lie elements of any Leibniz algebras
are called Lie elements as well.

Let (A,0) be a right-Leibniz algebra. An element z € A is called right-
central if

aoz=0

for all a € A. Let A™" be the set of right-central elements of A. It was noticed
in [7] that A™" is an ideal with trivial left action, ao z = 0,z € A™"™ a € A,
such that

{a,b} =aob+boaec A™™"

for all a,b € A. We construct new right-central elements.
Observe that
k+1

(1) shoq(a,. .. aps1) = Z(—l)isi(al, ey iy ey Qt) © Q4.
i=1

Lemma 3.1. Let (A, o) be a right-Leibniz algebra. Then A™™ is an ideal
such that
aoz=0.
For any q € K,
(2) (aogb)oc=(aoc)ogb+aocy(boc).
In particular,
{a,b} oc={aoc,b} +{a,boc}.

For any k> 3

si(al, cooak),  splar,...,ag) € AT

Moreover,

are Lie elements,

and

sh(a,b,c) = 2s5(a,b, c).
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In other words, any right-Leibniz algebra A is —1/2-Alia, i.e.,
alial =/ (a,b,¢) = 0

for all a,b,c € A.

Proof. We have
(aogb)oc=(aob+gboa)oc
=ao(boc)+(acc)ob+gbo(aoc)+q(boc)oa
= (aoc)ogb+aog (boc).

So, (2) is established. Thus, in the case ¢ = 0 we obtain the right-Leibniz identity

(aob)oc=(aoc)ob+ao(boc).

Let k = 3. Notice that
sy(a,b, c) = ralia(a, b, ¢).
We have
ralia(a,b,c¢) = ao[b,c]+bolc,al + coa,b]
=2(ao(boc)+bo(coa)+co(aod))
—ao{b,c} —bo{c,a} —co{a,b}
= 2rjac(a, b, c).
By the right-Leibniz identity
ljac(a,b,c) = [a,b] o c+ [b,c] o a + [¢,a] o b = lalia(a, b, ),
and
lia(a, b, c) = lalia(a, b, c) — ralia(a, b, ¢) = rjac(a, b, c) — 2 rjac(a, b, ¢)

= —rjac(a, b, c).



426 A. S. Dzhumadil’daev

So, s5(a,b,c) = 2rjac(a,b,c) = —2lia(a, b, c) is a Lie-element.
By the right-Leibniz identity

uorjac(a,b,c) = ((uoa)o(boc)— ((uo(boc))oa+ ((uob)o(coa)

—((wo(coa))ob+ ((uoc)o(aob) - ((uo(aoh))oc
)

+((woc)ob)oa+ ((uob)oc)oa— ((uob

—((woc)

—(

(uoc)ob)oa— ((uoa)ob)oc+ ((uob

So, the element s4(a, b, c) is right-central.

Suppose that si(al, ...,ap) = s (ay, ... ay) is a Lie element and is right-
central. Prove that s}_ (a1, ..., ak4+1) is also a Lie element which is right-central.
Since s%(al, coiyQiy ey apy1) € AT for every ¢ = 1,...,k+ 1 and since A™™ is
an ideal, we have

k+1
82+1(a1, . ,ak+1) = Z(—l)H—k—i_lsi(al, s YR 7ak+1) oa; € A,
i=1
Further,
k+1 ‘
sibi(ar,. . aniy) = > (=)™ ag, s (ar, . di, - agg)]
i=1
(by the induction hypothesis)
k+1
=> (=1 ag, shlar, ..., di,.. ., ags1)]
i=1
(since s (ai,...,di,...,ax11) € A™0)
k+1
= Z(—l)lsic(al, e ,Cil', e ,ak_H) o a; = sgﬁ_l(al, e ,ak+1).

=1
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4. g-commutators of Leibniz algebras in case q? # 1.

Lemma 4.1. For any Leibniz algebra A its g-algebra A9 satisfies the
identities 1ei® = 0 and leigq) =0.

Proof. We have
1619 (a,b,¢) = (¢> = 1) a oy (hog ) — a o, (cogb) — (¢ —1)boy (ao,c)

—qcog (aogb)+ (24 q—1) (boga) ogc+ (bogc)oga

= (g2 —1)(ao (boc)+ (14 q)ao(cob)—bo(aoc)—gbo(coa)
+(g+ ¢*)co(aob)+qco(boa)+qlaob)oc—qlaoc)ob
+(1—g)(boa)oc+ (g—1)(boc)oa—q*(coa)ob
+¢*(cob)oa)

= (g2 —1)(ao (boc)+ (14 q)ao(cob)—bo(aoc)+gbo(aoc)
+g*co(aob) +qlacb)oc—glaoc)ob+ (1—g)(boa)oc
+(g—1)(boc)oa—q*(coa)ob+ g*(cob)oa)

=(¢* = 1)(gao(cob) + (¢ —1)bo(aoc) +g*co(aob)
+q((aob)oc—(aoc)ob)+ (1—g)((boa)oc—(boc)oa)
—¢*((coa)ob— (cob)oa))

=(¢*> —1)(g(ao (cob)+ (aob)oc— (aoc)ob)
+(1—g)(=bo(aoc)+ (boa)oc—(boc)oa)
—q*(—co(aob)+(coa)ob— (cob)oa))

(by the right-Leibniz identity)

=0.
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Similarly,
lei@(a,b, c)=—aog(bogc) —aog(cogb)+q(bogc)oga+ g(cogb)oga

=—ao(boc)—qao(cob)—q(boc)oa—q*(cob)oa
—ao(cob)—qgao(boc)—g(cob)oa—qg?(boc)oa
+q(boc)oa+qg*(cob)oa+qg*ao(boc)+q3ao(cob)
+q(cob)oa+g*(boc)oa+q*ao(cob)+ q3ao(boc)

=—(aob)oc+ (aoc)ob—qlaoc)ob+qlaob)oc
—q(boc)oa—q*(cob)oa
—(aoc)ob+(aob)oc—qlaob)oc+glaoc)obd
—q(cob)oa—qg*(boc)oa+q(boc)oa+q*(cob)oa
+q*(aob)oc—q*(aoc)ob+q*(aoc)ob—q3(aob)oc
+q(cob)oa+qg*(boc)oa
+(aoc)ob—g(aob)oc+g(aob)oc—g¥(aod)ob

=(-14+q+1-qg+¢ - = +¢)(aob)oc
+1-g—14+q-+@+¢ —¢*)(aoc)ob
H—a—-@+q+g)(boc)oa+ (—¢° —q+¢* +g)(cob)oa

=0.

Lemma 4.2. If ¢ # —2, then
—(2q+1))

Alt(lei?) = —(q + 2)(q — 1) alial~a+2

If g = =2, then
Alt(1ei?)) = 9ralia.

Proof. Consider the case ¢ # —2. We have
lei(q) (tl, tQ, tg) =+ lei(q) (tQ, t3, tl) + lei(q) (tg, tl, tg) — lei(q) (tg, tl, tg) — lei(q) (tg, tQ, tl)
—1eiD (81, t3,t2) = (¢ — 1){(2q + 1)(t1[t2, t3] + to[ts, t1]] + ts[t1, ta]])

—(2q+1)
— (q + 2)([t1,t2]t3 + [tg, tl]tg + [t2, tg]tl} = (2 —q— q2) ralia( a+2 )

The case ¢ = —2 is considered in a similar manner. O
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Lemma 4.3. Let L be a free Leibniz algebra with 3 generators, q € K, q #
0,+1. Then any multilinear identity of LD of degree 3 follows from the identities
1ei® =0 and leigln =0. If ¢ # —2 then leigq) = 0 is a consequence of the identity
lei® = 0. If g = =2, then lei? = 0 and leigln = 0 are independent identities.

Proof. Let L = (L,o0) be a free Leibniz algebra generated by three
elements a, b, c. Write the g-commutator in L@ by wv = wo v + qu o u.

The multilinear part of the free magma algebra (the algebra of non-
commutative non-associative polynomials) in degree 3 has dimension 12. It is
generated by the following 12 monomials:

e = 61(t1,t2,t3) = tl(tgtg), ey = 62(t1,t2,t3) = tg(tgtl),
es = 63(t1,t2,t3) = t3(t1t2) e4 = 64(t1,t2,t3) = t2(t1t3),
= 65(t t2,t3) t3 (tgtl) eg = 66(t1,t2,t3) = tl(tgtg),
= er(t1,ta,13) = (tat2)ts, eg = eg(t1,t2,t3) = (tat3)ts,

= eg(t1,t2,13) = (t3t1)t2, e10 = e1o(t, t2,t3) = (tat1)ts,

e11 = eq1(ty, ta, t3) = (tsta)ty, e12 = e1a(l1, ta, t3) = (tits)ta.

Let X = X(t1,t9,t3) = Zgl Aiei(t1,te,t3) be a polynomial such that
X(a,b,¢) = 0is an identity on L@,

Substitute the generator elements a, b, c € L for the parameters t1,to,t3.
Write e; instead of e;(a, b, c). We have

e1 =ao(boc)+qao(cob)+q(boc)oa+g*(cob)oa
= (aob)oc—(aoc)ob+qlaoc)ob—gq(laob)oc
+q(boc)oa+q*(cob)oa.
Similar calculations show that

eg = (boc)oa—(boa)oc+g(boa)oc—g(boc)oa
Ta(coa)ob+¢X(aoc)ob,

es = (coa)ob—(cob)oa+q(cob)oa—q(coa)ob
tglaob)oc+(boa)os

eq = (boa)oc— (boc)oa+gqboc)oa—gq(boa)oc
Fg(aoc)ob+(eoa)ob,
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es = (cob)oa—(coa)ob+g(coa)ob—gq(cob)oa
+a(boa)yoctaob)oc,

eg = (aoc)ob—(aob)oc+qg(aob)oc—qg(aoc)ob
+acob)oat@(boc)oa,

er = (aob)oc+qg(boa)oc+g(coa)ob—gq(cob)oa
+q*(cob)oa—q*(coa)ob,

eg = (boc)oa+q(cob)oa+qg(laob)oc—g(laoc)obd
+P o) ob—glaob)oc,

eg = (coa)ob+g(aoc)ob+gqlboc)oa—gq(boa)oc

+q2(boa)oc—q2(boc)oa,

©

e10 = (boa)oc+q(aob)oc+g(cob)oa—gq(coa)ob
+q¢*(coa)ob—g*(cob)oa,

e11 = (cob)oa+gqboc)oa+qlaoc)ob—gqlaob)oc
+q2(aob)oc—q2(aoc)ob,

e12 = (aoc)ob+gq(coa)ob+qlboa)oc—g(boc)oa
+q¢*(boc)oa—qg*(boa)oc.
So,
X =

(M =g\ +aX3+6* X5 — X6+ a6 + A7 +¢As — ¢ As +qho — g1 +¢* A1) (aob)oc

(=M A F PN+ gA+ A6 — A6 —ghs +¢% As+qAo+gM1— g M1+ A12)(aoc)ob

— (
—Ao+qha+ A3+ A — i+ aAs+ A —gho+ G Ao+ Ao +a 12— ¢* A2)(

+ boa)o

o

(

( )

(g1 + A2 — qA2 = Ma+qAa+ ¢ XNs + As+qho — ¢*ho + gA11 — A2+ ¢* Arz) (boc)oa

H(gA2+ A3 = qAs+ P Aa = A5+ A5+ At — P Ar+ Xo— gAio+ 7 Mo+qhi2)(coa)ob
(

H(P A = A3+ qA3+ A5 — g5 +qhg — gAr + P A+ s+ gh o0 — P Ao+ A1) (cob)oa.
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Thus we obtain the following system of equations

(I= )M+ X3+ Xs + (¢ — DA + A7 + (¢ — ¢*)Xs + g0 + (¢° — ¢)A =0,
(=DM + A+ ha+ (1= + (¢* — D)As + ¢ho + (¢ — ¢*) A1 + Az =0,
(= DA+ X3+ (1= @M+ qXs + A + (¢ — @) Ao + Ao + (¢ — ) hiz2 =0,
g+ (1= A2+ (¢ = DAs+¢* X6 + Xs + (¢ — ¢*) Ao + ¢h1 + (¢* — @) A2 = 0,
A2+ (1 =) A3+ s+ (¢ = DAs + (0 = ¢*)A7 + Ao + (¢° — @) Ao + ¢hi2 = 0,
A+ (g = DAz + (1= @)As + 6 + (¢° — A7+ s + (¢ — ¢*) Mo + A = 0.

The 6 x 6-determinant composed of the first 6 rows is (1—q)°¢*(1+q)3(q+

2). So, this system has rank 6 if ¢> # 1, ¢ # 0, —2. One can choose \;,7 <1 < 12,
as free parameters. Now, we consider two cases.

Suppose that ¢ # —2. In this case the system has the following solution

AL = _%(12—;;2(/\7 + s+ Ao+ (1= g =)Ao+ (L +q)Ai1 — Ai2),

Ao = gy (@° +a—DAs + A9 = Ao + (1 = ¢ = ¢*) A1 + (g + 1)A2),
Az = — G —|—12)q()\7 +As+ (@2 +q— Do+ (g+1)A0 — M1 — (6% + g — 1)A12),
Ay = —(q+12)q((1 —q— )M — A+ (g + DA+ (¢* + ¢ — 1D)Aio + Air + An),
As = _(q+12)q((1 + A — (@ +q— 1) As — Ao+ Ao + (* + ¢ — 1)A11 + A1),
Ao = _<q+12>qH7 +(g+DAs + (1 =g = ¢*)Ao + Ao + A1+ (¢° + ¢ = 1)Asa).

Substitute these expressions for \;, 1 < i < 6, in X (¢1,%2,t3) and collect the
coefficients of A\;, 7 < j < 12. We obtain a presentation of the polynomial
X(t1,t2,t3) as a linear combination of the following 6 polynomials

f1= (g — D)tx(tats) — (¢* — g+ L)t1(tst2) — (q — D)ta(t1ts)
— (% +q = Dta(tst1) + (¢° — @ta(tata) + (¢* + ¢* — @) (tatz)tz + q(tatz)ts,
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fo = (=1 + ¢*)t1(tats) — ti(tsta) — (¢* — 1)ta(t1ts) — qts(tita)
+ (g% 4 q — 1)(tot1)t3 + (tat3)ty,

f3 = (—¢* + q — Dt1(tats) — t1(tsta) + (¢° — g+ 1)ta(t1t3)

— (¢* + q — D)ta(tsts — qts(tita) + (¢* + ¢ — @) (tita)ts + (¢* + q)(tats)ty,
fa=—ti(tats) — (1 + q)t1 (tsta) + ta(tits) — (¢* + g — Dta(tsts)

—t3(t1ta) 4 (¢ + q — Dts(tat1) + (¢ + 2¢)(tat3)ty,
f5= (1= q)t1(tats) + (¢® — g + L)t1(tst2) — ¢*ta(tats) — (¢ — @)ts(tat2)

— q(tats)ts + (¢* + ¢ — q)(tst1)ta,

fo = —t1(tats) — t1(tst2) + q(tats)ts + q((tat2)t1).

We see that if g2 # 1,q # —2, then
1

= —1eiD (t1, to, t3) — (=1 + g + ¢°) 1ei'D (to, 1, ¢
fi (q—l)(q+1)(q+2)( i (t1,t2,t3) — (=14 q + ¢°) lei*? (2, 11, t3)
F(=14 g+ ¢®)21eiD (ts, b1, t5) + (=1 + ¢ + ¢2) 1eiD (t3, 12, 1)),
fa = 1eil®,
f3 = ! (= (1 + g)1ei() (11, £, )
(a=1(g+1)(g+2)
H(=1+q+ ¢ 1eiD (ta, t1,t3) — (1 + g + ¢%) 1eiD (t3, 1, 12)
+<1+q)(_1+Q+q2) lei(q)(t37t27t1))7
fim (6@t b, t5) (<1 + g+ ¢ 1D (b3, b2, 11))
(g+1)(g—1) o Cr
1
= lei(® (1, to, t ~1 22 16i(@ (¢, 5, ¢
[ (q—l)(q+1)(q+2)(el (t1,ta,t3) + (=1 +q+q7)° lei'?(t1,t3,t2)
—(=1+4q+¢*)1ei (ta, t3,t1) — (=1 + g + ¢%) 1ei® (L3, t2,11)),
fﬁ = ! (— lei(q)(tl,tg,tg) —lei(q)(tl,tg,tg)

(q—1D)(g+1)(¢g+2)
(=14 q+¢*)1eiD(ts, t3,11) + (=1 + g + ¢*) 1eiD (L3, 12, t1)).

Now, we consider the case ¢ = —2. In this case, similar arguments show
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that X is a linear combination of the following polynomials

g1 = t3(t2t1) + 2/3(t1t2)t3 + 4/3(t1t3)t2 + 4/3(t2t1)t3 — 4/3(t2t3)t1
+5/3(t3t1)t2 — 5/3(t3t2)t1,

go = t2(t3t1) + 4/3(t1t2)t3 + 2/3(t1t3)t2 + 5/3(t2t1)t3 — 5/3(t2t3)t1
+4/3(t3t1)t2 — 4/3(t3t2)t1,

g3 = tl(tgtg) — 5/3(t1t2)t3 + 5/3(t1t3)t2 — 4/3(t2t1)t3 + 4/3(t2t3)t1
+4/3(t3t1)t2 + 2/3(t3t2)t1,

g4 = tl(t3t2) + 5/3(t1t2)t3 — 5/3(t1t3)t2 + 4/3(t2t1)t3 + 2/3(t2t3)t1
—4/3(t3t1)t2 + 4/3(t3t2)t1,

gs = tg(tltg) — 4/3(t1t2)t3 + 4/3(t1t3)t2 — 5/3(t2t1)t3 + 5/3(t2t3)t1
+2/3(t3t1)t2 + 4/3(t3t2)t1,

g6 — t3(t1t2 + 4/3(t1t2)t3 - 4/3(t1t3)t2 + 2/3(t2t1)t3 + 4/3(t2t3)t1
—5/3(t3t1)t2 + 5/3(t3t2)t1.

We have
g1 — 1/3(4 lei(—2) (tl, t2,t3) + 31ei-2 (tl, ts, ta) + 21ei(—2) (tQ, t1,t3)

+41ei{T (41, b, t5) — 1eil ™ (ta, t1,3)) = 1/3ralia(ty, ta, 3),

g2 — 1/3(51ei 2 (t1, tg, t3) 4 61ei2) (1, t3, to) + 4112 (o, 11, £3)
45161l (41, b, t5) + 1eil ™ (ta, £, 13)) = 8/3 ralialty, ta, t3),

g3 —1/3(—=41ei2 (11, o, t3) — 61ei 2 (11, t3, t5) — 51eil™2) (Lo, t1, t3)
— 417D (4, to, t3) — 5leil "D (1, 11, 3)) = —10/3 ralia(ty, o, t3),

g1 — 1/3(41ei2 (11, ty, t3) + 6112 £y, t3, 1) + 51ei™2 (tg, t1, t3)
il D (1, to, t3) + 51eil P (o, 11, 3)) = 10/3 ralia(ty, b2, t3),

g5 —1/3(=51ei2 (11, o, t3) — 61ei ™2 (t1, t3, to) — 4162 (Lo, t1, t3)

-5 lei(_2) (tl, tg, tg) —4 lei(_2) (tg, tl, tg)) = —8/3 ralia(tl, tg, tg),

433
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g6 — 1/3(2 lei=2) (tl, to, tg) +3 lei(—2) (tl, t3, t2) + 41ei(-? (tQ, t1, tg)
— lei(_2) (tl, to, tg) + 4lei(_2) (tQ, t1, tg)) = 8/3 ralia(tl, to, tg).

By Lemma 4.2 ralia = 0 is a consequence of the identity lei(? = (. Therefore, all
the identities g; = 0 are consequences of the identities lei@ = 0 and leigq) = 0.

We have proved that any identity of degree 3 of L@ for ¢ = —2 follows
from the identities lei'® = 0 and leng) = 0. Notice that the equation

leigq)(a, b,c) = 1 lei(Q)(a, b,c) + 2 lei(®) (b,c,a) + us lei(®) (c,a,b)
+ pg1eiD (b, a, ¢) + ps 1ei'D (¢, b, a) + pg lei'? (a, ¢, b)

in L@ with unknowns i1, jt2, i3, f1a, fi5, it is not solvable. Therefore, this system
of identities 1ei® = 0,1eil? = 0 is £ei(@-minimal if ¢ = —2.

Lemma 4.4. Suppose that ¢ # 0,£1 and an algebra (A,x) satisfies
the identities 1ei'? = 0 and leigq) = 0. Then the algebra (A,o), where aob =
(1—q¢*)"Y(axb—qbxa), is a (right)-Leibniz algebra, and the algebras (A, ) and
(A, 0q) are isomorphic.

Proof. One checks that

lei(tl, tg, tg) = -2 le1(’1) (tl, tg, tg) - 2/3 lel(Q) (tl, tg, t2) - lel(q) (tQ, tl, tg)

+2/3 (lei(q) (tg,tg, tl) — 21€i§q) (tl,tg, tg) — leng) (tQ, tl,tg)
for ¢> #1,q = —2, and
S S
(¢> = 1)(g+2)
—(=1+42¢ + ¢?)1ei'D (¢, t5,t2) — (g + 1) 1ei'D (ta, 11, t3)
+(1 = g+ ¢+ %) 1eiD(ta, t5,11) + (g + 1) 1eiD(t3, 11, 12)
—(q+ %) 1eil® (t3, 12, 11))

for > #1,q # —2.

Therefore, for any algebra (A, ) with identities lei®® = 0 and leigq) =0
the algebra (A, o), where aob = (1 — ¢?)"!(a b — qb* a), satisfies the identity
lei = 0. It is evident that

aogb=(1-¢*)"H(aob+qboa)
=(1-¢*)Yaxb—qbxa+gbxa—q?>axb)

lei(tl,tg,tg) = (q(q+ 1) lei(q)(tl,tg,tg)

=axb.
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Proof of Theorems 1.1 and 1.2. By Lemmas 4.1, 4.3, 4.4 our
theorems are true. 0O

5. Leibniz-Lie algebras. In this section we study identities for Leib-
niz-Lie algebras, i.e., algebras (A, [, |) under —1-commutator for Leibniz algebras
(A,0).

Note that leilie; (¢1, to, t3, t4, t5) has type (3, 2), i.e., it is skew-symmetric in
t1,ta,ts3 and in t4,t5, and leilies(t1, ta, t3, t4, t5) has type (1,4), is skew-symmetric
in tg, tg, t4, t5.

Let

leil ™ (t1, o, ts, ta, t5) =

((tat2)t3)(tats) + ((tat2)ts)(tsta) + ((tat2)(tsta))ts — 2((trt2)(tsts))ta

+ ((tt2)(tats))ts — ((tat3)ts)(tata) + ((tats)(tata))ts — ((t1ta)ts)(tats)

+ ((tr1ta)ts)(tats) + ((t1ta)(tats))ts — ((trta)(tats))ts + 2((t1ta)(tsts))t2
+ ((tats)ts)(t2ta) — ((tats)(t2ta))ts + ((tats)ts)(trta) + ((tata)ts)(t1ts)
(tata)

— ((tata)ts)(tits) — 2((tata)(tsts))tr — ((tats)ts)(trts) + ((tsts)ts)(t1ta)

+ 2(((t182)t3)t5)ta — 6(((t1t2)ta)ts)ts + 6(((t1t2)ta)ts)ts — 2(((t1t2)ts )ts)ta
— 2(((t1t3)t2)ta)ts + 2(((t1ts)ta)ta)ts + 6(((t1ts)ts)ta)ts — 6(((t1ts)ts)t)ts
+ 6(((t1tg)ta)ts)ts — 6(((t1ta)ta)ts)ts — 2(((t1t4)t3)ts)ta + 2(((t1ta)ts)ts)to
+ 2(((t1ts)ta)ta)ts — 6(((t1ts)ts)ta)ts + 6(((t1t5)ts)ta)ta — 2(((t1ts)ta)to)ts
+ 2(((tats)t ) ta)ts — 2(((tats)ta)tr)ts — 6(((tats)ts)tr)ta + 6(((tats)ts)ts)ts
— 6(((tata)t1)ts)ts + 6(((tats)t1)ts)ts + 2(((tata)ts)ts)tr — 2(((tats)ts)ts)ty
— 2(((tats)t1)ta)ts + 6(((tats)ts)t1)ts — 6(((tats)ts)ts)tr + 2(((tats)ta)t1)ts
+ 2(((tsta)tr )ta)ts — 2(((tsta)ta)tr)ts — 4(((tsta)ts)tr)ts + 4(((tsta)ts)ta)ty
+ 4(((t3ts)t1)t2)ta — 4(((tsts)t1)ta)ts — 4(((E3t5)t2)t1)ta + 4(((tsts)t2)ta)ts
+ 2(((tsts)ta)tr )ta — 2(((Ests)ta)ta)ts + 2(((tats)t1)ta)ts — 2(((tats)ta)t)ts

— 4(((t4t5)t3)t1)t2 + 4(((t4t5)t3)t2)t1.

Statements below need long calculations. We omit them. Details one can
find in our preprint [5].
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(=1)

Lemma 5.1. The identity lei; " = 0 is a consequence of the identities
leilie; = 0, leilie; = 0 and the anti-commutativity identity.

Lemma 5.2. Let (A, o) be a Leibniz algebra. Then the Leibniz-Lie algebra
(A, [, ]) satisfies the identities leig_l) =0, leilies = 0.

Lemma 5.3. Any identity of degree 4 for Leil=1 follows from the identity
acom = 0.

Proof. Let, working modulo the identity of anti-commutativity
Xy(t1,ta,t3,ta) =
A1(tito)(tats) + Xa(tats)(tats) + A3(tats)(t1ta) + Ma((t1t2)t3)ts
+ Ao((fat2)ta)ts + As((t1t3)t2)ta 4+ Aaa((B1ts)ta)be + As((t1ta)t2)ts
+ Aio((t1ta)ts)ta + A7((tats)tr)ts + Ais((tats)ta)ts + As((tata)t1)ts
+ Aa((tata)ts)ts + Ao ((tata)tr)ta + A5 ((tsta)t2)ts

be a generic multilinear polynomial of degree 4. For tq,ts,%3,ts, we substitute
the elements a, b, ¢, d of the free Leibniz algebra, and calculate X4(a, b, ¢, d) under
the commutator [u,v] =wuov —vou. We obtain

X4(a,b,c,d) =
(2A1 + Ay — 207 — 4\ 4+ 4X15)(((a o b) 0 ¢) 0 d)
+ (=2A1 — 2Xs + Ao — 4A 4 — 4A15)(((a o b) o d) o ¢)
202 + A5 + 2A7 +4M13 + 4M\4)(((a 0 ¢) 0 b) 0 d)
2o — 20 + A1 — 4Ag — 4Mi5)(((a o ¢) o d) o b)
(aod)ob)oc)
od)oc)ob)
oa)oc)od)

(
223 + A6 + 28 + 41z + 4A1a)((
(a
(b
boa)od)oc)
b
(
(

+

(—

(— )
(223 + 20 + A2 — 4h13 + 4Ai5)(
(—2XA1 — Ay — 2X5 +4hg — 4N q1)(
(2A1 — 26 — 49 — Ao — 4A12)((
(2A3 4+ 2X5 + A7 + 411 + 4A12)((
(=2X3 — 4Xg — 4A1a + A1z — 2A15) (o ¢) 0 d) 0 a)
(=

2X9 + 2Xg + As + 411 + 4/\12) (bo ) ) o C)

oc)oa)od)

(
)
(
(
(
(
(
)
(
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20 +4Xg — 411 + A1g + 2X15
200 —2X4 — A5 + 48 — 4\

)(((bod)oc)oa)

)
209 — 4Xg — 4Ag — A1 — 2M19)(

)

(

(((
((coa)ob)od)
((coa)od)ob)
223 + 2\ + 4X6 — A7 + 4A10)(((c o b) 0 a) o d)

23 — 4Xg — 4Xs — A1z — 2A14)(((c o b) 0 d) 0 a)
201 +4X6 + Ao + 410 + 2M\12)(((cod) o a) o b)
2X1 + 4As — 4A10 + 2014 + Mis)(((c o d) 0 b) 0 a)
23 — 44 — Ag + A — 2010)(((d 0 @) 0 b) 0 ¢)
203 —4X5 —4A7 — 22X 11 — Mi2)(((doa) o) o b)
2X2 + 44X + 45 — Ag +2X10)(((d o b) o a) o c)
20 —4X5 —4A7 — 2X13 — A4)(((d o b) o ¢) 0 a)
+ (2A1 + 4 + 425 — Ag + 2M11)(((d o ¢) 0 a) o b)
+ (=2A1 — 44Xy + 407 +2X13 — A15)(((d o ¢) 0 b) 0 a).

Since all 24 left-bracketed elements like (((a o b) o ¢) o d are linear independent
elements, the condition X4(a, b, ¢, d) = 0 gives us the system of 24 linear equations
in 15 unknowns A;,¢ = 1,...,15. We see that the rank of this system is 15 and
our system has the trivial solution only: A; = 0 for all ¢ = 1,2,...,15. In other
words, any multilinear identity of degree 4 for £eiD follows from the identity
acom = 0.

+ + + F + + o+ + o+ o+
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Lemma 5.4. Any identity of degree 5 for the free Leibniz algebra follows
from the identities leilie; = 0, leilies = 0, leig_l) =0.

Proof. Let f = f(t1,...,t5) be a non-commutative non-associative
polynomial such that f = 0 is an identity for any right-Leibniz algebra. Notice
that there exist 105 anti-commutative non-associative polynomials. Present f as
a linear combination of these 105 elements.

Insert in f the elements of the free Leibniz algebra generated by 5 elements
U1, u2,u3, ug, us and calculate the polynomial f under the commutator [u,v] =
wov —vou, where (u,v) — wo v is the multiplication in a free (right)-Leibniz
algebra. Expand this expression in terms of the multiplication o using the Leibniz
rule

uo(vow) = (uov)ow— (uow)ouv.
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We obtain an element which is a linear combination of 120 elements of the form
(((ug(1) © Ug(2)) © Ug(3)) © Ug(a)) © Ug(s), Where o € Syms. The identity condition
f =0 on L&Y gives us 120 linear equations in 105 unknowns );. Solve this
system of equations. We do this using the computer system Mathematica. We
find out that the system has 14 free parameters. It shows that f can be presented
as a linear combination of the 14 polynomials given below

f1 = leilieq,

fa = leilieq (t1, to, tq, t3, t5),

f3 = leilieq (t1, to, t5, t3,t4),

fa = leilieq (t1,t3,tq,ta,t5),

f5 = leilieq (ta, ts, tq,t1,t5),

fo = leilieq (t1,t3,t5,t2,t4),

f7 = leilieq (to, t3, t5,t1,t4),

fo = leilie; (1, ta, s, ta, t3) + leiliea(t1, o, t3, ta, t5),

fro = (leilier (3, ta, ts, t1, to) + 2leilies(tq, to, ts, ta, ts) + leil (b1, to, t3, ta, ts5)
16V (b1, to, t3, b5, ta) — leil D (41, o, La, 13, 15)) /2,

fll = (2 1611161(752, tq, 15,11, tg) + leiliel(tg, tq, 5,11, tg) + 2 leilieg(tl, to, 13,14, t5)
leil (11, b, 3, b, t5) — leil ) (1, ta, t, 5, £4)

— lei(_l) (t17 t27 t47 t37 t5))/27

e (=1
Fra = (leiliey (3, b4, t5, b1, t) + leil (1, t, t3, £, t5)

leil Y (b, to, s, ts, ta) — leil ) (81, b, ta, 3, 5)) /2,

fia = (leiliey (t5, ta, ts, b1, t2) + 1eil V) (81, ta, 3, ta, t5)

—lei§ V (t1, b, 3, s, ta) + leil (b1, ta, Ea, 3, 5)) /2.

So, by Lemma 5.1 the 9-term polynomial leilie; and the 60-term polynomial leilies
form a base of multilinear identities of degree 5.
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Proof of Theorem 1.3. Follows from Lemmas 5.1, 5.2, 5.3 and
5.4. 0O

6. Leibniz-Jordan algebras.

Proof of Theorem 1.6. It is easy to check that leijor = 0 is an
identity for any algebra of the form A, where A is a Leibniz algebra.

Let A be an associative algebra and let M be a right module over A. Then
A ig a Lie algebra and M can be made into an antisymmetric A—Y-module.
Let L = A+ M be the standard Lebniz algebra corresponding to these Lie and
antisymmetric module structures. If we denote by * the multiplication in the
Leibniz algebra L, then

(a +m) (b+n)=[a,b] + mb,
and
{a +m,b+n} = [a,b] + mb+ [b,a] + na = na + mb.
In particular,
3) {a,m} = ma, {a,b} =0, {m,n} =0
for all a,b € A,m,n € M. Recall that
{t1,t2} = tita +tatq

is the Jordan commutator.

Suppose that f = 0 is a minimal identity for the Leibniz-Jodan algebra
(L,{, }) which does not follow from the identity leijor = 0. We can assume that
f is multilinear and f = f(t1,...,t;) is a linear combination of left-bracketed
monomials of the form ((¢;,t;,) - )ti,. So,

Fltr,ote) = D Aelltoyto) - o)
oc€Symy,

for some A\, € K. Write the condition f(ai,...,ax_1,m) = 0 by using the
multiplication rules (3) for Leibniz-Jordan algebras. We have

(4) flag, .. apmr,m) = Y Ao((magay) -+ aog—1)
oc€Symy,_

for any aq,...,a_1 € A,m € M.
Take A = Mat,, to be the matrix algebra and M = K™ the n-dimensional
natural module. Then conditions (4) imply that

> Al(to@)e@) )aom-1) =0

oESymy,_
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is an identity for Mat,,. By the Amitsur-Levitsky Theorem [1], matrix algebras
have no identity of degree k — 1 if k < 2n + 1. So, f = 0 is not an identity for
Leibniz-Jordan algebras of the form Mat, +K" if n > (k —1)/2. In other words,
any s-identity for Leibniz-Jordan algebras follows from the identities leijor = 0,

com = 0.

1]

2]

[9]
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