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1 Introduction

For fixed n > 2, let

x=(1,Zn)s, Y= Y1,y Yn)
denote two n-tuples. Let
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be their ordered components.

Definition 1.1. (see [14, p.319]) y is said to majorize x (or x is said
to be majorized by y), in symbol, y > x, if

Yoz < Doy (1.1)
=1 =1



4 M. A. Khan, N. Latif, J. Pecari¢, 1. Perié¢

holds for m =1,2,...,n — 1 and

n
Z Ty = Zyi-
' i=1

i=1
Note that (1.1) is equivalent to
n n
PO OIS D0
i=n—m-+1 i=n—m-+1

holds for m=1,2,...,n — 1.
The following theorem is well-known as the majorization theorem and a

convenient reference for its proof is given by Marshall and Olkin [9, p.11] (see
also [14, p.320]):

Theorem 1.1. Let I be an interval in R, and let x, y be two n-tuples
such that x;, y; € I (i=1,...,n). Then

n n

d o(yi) < Z}ﬁ(%) (1.2)

i=1
holds for every continuous convex function ¢ : I — R iff x = y holds.

Remark 1.1. ([8]) If ¢ is a strictly convex function, then equality in
is valid iff Tl = Y[a)» 1= 1, ey N

The following theorem can be regarded as a weighted version of Theorem
1.1 and is proved by Fuchs in ([4], [14, p.323]):

Theorem 1.2. Let x, y be two decreasing real n-tuples, let w =
(w1, w3, ..., wy) be a real n-tuple such that

k k
Zwiyi < Zwiﬂ%’ for k=1,...n—1, (1.3)
i=1 i=1

and

n n
Zwi Y; = Zwi ZTi. (1.4)
i=1 =1

Then for every continuous convex function ¢ : I — R , we have
n n
Dwig (i) <Y wig(w). (1.5)
=1 =1

The following theorem is valid ([11, p.32]):

Theorem 1.3. Let ¢ : I — R be a continuous convex function on an
interval I, w be a positive n-tuple and x, y € I" satisfying (1.3) and (1.4).
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1. If y is decreasing n-tuple, then (1.5) holds.

2. If x is increasing n-tuple, then reverse inequality in (1.5) holds.

Theorem 1.4. ([6]) Let ¢ : I — R be a continuous convex function on
an interval I, z;y; € 1 (1 = 1,2,...,n), w; > 0 (i = 1,2,...,n) with W,, =
S qwp > 0. If (z; — yi)(i:ﬁ) is nondecreasing (nonincreasing), (yi)(i:m) is
nondecreasing (nonincreasing) and satisfying (1.4), then (1.5) holds.

In the following result, inner product is defined in a usual way on R™.
Furthermore, e = {ej1,ea,...,€ey,} is a basis in R™, and d = {d;,da,...,dn}
is the dual basis of e, that is (e;,d;) = 6;; (Kronecker delta). One denotes
J={1,2,...,m}. Let J; and Js be two sets of indices such that J; U Jy = J.
Let v € R™ and p € R. A vector z € R™ is said to be pu, v-separable on J; and
Jo (with respect to the basis e), if

(€5,z—pv) >0 fori e Jy, and (ej,z—pv) <0 for j e Jo. (1.6)

A vector z € R™ is said to be v-separable on J; and Jy (w.r.t. e), if z is
u, v-separable on J; and Js for some p. One says that a function ¢ : I — R
preserves v-separability on Jy and Jo w.r.t. e, if (p(z1),0(22),...,0(2m)) is
v-separable on J; and Jy w.r.t. e for each z = (21, 22, ..., z;n) € I"™ such that z
is v-separable on J; and Jo w.r.t. e.

Theorem 1.5. ([12,Theorem 2.2]) Let ¢ : I — R be a continuous
convex function on an interval I. Assume @ € 0¢, where 0¢ is the subdifferential

of ¢. Let x = (21,22, ., Tm), Y = (Y1,Y1, -, Ym) and w = (w1, w1, ..., W),
where x;,y; € I, w; > 0 fori € J={1,2,...,m}, and let u, v € R™ with
(u,v) > 0. If there exist index sets Jy and Jo with Jy U Jy = J such that

(i) y is v-separable on J; and Jy w.r.t. e,
(ii) x -y is A, u-separable on Jy and Jo w.r.t. d, where A = (x —y,v)/{u,v),

(’L’L’L) <X*y’ V> =0, or <X*Yv V> <Zv u> >0, wherez = (90(y1), SO(yQ)’ s 790(ym))z
(iv) ¢ preserves v-separability on Jy and Jo w.r.t. e,

then (1.5) holds.

Matrix majorization: The notion of majorization concerns a partial
ordering of the diversity of the components of two vectors x and y such that
x,y € R™. A natural problem of interest is the extension of this notion from
m-tuples (vectors) to n x m matrices. For example, let

X = (x1, Xa, ...,xn)/ and Y = (y;,¥o, ...,yn)/
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be two n x m real matrices, where x1,Xa, ..., Xn; ¥1,¥2, .-, ¥, are the correspond-
ing row vectors.

Definition 1.2. Let X,Y be two n x m real matrices for n > 2, m > 2.
X is said to row-wise majorize Y (X ="Y) if x; > y; holds for i = 1,2, ..., n.

To define Cauchy type means for majorized matrices, the following fam-
ilies of functions will be useful.

Lemma 1.1. Let us define the functions n; : [0,00) — R

I‘t .
m(z) =4 @ 7L (1.7)
zlogz, t=1.

Then n)(z) = x'=2, that is n; is convex for x > 0,t > 0, with the convention
that 0log0 =0

Lemma 1.2. Let us define the functions ¢ : (0,00) — R

t

t(txfl)v t#oulv

Yi(r) =1 —logz, t=0; (1.8)
zlogx , t=1.

Then ! (z) = x'~2, that is p; is convex for x > 0,t € R.
Lemma 1.3. Let us define the functions §; : R — R

1 tx .
W:{ pe, o 170 (1.9)

§.ZU N t=0.
Then ¢} (x) = €'®, that is ¢y is convex for x € R, t € R.
The following lemma is equivalent to definition of convex function([14,
p.2]).

Lemma 1.4. If f is convex on an interval I C R, then

f(s1)(s3 —s2) + f(s2)(s1 — s3) + f(s3)(s2 —s1) > 0. (1.10)

holds for every s1 < so < s3, S1,S82,83 € 1.

The following important subclass, i.e. the class of exponentially convex
functions, introduced by Bernstein [2], will be crucial importance in studying the
properties of Cauchy type means for majorized matrices (for example monotonic-
ity). Also our method can give a method of producing families of exponentially
convex functions.
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Definition 1.3. A function ¢ : I — R is exponentially convex on an
interval I C R if it is continuous and

n
> arap(z +x1) = 0
k=1

forallmn e N,agy € Randxp € I, k=1,2,..,nsuchthat xp+z; € I,1 < k,[ < n.
Proposition 1.1. Let ¢ : I — R. Then the following propositions are
equivalent:

(i) ¢ is exponentially conver.
(ii) ¢ is continuous and

n T + X
E ara;¢( 2 )>0
k=1

for everyn € N, for everyar ER and x, € I, k, 1 =1,2,..,n, 1 <k <n.
The following corollary is given in ([2], [10]):

Corollary 1.1. If ¢ is exponentially convex function then

:Uk—i—xl)]"

>0
2

El=1

det [qﬁ(

foreveryneNzel, k=1,2,..,n.

Corollary 1.2. If ¢ : I — (0,00) is exponentially convex function, then
¢ is a log-convex function.

This paper is organized in this manner: in Section 2, we give analogues
of Theorem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4 and Theorem 1.5 in
matrix form. We also introduce majorization result for matrices by using Green
function. In Section 3, we give mean value theorems for majorized matrices and
prove positive semi-definiteness of matrices generated by differences deduced
from majorized matrices which implies exponential convexity and log-convexity
of these differences and also obtain Lypunov’s and Dresher’s type inequalities
for these differences. We introduce Cauchy type means and prove that these are
monotonic.

2 Main results

Theorem 2.1. Let ¢ : I — R be a continuous convexr function on an

interval I and X = [x;5], Y = [yi5] and W = [wy;] be matrices, where x5, y;; € I
and wij ER (1=1,2,...,n, 7=1,2,...,m).
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If X ="Y, the following inequality holds

n m n m

D> lay) = DD dlyy). (2.11)

i=1j=1 i=1j=1

If ¢ is strictly convex on I, then the strict inequality holds in (2.11) if and
only if X #Y.

If (%i5) ;17 (yij)jzl, (1t = 1,2,..,n) are decreasing and satisfy the
following conditions,

Zwijxij 2 Zwijyij, k= 1,2,...,m — 1, (2.12)

fori=1,2,....,n and
m m
Z wijxij = Z wijyij (2.13)
j=1 i=1

fori=1,2,...n
Then

Z wa@ﬁ xl] 2 ZZ Z_]Qs yzj (214)

i=17=1 i=1

(c1) If (i5) ;17 (i =1,2,..,n) is decreasing with wi; >0 (i =1,2,...,n,
Jj=1,2,...,m) and satisfying conditions (2.12) and (2.13), then (2.14)
holds. If ¢ is strictly convex on I, then the strict inequality holds in
(2.14) if and only if X #Y.

(co) If <xij)j=17n (1 =1,2,..,n) is increasing with w;; >0 (1 =1,2,...,n,
j = 1,2,...,m) and satisfying conditions (2.12) and (2.13), then re-
verse inequality in (2.14) holds. If ¢ is strictly convex on I, then the
reverse strict inequality holds in (2.14) if and only if X #Y.

If (xij — vij) j—t7m ond (Yij) j—177 (i = 1,2,..,n) are nondecreasing (nonin-
creasing) with wi; >0 (i = 1,2,...,n, j = 1,2,...,m) and satisfying con-
dition (2.13), then (2.14) holds. If ¢ is strictly convex on I and w;; > 0,
then the strict inequality holds in (2.14) if and only if X # Y.

Let wi; >0 (i=1,2,...,n,5 =1,2,..,m) and u,v € R™ with (u,v) > 0.
If there exist index sets J1 and Jo with J1 U Jy = J such that for each
i=1,2,..,n

(i) (Yij) j—17m is v-separable on Jy and Jy w.r.t. e,
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(it) (Tij — Yij) j—17m s A, u-separable on Jy and Jy w.r.t. d, where
A= (xij = Yij) j—1m » V) / (W, V),

(iti) {(xij = Yij) j—17m V) = 0, or {(@ij — ¥ij) j—17m » V){(2ij) j=77mr0) 2 0,
where (2i5) ;1 = (P(Yi1), - - - @ (Yim)).

(iv) @ preserves v-separability on Jy and Jy w.r.t. e,

then (2.14) holds.

Proof. (a) By using Theorem 1.1, we can write

j=1

J=1

Summing (2.15) over ¢ from 1 to n, we get (2.11).
In a similar way, we can prove (b), (c), (d) and (e). ]
Now, we give majorization type result for matrices by using the Green
function.
Consider the Green function G defined on [a, 5] x [a, §] by

(t=B)(s—a) < g <t
. B—o )y XSS
G(t,s) = { (S_g)(t_a)7 t<s<B. (2.16)

The function G is convex under s, it is symmetric, so it is also convex under .
The function G is continuous under s and continuous under £.

For any function ¢ : [a, 5] = R, ¢ € C?(|a, B]), we can easily show by
integrating by parts that the following is valid

8—x r—«
f—a f—a
where the function G is defined as above in (2.16) ([16]).

B
$(8) + / G, )0 (s)ds, (2.17)

«

¢(z) = ¢(a) +

Theorem 2.2. Let ¢ : I — R be a continuous convex function on an
interval I and X = [x;;], Y = [yij] and W = [wy;] be matrices, where x5, y;; € I
and wij €R (1 =1,2,...,n, j =1,2,...,m) such that satisfy condition (2.13).

Then the following two statements are equivalent:

(i) For every continuous convez function ¢ : o, B] — R, (2.14) holds.

(ii) For all s € [a, 5] holds

ZZ“’UG(@"U’S) Z ZZijG (yij,s) . (2.18)
i=1j5=1

i=1j=1
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Moreover, the statements (i) and (ii) are also equivalent if we change the sign
of inequality in both inequalities, in (2.14) and in (2.18).

Proof. (i)=(ii): Let (i) holds. As the function G(,s) (s € [a, 3]) is also
continuous and convex, it follows that also for this function (2.14) holds, i.e., it
holds (2.18).

(ii)=(i): Let ¢ : [, B] — R be a convex function, ¢ € C?([a, 3]) and (ii)
holds. Then, we can represent function ¢ in the form (2.17), where the function
G is defined in (2.16). By easy calculation, using (2.17), we can easily get that

n m

Z Z wijgﬁ(xij) — Z Z wij(z)(yij)

i=1j=1 i=1j=1

/6 n m
:/a {ZZwijG(xij’ Zzww (yij. )| ¢"(s)ds.

i=1j=1 i=1j=1

Since ¢ is a convex function, then ¢”(s) > 0 for all s € [a,]. So, if for
every s € [a, ] holds (2.18), then it follows that for every convex function
¢ : [o, ] = R, with ¢ € C?([a, 8]), inequality (2.14) holds.

At the end, note that it is not necessary to demand the existence of the
second derivative of the function ¢ ([14, p.172]). The differentiability condition
can be directly eliminated by using the fact that it is possible to approximate
uniformly a continuous convex function by convex polynomials. ]

3 Mean value theorems and generalized Cauchy means

Theorem 3.1. Let X, Y and W be matrices as in Theorem 2 such

that satisfy condition (2.13). Let also ¢ € C?*([a, 8]). If for all s € [, B], the
inequality (2.18) holds or if for all s € [a, B], the reverse inequality in (2.18)
holds, then there exists £ € [a, 5] such that

>3 wiole) - 30D wiiouy) = Lo (;Zwijﬁj B Zzwijygj) |
i=1j

i=1j=1 i=1j=1 =1 i=1j=1
(3.19)

Proof. Since ¢”(x) is continuous on [a, f], let m = min ¢"(z) and

xe[a,ﬁ]
M = m[a%]gb”( x),som < ¢’ (x) < M for x € [a, (]
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Consider the functions ¢1, ¢o defined as

a1() = 2 (),
and )
ba(a) = () — “—
Since
¢i(x) = M —¢"(x) >0,
and

5(r) = ¢"(x) —m =0,

it follows that ¢;(x) for i = 1,2 are convex.
Now by applying ¢; for ¢ in (2.14), we have

)| > 33 |

i=1j=1

MyZJ

- ¢>(yij)] : (3.20)

From (3.20) we get

n m

SN wid(xi) —

i=1j=1 i=1j=1

1
wid(yij) < 5 (Z Z Wij T zg Z Z wmyw)

i=17=1 i=17=1
(3.21)
and similarly by applying ¢9 for ¢ in (2.14), we get

3

zzwwwzz%mmzn{zz%m ZZW%)

i=1j=1 i=1j5=1 i=1j=1 i=1j=1
(3.22)

I, >0 wija:%j — > wijy?j = 0, then from (3.21) and (3.22) follows
that for any ¢ € I (3.19) holds.

If 50 200 wijz f] — i1 e wijyizj > 0, it follows by combining
(3.21) and (3.22) that

2 (S0 X wib(ey) — S S wid(vig) ) oy

m < n Zm o2 n Zm o2 —
i=1 22j=1 Wij Ly i=1 22j=1 Wij¥Yi;

Now using the fact that for m < p < M there exists £ € I such that f”(£) =p
we get (3.19). n
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Theorem 3.2. Let X, Y and W be matrices as in Theorem 2 such that
satisfy condition (2.13). Let also ¢,v € C*([a, B]). If for all s € [a, ], the
inequality (2.18) holds or if for all s € [a, B], the reverse inequality in (2.18)
holds, then there exists £ € [, 5] such that

¢"(8) _ L1 i widlwiy) — ina 2 wii(yiy)
P(€) i1 ity wigh(zig) — 2oy 7y wig(yig)

Provided that the denominators are non zero.
Proof. Let the function k € C?([c, 3]) be defined by

(3.23)

k=c1¢ — coth,

where ¢1 and ¢ are defined as

e =Y wip(wig) — > Y wigth(yig),

1=1j5=1 i=17=1
n m n m

=D D wid(wij) — D> wiid(yij)-
i=1j=1 i=1j—=1

Then, using Theorem 3.1 with ¢ = k, we have

0= (C1¢;(§) Czdﬂ’( > (iZw” Ty — iiwwyfj) ) (3.24)

i=1j=1 =1 j=1

By using (3.19) for 1, left hand side of (3.19) is non-zero by our assumption, it

follows that > ; 377", wwxf] DR D] wijyizj £ 0.
Therefore, (3.24) gives us

@ _ #)
c &)
After putting the values of ¢; and ¢o , we get (3.23). [

Corollary 3.1. Let X, Y and W be matrices as in Theorem 2 such that
satisfy condition (2.13). If for all s € |« 8], the inequality (2.18) holds or if for
all s € [a, B] the reverse inequality in (2.18) holds and [a, (] is closed interval
in R, then it exists £ € [a, 8] such that

v(v —1) 20 Dojiy wiia — Yy Yo7y Wiy

TV = . .
u(u—1) 3205 20 WijTj; — D1 e WijYi;

(3.25)
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Proof. Set ¢(z) = 2" and ¢(z) = x¥ in Theorem 3, we get (3.25). =
Now we are able to introduce generalized Cauchy means from (3.23).
Namely, suppose that i—/,/, has inverse function, then from (3.23) we have

(" T Y wid(ayg) — Y Z;‘n:lwijﬁb(yij)) 396
¢= (1/1”) < i1 2 wigh(wig) — Y Ty wit (i) ) (3.26)

Remark 3.1. Note that we can consider the interval o, 5] = [my,y, May],
where m, , = min{min z;;, miny;;}, M, , = max{max z;;, max y;; }.
1 %] 1) 1)

Since the function & — £“7Y, u # v is invertible, then from (3.25) we
have

{ v(v — 1) D1 251 Wiy — Dlig Dlje1 Wiy
My qy <

. <M., (327
u(u—1) >ty Z}n:1 wijT; — 2t Z}n:1 wijYy; } ey )

We shall say that the expression in the middle is a mean of x;; and y;;.

4 Exponential convexity and monotonicity of Cauchy
means related to majorized matrices

In this section, we want to give some very important applications of
generalized Cauchy means i.e., monotonicity of these means. Also we prove
positive semi-definiteness of matrices generated by differences deduced from the
majorized matrices which implies exponential convexity and log-convexity of
these differences and also obtain Lypunov’s and Dresher’s type inequalities for
these differences.

Let X, Y, W and ¢ be stated as in Theorem 2.2. We define the functional
A(X,Y,W;¢) by

AXY,Wi8) =D wijbl(ai) — D> wijd(yij)-
i=1j=1

i=1j=1
We begin with defining Cauchy type means for the family of functions 7.

Theorem 4.1. Let X, Y and W be matrices as in Theorem 2.1 with
zij,Yi; > 0 (i = 1,2,...,n,j = 1,2,...,m) such that satisfy condition (2.13).
Consider Qi = AX,Y,W;n,), if (2.18) holds for every T € |a, 8] and Q? =
—A(X,Y,W;n), if (2.18) holds in the opposite direction for every T € [a, B].

Then the following statements are valid for Qi(i = 1,2):
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(a) for every m € N and for every pr, € RY, k € {1,2,...,n}, the matriz
(@ pite, 1y U5 @ positive semi-definite matriz. Particularly
2 bl

det[ Z;%'Wl”ﬂl,l:l > 0; (4.28)
2

(b) the function t — Q% is exponentially convex,

(¢) if Qi > 0, then the function t — Q! is log-conver, i.e. for 0 < r <
s <t < oo, we have

Q)" < (@)@ (4.29)
Proof. (a) Let us consider the function defined by

n
w(z) = Z akaipy, (),
k=1
where py = 2272 > 0 and a; € R for all k € {1,2,...,n}, 2 > 0.
We have

2
n n —2
k=1

ki=1

Therefore, w(x) is convex for z > 0. Using (2.14) we get

n
2 @y, =0,

k=1

so the matrix [Q%, 1, ]7,_; is a positive semi-definite.
27 K

(b) Since lim;_,; Qf = Q% and 0log0 = 0, so Q¢ is continuous for all ¢ >
0,2 > 0 and [Q', +,, ]} ;= is positive semi-definite matrix, so using Proposition
pete Ik,

1.1 we have exponentially convexity of the function ¢ — Q.
(¢) Let Q¢ > 0, then by Corollary 1.2 we have Q¢ is log-convex i.e t —
log Q! is convex, by Lemma 1.4 for 0 < 7 < s < t < oo and taking f(t) = log Q%,
we get
(t - 5)log Q'+ (r — 1) log Q' + (5 — 1) log @} > 0.

Which is equivalent to (4.29).
Let X, Y and W be matrices as in Theorem 2.1 with x;j,v;; > 0 (i =
1,2,..,n,5 = 1,2,...,m) such that satisfy condition (2.13). If for all s € [«, 5],
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the inequality (2.18) holds or if for all s € [«, 5] the reverse inequality in (2.18)
holds. Also let Qi > 0 for t > 0,

1
Qi u—v )
Spp =2 L i=1,2, 4.30
: (Q% (4.30)

for 0 < u # v < 400 are means of x;; and y;;. Moreover we can extend these
means in other cases.
So by limit we have, for v # 1,

( i1 et Wigr log wiy — D00 DUy wijys log yij 2u—1 )
Suu = €xp - ,

=1 Z;’nzl (G =1 Z;‘nzl wijY,; u(u —1)

P Xy wijwiglog® mij — Yy ST wijyij log® i
Sl’l - Xp n m n m -1/
2 ( i=1 Zj:l wiTijlogxi; — 3 Zj:l w;;Yij log yij)
Theorem 4.2. Let t,s,u,v € RT such that t < u,s < v, then the

following inequality is valid.
St,s < Su,v- (431)

Proof. For convex function ¢ it holds ([14, p.2])

¢(x2) — ¢(x1) _ dy2) — ¢(y1)

T2 — X1 o Y2 — Y1

(4.32)

with z1 < y1, 22 < yo, 21 # T3, Y1 F yo. Since by Theorem 4.1, Qi is log convex,
we can set in (4.32): ¢(x) =logQL, w1 =t, 19 = 5, y1 = u, y2 = v, we get

log Q¢ —log @} _ logQ;, —log @,

s—t - v—u '

(4.33)

From (4.33), we get (4.31) for s # ¢t and u # v.
For s =t and u = v we have limiting cases. ]
Now, we define Cauchy type means for the family of functions ;.

Theorem 4.3. Let X, Y and W be matrices as in Theorem 2.1 with
zij,yi; >0 (i=1,2,...,n,5 =1,2,...,m) and such that satisfy condition (2.13).
Consider QF = A(X,Y,W;), if (2.18) holds for every T € [, 8] and Q? =
—A(X,Y,W;1y), if (2.18) holds in the opposite direction for every T € [av, B].
Then the following statements are valid for Qi (i=1,2):
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(a) for every n € N and for every p, € R, k € {1,2,...,n}, the matrix

(Q pitw |}y s a positive semi-definite matriz. Particularly
2 b

det[Q? yy 1 Jki=1 = 0; (4.34)
2

(b) the function t — Qit 18 exponentially convez,

(c) if C}it > 0, then the function t — Qit is log-convez, i.e for —oo < r <
s <t < oo, we have

(@) < (QL)* Q7). (4.35)

Proof. The proof is similar to the proof of Theorem 4.1. |

Let X, Y and W be matrices as in Theorem 2.1 with z;;,v;; > 0 (i =
1,2,...,n,5 = 1,2,...,m) such that satisfy condition (2.13). If for all s € [«, 5],
the inequality (2.18) holds or if for all s € [«, 5] the reverse inequality in (2.18)
holds and let Q7, > 0 for t € R,

N
~ 7 u—v
Su,v = (Qu) i = 1727 (436)
Q"
for —oo < u # v < 400 are means of z;; and y;;. Moreover we can extend these

means in other cases.
So by limit we have, for u # 0,1,

T D1 Wi — Doy DTy Wiyl u(u —1)

= (Z?:l Yo wiir log @iy — Yoty DTy wigys log yij 2u—1 >
Su,u = exp )

. nooNm ol s — S S a0 loe? vy
So.0 = exp i=1 Z]_l ijlog” @iy — 300 Z]_l ij 108" Yij 41,
2 ( i=1 21 Wiglog @iy — 35 D750 wij log yz‘j)

= S T wijmig log? @i — iy SO wigyij log? yij
5171 = exp " ™ " ™ —-11.
2 (Zi:l D1 Wigijlog iy — Y i DUy wijyislog yz‘j)
Theorem 4.4 Let t,s,u,v € R such that t < u,s < wv, then the following

nequality is valid. ) )
St,s < Su,v- (437)
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Proof. The proof is similar to the proof of Theorem 4.2. ]

Finally, we define Cauchy type means for the family of functions &;.

Theorem 4.5 Let X, Y and W be matrices as in Theorem 2.1 such that
satisfy condition (2.13). Consider @tl = A(X,Y,W;8;), if (2.18) holds for every
T € |a, f] and Qf = —A(X,Y,W;8), if (2.18) holds in the opposite direction
for every T € [a, B]. '

Then the following statements are valid for Q; (i=1,2):

(a) for every n € N and for every pp € R, k € {1,2,..,n}, the matriz
[@M]Zl:l is a positive semi-definite matriz. Particularly

2

det[QiPkH’zm,l:l > 0; (4.38)
2
(b) the function t — Qi, is exponentially convez,

() if Qi, > 0, then the function t — Qi is log-convex, i.e for —oco < 1 <
s <t < oo, we have

Q1) < (@) Q7). (4.39)

Proof. The proof is similar to the proof of Theorem 4.1. ]

Let X, Y and W be matrices as in Theorem 2.1 such that satisfy condition
(2.13). If for all s € [a, f], the inequality (2.18) holds or if for all s € [a, (] the

reverse inequality in (2.18) holds and let Q% > 0 for t € R,

5 1 v? 3 Do jer wige" T — 37 YL wiietYi
u,v 22 N m . pUTi5 N m . pUYig
u i1 Dje Wij€evTi el 2je Wietyi

4.40
_— ) (4.40)
for —oo < u # v < 400 are means of z;; and y;;. Moreover we can extend these
means in other cases.

So by limit we have

g _ =l D1 Wi — 3y D wijyiget 2 w40
uu n m CUTii n m  UYis — T 3
Doim1 Dojeg wige T — Sy 3 wijeti u
n m e T n m 3
5= i=1 Zj:l Wijds; dim1 Zj:l WijY;j
0,0 =

3 (i Sy wiya, — Sy X wisy?)

Theorem 4.6 Let t,s,u,v € R such that t < u,s < wv, then the following
nequality s valid. B B
St,s S Su,v~ (441)
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Proof. The proof is similar to the proof of Theorem 4.2. |

Remark 4.1. We can prove Theorem 3.1, Theorem 3.2, Corollary 3.1,
Remark 3.1, Theorem 4.1, Cauchy type means (4.30), Theorem 4.2, Theorem
4.3, Cauchy type means (4.36), Theorem 4.4, Theorem 4.5, Cauchy type means
(4.40) and Theorem 4.6 in a similar fashion for Theorem 2.1 (a), (b), (¢), (d)
and (e).
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