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For functions belonging to the classes C?[0,1] and C?3[0,1], we establish the lower
estimate with an explicit constant in approximation by Bernstein polynomials in terms of the
second order Ditzian-Totik modulus of smoothness. Several applications to some concrete

examples of functions are presented.
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1 Introduction

For every function f € C|0, 1] the Bernstein polynomial operator is given
by

Bu(fin) =3 1) (1)at - op iz e .1 (1)
k=0

To handle this operator, it is useful to utilize the second order Ditzian-Totik

modulus of smoothness wz,( f,t) which is equivalent to the K — functional given
by

K2(f,t?) == inf

)= in

& (

. {If =gl +#10*" | o} (1.2)

where || - || denotes the uniform norm on C|0, 1], p(z) = \/z(1 —x),t >0,n € N
and the weighted Sobolev space W2 (¢), is given by

W2 (p) = {f € AC[0,1], ' € ACioe, Y*f" € Loo[0,1]} . (1.3)
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Remark 1. For definition, properties and many applications of w?o( fit)
and KZ2(f,t%) see [3]. For example, it is known that if in the definition of
K g( f,t?), instead of the space W2, (¢) we consider the space

C?0,1] = {g : [0,1] = R; g is twice continuously diferentiable on [0, 1]},

where C?[0,1] C WZ(y), this replacement does not have any effect on the
equivalence between wi(f, t) and Kg(f, t2).

In a pioneering work of Ditzian and Ivanov [2], a general theory was
developed to obtain strong converse inequalities for a broad class of operators.
For the Bernstein operator, in [2] it was proved a strong converse inequality of
type B. The first proof of strong converse inequality of type A for Bernstein
operator was given in 1994 by Knoop and Zhou in [15] and Totik in [19], which
we cite here as:

Theorem A. There exist two absolute constants Ci,Co > 0 such that

WS, ) < I1f = Bufll < O (f, ) (14)

1
vn vn
holds for all f € C[0,1] and alln € N.

The proof of Theorem A is very complicated. Concerning the absolute
constants, very recently using different methods, in [17] among others it was
proved that Co = 3 could be placed in the right-hand side of (1.4). But as far
as we know, nothing is known about the constant in the lower estimate in (1.4).
It is the aim of this paper to establish for the first time concrete value of the
constant in the left-hand side of (1.4), but only for the functions f € C2[0,1]
and f € C3[0,1].

Our main results can be stated as follows.

Theorem 1. For any f € C?[0,1] and any po € (0,1), there exists
n1(f, po) € N (depending on f and o), such that for all n > ny, we have

Ho o 1 9 1
32 'wcp(fvﬁ) <|f = Bufll < 3-w@(f,%)- (1.5)

Corollary 1. For m > 0, let us define the class of functions
Chrml0. 1] = {f - [0,1] = Ry f € OO0, 1), 15"l < M, | (@) = m,z € [0,1]}.
Then for all f € C'i/fm[o, 1] and n > ny with ny = {10337942} + 1, we have

1 2 1 9 1
674 'wgo(fa %) < ”f - an” < 3W<p(fa %)
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Remark 2. It is evident that Theorem 1 and Corollary 1 have the
disadvantage that the constants £5 and 6—14 in the corresponding lower estimates
and the index n; depend on the functions f, as being valid only for n > n; and
for functions in C2[0,1] and in C3[0, 1], respectively. However, their advantage
is that it is for the first time when for a broad class of functions (including many
particular elementary functions, like exp(x), sin(x), cos(z), arctg(z), etc.) these

results allow to give concrete lower bounds in terms of the modulus wi( f. =)

n
for the norm of || B, f — f||. Note that these constants are not possible to\fbe
deduced from all other well known results, like those from Knoop and Zhou [15],
Totik [19], Ditzian and Ivanov [2], and many others.

In Section 2 we give some auxiliary results and establish in Theorems
3 and 4 norm estimates in Voronovskaja’s theorem for Bernstein operator. In
Section 3 we prove Theorem 1 and Corollary 1. Finally, in Section 4 several

applications to some concrete examples of functions are presented.

2 Auxiliary results

As already mentioned, the moduli w?o( f,t) and K, 3,( f,t?) are equivalent.
For example, Theorem 6.2 in Chapter 6 in [1] (see also [3]) states that, there are
constants C1,Cy > 0, such that for all f € Lo

Crwl(f,t) < K2(f, 1) < Cowl(f,1), 0 <t < % (2.1)

For our goals it is important to determine explicitly the values of C7 and C5 in
(2.1). We recall the following result, established in [17] and in [9]:

Theorem B. For all f € W2 (p) and all n > 1 the following holds true:

1 1 1
2 2 2
Alwgp(f? %) < K(p(f? E) < A2w¢(f7 %)7
L was established in [17) and A = 10 follows from [9].
The next estimate was proved in Theorem 6.1 in [1]:
Theorem C. There is a constant C > 0, depending only on r, such that

for each f € Wg(go), 1 <p < oo we have

(2.2)

where the value of A1 =

1
Wi (£t < CE " F O, 0t < o (2:3)
r
Note that from the proof of Theorem C, it is not possible to determine
the magnitude of C in (2.3). But using Theorem B, we may proceed as follows:
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For f € C2[0,1] we have

1 1 1 1 1 "
wplf =) < g Ko ) < e L (2.4)

For the value of A4; = 1—16 see Theorem 2 in [17] and for the value of Ay = 10 see
Corollary 9 in [9].

Even more, it is possible to establish a lower bound for wfp( 7 ﬁ), fe
C?[0, 1], as follows.

Theorem 2. For any f € C?[0,1] and any \o € (0,1), there exists ng
(depending on f and o) such that for all n > ng the following

1 2 pll 2 1
Aol fl < ww(f,%) (2.5)
holds true.

Proof. If f is a polynomial of degree < 1 on [0, 1], then the inequality
one reduces to the equality 0 = 0.

Therefore, suppose that f is not a polynomial of degree < 1. By the
definition of w?p(f, J), for all 0 < § < 1 we can write (see e.g. [1])

W (f,0) = sup{sup{|f (z + hop(x)) — 2f (z) + f(zx — heo(2))];

z e [h?/(1+h%),1/(1+h*)]}0< h <5}

Because f is not a polynomial of degree < 1, it follows that f”(x) is not iden-
tical equal to zero on [0, 1] and that there exists a point zp € [0, 1] such that
102" oo = |0%(x0)f"(z0)] > O (contrariwise would easily follow that f is a
polynomial of degree < 1, a contradiction).

Since evidently that x¢ € (0, 1), this implies that there exists hy € (0, 1)
such that for all h € [0, ho] we have x¢ € [h?/(1 + h?),1/(1 + h?)], and

sup{|f(z + hep(2)) = 2f () + f(z — he(@)) ;2 € [W*/(1+ h?), 1/ (1 + h?)]}
> | f(xo + he(xo) — 2f (o) + f(z — he(wo)l = h*@* (o) - | (€nwo ),
for all h € [0, ho], where from the mean value theorem
Ehwo € [w0 — hep(w0), @ + hep(o)]-

For h — 0, evidently that &, ,, — =0 and from the continuity of f” on [0, 1], it
follows that limy_o | f”(€nze)| = |f” (x| > 0. Therefore, for Ag € (0,1), there
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exists 0 < hy < hg, such that for all 0 < h < hy, we have | f"(&n.20)] = Aol f” (z0)]
and combined with the above lower estimate, implies

sup{|f(z + he(2)) — 2f () + f(z — ho(@))|;2 € [A*/(1 + h?),1/(1 + h?)]}

> Moh?[l? |l

Now, let ng € N be the smallest natural number such that ﬁ < hq, for all
n > no.

Then, for fixed arbitrary n > ng, passing above to supremum after h €
[0,1/y/n), we immediately get

RV 2 0 1],

which completes the proof. ]

The crucial step in the proof of Theorem 1 is to establish norm estimate
in the theorem of Voronovskaja. This theorem was first proved in [20] and is
given in the book of DeVore and Lorentz [1] as follows:

Theorem D. If f is bounded on [0, 1], differentiable in some neighbor-
hood of x and has second derivative f"(z) for some x € [0,1], then

lim - [Ba(f.2) — f(a)] = “0 )

n—00 2

f(=). (2.6)

If f € C?[0,1], the convergence is uniform.

This result has attracted the attention of many authors in the last 80
years. Very recently some quantitative estimates in pointwise variant of Voronov-
skaja’s theorem are obtained in [11,12,13,14,18] and for the complex-valued func-
tions of complex variable in [4,5,6]. Concerning norm estimates we cite Lemma
8.3 in [2] as:

Theorem E. For f € W3 () and n > 12 we have

1 _3
1Buf = f =5 G oo <072 [0 " | Lo - (2.7)

Our next two statements extend this result to f € C2[0,1].

Theorem 3. For any f € C2?[0,1], there exists ng := no(f), such that
for all n > ng we have

< 42(f, ). (2.8)

|Bus 1= 5217 NG
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Proof. Obviously,

H nf f_i ”

< 1Baf = fll + 5162 F]
2 1 2 1 2 1
S Swsp(fv %) +w(p(f7 %) = 4w(,0(f7 %)7

where we have applied the upper estimate in [10] and (2.5), respectively. The
proof is completed.

[
Moreover, in terms of the usual moduli of continuity, we can obtain the
following better estimate.

Theorem 4. If f € C2(0,1], then for alln € N, n > 2, it holds

" 1" 1 13 " 1
1Bnf — f—— s@fll_*m( ) e ) (29)

Proof. By Theorem 4 in Gonska-Rasa [13], for f € C?[0,1], n > 2
€ [0,1] and X = z(1 — x), we have

2n
X X' -2)X+1
<X ER Ve
n 3n—2)X+1 6 n
13 , [3n—2)X +1
+16W2 ( ) n2 .

Passing to uniform norm and taking into account the inequalities 0 < X < 1/4
| X'| = |1 —2x| <3, for all z € [0, 1] we immediately obtain

1Baf = = o 21 < {3 (f“,\/[?’(”_il/‘”“)

g0 - @) - U o)

which proves the theorem.
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3 Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1.

Proof. First, note that in the statement of Theorem 1, we may suppose
that f is not a polynomial of degree < 1, because if f is a polynomial of degree
< 1 then Theorem 1 holds trivially. This supposition obviously implies that in
what follows we have |2 f”|| > 0.

We apply the ideas in the case of Bernstein polynomials of complex vari-
able in the proof of Theorem 2.1 in [8]. The following identity is valid for all f,
which are not polynomials of degree < 1

200V £ (2

L (2)f"(2) .
o (x) " (x
+ [M (Bn(fax) — flz) - 271)] }
This immediately implies
NI
13, = 11 = i 55— T
1 » (3.2)
¥
- m‘Han—f— o ||] }
Now from (2.4) we obtain
1 1
f 11 N .
wd(F. &) - T el (83)
which implies
1 A
1Baf = 112 20, 72) - {5 - 4u). (3.4

where

Swn(f1,1/V) + (", 1/y)
2 (f. L)

A, = — 0, asn — oo.

More precisely, using (2.4) and (2.5), we immediately obtain the double inequal-

1ty
1 )

16]7 77 |3

3

wi (f"51/v/n) + ézwz(f”; 1/vn)| < A,
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1 . 7w ",
W wi(f51/v/n) + o(f51/vn) |, (3.5)

where the right-hand side holds for all n > ng(f, A\o) (that comes from (2.5)),
while the left-hand side holds for all n > 2.
Therefore, from the right-hand side of (3.5) it follows: lim,_,~ 4, = 0.
From (3.4) and (3.5), it is evident that there exists n1(f, Ao, o) > no(f, M),
such that for all n > ny(f, Ao, po)

S BT — Ho (3.6)

Therefore, from (3.4) we have

Ho w2 1
By > — , ==, 3.7
for all n > nj, which proves Theorem 1. |

Proof of Corollary 1.

Proof. We have to prove just the left-hand side inequality. Following
the lines in the proof of Theorem 2, since 3 € [h?/(1 4+ h?),1/(1 + h?)] for all
0 < h <1, we easily get

sup{|f(z + he(2)) — 2f () + f(z — ho(@))|;2 € [A?/(1+ h?),1/(1 + h?)]}

> [f(1/2+ hop(1/2) = 2f(1/2) + f(1/2 = ho(1/2)] = B**(1/2) - | f" (€n,1/2)]

2
z%, forall 0 < h < 1,

where passing to supremum with 0 < h <0 implies w ( f,0) >
Therefore, by taking § = T it follows w2 (f,1 / Vn) >
Now, following the lines in the proof of Theorem 1, where instead of
Theorem 4 we use Theorem E, we get the same relationship (3.4), where because
of the hypothesis, the estimate in Theorem E becomes

-62.

m
4
m
4

n'

M
1Baf = f = 5o P11 S o
with A,, upper bounded as follows :

Mn—3/2 M  4n M
A, < < — =

" T 8WA(f,1/v/n) T 832 m 2my/n
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Therefore, from the lines in the proof of Theorem 1 we obtain

1 Ay M
1Buf = 112 (6 72) - {5 e b

which by (3.6) is valid for all n satisfying

M < 1
2my/n — 64’
that is for all n > n; with nq = [10?;“‘/‘[ ] + 1, which proves the corollary. [

Remark 3. If we suppose, in addition, that for example f € C*[0,1],
then from the above proof of Theorem 1, relationship (3.6), it easily follows that
A, <t 5%, and therefore that the index n; in the statement, necessarily must
be chosen greater than the smallest number no € N that satisfies the inequality

1 5 " IUO
e [8 S+ g6 ﬂ

Indeed, this immediately follows from the 1nequahty

1 ", ",
o ||Q02f”” |: wl(f 1/f) 7w2(f 1/ﬁ):|
1 5 " (4) ]
< s [ 191+ a1

If instead of f € C*[0,1], we suppose that f € W2 (v) and in the proof
of Theorem 1, instead of Theorem 4 we use Theorem E, then we easily get

A n=32 8 | O (i
" Dl T Ve Xl
for all n > ng(f, Ao) and that the index n1(f, 1o, Ao) in the statement of Theorem
1, necessarily must be greater than the smallest no that satisfies the inequality
A < = 55~ Simple calculation shows that we may take

nF( 32* £ )
No(L = po) 2

where [a] means the integer part of a.

Remark 4. Note that for the limit case of Bernstein operator, U, (f, z),
it was proved by Parvanov and Popov the following strong converse inequality
n [16]:

+1,

SIUnf = £ < K27, 1) < (64 VB)|US — 71| (33)

The proof relies on the commutativity of U,-a property, which is not available
for B,.
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4 Particular Examples

For some particular classes of functions, the index n; in Theorem 1 and
Corollary 1 can be explicitly obtained, as follows.

Example 1. First, consider f(z) = exp(z), x € [0,1]. Since we have
I/ <eand|f”(z)| > 1, for all z € [0, 1], it follows that we can apply Corollary
1, obtaining that we have

1
| By, (exp, ) —exp || > 6—4w3)(exp, 1/y/n), for all n > 1024¢>.

Example 2. Secondly, consider f(z) = cos(z), = € [0,1]. Since have
£ < 1 and |f”(z)] > cos(1) ~ 0.540302306, for all z € [0,1], it follows that
again we can apply Corollary 1, obtaining that we have

1 1024
| Bp(cos, -) — cos || > 6—4wi(cos, 1/y/n), forall n > [ 0 }

cos(1)

Example 3. For third example, by taking f(z) = sin(z), x € [0, 1], it is
clear that we cannot apply Corollary 1, but we can apply Theorem 1, or more
exactly its variant expressed by Remark 3, first part.

First, let us find the index ng in the Theorem 2 (as Theorem 2 is used in
the proof of Theorem 1). For this purpose, note that simple calculation leads
us to

|[f (@ + ho(x)) = 2f(x) + f(x — he(x))| = 2| sin(z)[1 — cos(hp(z))]]

2 4 Rh2%p? 8
= 4sin(z) - sin?(ho(x)/2) >4 2 — - o () _ 7xh2902($)7
w2 4 3

for all x € [%,ﬁ
xz € [0,7/2].

Suppose in what follows that 0 < h < § < % It follows that % €
[ 2 1

T4 W} Also, it is clear that xy?(z) attains its maximum value - on
[0,1] at z = 2/3.
Therefore, passing above to supremum firstly with respect to x, and then
with respect to h € [0, ], with § < %, it is immediate that

}. Here we used the inequality sin(z) > 2z, for all

8 4 32
2/ 2 _ 2
w3 (sin, 0) > 3570 =530,

)
that is for § = 1/y/n with n > 2, we obtain

2 £
U1 3 |

=273 n T 27w n

for all n > 2.

w(sin, 1/v/n)
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It follows that Theorem 2 holds with \g = % and ng = 2.
Now, because

1
12" > @*(1/2) sin(1/2) = 4 sin(1/2) % 0.25 x 0.4794 = 0.11985,

by the first part of Remark 3 we obtain that no there, can be chosen as the
smallest index n satisfying the last inequality below

1 5 oL 130w 4 5 13
. = . < i
Xollo? £l L8vn 1770+ G 11 = Nosin(1/2) |3y | 64n
1 —pp
< 4.1
- 32 ’ ( )

with Ag, o € (0,1), arbitrary fixed.
From here, it is immediate that ny can be chosen the smallest index n
satisfying

4 5,131 11—
Xosin(1/2) |8 64| /n — 32 7
2
which by simple calculation leads to ny = [(/MW) ] + 1 (here [d]
means the integer part of a), with A\g = 2%%3. Choosing above py = 1/2, we
obtain
1
|| By, (sin, -) —sin || > 6—4(,«)3,(5111, %), for all n > max{2,na} = na.
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