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ABSTRACT. Here are presented Ostrowski type inequalities over spherical
shells. These regard sharp or close to sharp estimates to the difference of
the average of a multivariate function from its value at a point.

1. Introduction. The famous Ostrowski’s inequality (1938), see [4], is

1 (1:_ a_+b)2 /
< (Z + ﬁ) (b - a)Hf Hom

for f € C([a,b]),x € [a,b], and it is a sharp inequality.

This was generalized from intervals to boxes in RV, N > 1 | see [3], [2],
p- 507. Here we establish Ostrowski type inequalities over spherical shells.

We present first our sharp results for the radial functions, then we move
to the non-radial case. We use the polar method.

}ﬁ/abf(y)dy — f(2)
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Our estimates in both cases involve radial derivatives of arbitrary order
of the engaged function.

At the end we give the connection of radial derivative to the ordinary
partial derivative of the function.

2. Results. We make
Remark 2.1. Let A be a spherical shell C RN N > 1,ie A =

B(O,Rg) — B(O, Rl),O < Ri1 < R».
Here the ball B(0,R) := {x € RV : |z| < R}, R > 0, where | - | is the Euclidean

norm , also SV=! := {x € RY : |z| = 1} is the unit sphere in RY with surface
27TN/2
area wy = . For x € RY — {0} one can write uniquely = rw, where

r>0 we SN
Let f € C'(A). We assume first that f is radial i.e f(z) = g(r), where
r=|z|, Ry <r < Ry. Clearly here g € C*([Ry, Rg)).
In general it holds a—f}
or

< ||V fllso » with equality in the radial case.

e}

For F € C(A) we have

/AF(:U)dx = /SN_1 (/;2 F(m)erdr) dw.

We notice that

N R
(2.1) ﬁ/ sV lds =1,
and
wn (R — RY)
2.2 I(A) = ——2_ 17
(2:2) Vol(4) -

Let z € A. Then by using the polar method we obtain

d N [ons fRf f(sw)sVNtds) dw
N [ona fRf (s)sN=1ds ) dw
(2.4 ey e (s )

wn(RY — RY)
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I
(2.6 - (WNR{V) / R (9(r) — g(s)) sV s
() [ -t
27 (i )Wl [ s

(28) = (ﬁ) i URTI(T—s)sN—lder/rRQ(s—T)SN—lds]
B (RéV]jR{V) 191 [r (M - R%)

(2.9) N RNTL 4 RV _ gpN+1
' N+1 '

So me have established our first main result.

Theorem 2.1. Let f € CY(A) be radial, i.e. f(x)=g(r), Ri <r < Ry,
z e A
Then

00 LT ot~ () [ ot as

(I [ (=)

<
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(2.10) N R{VH + RéVH —opN+1
' N+1
N 2z|N — (RN + RY
= (s ) 197 [l (22— )
(2.11) (BT R 2T
' N+1 ’

Optimality comes next

Theorem 2.2. Inequality (2.10) is sharp. More precisely

() it is asymptotically attained by g*(z) == |z —r|% 1 < a < k, when
0<r<R.

(ii) It is attained by g*(z) = (z — R1), when r = R;.
(#i1) It is attained by g*(z) = (2 — Rg), when r = Rs.

Proof. (i) We see that

g*/(z) =alz — T|O‘_15ign(z )

and
9% loo = a(maz{Ry —r, r — R1})*7",

along with g*(r) = 0.
We observe that

N f2
L.H.5(2.10) = <7) / |s —r|* sV lds

N N

- N f2
i N~ / |s —r| sV tds

2r — (R + R RYTH 4 RYT — op N+
' N N+1 '

(2.12)

B N
- \RY -RY




Ostrowski type inequalities over spherical shells 633

We also have

N

) a(max{Ry — 7, 7 — Ry })*!

. 2rN — (RY + RY) N RNTL 4 RN _ 9pN+1 a1
N N+1

N N+1

(2.13) (L) (2TN—(R{V+R§V)) (R ]
' RY — RN

That is
lim L.H.5(2.10) = lim R.H.5(2.10),

proving sharpness for the case.

(17) We have ¢*(R;) =0 and ||g*/”oo =1

Thus
N fi2
L.H.5(2.10) = 7)/ s— Ry sV 1ds
o0 = () [, o=
(2.14)
N RN+ _ RN+ RY — RN
- (W) (N—Jrl — R (T) = RH.5(2.10),
2 1

proving the attainability for the case.

(i4i) We have g*(Rz) = 0, and [|g"||o0 = 1.

Hence
L.H.5(2.10) ( N ) /RQ(R s)sNds
. . = | ——— 9 — =
RY —RY ) JR,

N RY — RN RY+L _ g+l
(2_15) (ﬁ) Ry <g> N e B S

proving attainability of last case. O

= R.H.S(2.10),
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We would line to rewrite Theorem 2.2 for the equivalent inequality (2.10)
in terms of f. We have

Theorem 2.2*. Let x € A. Inequality (2.10) is sharp as follows:
(1) Let 0 < |z| < R, then it is asymptotically attained by

Fr(w) =l ol — Jo] %, 1< a < k.

(73) Let |x| = Ry, then it is asymptotically attained by
[H(w) = |w] = Ry.

(79i) Let |x| = Ra, then it is asymptotically attained by

fH(w) = [w] — Ry.

We continue from Remark 2.1 into

Remark 2.2. Now f € C"(A4), n € N, again radial such that f(z) =
g(r), where r = |z|, x € A, R <r < Ry . Hence g € C"([Ry, R2]).
Using the polar method we obtain again

(2.16) E:= }f(x) - M} B (RNL)

e N-1
Vol(A) —RY / (9(r) — g(s))s™ ~'ds| .

Ry

Let s,r € [R1, Ry, then by Taylor’s formula we get

—gP) ‘
(217) g(S) - g(’f’) = Lk (S - T’) + Rn—l(ra 8)7

k=1 ’
where

s n—2
o (n—1)/;y _ (n—1) (s —1)
@18) Rt [ (6700 =" 00) S
As in [2, p. 500], we find
”g(n)Hoo [R1,Rz]

(2.19) |Ry_1(r,8)] < ———22 s — |,

n!

V s,r € [R1, Ral.
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Therefore

(2.20) E:(Eﬁgﬁ)

Ro n—1 (k)
/ (Z : k‘(r) (s =)+ Rpa(r, 8)) sNlds
Ri \g=1

n—1 (k) R Ro
< (%) M / sNl(s — r)kds +/ sY R, (1, s)\ds} <
Ry — Ry — k! R R
- k
) ()
(-1
<R§V - RY ZO m
RN+k—m _ RN+k—m Hg(n)H Ry
2.21 2 1 oo/ N-1jg _ oings|
(2:21) ( N+EkE—-—m + n! Ry 7 s —rlds

But one finds that

R>
/ s s — r|"ds =
Ry
(2.22)

n n Tm+N B Rm+N RN+nfm - rN—}—n—m
& (Y o (2 e (5 .
m m+ N N+n—m

m=0

Putting all the above together we have derived

Theorem 2.3. Let f € C"(A),n € N, be radial, i.e. f(x)= g(r),R; <
r< Ro,x € A.
Then

\fm - %' - 'gm () [ st a <

(_1)mrm (Ré\/-‘rk—m . RiV—I—k—m)

_l’_

ml(k — m)! N+k—m

=0
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n —1)ym - 7Jn—i—N _ Rm+N
oo[z m!((n—)m)! [T ( m+N1 >

L Ré\“rn*m — pN+n—m
N+n—m

B N ”il Ok f(z) (=)™ |z|™ Ré\urkfm _ Ri\fﬂcfm .
RY — RY — ork mOm(k m)! N+k—m
AR
O™ lloo, 4
S [ (el R
(2.24) LZ:O TR 2| —

o (BY T faf o
el N+n—m '

Corollary 2.1. Let f € C"(A), n € N, be radial i.e. f(x)= f(r), Ry <
0 -
f(l'o) _ g(’)(ro) — 0,

We give

r < Ry, x € A. Assume 5y =1,....n—1, for ry
[R1, Rs], w9 =row € A, w € SN~L.
Then
f f(y)dy N f2 N-1
f(xo) — === = |9(r0) — | 5=~ / g(s)s" tds| <
o0 = S5 | = oo - () ), o
Nllg™| zn: (=™
RY — RN 2 Om!(n—m)'

(2 25) i 7,0 m+N Rm+N L RéV—&-n—m . T,(])V—I—n—m
' 0 m+ N 0 N+n—m
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Bn
V% s

~ (=)™
~ RY - RY Zm!(n—m)!

m=0
(2 26) ’x0|nfm ’$0’m+N — RT+N + |l,0|m Ré\f+nfm — |$O’N+n—m
' m+ N N+n—m )

We also have the extreme cases.

Corollary 2.2. Let f € C"(A), n € N, be radial ; f(z) = g(r), r €
[Ri, Ro), z € A,z = rw. Assume that ag(f), i
T
OB(0,Ry), i.e. g9 (Ry)=0,i=1,...,n—1. Then for = € dB(0,R1) we have
fA f(y)dy o N Ra N—-1
) = B E —Jot) - o [ ot as

~ DN N

N n (_1>m RN+n—m _ RN+n—m
2.27) < | = ) 19 |l R™ [ =2 L
(2.27) _<R§V—R{V>Hg | [Zm!(n—m)! ! ( N+n-m

m=0

S (R
o A ml(n—m)! ! N+n—m '

m=0

=1,...,n—1, are zero on

(2.28)

()|
- \R)y —RY

Another extreme case follows.

o f
orn

Corollary 2.3. Let f € C"(A),n € N, be radial; f(x) = g(r),r €
~ 9
[R1, Ro], x € A;x = rw. Assume that g:f)

OB(0,Ry), i.e., g9 (Ry) =0,i=1,...,n— 1. Then for z € 0B(0,Ry) we have

Ro
0= LT ot - o [ s

N N n —1)m I Rm+N o Rm+N
(RN - RN) g™l [Z m'((n—)m)'R2 ( ) m+N1
5 1 ! !

m=0

0= 1,...,n—1, are zero on

—~
o
[\
Ne

=

IN
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i (_l)m R R;n+N — RTJFN
o A m!(n —m)!" 2 m+ N )

m=0

(2.30)

- (@szw)}

Optimality follows.

o f
orn

Proposition 2.1. Inequality (2.25) is sharp, namely it is attained by

g (y):=@wy—ro)", vy, ro€[R1,R2], when n is even .

Proof. Notice

*(n)

g*m(ro):O, j=0,1,..., n—1 and |¢" | =n!

[.H.S(2.25) — (L> /RZ(S R

N N
RQ - Rl Ry

n N+n—m _ pN+4+n—m
S (0 (B
m N+n—m

m=0

We see

(2.31) <RéVJj7R{V>

Next we observe that

N

m-+ N N+n—m

() (B ()

m=0

(2.33) +7“6L+N§:0 (Z)(_l)m [N—lkm - N+71L— m} }

N — N N+n— N
(2.32) [(7’3+ —rg "R )+ (7’6"32 T +”>

|

m pN+n—m n—m pm+N
o' Ry T Ry

N+n—m m+ N
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~(eresx Zn: . (—1)7”77’6%?%%—
~ \RY - RV m N+n-m

m=0

n m pm+N
(2.34) (”) i
— \m m+N
n RN+n m
B RN RN 0 -V N+n— N
n n RN+n m
2.35
(235) = (m) o’ N+n—m }
N RNJrn m RN+nfm)
RN RN 0 N4+n—m
(2.36) = L.HS (2.25).

That is proving the claim. O

The other optimal case follows.

Proposition 2.2. Inequality (2.25) is sharp , namely it is asymptotically
attained by g*(y) == |y —ro|" 17, 'y, 10 €[R1,R2], 1<a<T, in the case
of n is odd.

Proof. It holds g*(k)(ro) =0, k=0,1,...,n—1.
Also we have

(n) 1 .
g yW=Mm-1+a)n—2+a) - (a+ 1aly —ro|* 1szgn(y —70).

That is

n
7w = [T =s+a) | ly=rol*™,
7j=1
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and
*(n) - . a—
(2.37) } A H(n —j+a) | (maz{Ry —ro,r0 — R1})* "
j=1
Consequently,
N h as
L.H.S(2.25) = <ﬁ> / |s — ro|" sV 1gs 223
Ry — Ry Ry
N ftz
(2.38) <7> / |s —ro|"s™N " lds
Rév - R{V Ry
N " /n pm N _ pmN
2.39 = ———+ )"y 1
(2.39) <R§V—R{V>{n§(m>( ) [ ( TR
RNJrnfm _ TN+nfm
2.40 = 0 =: .
(2.40) +7o ( Ntn—m p
Next we find

n!

N ) <H;L:1(n -7+ a)) (max{ Ry — ro,70 — Rl})afl

R.H.5(2.25) = (RQ’ iy

(2.41)

n m+N _ pm+N N+4+n—m _  N+n—m
Z(n)(_l)m rg—m "o Rl +T,6n R2 "o
= \m m+ N N+4+n—-—m
w2z (e
(e -1)
(Ré\[—R{V {m() m

N N N+n— N4n—
(2.42) Nl (L T it o [ 12 B = 4.
0 m+ N 0 N+n—-—m
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Le. L.H.S (2.25), R.H.5(2.25) — u, proving asymptotic attainability and sharp-
ness of (2.25). O

Optimality of external inequality (2.25) follows.

Proposition 2.3. Ezternal inequality (2.25) is asymptotically attained,
that is sharp as follows:

(i) when n is even, then optimal function is f*(w) := (|w|—|zo|)™, w € A.

(ii) when n is odd, then optional function is f*(w) :=| [w| — |z |n—ite
l<a<T,weA.

Similarly we obtain

Proposition 2.4. Inequalities (2.23), (2.27) and (2.29) are asymptoti-
cally attained, therefore sharp, as inequality (2.25).

A simple but general result follows.

Theorem 2.4. Let ) # R be a convex bounded region of RN, N > 1. Let
f €CYR). Then

(2.43) 1) -

Iz fly IV flloo
?fol(R)' Vol(R /‘x_y’dy’xER

Proof. We see that

- L0 rvaR) - [ ] -
o [ dy;
Vol /!f y)|dy =

(z belongs to the line segment from z toy)

(245) el ANICHCERI
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1 97
@d6) < i [ VI =y < i [ oyl

Specializing on the shell and sphere me have

Proposition 2.5. Let f € CY(A), or f € CY(B(0,R)),R > 0. Then
(4)

‘f(:c) e 0] <

NT(3)

(2.47) TNREY R

w1971 /\x—yrdy, ve i

also it holds

(i)
NT(5)
’f(ﬂf) - m/B(QR) f(y)dy

B(O,R).

< M) 1o [ eyl
= 9 N/ZRN < I )x yray,

)

More precise Ostrowski type inequalities for general, not necessarily radial
functions, follow.

Theorem 2.5. Let f € CY(A), x € A,z =rw, r>0. Then

1) - laS iy %y} < Jr)- —ISN‘ljfvm)dw}

(o e

29 + (RiWRéVH —2|x\N+1)]

N+1
N
— | ||V
+ (e ) 1941

N Tw)aw
o) - W g [l
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(2.49) [!xl <2ya:|zv ~(RY + R§V)> N (R{VH LRV 2x|N+1>] |

N N+1

Proof. Applying internal (2.10) to f(rw) we obtain

}f(m)— (L) " f(sw)sNds| <

N N

() [ (2o
RY — RY or core[R1,Ra) N

RN+1 RN+1 _9pN+1
(2.50) n ( 1L Y r
N +1
< L g 2] 2’$|N_(R{V+Rév)
“\RY =RV ) |or| .4 N
N+1 N+1 Nl
-2
(2.51) n (Rl + Ry || )] ‘
N +1
Therefore
- d N Ry
fSN S - N N / < f(sw)leds> dw}
wN wn(Ry — RYY) Jsn1 \JR,
< _ NN |ef 2] 2|z|N — (RY + RY)
~ \R} - RY or ||« N
RNFL 4 RVFL _ )N+
2.52 1 2
(2.52) + ( o ,

proving the claim. O

We continue with
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Theorem 2.6. Let f € C"(A), neN,z€ A x=rw,r>0. Then

f(y)d D) [ono flrw)dw
o oy 0

(N r(3) ”i / O fre)| .
Rév —R{V 271 V/2 = \Jsn—1 ork
i m’$‘m Ré\/—&-k—m _ Ri\f—l—k—m N
N+k—-m

- (_1)m n—m |Jj‘m+N - Rm—HV
- [mz: ml(n —m)! [\x ( m—i—N1 >

af
orn

RN+n—m _ |$‘N+n—m
2.53 mo =2 .
(2.53) +z] ( Ny

Proof. Applying internal (2.23) to f(rw) we get

'f(rw) - (L) " sy s <

N N

N n . ok f(rw) Z )" |1:\m
RY — RY k f ark m'
Ré\“rkfm _ RiV+kfm N ﬁ n (_1)m
N+Ek—-—m o' || .4 mzom!(n—m)!

B ’x|m+N _ R§n+N Ré\urnfm _ ]93|N+”_m
2.54 n—m m
(2.54) [r:c\ ( — | T N
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Hence it holds

IZ

27rN/2 /SN . w—%/f‘f(y) y| <
(Rév RN){27%2{ 1</5N—1

i 1 m‘x‘m Ré\f—l—k—m _ Ri\/—&-k—m
ml(k — N+k—m

m=0

- (_l)m ’x‘n—m ’$‘m+N — R71n+N
o A m!(n —m)! m+ N

m=0

RN+n-—m _ ‘x‘NJrnfm
2.55 ™o =2
(255) +z] ( e ,

proving the claim. O

ork

O"f(rw) ’ dw)

of
orn

X

We also give

Proposition 2.6. Let f € C"(A), n € N, such that g;{, i=1,...,n—1,
are zero on 0B(0,rg), ro € (R1, R2). Then for xo € 0B(0,r) we have

o) - ALY < oy - BB [ o]

N n (_1)m m |x0|m+N _ Rm+N
(ar=a)] OOLZW[‘%’ ( m+N1)

=0

RN+n—m _ ‘xO‘N+nfm
2.56 "2 :
(256) +al ( e

o f
orn
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Proof. Applying internal (2.25) to f(rw) we find

- () [ oo

RY —RY ) JRr,
N "y

< -~ S

< (), » LZ il — )]

(2.57) | |zo|™™™ ol ™ - Ry + |zo|™ R o
' m+ N N+n—m '

Therefore

o f
orn

& 1
27513/)2 /5N1 f(row)dw — W/Af(y)dy

<

N anf i (_1)m ’x |nfm ’$0’m+N _ RT+N
RY —RY ) ||or || = ml(n —m)! |° m+ N
RN+nfm . |$O|N+n—m
2.58 N .
(259) +ol ( —

Claim is clear. O

We present the extreme cases.

_ o f

Proposition 2.7. Let f € C"(A), n € N such that —,i=1,...,n—1,

ort’
are zero on 0B(0, Ry). Then for zo € 0B(0, R1) we get

N
e - L0 ’f(xo) o [ e
(2.59) . .
N anf n (_1)m . RN+n—m _ pN+n—m
(i 2[5 g (B
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Proof. By internal (2.27). O

We finish our main results with

Proposition 2.8. Let f € C"(A), n € N, such that g{,
”

are zero on 0B(0, Ry). Then for xy € 0B(0, Ry) we find

@)
'f(mo) - %‘ < ’f(xo) - ;—1\2,/2 /SN—l f(Row)dw

o0 + () |52 3 ()]

N _ pN

i=1,...,n—1,

o f
orn

Proof. By internal (2.29). O

The radial derivatives appearing in the right hand sides of our inequal-
ities can be expressed and estimated by regular partial derivatives in terms of
r1,...,xn. Please see Addendum next.

3. Addendum. 1. Let u € C™"(B(0,R)), the open ball B(0,R) C
R¥. n, N € N. Here v = (21, - ,zy) € B(0,R) and the radial derivative
of u is given also by

Oou(x) x
o —Vu(x)-m, x#0
ILe.
ou(z) 1 al du(z)
(3.1) o = Tl (; P, 1:1> . x#0.

Olu(x) 1 ! ou(x) N ks

ol Z oy k.l 1N akm.Hlej] , ¢ #0.
ktnoskn g =

SN kj=Lki €Ly
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E.g. when n =N = 2 we get

0?u(x) 1 [0%u(x) o _20%u(x) Ou(z) 5
. L Dl o Y .
(3.3) Oor? |z|? { 0x? Tt 01102 T1%2 + Ox3 ac?_ 270
Thus we have
Olu(x) I Olu(x)
A4 — < .

keisoikn, 300 =1k €L

(3

!
) (u(z)),
all z € B(0,R) — {0}, all 1 < <n.
So if all the w partial derivatives vanish then the corresponding radial
derivative is zero. Consequently, from (3.5) it holds for the essential suprema

| - [|oo that
N
<\
OOB(OR i=1

II. Continuing and specializing in the study of higher order radial deriv-
atives of radial functions.
Let now u be radial i.e. u(z) = g(|z|) = 9(r); z=rw, reR,, weSVN L
Here we will assume x # 0 and N = 2. Let further x1,x2 # 0, then by chain rule
one has

ou r ou r
(3.7) g(r)= D71 Dz s’ where r = \/2? + 23.
Le.

(35) /)= |y S ],

8.7}1 I 8.7}2 T2

or better in brief,

Olu(x)
ort

0
8.%‘

(3.5)

0
8951-

l
) (u) < +oo.

(3.6) H

0,B(0,R)

So one has

ou(z)
or

(3.9) [Vu(z)| = 1g'(r)] =

)




Ostrowski type inequalities over spherical shells 649

for any z € B(0, R).
0
But if u radial, not necessarily a—u is radial. Here we put x1 = 7 cos®,
7

o = rsinf. Again for z1,x2 # 0 and via chain rule we obtain

_ O%u(x) N 0?u(x) _ D%u(x) n 0?u(x)

1 "(r) = tan 6 = t 0.
(3.10) A e T 923 | O110ms -
That is
1 [0%u(z) = O%u(x)  O%*u(w)
11 "(r) = = .
(3.11) g'(r) 2 | 02 + 923 + 97109 (tan 6 + cot 0)
Or better, by using the Laplacian A we get
woy L 0%u(x)
(3.12) g'(r)= 2Au(az) + 071079 csc(20),
or
1 O*u(x) |z
1 "M==1A
(313) 7' =3 (Bua) + g 4D EL Y
x1, T2 # 0.
Similarly , one has that
O3u(r) O3u(r) O3u(xr) sin? 6
" . : d
(3.14) ¢ (r)= 97 cos 0 + 28@81:% sin 6 + R sa— x1,x9 # 0.
Also we find
O3u(x) O3u(x) Pu(z) cos?
1 " _ ; ~ .
(3.15)  ¢"'(r) 9073 cos 0 + 923 sin 6 + 9220z, smd x1, 22 # 0

That is, by (3.14) and (3.15) we have

3
0s 6 + aaui(ﬁ)sinﬁ—i—

"
r
g ( ) (91'“;’ x%

_ % [83u(x)

O3u(x) Pu(x) Ou(x) sin?§  Pu(x) cos® 0
1 2 in 0 0
(3.16) <ax2ax§ SO Br0a] °% > " 92202, cos6 | 0220wz; snf |’

x1, 2 # 0.
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Clearly, it holds

moy_ L[Pu(z) | Pulx) z
(r)—2 Ox3 \x\+ ox3 ]:c\+

(3.17) O u(x) ( o +2$2> | Puta) ( i +2ﬂ>] 21,79 % 0.

0220zy \xaolz| x| ) T 0220z \z1|z] 2|

Not general formula, as in (3.2), can be derived for ¢()(r), I € N, in the
radial case. Of course (3.2) is valid for both non-radial and radial cases. Notice
in (3.17), (3.10), (3.14) and (3.15) are used less number of terms than in the
corresponding non-radial cases.
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