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In this article we establish a double definite integral representation, and two other
indefinite integral expressions for a functional series and its derivative with members containing
Jacobi polynomials.

MSC 2010: Primary 33C45, 40A30; Secondary 26D07, 40C10

Key Words: Jacobi polynomials, functional series’ integral representation

1. Introduction and motivation

A family

Y(2) = pu(x) = pua” + pu_1™ ' + -+ + p1z + po, Pn # 0,

of polynomials of degree exactly n € Ny := {0,1,2,...} is a family of classical
continuous orthogonal polynomials if it is the solution of a differential equation
of the type

p2(2)y" (z) + pr(x)y () + my(z) =0, (1)

where pa(2) = ax? + bx + ¢ is a polynomial of at most second order and p; (z) =
dx+e is a linear polynomial [8, 13]. Since the polynomial p,(z) has exact degree
n, by equating the highest coefficients of ™ in (1) one gets

T = — (an(n — 1) +dn) .
The most widely used orthogonal polynomials are the classical orthogonal poly-
nomials, consisting of the Hermite polynomials, the Laguerre polynomials and

the Jacobi polynomials, together with their special cases which are ultraspherical
polynomials, the Cebysev polynomials and the Legendre polynomials.
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In this article, our main aim is to derive integral representations for
the functional series with members containing Jacobi polynomials. This will
be realized in a similar manner as the authors have done it in the articles on
Neumann series [3, 4] and on the Kapteyn series, [2].

The Jacobi polynomials, which are also called hypergeometric polynomi-
als, can be represented with the following formula [18]

1+ o),
A+ o

p(aﬂ)( )= i 4o

(2)

—n,1+a+p+n ’12]
5|

When o = 8 = 0, the polynomial (2) becomes the Legendre polynomial. The
Gegenbauer polynomials, and also the Cebysev polynomials, are special cases
of the Jacobi polynomials. From (2) it follows that ples )(z) is a polynomial of
degree precisely n and that
1+ a),
Plr)(1) = (n')
The Jacobi polynomials are orthogonal with respect to the weight function
w(z) = (1 — 2)*(1 4+ x)? on the interval [—1,1]. Assurance of the integrability
of w(zx) is achieved by requiring o > —1 and § > —1, see [22].
The orthogonal polynomials with the weight function (b — z)*(x — a)?,
on the finite interval [a, b] can be expressed in the form [22]

constant - P{®) (2:;j —4 1) .
—a

It is worth mentioning that Luke and Wimp [15] proved that if we have contin-
uous function f(x), which has a piecewise continuous derivative for 0 < z < A,
then f(z) may be expanded into a uniformly convergent series of shifted Jacobi
polynomials in the form

Zan (08) (2 /X — 1),

where e <z/A<1—¢,¢>0,a>—1, > —1. Various techniques are available
for the determination of the coefficients a, ().

Let us define a functional series in the following form

P s(z Za PB4 zeC, (3)

where a,, are constants and Pﬁ ”6 ) stands for the Jacobi polynomial. We point

out that the Bulgarian mathematician P. Rusev studied in [20] the convergence
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of the series By 3(2) (precisely, he considered ag + Bn 5(2)). For that purpose,
he used the asymptotic formula by Darboux (see [6], [22, Eq. (8.21.9)]):
PER(z) = PO (2) 20 (2) (14 50 ()
where w(z) is the inverse of Zukovsky transformation z = %(w +w™1) for which
w(o0) = o0, PO(2) # 0 and (17 (2)) e
in the region C \ [~1,1] and such that lim p{®®(z) = 0 uniformly on every
n—oo

are analytic functions holomorphic

compact subset of this region. Further, for 1 < r < +o0, he denoted by E(r) :=
Inty(r), where y(r) := {z € C: |w(z)| = r}; thus ad definitionem, E(c0) = C.
He obtained the following result (written in our present notation).

Theorem [20, Proposition 1.1.] Let n = limsup,, .o /|an|. Then:
(i) if n > 1, the series Pq p(2) is divergent in the whole region C\ [—1,1];

(i) if 0 < n < 1, the Pap(z) is absolutely uniformly convergent on every
compact subset of the region E(n™') and diverges at every point of the
region C\ E(n=1).

2. Integral representation

In this section we will derive the double integral representation for the
Rusev series (3). For that purpose, we will replace z € C with z € R and assume
that the behavior of (ay)nen ensures the convergence of our main series.

We would also need some symbols and formulae which we present as
follows. By convention, [a] and {a} = a — [a] denote the integer and fractional
part of some real number a, respectively.

The Laplace integral representation for the Dirichlet series, which is given
below, following mainly [10], [12, C. §V]:

0 00 A1 (@)
’D)\(.ﬁ) = Z ane_A"x = .CU/ e_xt< Z an> dt,
n=1 0

n=1
where the convention is followed that the real sequence (An) monotonically

increases and tends to infinity; equivalently

neN

D<A <A< - <Ay T 00.

Also taking a function z +— a, = a(z), where a € Cl[k,m], k,m € Z, k < m,
then by using the operator

d
0, 1= 1—|—{m}£,
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we get the following condensed form of the Euler-Maclaurin summation formula

[17, p. 2365]:
m m
Z a; = / )+ {z}d (z))dz = / 0 a(z)de.
j=k+1 k
Now, we are ready to formulate the following theorem.

Theorem 1. Let a € CY(Ry) and aly = (an)nen. Then for all a >
—1/2, a+ B > —1 and for all x of the domain

Zo := (max{0,2n — 1},1] (4)

we have the integral representation

bl o I‘2s—|—1)P(a’ﬁ()
Pas(@ / / ( Fla+s+HI(B+s+3)
a(w)D(a+w+ HT(B+w+ 3)
x0w< T(2w + 1) 2)dsdw.

Proof. First, we begin by establishing the convergence conditions for
the series P, g(z). For that purpose, let us consider the integral representation
given by Feldheim [9]:

1 0 1
(@B) () — atBing—t () (L _
Pl () r(a+ﬁ+n+1)/0 gotBrng=t (¢ <2(1 x)t) dt, (5

valid for all n € Ng,ao + 8 > —1, where L,(f‘) is the Laguerre polynomial. We
estimate (5) via the bounding inequality for Laguerre functions Ll(,“ )(az), given
by Love [14, p. 396, Theorem 2|:

L) < LREEpel) TR ), 0

T+ DT + 1) T+ D)

where v € C, z > 0, R() > —1 and R(u+v) > —1, which has been generalized
by Pogany and Srivastava [16]. Specifying p = o € R,v = n € Ny the bound
(6) reduces to

Fn+a+1)
(@) < ATV
L) s et e

Now, applying bound (7) to the integrand of (5), we have that

1 2 \""PT & janT(a+n+1) , 2 \n»
< .
Pl <y (1) 2 ()

x>0. (7)

The resulting power series converges uniformly for all z satisfying constraint (4).
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A more convenient integral representation for the Jacobi polynomials has
been given by Braaksma and Meulenbeld [5], [7, p. 191]

_1\nyn 1 1 1 1 n
Prgavﬁ)(l — 222) = ( 1) 4 ((:‘_(—;Tf))'n(ﬁ * 2)n / / (ZU +i 1-— Z2 'U)2
! —1J-1

2 a—i 2 ﬁ—l
X (1—=u*)""2(1 —v%)"" 2 dudw, 0<z<1,
where 2min(a, 3) > —1. This expression in an obvious way one reduces to
1

"o+ ) (B+L), 1o n
o) = SR [ [ e vy

1 1
x (1—u?)*"2(1 —v») " 2dudv, |z| <1 (8)
Thus, combining (3) and (8) we get

x—l A —uQO‘_l —1126_l u, v) dudv
Tos@) =1 [ [ 1= 20— Do) dude, ()

where D, (u,v) is the Dirichlet series

= (@ + $)a(B+ D o (VYT T u—vTTi0))
Do(u,v) = Z (2n)! e ( ) .

n=1

The Dirichlet series possesses Laplace integral representation when its parameter
has positive real part, therefore we are looking for the two-dimensional region
Suy() in the uv—plane where

§R{ In2(ivl—zu—V1+ $U)2} =In2((1+ z)v? + (1 — x)uz) <0.
So, we get the ellipse
Suo(z) = {(u,v) € R?: (1 +2)v* + (1 — z)u® < 1/2},
such that is nonempty for all x € Z,, so Dy (u,v) converges in Z,.

Now, the related Laplace—integral and the Euler—-Maclaurin summation
formula (see for instance [3], [2]) give us:

In (ﬂ(i\/l—xu—\/1+xv))2
I(a+ 308+ 3)

X /OOO/O[S] (V2(v1 —zu— V1+av)™

o (2 e

Dy(u,v) =
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Substituting (10) into (9) we get

B 1 1 1 oo r[s] 204—1 25_;
ma’ﬁ(m)__ﬂf(a—i—%)f‘(ﬁ—i-%) —1/—1/0 /0 (=) 21 =)

X
=3
—~
®
—
—_

|
8
IS

|
—_
_|_
S
<

~—
~—
[\
5
—_

[
8
S

|
—_
+
8
<

=
[\
»

Denoting

1 1 9
T (s) ::/ / In (V2(iv1 —zu— V1 +zv))

X (\@(1\/1 —zu—+/1 —}—xv))% (1-— u2)a_%(1 - UQ)B_% dudv,

we get

/Ix(s)ds :/_11 /_11(\/§(i\/1 —zu—+1+ a:v))zs(l — UQ)Q_%(l - UQ)ﬁ_%dudv

T(a+ DT(B+ Hr(2s + 1) PP (2)
Fla+s+30(B+s+3)

Therefore, we can easily conclude that

. (@B)
Io(s) = 7l(a + 5)T(B + 3) 38,5 (narfs : ;153(36 + (s j)L ;)> - (12)

Finally, by using (11) and (12), we immediately get the proof of the theorem,
with the assertion that the integration domain R becomes [1,00) because [s]
is equal to zero for all s € [0,1). ]

Remark 2. In the previous theorem, we used Love’s bound [14] for the

Laguerre function L,(,“ ) (x). Similar results one can get using some other bounds

for Laguerre polynomials, i.e. for the Laguerre functions. Let us mention some
of them.

Pogany and Srivastava [16, p. 354, Theorem 2| derived an extension of
Love’s bounding inequality. The magnitude of their bounds is O(z#/2=¢e?)),
¢ > 0 (see [16]) which results in a convergence region similar to Z,.

There are two, well-known (see, e.g. [1]), classical global uniform esti-
mates for the Jacobi polynomials, given by Szegd [22], subsequently improved
by Rooney [19]. However both these bounds, having magnitudes O(e*/?), are
inferior to Love’s and to the one by Pogany and Srivastava in [16, p. 354].
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Other inequalities for the Laguerre functions, that is for the Jacobi func-
tion and the Jacobi polynomials can also be found in [14, 16, 21]. Asymptotic
estimates for the Jacobi functions can be found e.g. in [1, 11].

3. Indefinite integral representations for B, 5(z)

In this section, we will deduce another, indefinite type integral represen-
tations for the functional series (3), by using the fact that the Jacobi polynomials
pled (x) satisfy the linear homogeneous ODE of the second order [18, 22]:

1-2)"+(B-a-Q2+a+Ba)y +n(l+a+B+n)y=0.  (13)

Now, multiplying (13) with a, and then summing up that expression in n € N
we immediately get the following equality

(1 —a)Pas(@) + (8 —a— (2+a+ fz) B, 4()

[e.e]
=— Z apn(l+a+p+ n)Pr(la”g) () = Rap(x),
n=1
where the right-hand side expression R, g(x) is the functional series associated
with the series P, g(x). In the following theorem, the first main result of this
section is given.

Theorem 2. For all o > — 2, a+ (> —1 the particular solution of the
linear ODE:

(1—a2®)y +(B-a—-2+a+B)z)y=Rep(2), (14)
represents the first derivative %‘,}3&73(:1:) of the functional series (3). Here for

a € CY(Ry), alny = (an)nen and letting > % | na, absolutely converges, for all
x € I, we have the integral representation

/ /%13 I'(2s + 1) P (2)
Tla+s+ 5B +s+3)

‘o (a(w)w(1+a+ﬂ+w)l“(a+w+%)F(ﬁﬂLw‘*‘;)) dsdw.

I'(2w+ 1)

Proof. Equation (14) was established in the beginning of this section.
Further, the uniform convergence of the series R, g(x) can be easily recog-
nized, using the convergence conditions of the series P, g(z), to be such that
>o¢  n?lan| < co. Then, using an integral representation derived in Theorem
1, with a,, — —n (1 + a + f + n) a,, we readily get the statement. n
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Below, we shall introduce another indefinite integral representation for
the series Py g(x).

Theorem 3. Let the situation be the same as in Theorem 2. Then we
have

Bap(@) = / (1— x)a+11(1 ¥ )Pt (/%aﬁ(x)(l —2)*(1+z)° dw) dz,

where Ry g(x) is the series associated with the series Po ().

Proof. It is easy to see that the Jacobi polynomial Po(a’ﬁ) (r)=1is a
solution of the homogeneous differential equation

(1-2*)y" +(B-a—2+a+p)a)y =0, (15)
So, a guess of the particular solution is P, g(z) = Péa’ﬁ) (z)w(x) = w(zx). Sub-
stituting this form into nonhomogeneous differential equation (14), we get
(1 —2))w" (@) + (B —a— 2+ a+ p)z)w (z) = Ras(z).

It is easy to check that the previous equation can be rewritten into
/
(1= 2)° T (14 2) "' (@)] = Rap(@)(1 - 2)°(1+2)°
so we have that

w/(x) (1 _x)a—l—ll(l-l-x B+1 </% ,ﬁ z)(1—x)%(1 +$) d$+Cl>

Finally, the desired particular solution is

/fi)‘i z)(1—x)* (1+a¢)5dxd
(1—2)ot (1 +2)f L "
14+
a—p-1 B —
+C127 B( 5 ;—0, Oé)+02,

where B(t;p,q) = [t*71(1 — t)?"'d¢ denotes the so—called Cebysev integral
(incomplete Beta function).

As Péa’ﬁ) is a solution of homogeneous differential equation (15), it does
not contribute to the particular solution, so the constants C7,Cs can be taken
to be zero and we immediately get the assertion of the theorem. ]
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