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ABSTRACT. In this paper by using theory of large deviation techniques
(LDT), the problem of hypotheses testing for three random variables having
different distributions from three possible distributions is solved. Hypotheses
identification for two objects having different distributions from two given
probability distributions was examined by Ahlswewde and Haroutunian. We
noticed Sanov’s theorem and its applications in hypotheses testing.

1. Introduction. Haroutunian and Yessayan in [4] is solved the prob-
lem for the case of two objects having different distributions from three possible
distributions without usage of LDT. In the present paper we introduce the proof
of this theorem by using Sanov’s theorem for the case of three random variables
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having different distributions from three possible distributions.In the next Sec-
tion we will express notations, basic concepts and theorem of Sanov and also in
Section 3 we present the result and its proof.

2. Preliminaries. Assume that X is a finite set of the size |X|. The
set of all probability distributions (PDs) on X is denoted by P(X’). For PD’s, P
and @, H(P) denotes entropy and D(P||Q) denotes information divergence (or
the Kullback-Leibler distance)

2 N P@)log P(z), D(P|Q)2 Y. Pla) g

reX reX

In this paper we use exp-s and log-s at base 2. We also consider the
standard conventions that 0log0 = 0, Olog% =0, Plog % =o0 if P > 0. The
type of a vector X = (x1,22,...,7x) € XV is the empirical distribution given
by Q(z) & N~!'. N(z|x) for all 2 € X, where N(x|x) denotes the number of
occurrences of x in x. The subset of P(X) consisting of the possible types of
sequences x € XV is denoted by Py (&). For Q € Pxn(X) the set of sequences
of type class @ will be denoted by Tév (X). The probability that N independent
drawings from P € P(X) give x € XY, is denoted by PN (x). If x € TéV(X),
then:

PV(x) 2 T P()V9@) = exp {~N [H(Q) + D(Q|[P)]} .
reX

Lemma ([2, 3]).

a) The number of types of lengthN for sequences grows at most polynomially
with N :
P (X)] < (N +1)IF.

b) For any type Q € Pn(X) we have:

(N + 1) Mexp {NH(Q)} < 175" (X)| < exp{NH(Q)}.

c) For any PD P € P(X) we have:

Nx) ~ SPEEND@IP i x e 75 (X),
and

(N + 1) Wlexp {-ND(Q||P)} < PN(TJ (X)) < exp {—ND(Q||P)} .
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Theorem 1 (Sanov’s theorem [2, 3]). Let A be a set of distributions
from P such that its closure is equal to the closure of its interior, then for the
empirical distribution Qx of a vector x from a strictly positive distribution P on

X:
. 1 N . — Qx||P

N—oo

3. Problem statement and formulation of results. Let Y7,Y5
and Y3 be random variables (RV) taking values in the same finite set ) with
one of L = 3 PDs. It is obvious that the RV’s Y7,Y> and Y3 can have only dif-
ferent distributions from three given probability distributions PD’s Pj;i = 1,3

from P(Y). Let(y1,y2,¥3) = (W5, 92, 43), - (Wt 92, 03), o, (Yo 3, U3)), ¥ €

Y, i=1,2,3, n=1,N, be a sequence of results of N independent observa-
tions of the vector (Y1,Y2,Y3). The goal of the statistician is to define which
thriple of distributions corresponds to observed sample (y1,y2,ys). The test is
a procedure of making decision on the base of (y1,y2,y3) , which we denote by

$N-
For this model the vector (y1,y2,ys) can have one of 6 joint probability
distributions

P, (Y1, y2,y8), i #la #13, 11,113 =1,3,
where
P 1,1,(y1,¥2,¥3) = P (y1) Py, (y2) P, (y3),

We can take (Y7,Y2,Y3) = X,V x Y x Y = X and x = (21,%2,...,ZN),Tp €
X,x € XN | where z,, = (y.,y2,%%);n =1, N , then we will have 6 new hypothe-
ses for one object.

Pl 53(y1,¥2,¥3) = Pi(X), Pl35(y1,¥2,¥3) = Pa(x), Pj513(y1,¥2,¥3) = P3(x),

P;31(y1,¥2,¥3) = Pi(X), Pi19(y1,¥2,¥3) = Ps(x), P3o,(y1,¥2,¥3) = Fs(x),

By means of non-randomized test ¢ (x) on the basis of a sample x of length N
we must accept one of the hypotheses. For this aim we can divide the sample
space XN on 6 disjoint subsets

AN 2 {x on(x) =m}, m =1,6.
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The probability of the erroneous acceptance of hypotheses H; provided that hy-
potheses H,, is true, for m # [ is denoted

ap(en) = By (AY) Z Py (x

XG.AN

For m = [ we denote by am|m(goN) the probability to reject H,, when it is true:

l#m

The matrix A(py) = {Q%Z(SON)} is called power of the test. We consider the
rates of exponential decrees of the error probabilities and call them reliabilities

1 N
(2) Eni(¢) 2 Tm ——logal)(on).
The matrix E(p {Em|l )} is called the reliability matrix of the tests
sequences ¢ i i
Elll .. E1|E .. E1|6
L E6|1 “ e E6|Z “ e E6|6 ]

The problem is to find the matrix E(yp) with largest elements, which
can be achieved by tests when a part of elements of the matrix E(p) is fixed.
According to (1) and (2) we can derive that

Definition. The test sequence ©* = (p1,¢2,...) is called LAO if for
giwen values of the elements Ey|q, ..., E55 it provides mazimal values for all other
elements of E(¢*).

Our aim is to define conditions on Eyjy, ..., E55 under which there exists
LAO sequence of tests ¢* and show how other elements E,,;(¢*) of the matrix
E(¢*) can be found from them.

Consider for a given positive and finite E, ..., E55 the following family
of regions:

(4) Rlé{QD(QHPl) <El|l}7 l:1757
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(5) Rs £ {Q: DQIP) > Ey, 1=1,5},

(6) RN 2R NPy(X), =15

and the following numbers:

(7) 0= BB £ By, 1=1,5,

®)  Eny=Enu(By) = dnf (D(@[[Fm)), m = 1,6, m#1, =15,
9) :n|6 = E:n|M(E1|17 e 7E5|5) = Qi£7£6(D(Q”Pm))7 m = 1,5,
(10) Egjo = Egjo(Erns -5 Esjs) = g%Eﬁu.

Now we explain application of Sanov’s theorem in hypotheses testing.
With assumption A = R;, P = P,, in Sanov’s theorem for conditions
(4)—(6), (7)—(10) we have

. 1 N % . 1 N .
(1) Jlim —Flogag, (i) = lim —-log By (Ri) = inf D(Q|[Fm).
We can use notation y1¥ ~ 3, when g(y¥) = g(y5) + en, where ex — 0,

for N — oo.
Now using (11) we can write

12 E "V~ inf D P,).
(12) wi(¢") =~ inf D(Q|Pn)
Therefore the value of:

(13) am(en) = exp(—NQigle D(Q|Pm)) = exp(=NEpi(¢n))-

In fact the error probability am”(go ~) still goes to zero with exponential
rate Q1n7fz D(Q||Py,) for P, not in the set of R;.
€Ry
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Theorem 2. For fixed on finite set X family of distributions Py, ..., Py
the following two statements hold:If the positive finite numbers Ey, ..., E55 sal-
isfy conditions:

E1|1 < mED(Pl”Pl) s
1=2,6

(14)

ot

Em|m<min[ min E;zu(Elll)? min  D(B||Py)|, m=2,
I=1,m—1 l=m+1,6

hence:

a) There exists a LAO sequence of tests @y, the reliability matriz of which
E* = {E* (cp*)} is defined in (7)—(10), and all elements E o of it are

mll
positive.

b) Ewven if one of conditions (14) is violated, then the reliability matriz of an
arbitrary test necessarily has an element equal to zero,( the corresponding
error probability does not tend exponentially to zero).

Proof. At first we remark that D(P||P,,) > 0, for | # m. That is all
measures P;, [ = 1,6 are distinct. Now we prow the sufficiency of the conditions
(14). Consider the following sequence of tests ¢* given by the sets

(15) BYx)= |J I9'x), 1=T06
QERN

The sets BV (x), [ =1,6, satisfies conditions to give test, by means:
BY(x)(\Bn(x) =0, 1#m,

and

6

UBYx) =a".

=1
Now let us show, that exponent E,,,,(¢™) for sequence of tests p* defined in (15)
is not less than E,,,, . We know from Lemma that:

75 (x)| % exp{NH(Q)} and P¥(1§ (x)) = exp{~N(D(Q||P)} m =16

and also with (13) we have

ay (¢") = exp{—=NEm },

m|m
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and

al(¢") = exp{=NE; (Epm)} 1=15 m=T5 m#l,

a%ﬁ(@*) ~ exp{—-NE; 6(Eaps e Eyp)t 1=6, m=1,5.

m

And at last for m =1 = 6 we have:

O‘]\N/[|M(90*) ~ GXP{—NE§|6(E1|1» T 7E5|5)}~

With using (14)we know that all E:‘nll are strictly positive. The proof of part (a)
will be finished if one demonstrates that the sequence of the test ¢* is LAO, that
is at given finite Ey|1,--- , E55 for any other sequence of tests ¢*

Eqn(¢™) < Epp(¢7), m,1=T15.

For this purpose it is sufficient to see that the sequence of tests asymptotically
does not became better if the sets B (x) will not be union of some number of
whole types Tév (x), in other words, if a test ©** is defined, for example, by sets

GV, ,Qév and, in addition, Q is such that
0 <161 () ()7 (x| = |73’ (x)],

The test ™ will not became worse if instead of the set glN one takes
GNx)N Tév (x) correspondingly decreasing the sets, which had nonempty inter-
section with Tév (x). And at last we prove the necessity of the condition (14).It
is just now shown that if the sequence of the tests is LAQO, then it can be given
by sets of (15) form. But the non fulfilment of the conditions (14) is equivalent
either to violation of (3) or to equality zero some of E7, given in (14), and this

again contradicts with (3) because Enjm, m= 1,5, must be positive.
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