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ABSTRACT. The purpose of this paper is to study the dispersive properties
of the solutions of the Dunkl-Schrédinger equation and their perturbations
with potential. Furthermore, we consider a few applications of these results
to the corresponding nonlinear Cauchy problems.

1. Introduction. Dunkl operators T (j = 1,...,d) introduced by
Dunkl in [7] are parameterized differential-difference operators on R? that are
related to finite reflection groups. Over the last years, much attention has been
paid to these operators in various mathematical (and even physical) directions. In
this prospect, Dunkl operators are naturally connected with certain Schrodinger
operators for Calogero-Sutherland-type quantum many-body systems ([1, 6, 14]).
Moreover, Dunkl operators allow generalizations of several analytic structures,
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such as Laplace operator, Fourier transform, heat semigroup, wave equations,
and Schrodinger equations ([2, 8, 9, 19, 20, 21, 24]).

In the present paper, we intend to continue our study of Dunkl-Schrédin-
ger equations started in [20, 21]. Indeed, in [20] we provided a general theory for
the equation

{ i0u+ A = f(t,z), (t,z)elxR?
Ujt=0 = o,

d
where Ay := Z Tj2 is the Dunkl Laplace operator. Furthermore, we studied the
j=1
dispersive phenomena and we proved the Strichartz estimate for this equation.
Next in [21], we have studied a class of nonlinear Dunkl-Schrédinger equations:

(1.1) i0pu + Agu = F(u),

where F' is a nonlinear complex valued function. We have studied a general theory
for the above equation focusing on the following problems:

(1) Existence and uniqueness of solutions of the Cauchy problem, and

(2) asymptotic behavior in time of the solutions, and in particular scat-
tering theory for the pair of equations consisting of nonlinear equations and of
homogeneous equation.

The main subject of this paper is the study of the dispersive properties
of the Dunkl-Schrodinger equation

10pu + Apu =0,
and their perturbation with a potential:
i0pu + Agu~+ V(t, z)u = 0.

We shall also consider a few applications of these results to the corresponding
nonlinear Cauchy problems.

A first main question studied in the present paper is: what part of the
dispersive properties is preserved if we perturb the equation with a potential term
of the form V(t,z)u or simply V(z)u? The importance of this question is clear
both form the point view of the applications, and as a first step to the general case
of equations with variables coefficients. Notice that classical Schrodinger equation
perturbed with a potential has been studied by many authors, as references see
[3].

The paper is organized as follows. In Section 2, we recall main results in
harmonic analysis associated with the Dunkl operators. In Section 3, we consider
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Dunkl-Schrodinger equation with and without quadratic potential. Instead of the
stronger dispersive estimate, our goal here is to prove the Strichartz estimates.
We give two quite general results of this type. In the first one, we consider the
model case: when V(z) = ||z||?>, we study and we give some properties of the
semigroup generated by the generalized harmonic oscillator Hy, := —Ay + ||z[|?,
noted by e #* with z € C, R z > 0. Next we establish the Strichartz estimate for
the inohomegeneous equation. In our second result, we consider a perturbation
of the equation of the form

i — Hpu = V(t,x)u, (t,x)elxR?
U|t:0 = Ug € Li(Rd),

we prove this problem is well posedness under the assumption on V. In Section 4
we use a change of variables that turns the critical nonlinear Dunkl-Schrédinger
equation into the critical nonlinear Dunkl-Schrodinger equation with isotropic
harmonic potential, in any space dimension. This change of variables is isometric
on L2(R%), and bijective on some time intervals. Using the known results for
the critical nonlinear Dunkl-Schrédinger equation (cf. [21]), this provides the
information for the critical nonlinear Dunkl-Schrédinger equation with isotropic
harmonic potential. In Section 5 we consider the perturbation of the Dunkl-
Schrodinger equation with quadratic potential. We prove that no finite time
blow up can occur for the nonlinear Dunkl-Schrodinger equation with quadratic
potentials, provided that the potential has a strong repulsive component.

Throughout this paper, C stands for a positive constant not necessarily
the same in each occurrence.

2. Preliminaries. This section gives an introduction to the theory of
Dunkl operators, Dunkl kernel and Dunkl transform. Main references are [7, 8, 9].

We consider R? with the Euclidean scalar product (-, -) and ||z|=+/(z, z).
For o in RN\ {0}, let o, be the reflection in the hyperplane H, C R? orthogonal
to o, i.e.

(@, 7)
laef®

A finite set R C R¥\{0} is called a root system if RNR.ac = {@, —} and
coR = R for all @« € R. For a given root system R the reflections o,,a € R,
generate a finite group W C O(d), called the reflection group associated with R.
We fix a positive root system R, = {a € R /(a, ) > 0} for some 3 € R\ U H,.

a€R
We will assume that (o, ) =2 for all « € Ry. A function k : R — C on a root

(2.1) oo(z) =20—2
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system R is called a multiplicity function if it is invariant under the action of the
associated reflection group W. For abbreviation, we introduce the index

(2:2) v=yk) = 3 k).

aERL

Moreover, let w; denotes the weight function

(2.3) wr(@) = J] e, z)5,

aER

which is W invariant and homogeneous of degree 2y. We introduce the Mehta-
type constant

(2.4 o — ( [ e d:c)l.

In the following we denote by

C(R%)  the space of continuous functions on R

CP(R%)  the space of functions of class CP on R,

E(R?)  the space of C*-functions on R

S(RY)  the Schwartz space of rapidly decreasing functions on R?.
D(R?)  the space of C*°-functions on R? which are of compact support.

S'(R?)  the space of temperate distributions on R?.

Dunkl operators T}, j = 1,...,d, on R? associated with the finite reflec-
tion group W and multiplicity function k£ are given by

25 Tfe) = L@+ Y by, L) g ¢ gy

"~ Oz (o, )

aER

In the case k = 0, the T}, j = 1,...,d, reduce to the corresponding partial
derivatives.

Throughout this paper, we will assume that the multiplicity is non-nega-
tive, that is k(a) > 0 for all & € R. We write k > 0 for short.
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We define the Dunkl-Laplace operator on R? by

d

For y € R%, the system

{Tju(xvy) = yju(x7y)7 jzlv"wdv

(27) U(O,y) = 1,

admits a unique analytic solution on R?, which will be denoted by K (z,y) and
called Dunkl kernel. This kernel has a unique holomorphic extension to C% x C.

The Dunkl kernel possesses the following properties.

i) For z,t € C? we have K(z,t) = K(t,2); K(2,0) = 1 and K(\z,t) =
K(z,At) for all A € C.

ii) For all v € N% 2 € R? and z € C? we have

(2.8) IDYK (2,2)] < ||z exp(||z]| |R2]]),
with

, alvl

=————— and |v|=v1+ - +vg
=0zt 02) i

Notation. We denote by L}(R?) the space of measurable functions on
R9 such that

1
P
[l ey = (/Rd | f(@)[Pwr(z) dﬂﬁ) <400, if 1<p<4oo,

1/ [l oo ey == ess sup |f(z)] < +oc.
zeR

The Dunkl transform of a function f in L}(R?) is given by
(2.9) Fo(f)ly) = f(2)K (—iy, z)wy(z)dz, forally € RZ
Rd

Next, we give some properties of this transform (cf. [8, 9]).
i) For f in L}(R?) we have

(2.10) HfD(f)HLgO(Rd) < Hf”Li(Rd)'
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ii) For f in S(R%) we have
(211)  Fp(Tjf)ly) = iy; Fp(f)(y), forall j=1,...,d and yeR

Proposition 1. The Dunkl transform Fp is a topological isomorphism
from S(R?) onto itself. If we put for f in S(R?)

2
o Ck

(2.12) Fo(f)(y) = Fo(f)(-y), yeR?,

4rts
we have

FoFp = FpFp = Id.

Proposition 2. i) Plancherel formula for Fp.
For all f in S(RY) we have

(2.13) /\f 2 [ Fo(P©Fer(o) ds.

47—&-
ii) Plancherel theorem for Fp.

The renormalized Dunkl transform f — 2’(’”%)%]—})(]‘") can be uniquely extended
to an isometric isomorphism on L?(R%).

3. Dunkl-Schrodinger equations with and without harmonic
potential In this section we will discuss Strichartz type estimates for the Dunkl-
Schrodinger equations with and without harmonic potential.

3.1. Dunkl-Schrodinger semigroup. This subsection deals with the
Dunkl-type analogues of the classical Schrédinger semigroup on several Banach
spaces. These semigroups are generated by the Dunkl Laplacian, and they are
governed by a generalized Schrodinger kernel which was introduced and studied
in [20]. Firstly we collect some notations and results which we need in the sequel.

Notations. We denote by e¢®“* the Dunkl-Schrédinger semigroup on
L2(RY) defined by

Ck\t\w“? o

For any interval I of R (bounded or unbounded), we define the mixed
space-time LP(I; LI (RY)) Banach space of (classes of) measurable functions u :
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I — LZ(Rd) such that ”uHLp(I;LZ(Rd)) < 00, with

S YA ) i 1<pg< o,

HUHLOO(I;LZ(Rd)) = essstlelg) ||lu(t, . HLZ (Rd)> if 1<qg< 0.

For any interval I of R (bounded or unbounded) and a Banach space X,
we define the mixed space-time C(I; X) space of continuous functions I — X.
When I is bounded, C(I; X) is a Banach space with the norm of L>(I, X).

For 1 < p < oo, we denote by WLP(I) the weak LP(I) Lebesgue space
defined as the set of locally integrable functions f on I with the finite norm

| lweoery =suprpfa € 12 @) > 7},
r>0

where p designates the Lebesgue measure.

d+2
+ 7—a,olrmssible

Definition 1. We say that the exponent pair (q,r) is

d+2
ifqu > 2, <qu7 —Z ’y> 7& (270071) and

1 d+2y  d+2y
3.2 - < .
(3.2) q + 2r = 4

+ 2y

d
If equality holds in (3.2) we say that (q,r) is sharp -admissible, otherwise

we say that (q,r) is nonsharp
d+ 2v > 2 the endpoint

-admissible. Note in particular that when

2d + 4~

p=(2 2T
( "d 42y —2

)

d—+ 2y

-admissible.

s sharp

The following Proposition generalize, in the setting of Dunkl’s theory,
the Strichartz estimates studied by Strichartz, Ginibre, Velo, Keel and Tao and
others (cf. [13, 18, 25]).

Proposition 3. Let (U(t))ier be a bounded family of continuous opera-
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tors on L2(RY) such that, we have

d
2
112 ey

with © >0 and © ¢ WLY(I).

(3:3) NUOU ) fll sy < C (O~ 1)

i) If I is an unbounded interval. Then, the estimates

IN

(3.4) 1U(@®)uoll La(z;1r (ray) Clluollzz gay

IN

CHfHLq’ (R%LZ/(Rd))

(3.5) ’

/RU*(t)f(t, Yt

L3 (RY)

holds for any sharp -admissible exponent (q,r) # P, where ¢', r' denotes,

as in all that follows, the conjugate exponent of q and r and U* the adjoint
operator of U.

i) If I is a bounded interval. Then, the estimates (3.4) and (3.5) are
2
7 _admissible exponent (q,r) # P, and for pairs (q,r)

2(d + 2v)
d+2y—2°

valid for any sharp

such that 1 < ¢<2,2<r<

Proof. i) For the convenience of the reader, we prove the result, with
I =R. We have

U @Oullsen = sup [ UOu@ieladbon(z)da
peBy” Jmin

— s (u, [ UOpltdar)
peim \ - Jr r2(e)

where BJ" denotes the set of elements of D(R! C) such that the norm

|l o (R.LT (R)) is less or equal to 1, and U™ the adjoint operator of U.
"k

Thus, using Cauchy-Schwarz inequality, we deduce that

/ U* (1)t )t
R

”U(t)UOHLq(R;L;(Rd)) < HUO”L%(Rd) supT’
PEBY L2(Rd)

This duality argument simply says that inequality (3.5) implies (3.4). In order
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to prove (3.5), let us write

/R U* (1)o(t, )t

2
= / (U*(t)p(t, ), U* () o(t,)) L2 (gaydtdt’
L2(R4) JR? k

= [ U0 @t 08 ) it

As (U(t))ter is a bounded family of operators on L2 (R?) and using the dispersive
estimate (3.3), we get, thanks to the interpolation theorem, for all r € [2, o0],

* r)+1
(36)  UGUE)elt, g @e < COC =) ot ) 1

where 3(r) = <g + 7) (1 - %) -1

In the sharp v + §—admissible case we have

¢ q
The relation (3.6) and Holder’s inequality gives

2

/ U*(t)e(t,-)dt
R

L (RY)
< /R? C(O(t — t/))’g(T)Jrl]](p(t, ')HL;' (=) (', ')HL;’(Rd)dtdt/-
We put
_ _ \©\B(r)+1 I , ’
k(t) = /R(@(t t)) lo(t', )HLZ (Rd)dt .
Hence
/RZ (Ot = )" lo(t, ) ey 0, Ml ey it = /Rk(t)ugp(t, My oyt

Hoélder’s inequality implies that

NN O RS I P /
L O = (el o

1
q
< ol ooy ([ IOPaE)"



122 Hatem Mejjaoli

d
On the other hand, since (g, r) is sharp v+ §—admissible (and it not an endpoint),

then we can apply weak Young inequality, obtaining

‘ L2 (R%)
As © is in WL(I), (3.5) follows.

ii) We proceed as above we prove the result for any sharp

2 g
< C”@”;Vlzl(f)HsOHiq/(I;LZ/(Rd))'

/ U*(t)e(t,-)dt
R

2
i -admis-

sible exponent (q,r) # P. Moreover it is easy to see that the weak spaces W L*(I)

1
are in Lj . for p > 1. Thus as O+ ¢ WLAWH | we deduce that @8+ ¢
2(d + 2v)

LYI) for 2 < )
() for _T<d+2fy—2

Hence, by Minkowski inequality for integrals,

Hk(t)”Lq(I) < H@HLﬁ(T)‘H(I)H‘:DHLq(];L;;’(Rd))'
Integrating this inequality for ¢ = co over [ yields
Hk(t)HLl(I) < CH@”LN”‘H(I)HSOHLOO([;Lz’(Rd))'
Interpolation this with the above LY estimate for ¢ = 2 we get
Hk(t)HLq(I) < C”@”LB(THl(I)HQOHLq’([;L;’(Rd)) for 1< q< 2.

Thus, using Hoélder’s inequality and the following estimate
2

/U*(t)cp(t, )dt

I

< [ Ot oy

LE(R)
we deduce the result. O

Next, we recall the result proved in [20].

Proposition 4 (Strichartz-type Schrédinger estimate). Suppose that d >

-admissible pairs. If u is a solution to the

1 and (q,r) and (q1,7m1) are

problem

(3.7) {iatU(t,l‘) + Agu(t,z)=f(t,x), (t,z) € I x R4

U|t:0 =Uon

for some data, ug, f and an interval I of R (bounded or not), then

3-8)  lullpaqrrymaey + lullo@z ey <€ (HUOHLi(Rd) + HfHqul (I;LZII(Rd))> :
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Remark 1. We can prove this Proposition otherwise for admissible
pairs different from of extremal point P. Indeed we apply Proposition 3 i) with
U(t) := e the Dunkl-Schrédinger semigroup, which verifies the assumptions
of Proposition 3.

The last of this subsection is motivated by a different kind of uncertainty
principles written via the Dunkl-Schrodinger semigroup. Indeed, the following
identity proved in [20]

1 1112 B

(3.9) u(t,x) = e"™bug(x) = ——— e (I ToEnteiGe [fpw—tuo)] (5:)
Ck‘t‘%i_i 2t

tells us that this kind of results for the free solution of the Dunkl-Schrédinger
equation with data ug

{ i0pu(t, x) + Agu(t,z) = 0, (t,r) € R x R?

3.10
(3.10) e .

is related to uncertainty principles. In this regards we use some uncertainty
principles for the Dunkl transform proved in [5, 12, 26] for obtain the following.

Proposition 5. (i) Let ug a mesurable function on R and a,b > 0 such

that
ug(x) = O(e*aHﬂCIIZ)7 eitAkuO(x) — O(efbllw\P).
1 1
If ab > To2’ then ug = 0. Moreover, if ab = o2 then u s solution with initial

data, Ce~(a+ds)l=l®.
(ii) Let ug a mesurable function on R and a,b > 0 such that

ea”xHQUO(fL‘) c Li(Rd), ebe”?eitAkuO(x) c LZ(Rd)

1
with p,q € [1,00], with at least one of them finite. If ab > o2’ then ug = 0.

1 1

(iif) Ifuo € L2(RY), p € (1,2), -+~ =1, and a,b > 0 such that for some
p q

t#0

(2a)P . (20)4
/ lup(x)|e » ”mewk(ac)dac +/ ]elmkuo(:r)]e@t)qq”xquk(ac)dac < +o0.
R4 R4

If ab > —, then ug = 0.

=
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(iv) If up € L2(R%) such that for some t # 0

] llyl]

[, o)l un(u)le 5 wi () dady < oc,
R

then ug = 0.
(v) Let ug a mesurable function on RY such that

itAy bligl?
ellel? g € Ly(RY) + L°(R?)  and /Rd log™ i uof\g)e |

d€ < o0,

for some constants a >0, b >0, A > 0.

If ab > then ug = 0 almost everywhere.

1
16t27

1 i
If ab= 1662’ then u is solution with initial data, Ce~(ataplel?,

Proof. We only prove the estimate (i), the proofs of (ii)—(v) being simi-
lar.

Set h(y) = €' 1 ug(y). Then from (3.9) we get

1 : T 012 T
u(t,z) = — = emdE2) Isent it [T (R <—)
() = — 57 Fo)] (5

From the hypothesis on u(t,x), we have
z —bll|]?
Foh)| (5) < Ce
Thus
\Fp(h)|(z) < Ce el

Clearly |h(y)| < Ce=alvl*, Now we apply Hardy’s uncertainty principle for the
Dunkl transform (cf. [12]) for h, we obtain the result. O

3.2. Generalized Hermite semigroup. In this subsection we recall
some facts about generalized Hermite semigroup related to the Dunkl operators.
We cite here, as briefly as possible, only those properties actually required for
the discussion. For more details we refer to [24].

In the setting of general Dunkl’s theory Rosler [24] constructed systems of
naturally associated multivariables generalized Hermite polynomials and Hermite
functions. The system of generalized Hermite polynomials {H ﬁ’ p € N} is
orthogonal and complete in L?(R?, e‘H'HZwk), while the system {hﬁ, p € N9} of
generalized Hermite functions

1 |
Wiz) = ——— ¢ H*2), zeRY peNd

K ‘/2|M|M!Ck K



Dunkl-Schrédinger equations with and without quadratic potentials 125
is an orthonormal basis in Li(Rd). Moreover, hﬁ are eigenfunctions of the gen-
eralized harmonic oscillator:

(3.11) Hy, = — A + ||z
More specifically, one has
k k
Hyhy, = (2lpl + d + 29)hy,

where |u| = p1+- -+ pg. We not that the operator Hy, is positive and symmetric
in L(R?) on the domain D(R?).
Thus every f € L? (R9) has the expansion

(3.12) F= (s h) g2 oy s
o

where (-, ) L2(RY) denote the canonical inner product in L2(R9).
The above expansion may be written as

(3.13) f=> Pif,
where
ky_ k k
(3.14) Pif = (b 2@ hys
|lu|=n

is the spectral projection corresponding to the eigenvalue 2n + d + 2.
By orthonormality of the generalized Hermite functions

(3.15) 11172 (ay = > 12 122 ey

The semigroup {e*mk,t > 0} generated by Hy (cf. [24]), can be defined
also with a complex parameter z instead of ¢, for Rz > 0. We remark that the
semigroup complex e~*" have the following integral representation:

(3.16) e_ZH’“f(HC) = /Rd Hf(ac,y)f(y)wk(y)dy, z=r-+it, Rz>D0.
with
(3.17) HE(z,y) = > e G202k )k (y).

peNd

The sum is the weil-known Mehler kernel, which can be found for instance in [24].
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For ¥z > 0 one has

1 1 x
3.18) HF - —(—coth?2 2 2 K( )
18] M=o (H( com2=(lalP ) ) K ()

where K designate the Dunkl kernel given by the relation (2.7). This expression

is well defined also for z on the imaginary axis, except a multiples of 15 Indeed,
for t € R\gZ we get

i dt2y
e 1T 1

7 —T
3.19) HE = 5 (cot 2t(]| || N)E (5509 )
(3.19)  Hjy(z,y) (2oin 20) 2 exp (2(60 (Nl + [ly[1%)) oY

From (3.17) it follows that HE(z,y) = H¥(z,y), and also that

d+2~v

2 Hf(_xvy)

HE o (r,y) = "

2+ig
Here Rz > 0, but if t € R is not a multiple of § also we conclude that

d+2y

H*(v,y) = HE(z,y) and Hl.k(Hg)(x,y):e_”( =) HE (2, ).

For initial data ug belongs to the space of finite linear combinations of
generalized Hermite functions, the solution of the following problem

Ou

= N
(3.20) “ot K
u(-,0) = up
can be written
[e.o]
(321) efitHkuO _ Z efit(2n+d+2’y) Prlf(UO)
n=0
Comparing (3.15) with (3.21) we see that
(3.22) HefitHkUOHLi(Rd) = HUOHLi(Rd)a teR.

The solution given by (3.20) can also be formally expressed as an integral operator
with kernel (3.19), which converges in the distribution sense. For real functions

) I
up, it follows that the LF(R?) norm of e~y is even and §—periodic as a

function of ¢, and thus determined by its values for 0 < t < % The following

kernel estimate is crucial in our analysis.
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Proposition 6. Let HE(x,vy) be the kernel given by the Eq. (3.17). Then
for Rz > 0, HY satisfies the uniform estimate

3.23 ¥ L e it 0< |t < R4
(' ) ’ z(x7y)‘_ dt2y ? z=r+1t, <H_7T,l',y€ .

| sin(2t)| 2

Proof. In view of (3.17), we can write (3.18) in the form

R ) exp [ S Dol + )| ¢ (120

1—w 2(1 —v?) 1-—

where v = e =20 ) Ag
1 — 02 = 2e7 20+ ginh[2(r + it)],
and
| sinh[2(r + it)]| = | cos(2t) sinh(2r) + isin(2t) cosh(2r)| > | sin(2¢) cosh(2r)].
It follows from (3.24) and (2.8) that
el ﬁxp (Gl + 11P) + 125 e o) |

Moreover by a simple calculations we see that

_ 1)2 v
[% (ﬁ(w + ) + T2z el ”y”)] =0

The prove is immediately. O

The following proposition is a simple application of the estimate (3.23)
and the Riesz-Thorin interpolation theorem.

Proposition 7. Let p € [2,00|, 2z = r + it such that r > 0 and t # 0.

Then the operator e~*T% maps Lz/ (RY) continuously to Li(Rd) and
—or )(d+27)(,%—%)

forall fe€ Lil (RY).

—zH €
e g < 10 e

| sin 2¢|

Proof. It follows from Proposition 6 and the fact that e ="' is a bounded
on LF(RY)

e~ (2y+d)r

w”f“%(ﬂxd)» He_Zka”L%(Rd) < [1f 122 a)-

”e_ZH'“fHLgO(Rd) < —
| sin 2¢|
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The general case is obtained by interpolation between the case p = 2 and
p=o0. U

We shall compare the operators e~ and e"*“* by finding a link between
their kernels. The kernel of e?*2# is the Dunkl-Schrédinger kernel (cf. [20])

~ im 2y 1 o1 —iy
u0) o) = oxp [1 P+ ol ().

Ck|t P) t t
The following Proposition gives an explicit relation between the two solution
operators ek and €Ak,

Proposition 8. For any f € L{(R?) and v > 0,

2
e’ M%ka(l‘) = exp (_WH:UQ” ) (1+ U%df%é %Akf(x\/H‘—UQ)

Proof. For 0 <t < %, we let tan 2t = v in (3.19) and get

d42y Li+22’y
% e V1402 UV 19
Hiarctanv (xvy) = eXp (—Z_H.TH ) X
T2 Ck v 2

e (ool + (L )el) & (S22 )

2
= exp (41]@) (140375 3 (%) (xV1+02,y).

Integration against f(y)wy(y)dy, we obtain the desired equation when f € D(R?).
The general case then follows by continuity in L? (RY). O

As in the free Dunkl-Schrodinger equation (3.7), we want to prove the
Strichartz estimate.

(3.25) HefimkfHLq((o,%),L;(Rd)) < C(dy g, )| fll L2 (may

+2 o . . .
7 _admissible pairs. It makes it easy to prove the following re-

d
with (g, r) is
sult, which implies that the estimates (3.8) for the free Dunkl-Schrodinger equa-
tion and (3.25) are actually equivalent.

d—+2 2 d+2
Proposition 9. Let 1 < ¢q,r < 0o and assume that + +—- = +2 ’y.
r q

Then for f € L2(R%)

le™"% £l a0, ), Ly ey = 11€"2* f 1l La((0,00), L7 (1) -
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Proof. Assuming ¢,r < oo, we get

q

/0 % < /Rd je= "y (fc)Vwk(:c)dx> = |

N o0 i arctQaank r v d'U
- [/ falanoie) 5

=/OOO (/R (1+v2)d%2”‘e"%Akf(xm)}rwm)dx); x =2

2(1+v?2)°

d+2y 2 d+2
v 2 2

5 and by a simple changement of variable
r q

Using the relation

we obtain

/f </Rd \e‘itH’“f(x)Vwk(x)dedt = /OOO (/Rd e gA’“f(x)]’"wk(x)dx>%dv_

The cases when ¢ or 7 is infinite are similar. O
Now we state the our result of this section.

Theorem 1. Let ug € L3(R?) and let u(t,x) = e "Mruyg(z) be the
solution of the problem (3.20). Then u is periodic int and u € L1([0, 27]; L} (R%))

2
for any sharp 7 _admissible exponent (q,r) # P, and for all pairs (q,r)

2d + 4
1<¢<2,2<r< #, d > 2. Further u satisfies the inequality
d+2y—2
(3.26) [ull La(o,2n);27 )y < C(ds K)[uoll L2 (ray

for all ug € Li(Rd) and for the above ranges of q and r.

Proof. First we show that there is a subsequence z; = x; + it such that
e #Mkyy converges to e~ rug in L9(]0, 27]; LE (R?)) as x; — 0. Notice that
since ug € L} (R?), for each fixed ¢ > 0 and z; > 0, we have
2

€™ ug — e euo |5 (gay =

S)
Z ’e—a:j(2n+d+2'y) o 1’eit(2n+d+27)P7I;uO
n=0

12(R9)
oo

(3.27) = 3 Je Gt L) Prwoll72 (gay
n=0

which converges to zero as z; — 0, by a dominated convergence argument applied
to the summation. Thus e=% kv, converges to e~ #ruq in L2(R?) for each fixed
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t > 0 as x; — 0. By periodicity of e "My in t, we need to consider only
0 <t < 2m. Since |le=% kg — ”H’“uoHLz ®e) > 0asz; —0, and since

—ZijuO

e ZtHkUO”p (Rd) = < (2lle” ZtHkUOHﬁ Rd))2 = 4”“0”%%(1@4)

by dominated convergence theorem, it follows that
27 2 2
. —_ t
1_1210/0 lle % kg —e™" ’“uoHLg(Rd)dt — 0.

Thus e 2"k, converges to e ruqy in L2([0, 2n], LF(R?)). Hence we can ex-
tract a subsequence of this sequence, denoted also by e~ ky that converges to
e~ Mryy for a.e. (t,z) € [0,27] x R? as x; — 0.

Now we want to prove (3.26). Indeed by Fatou’s lemma

He*im’“uoHET(Rd) = / le™ Mg (2)|"wy () da
k R4
< liminf/ e Z Mk () ["wy, () dzx.
z;—0  Jpd

Applying Fatou’s lemma once again, we get

2T 27 4
/ || u(t, .)qu(Rd)dt < / <lim inf/ ]e_ZjH’“uo(x)\ka(:r)d:I;> dt
0 k 0 z;—0 Jpd

2T %
< liminf/ (/ ]e_sz’“u()(q:)Vwk(:c)dx) dt.
z;—0  fo R4

Moreover, from the relation (3.23), the generalized Hermite-Schrodinger semi-
group e Mk verify

. _dt2y
le JHkHL(Li(Rd),L,;’O(Rd)) <Clt[~= for [t] <6
and
le= 7| (LL(R),L3°(RD)) < S — 2, for [t[ >4,
| sin(2t)] "2

for some J > 0. Therefore (3.3) is satisfied for U(t) := e~ %" with

1 1
o(t) = (!t! 1iyj<s + mhtpa) .

By a simple calculations we see that © belongs to W L!([0,27]). Now we apply
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Proposition 3 ii) we obtain

2m %
L (e @) d< a0l
0 R4

where the last inequality follows from (3.4) since the constant C(d, k) is indepen-
dent of x;. Taking the qth root on both sides, we get the required inequality. O

Remark 2. In the classical case, a similar result can be found in [11, 15],
where the authors used another methods that we can not adapt at the moment.
Our method use some ideas inspired by the works [16, 23].

Now let us consider the inhomogeneous problem:

ou
i — Hpu = f(t71:)7 (tvl‘) € Rd+17
(3.28) ot

u(0,-) = ug.

In this case, the solution is given by Duhamel’s formula:
t

(3.29) u(t,z) = e My (z) — z/ e =k £ (s, 1) ds.
0

In this case the solution need not be periodic in the ¢ variable, unless ug is periodic
in the ¢ variable. For the inhomogeneous equation in the periodic case we prove
the following:

Theorem 2. Let ug € LZ(RY) and f € L7 ([0, 27r];L£/(Rd)) then the

d+2
solution u to the problem (3.28) lies in L4([0, 2x]; LY (R%)), for any sharp +

admissible exponent (q,r) # P, and for all pairs (¢,r) 1 < ¢ < 2,2 <r <
2d + 4

d+2y—2

, d > 2. Further u satisfies the inequality

(3-30) HUHLq([ozw];L;(Rd)) < C(d7 k) <Hu0HL%(Rd) + HfHLq’([ovgw];Lz’(Rd))) )

for the above ranges of q and r.

Proof. By Theorem 1, we have

le™ " uo(@)l| oo 2nlszg ey < Clwollzgay-

Therefore by (3.29), it is enough to show that

¢
/ e_i(t_S)H’“f(s, -)ds

0

(3.31) < C(d, k)

La([0,2x]; Ly (R))

”f”Lq'([o,gﬂ];Lz’(Rd))'
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In view of Proposition 7 we have

t t
[ e /
L7 (RY) 0

0

2m Hf(Sf)HLT’(Rd)
(332) < C(d7k)/ K (dj—? )(L_l) 8.
0 |sin2(t — )M T2

IN

ds
L} (Rd)

‘efi(tfs)Hk £(s, )}

Since f € L7 ([0, 27]; Ly (R%)), we have || f(s,-)| . &%) € L9 ([0, 27]) as a function
k

of s. Now by an application of the Young’s inequality as in Proposition 3, we see

that

2r Hf(sv ')”L;'(Rd) <C
/0 |sin2(t — 5)|@H20G—2) 8 < Ol o 2miny ey

This completes the proof of the theorem. O

We consider the Cauchy problem for the Dunkl-Schrodinger equation with
the forced generalized harmonic oscillator:

du
i— — Hpu=V(t,2)u, (t,z) € R xRY
(3.33) dt

u(0,) = up € L2(RY).

1 2
Theorem 3. Let d>2 and 5+;:1, and assume that [|V|| oo ((0,00);27 (R1)

d+2
s sufficiently small where p € [ +2 ’y,oo . Then there exists a unique global
solution of (3.33) belonging to C([0,00); L2(R%)) N L% ([0, 00); Lk (R%)).

Proof. We use the standard contraction mapping argument. By Duha-
mel’s formula

t
u(t,x) = e Mhyy — z/ e MY (5, u(s, ) () ds.

0
2d + 4
For 2 <r < %, by Theorem 1, there exists a positive constant C' such
v —
that
(3.34) le™*7% £l L2 0,21y @) < ClIFIlz2 Rays

and, by duality, this yields

t .
(3.35) / MR G(s, - )ds t € [0,27].
0

< O o

. [0.27];L} (B4))”
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Now, by various applications of Fubini’s theorem
27 t )
/ / / e =M F (s, ) (2)dsG(t, x)wy, (z)dadt =
RdJo Jo
27 t )
/ / / ey B (s, ) (2)G(t, 2wy () dadsdt =
o Jo JRrd
27 t ) )
/ / / MRV F (s, e TR G(t, 2)wy () drdsdt =
o Jo JRrd

¢ 27
//eisHkVF(&.)(x)dg/ e—z‘tHk(;(t,;g)dtwk(x)dx,
Rd Jo 0

where the second equality follows using the orthogonality of the generalized Her-
mite functions. Thus, by the Cauchy-Schwarz inequality followed by two appli-
cations of (3.35) and duality,

(3.36) /0 =y (5 VP (s, ) (2)ds

L2([0,27]; L}, (R%))
< C2HVFHL2 ([0,27], LT (R))"
We define the Banach space X, = C([0, 27]; L (R%)) N L2([0, 27]; L} (R9))
via the norm

ullx, = t;&gﬂ [[u(t, ')HL%(R’i) + HUHL2([0,2W];L;(Rd))7

and the nonlinear map Ly : Xy — X by
t
LiF = e My, — z/ e =M/ (s, ) F (s, ) (x)ds.
0
By (3.21) and the conservation of the L? norm (3.22) we see that

He—itHkuOHXk < (C+ 1)HU0HLi(Rd)’

and combining (3.35) and (3.36), we also have

< (C+ OV | oo 0,002 @t | F 1 x5
Xk

i /Ot e =My (s, VF (s, -)(x)ds

here we have used the fact that

= =
SN

IV'El L2 0,2n1507" @ayy < WV oo (po,2m 20 @ty |1 E'll 22 10,217 ety
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Thus we see that £, maps {f : [|f]|x, <2(C+ 1)HUOHL%(R4)} into itself provided

1
(C+ 02)”VHLOO([O’QW];Lz(Rd)) < 3 This also guarantees that

(3.37) 1£6(F = Dlixe < 2117 — gllx,.

so that by the contraction mapping principle, there exists a solution. Now al-
though the Lz—norm may have increased in size, we know that it is at least finite,
so by iterating the process, replacing ug with u(2nm, ), n € N, we obtain a global
solution.

To see that the solution is unique in L? ([0, 00); L} (R?)), suppose that u;

loc
and ug are solutions. Then by (3.36) as before, we see that

1
lur = w2ll L2 (2nm 2 ympip ey < 5 llun = wallz2 qanm 2n41)mls Ly R
for all n > 0, so they are in fact the same. O
4. Critical nonlinear Dunkl-Schrodinger equations with and
without harmonic potential. In this section we collect some notations
which we need in the sequel.
Notations. We denote by H; (R?) (Dunkl-Sobolev space) (s € R) Hilbert

space of elements u € S'(R?) such that (1+ ||€]|?)2Fp(u) € L} (R?). Hi(R?) is
equipped with the norm

lall g ety = 1L+ 1€1%)2 Fp ()] 2 (o -
The Hilbert space Xy := H,;W(Rd) ﬂ}"D(H%’W(Rd)) equipped with the norm
(4.1) [ullsy = llullm ray + l2ull L2 (ra)
where
H%}W(Rd) = {u c HI(RY) : wu(o,) =u, forallac R+.}
Let u be a solution of the nonlinear Dunkl-Schrédinger equation:
12) iduu(t, ) + Agult,z) = Mulu|™5, (t,z) eRxRY, AeR
' U(O, ) = Uo-

In [21], we have proved that if ug in X, then there exists 7' such that u €
()= T, 7} %),
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t T
Fix w > 0 and definefor [¢] < 2et2n(@T)
(43) v(‘[/‘7$) _ 1 _ 677; wtal;(wﬂ Hff”Qu (tan(wt) : X ) ‘
(cos(wt)) "z w cos(wt)
Then v solves the following
w2||:UH2 4
iow(t, z) + Agv(t,x) = Tv(t,x) + Mv(t, x)|v(t, z)| 4+,
(4.4) (t,z) € R x RY,
v(0, ) = g

Reciprocally, if v solves (4.4), then u, defined by

1 i w2t lel® - /arctan(wt) x
(4.5) u(t,r) = —————F5 € Y w1+ w2

(14 w?t?)™3
solves (4.2). The transforms (4.3) and (4.5) do not alter the initial data ug, and
are isometric on L2 (R%).

The aim of this section is the follow:

Proposition 10. Let ug € Xj,. Then there exist Tmin, Imax > 0 and there
exists a unique, mazximal solution

u € O(] - Tmianmax[; Zk) N Cl(] - Tmianmax[; Hk_l(Rd))

of problem (4.4). It is mazimal in the sense that is Tiax < 00, then [lu(t, )|l 1 ga)
— 00 as t | Tmax, and if Tmin < oo then H’U/(t,')HH’i(Rd) — 00 ast | —Tmin. In
addition,

(1) Conservation of mass: |ju(t, ')”L%(Rd) = ”UOHLi(Rd).

(2) Conservation of first part of the energy:

1 2
E}(u) = || zwzsin(wt)u(t, ) — i cos(wt)Viu(t, )
2 L2(RY)
d+ 2 )\ 2d+4~v+4
A2 con? (wt)ult, ] e

d+2v+2 L, T2 (Rd)
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(3) Conservation of second part of the energy:

Ei(u) = H%wx cos(wt)u(t,-) + i sin(wt) Viu(t, -)

L3 (RY)

(d+27)N ., Qd;f;H
T E—— t Y
dray+2 (wlfult, )l SR )

Ly

Proof. The results follows from the relation between the problems (4.2)
and (4.4) and the known results for the critical nonlinear Dunkl-Schrédinger
equation proved in [21]. O

5. The nonlinear Schrodinger equation with a quadratic po-
tential. The main results of this Section is in sprit of the classical case (cf.
[3, 4, 10, 13, 17]). Consider a real valued potential U € £(R?) such that

U>0 and D*U e LEPR?Y), for all € N? such that || > 2.
The model case being U(z) = ||z||>. We define the operator Ay on L7 (R?) by
D(Ag) ={ue€ H{(RY): Uu|? € L}(RY) and Ayu—Uu € L}(RY)},
{ Agu = Agu—Uu, for u € D(Ag).
We consider the nonlinear Dunkl-Schrodinger equation

s + Agu = Vu+ f(u(-),-),
o A Fw().
u(0, ) = up;
where V' and f are as follows:
V : R? — R such that V € L} (R?) 4+ L°(R?) for some p > 1, p >

f:CxR?— C be a is measurable in x and continuous in z € C, and
that f(0,z) = 0, almost everywhere on R?. Assume that there exist constants C

) such that

d—+ 2y

andue I:O,m
|f(21,2) = f(z2,2)| < C(1+ |z1] + |22])"]21 — 22,

for almost all z € R? and all zq, 2o € C.

Set

|2l
F(z,z) = f(s,x)ds, for all z € C and almost all = € R%.
0
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Finally, set
g(u) = Vu+ f(u(-),-)

1

Glu) = /R d [§V(x)\u(x)]2+F(u(ac),x) w(z)dz,

and
Buw) = 5 [ IViu(o) + Ulelu(o) Pun(a)de - Gla).

Concerning the existence of solutions of (5.1) for initial data in LZ(R?),
we proceed as in the Dunkl-Schréodinger equation without potential (cf. [21]), we
prove the following result:

Proposition 11. Let g be as above, and assume further that p <

d+2v

2p 2q .

Let r = max u+2,—1 —] and let (q,r) be the corresponding sharp
b— q—

d+ 2y

-admissible pair. Then, for every ug € Lz(Rd), there exists a unique

function u € C(R,L(RY)) N LY (R, L} (R?)) with u; € LY (R, (D(Ag))"), solu-

loc loc

tion of (5.1). In addition, we have HU(t)HLi(Rd) = HuoHLi(Rd), for allt € R, and

d+2
u e L¢ (R, LY(RY), for every sharp +

e -admissible pair (a,b).

On the follow we assume that W = Z4.

Now, we consider the nonlinear Dunkl-Schrédinger equation on R%:
iopu(t, z) + Agu(t,z) = V(z)u+ \ufulP, (t,z) € R x RY,
U(O, ) = Up

where V is of the form:

(5.2)

d
(5.3) Viz) =) swlel: d>1,w; >0, 6 €{-1,0,1}, & =—1.
j=1

The last assumptions means that we do not consider positive potentials as in the
previous sections.
We denote

HV,k =-Ap+V, U";(t) = e HtHvk,

Proposition 12. The semigroup (Uf(t))ier is a unitary on L3(R?),
satisfying the dispersive estimate (3.3). Then there exists © € W L(R) such that
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7 _admissible pairs (q,r) and (4,7) we have

for any T € R, and any sharp

1
Hlej(t)fnLq(]fT,T[;L;(Rd)) < C||@1]72T,2T[||5VL1(R)Hf”Li(Rd)»

/Ot UL (t — s)F(s)ds

La(]=T,T[;Ly(R%))
1

141
< CH@l]*QT’QT[HIL/IVqu(R)HFHL‘?’(]—T,T[;LZ’(Rd))'
Proof. As V is of the form (5.3), then we have:

1/2
(5.4)  Ub(0)f o= e e f = H( ) [ Sutt.. iy

2ig;(t)

where
Sk(t7x7y) = Hegn(t> ’ " Kan (ﬂvyn)
n=1 gn(t)

and the functions g, h, and K, are given by:

(Snlhqiﬂ , COS h(2wnt)) . if 6, = —
(5.5) (gn(t), hn() = ¢ (1), if 6, = 0
(sm(j}iwnt) ,cos(2wnt)) , if 5, =

Zntn

mja,ﬂr%(izntn)? Zn, tn € (C7 op >0

(5.6) K, (zn,tn) = jan,%(izntn) +

where for g > _71, Jjp is the normalized Bessel function defined by

N Js(z) = (=1)"(5)*
ja(z) = 2°T(B + 1) i L(B + 1)7;) m,

with Jg is the Bessel function of first kind and index (.
Thus we have, for some ¢ > 0,

_dt2y
HUx’;(t)“L(Li(Rd),Lf(Rd)) <Clt|” 2 for [t| <.
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Now for [t| > §, the “worst” possible case is when, say, 6 = —1 and 6; = 1 for
jJ > 2. Then
1
d 1 2
k —olt T ———
IOV Ol ey @) L@y < C | e ]1‘[2 EERE] for [t[ > 0.
Therefore (3.3) is satisfied with
1
1 d 1 d+2y
O(t)=C |1 ol T —— 1
o=\ sy | s

By a simple calculations we see that © € W L!(R), finally we apply Proposition 3,
we obtain the result. O

Our result of this section is the follow:

4
Th 4. Letd >3, N eR, p< ————
eorem e > p_d+2'y—

5 and V' satisfying (5.3).

We assume that ug € L2 (RY).
i) If p< ﬁ, then (5.2) has a unique solution

4p+8
C'NL®(R; LE(RY) N L (R; LY (RY)).
In addition, the L?-norm of u(t,.) is independent of time.
i) If p < ————
) Ifp = d+ 2y

(5.2) has a unique solution u € C(R; L2(RY)) N LPT2(R; L£+2(Rd)). In addition,
the Lz—norm of u(t,-) is independent of time, and there is scattering: there exist
unique u—,uy € LE(R?) such that

, then exists 6 > 0 such that if HUOHLi(Rd) < 0, then

7itHV7k

lle — 2 ey, — 0.
k

t—=+o0

Proof. The first part of Theorem 4 is straightforward : one can mimic
the proof given in the case of the nonlinear Dunkl-Schrodinger equation with no
potential (cf. [21]). We recall the main argument. Duhamel’s formula writes

(5.7) u(t) = UL (t)ug — i)\/o UL (t — 5)(JulPu)(s)ds.

Define F'(u)(t) as the right hand side of (5.7). The idea is to use a fixed point
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argument in the space given in Theorem. Introduce the following Lebesgue ex-
ponents:

dp+8 . 2p(p+2)
(d+2y)p’ 4—(d+2y-2)p

Then (g,r) is the sharp d+27 -admissible pair and

r=p+t2, q=

p 1 1 p 1

r! ror q s q

4
The main remark to prove the first point of Theorem is that if p < PR we
Y
1 1
have — < — and Hoélder’s inequality in time yields
q s
1_1 —(d + P
HUHLS(I;L};(Rd)) < |I]* QHUHL‘I(I r(RY) = !I! HUHLq (I,Ly (R%))-

The positive power of |I| yields contraction in L>(I; L3 (R%)) N LI(I; L} (RY)) for
small time intervals, and the conservation of the Li norm of the solution shows
global existence at the L% level. This proves i).

4
If p= ————, then s = ¢, and Proposition 12 yields
d+ 2y
dt+-2y+4
[l 2dtayta < Clluoll 2 ray + Cllull 5.7 5 ;
L2d;rf;j4 L L &) L7 (R%) L2d;f21’?-4 ([;Lljd;f2;_4 &)

for some constant C' independent of the time interval I. The idea is then to use
a bootstrap argument, for ||ugl| L2(RY) sufficiently small. This completes the proof
of the first part of Theorem. Note that in the small data case, we used the fact
that we have global in time Strichartz estimates, due to the repulsive character
of the potential, 6; = —1 in (5.3), we obtain the results. O
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