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ABSTRACT. If F' is a polynomial automorphism over a finite field Fy in
dimension n, then it induces a permutation mg-(F') of (Fgr)™ for every r €
N*. We say that F' can be ‘mimicked’ by elements of a certain group of
automorphisms G if there are g, € G such that mg-(g,) = mgr (F).

Derksen’s theorem in characteristic zero states that the tame automor-
phisms in dimension n > 3 are generated by the affine maps and the one
map (z1 + 23,22,...,7,). We show that Derksen’s theorem is not true
in characteristic p in general. However, we prove a modified, weaker ver-
sion of Derksen’s theorem over finite fields: we introduce the Derksen group
DA, (F,), n > 3, which is generated by the affine maps and one well-chosen
nonlinear map, and show that DA, (F,) mimicks any element of TA,,(F,).
Also, we do give an infinite set F of non-affine maps which, together with
the affine maps, generate the tame automorphisms in dimension 3 and up.
We conjecture that such a set E' cannot be finite.

We consider the subgroups GLIN,, (k) and GTAM,, (k). We prove that
for k a finite field, these groups are equal if and only if k # Fy. The latter
result provides a tool to show that a map is not linearizable.
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1. Preliminaries.

1.1. Introduction. Polynomial automorphisms are generally studied
over C, Q, or any field of characteristic zero. Even if they are studied over
commutative rings, then it is often assumed that Q (or Z) is a subset of the ring.
The characteristic p case is quite unexplored, though it is gaining some interest,
in particular over finite fields (see [4, 9, 2]).

Denote by MA,,(k) the set of polynomial maps (i.e. endomorphisms), by
GA,, (k) the polynomial automorphism group in dimension n over k, and TA,, (k)
as the tame subgroup of GA,,(k) (a precise definition is given in the next section).
Any element F' € GA,(F,) (where ¢ = p", p a prime, and F, denotes the finite
field with ¢ elements) induces a permutation of Fym for each m € N*. This
permutation we denote by mgm (F').

One motivation to study this group is a result from [9], namely that
7q(TAL(Fy)), n > 2, equals the set of all permutations of (F,)", except if ¢ = 2™,
m > 2, then any such permutation will be an even permutation of Fy. This
incited the search for automorphisms which were “odd”, as such an example
would immediately be non-tame, giving a very simple proof of the existence of
wild automorphisms. Note that the proof of TAz(k) # GAz(k) by Umirbaev-
Shestakov in [12, 13] is only valid in chark = 0. Unfortunately, all examples
studied so far turned out to be even.

In this paper the goal is to understand the group TA,,(F,) and its images
mwgn(TA(Fy)) better. In particular, we made a preliminarly investigation on
what the generators of both these groups are. We also are interested in finding
subgroups H of TA,,(F,) satisfy mym (H) = mgm(TA,(F,)) for each m € N (we
say that H mimicks TA,,(F;)). One such group H is the Derksen group DA,,(IF,)
introduced in Section 3, and the (unfortunately quite technical) proof of this
fact covers a large part of this paper. We also point out that, even though in
char k = 0 we have DA, (k) = TA, (k) (Derksen’s theorem), that for chark = p
such an equality is not expected to hold (see Section 2).

In the paper [11] the subgroups GLIN,,(k) and GTAM,, (k) of GA, (k) are
introduced. GLIN is the group generated by the set of automorphisms which are
linear up to conjugation by an element of GA, and GTAM is defined in a similar
way. In Section 4 we show that these groups are equal, except if the field k = Fo,
in which case they differ.

1.2. Definitions. Let p be a prime, ¢ = p", F, the finite field with ¢
elements. Let n > 1. We are interested in the group GA,(F,) of polynomial
autmorphisms over F,. Subgroups of GA,,(F,) are the group of linear automor-
phisms GL,,(F,) and the group of affine automorphisms Aff,,(IF;). Let us first fix
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a notation for some special elements of Aff,,(IF,);
o Tic=(X1,....Xi—1, Xi+¢, Xig1,....Xp),
o Sic=(X1,....Xi1,¢X;, Xit1,...,X,) and
o Rij=(X1,..., Xie1, X5, Xig1, .., Xjo1, Xi, X1, X)),

where 7,5 € {1,...,n} and ¢ € F;. Incidentally, the T;., Si., R;; generate
Affn(IFq). Note that R@j = Rjﬂ‘ = Ri_’jl, Ri,jTi,cRi,j = Tj7c and Ri,jSi,cRi,j = Sj,c-
Now if for a € N*~1 we write X® = X$2X5% .- X2 (note the omission of X7),
then we can define an elementary automorphism F o, = (X7 +X%, Xo,...,X,) €
GA,(F,), and more general E; o = Ry ;E1 (R .

Another subgroup of interest of GA,(F,) is the group of tame automorphisms
TA,(F,) = (Aff,(F,), E1 4;a € N*71) generated by the affine and elementary
automorphisms. An important result on this group is by Jung and van der Kulk
[7, 8]:

Theorem 1.1. For any field k, TAo(k) = GAy(k).

H. Derksen proved that

Theorem 1.2. Let k be a field of characteristic zero and n > 3, then
TA, (k) = (Aff,(k), ), where ¢ = (X1 + X3, X2, ..., Xp).

For a proof, see [5] pages 95-96. More recently Bodnarchuk in [3] showed
that TA, (k) = (Aff,,(k), F), for k a field of characteristic zero, where F' is any
non-linear triangular automorphism. As such, the choice of ¢ is quite arbitrary.
However, over finite fields Derksen’s result (and Bodnarchuk’s result) will for
sure not hold, as shown in Section 2. In Section 3 we will prove a similar (but
weaker) result for k a finite field. Let us first define our version of the Derksen
automorphism group, for an appropriate automorphism &:

Definition 1.3.
DA, (F,) = (Aff,(Fy),e) C TA,(F,),

where € = B 4 = (X1 + X%, X2, X3,...,X,) wherea == (p—1,...,p—1).
We furthermore need the following map:
Definition 1.4. Let Perm(Fy) be the group of permutations of ¥y, which

q 2
is isomorphic to Sym(q"™). We can define

7+ GAR(Fy) — Perm(Fy),
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as the canonical map, associating to an automorphism its induced permutation
on the space Fy.

Note that, since Perm(Fy) = Sym(q"), it follows that m, is a group homo-
morphism. In particular for F, G € GA,,(F,) we have that m,(FG) = my(F)m,(G).
Furthermore since GA,(F;) < GA,(Fyn), we can talk about mgm : GA,(F,) —

Perm(Fy:m).

2. Generators of the Tame Automorphism Group.

2.1. Characteristic zero versus characteristic p. We do find it
necessary to point out some of the obstructions one encounters in characteristic
p. If k is a field of characteristic zero, then TA, (k) = DA, (k) if n > 3: essential
in the proof is that for each m € N, linear combinations of (zeag + ..., +x,a,)™
yield all monomials of degree m in the variables xo,...,x,. This is not true in
characteristic p (pick m = p for onel).

In fact, in characteristic p it is not clear if there are finitely many au-
tomorphisms that one can add to the affine group to generate the whole tame
automorphism group. Our experiments and research has convinced us that we
can conjecture:

Conjecture 2.1. There exists no finite set E (let alone one consisting
of one element) such that TA, (F,) = (Aff,,(F,), E).

In characteristic zero Derksen’s theorem shows that one can generate the
tame automorphism group in dimension 3 and up by the affine maps and only
one nonlinear map; Bodnarchuk’s theorem states that for any nonlinear triangular
map this is true. However:

Lemma 2.2. Derksen’s theorem is not true in characteristic 2.

Proof. The simplest counterexample is 7o ((Aff3(F2), (X +Y2)Y, Z))) =
mo(Aff3(F9)) which consists of only even permutations, while mo(TA3(F2)) con-
sists of all permutations of (F2)3: hence (Aff3(F3), (X + Y2Y,Z)) cannot be
equal to TA3(F2). O

The above lemma does not claim that Derksen’s theorem is not true for
any prime characteristic, but if Conjecture 2.1 holds, this will not be the case.

2.2. Generating set of TA,(Fg). We were able to find the following
infinite generating set F:
Theorem 2.3. TA, (F,) = (Aff,(F,), E), where
E = {(:Ul+1:12€2p71---xﬁ”pfl,q:g,...,xn) |1 <ky<...<kp}.
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The proof of this theorem is the topic of the current section.

Lemma 2.4. Let p be a prime, ¢ = p" and F, be the finite field with
q elements. Let Fy[Y] be the ring in one variable Y, over Fy. Let k € N, and
finally, let kp <1 < kp+ p wherel € N.

Then there exists a vector a = (o, ..., ap_1) € Fy such that

(Y + O)kPer*l
(Y 4 1)kptp1 l
(ao,...,ap,l) . =Y +P(Y),

(Y +p — Lyfwto-t

where deg(P(Y)) < kp.

Proof. We will calculate modulo the F,-module M of polynomials of de-
gree < kp. First note that (Y + ¢)#+r—1 =y~ 1 (kp?)_l)inkp*p*l*j mod M.

S =0
o
(Y + 0)kptp—L By . y kp+p—1
: :<<p+?j_ )“) : mod M.
(Y +p— 1)kptp-1 J 0<ij<p-1 v
Now
kp+p—1 @
kp+p—1)\ ™) )
. 2 — (Z])O<‘ -
J 0<i,j<p—1 Epip1 <i,j<p
@ ( p—1 )
k -1 A
Because p+f # 0 modp for 0 < j < p—1, and (iJ)OSmépi1 is a

Vandermonde matrix, and invertible, it follows that this is an invertible matrix.
We can take a to be the I-th column of the inverse of this matrix. O

Proof of Theorem 2.3. It suffices to show that E; , € (Aff,,(Fy), E)
for all v € N*~1. We will proceed by induction to v, with respect to the standard
lexicographic ordering on N~ So fix v € N*~! and let ko,...,k, be such that
(ki — D)p < wv; < kjp — 1. By a conjugation with a suitable permutation we may
assume that v < wv3 < ... <w, and ky < ... < k,. Now from Lemma 2.4, it
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follows that there exists a vector a = (ap, ..., ap_1) € Fh such that
(Y + 0)Fnr—t
Y 4 1)knp—1
(a0,...,ap-1) ( :) = Yy ((kn=D)p+q) P(Y)

(Y +p— 1)knr1

where v, = (k, — 1)p + q and deg(P(Y)) < (k, — 1)p — 1.
This means that if we let F; = 51 o, Th, —i B (koyp—1,... knp—1)Tn,iS1 o1, then Fyo-- -0

Fpoq = (Xy + Xkep=loo xFnp=l(xon 4 P(X,)), Xa, ..., X,) € (A, (F,), E).

n—1

Now because deg(P(y)) < (k, — 1)p — 1 we have by induction that

(X1 + Xhep=t o xEnap=l o xo L X,) € (Aff,(F,), E)

n—1

By repeating this procedure for X,,_1,..., X5, we get that
By, € (Aff(Fy), E)

which proves our statement. 0O

3. Derksen Automorphisms as permutations.
3.1. Statement of the theorem. In this section we will prove the
following weaker version of Derksen’s Theorem 1.2:

Theorem 3.1. Let g = p" and let Fy be the finite field with q elements,
and n > 3. Then
Tgm (TAR (Fg)) = mgm (DA, (Fy)).

In regard to Conjecture 2.1, let us elaborate shortly on why it is plausible
that DA, (F,) is itself actually smaller than TA,,(IF,). Let us pick n = 3, ¢ = 2 for
example. Assuming that DA3(IFy) = TA3(F2) implies that we can construct any
map (x + y?2° y, 2) where a,b € N by taking a finite composition of affine maps
and (z+4yz,y, z). In characteristic zero this is easy, one conjugates (x+yz,y, z) by
some affine maps, and then composes the results. However, if one attempts this
in characteristic 2 (see the beginning of Section 2), then it is impossible to obtain
a=1,b=2ora=2,b=1in this case (it is possible to get (z + 3%z + yz2,y, 2),
but isolating the terms does not work). Of course, this does not mean that it
has to be impossible, but if it is possible, then the way to do it is very strange
and (in view of results of [14] where defining relations for TA3(k) char(k) = 0 are
given) very particular to characteristic p.
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The rest of this section is dedicated to proving Theorem 3.1. First, we
need some intermediate results. In particular, the main tool in the proof of
Theorem 3.1 is the below proposition:

Proposition 3.2. Let X = Fyn and X=X\{uce Fym | un = 0}, then

define the permutation © : X — X by (uy,. .., up) = (uiu; ', ugtiy, us, . . ., Up).
Then there exist a tame automorphism Ty, € DA, (Fy) such that wgm (Tp,)| 5 = 9.

We were not able to avoid quite some technicalities in the proof of this
theorem. Before we give the proof, we need to derive some intermediate results
in the following subsections.

3.2. Tools for the odd characteristic case.
Lemma 3.3. Let a = (ag,...,ap) € {0,...,p — 1}"7! then By, €
DA, (F,).

Proof. It follows from Lemma 2.4, that for [ € {0,...,p—1}, there exists
a vector B, = (87,8}, . .. ,ﬁlpfl) € FP, such that

(Y +0)P~!
p—1
B8 (H:l) =Y
Y +p—1)pt

In particular there exist such a vector for | = as. For 0 < t < p—1 de-
fine ¢; = 51’2,2 and let Fp; = S, 0Ty _yoeo0Tp;08, gl = (X1 + a(Xe +
t)p’ngfl e XETE XL , Xn), where ¢ is as in Definition 1.3.

So
Go, = Fhpgolhj0---0Fh,

= (Xl + (Zzp;()l Ci(XQ + Z’)p—l)ngl T X£717X27 s 7Xn)
= (X1 + XX XPT X LX),

Now repeating this for [ = a3 with T5; and G, instead of € and so on, gives us
the required result. O

Proposition 3.4. Let a € N"1 with aj = 0 for some j € {2,...,n},
then E; o € DA, (F,) if i # j.

Proof. First consider a = (0,3, ...,a,) € Nl and By 4. Ifa; <p—1
for all 3 < i < n, then the result follows from Lemma 3.3. In particular it follows
that El,(Lp—l,...,p—l) S DAn(IFq)
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Now remark that if v = (1,73,...,7v,) € N*"t and 3 = (0,03,...,3,) € N*71,
then

[E1777 E276] = E17(07’y3+537"'7’y7l+5ﬂ)'
This can be used to construct F , for any a by induction. The general case now
follows from Proposition 3.4 and the fact that Ry; € DA, (F,). O

3.3. Tools for the characteristic 2 case. The above lemma and propo-
sition will be enough to tackle the characteristic # 2 case. However, the charac-
teristic 2 case proof of Proposition 3.2 unfortunately requires special (technical)
attention in the following two lemmas:

Lemma 3.5. Let char(F,) = 2 and let A, F,G,H, By, km, by, be as in
the proof of Proposition 3.2. Then

Bm= (X1(XEm 4 hyp) + Xo XEn =1 X0 XEm=L 4 Xo(hn), X3, ..., X))

Proof. One can verify by an elementary computation that By = (AH)* =
(X1 4+ X1 X2+ X5 X, X1 X+ X2, X3,..., X,,). Now notice that ky,4q = 22m+1D=1
= 22m= 12 = 925 2271 — 4k, 50 Biy1 = By,. Write By, = (B, X3,..., Xp),
where B, = (X1(X{™ + hyn) + X XEn =1 X, XEn=1 4 Xoh,,) and notice that

Bmi1 = (Bms1,Xs,..., Xpn) = (Bh, X3,...,X,) = Bp. So we have to verify
that Bfn equals By,41:

oA Xk Ay X Yx
o Xt P Xz

_ (X X o X X, ( e )
Xﬁerl_l hfrln +X77§m+1—2 +Xﬁm+1_4 X5

We leave it to the reader to verify that h} + X,lfm“*z + Xffm“*4 = hpyr. O

Lemma 3.6. Let ¢ = 2™, for some m > 1, let u € Fy and let hy,(X) =

2m—1 ;
S X272 Then the following statements are true:
j=1
7,) U22m = Uuy
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Proof. Define ¢ : Fi — F} as ¢(u) = u?, the Frobenius automorphism.
First of all notice that ¢™(u) = u2" = u. Now i) readily follows: 2" =
¥ (u) = o™ (™ (u)) = ¢™(u) = u. For ii), define v = u~! and note that

w21 = 1, then we have that

2m—1 92m—1_oj
hm(u) = > u
j=1

2m
2m—1 J 2m—1 2m
== U2 g U2 + U2 U2
7=1

2m

_ u22m71 Z 90] (’U) + u22m71v

3.4. Proof of the proposition.
Proof of Proposition 3.2. First we need some elements from Aff,, (F,),
define G = FEy (1,..0) and H = Ry 3. There are two cases

e char(F,) =2, or

e char(F,) # 2.
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First the easier case where char(F,) # 2. It follows that for every m >
1 we can define A,, = Ey (10, . 0qm—2) = (X1 + XgXﬁmﬂ,Xg,...,Xn), B =
By 10,..,00°5,-19F1,(10..01)051,-1 = (X1+ X2 — X2 X, Xo, ... Xy), and Cy, =
Ey0,.0051,-1°9F110,.0gm—2) °51,-1 = (X1 + X2 — X2Xgm_27 X, ..o, Xn).
Note that we need —1(# 0,1) € [F,, which is the reason why this will not work
for char(F,) = 2.
From Proposition 3.4 it follows that A,,, B,C,, € DA, (F,). So it follows that
T = AnHBHG 'HC,,H € DA, (F,). One verifies that T}, = (2X;XZ 2 —
XX T XX T - X, X~ Xa X T X X, X3, -, Xy). Now for t € Fin
Fermat’s little theorem states that t¢" 1 = 1, so it follows that for u € X we
have that T, (u) = (u1u, !, ugtn, us, . . ., uy,), which shows that 7 m (Tm)lé\? = .

If char(F,) = 2, then let A= E (1. 01) = (X1 + XoXp, Xo,..., Xp) €
DA, (F,). Define F' = HG and B,, = (AH)¥"  where k,, = 2°"~1. We claim
that T, = (FB,,F)? satisfies all our requirements.
Write h,, = Zf;nf L X#m=2" From Lemma 3.5 we have that

By = (X1(XF™ 4 b)) + Xo XL X0 XEn = 4 X (h), X3, .00, X,).

Now write F' = (Xo, X, 4+ X3), so F = (F, X3,...,X,) and FB,,F = (FB,,F,
Xs3,..., Xp).

=~ = (01 Xkm 4 by, Xhm—t 0 1 X1
FBnE = <1 1>< Xfm=1 A 11 X,

_ ( hin Xﬁ*+hm)<xa)
XEm=l 4 by, Xhm Xy )7

n

hence Ty, = (FBF)? = (FBpF)?, X3,...,Xn). So

Lo h Xkn=1 4 p N\ (X
2 m n m 1
(FBnF)” = ( XEm=t 4 Dy, Xpm X
X%kmfl_,'_(Xﬁm_,'_Xylimfl_i_hm)hm X%km—l—Xz(km_l) + h72n X, )
where we define the latter matrix as M, so we get as a result
Xq
M < X ) |

All we still have to show now is that mom (T5,)| 3 = %. For this we have to show
that for u € F3,., we have that
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1) w2kn=1 = 1,
2) w1 4 (uFm pyFn=t b (u)han (u) = 0;
3) w?m 4 q2km=1) 4 B2 (y) = u.

1) follows from Lemma 3.6 i). From Lemma 3.6 ii) it follows that hp,(u) =
w21 50 2) becomes

w?Pm=t o (ukm b=l b (1) Ry (0)
u22m_1 + u22m71 + u22m71_1 + u22m71_1)u22m71_1
22m71 22m7171

1+u U
1—&—u22m*1
= 1+1=0.

Finally 3)

w4 2km=1) 4 p2 (y)
u22m + u22m72 + u2(22m—171)
utut+ut

= U.

This proves that for the above matrix M, we have

X1 0
a0l = (%5 9 )k

hence mgm (Tn)| 5 = . O

3.5. More tools and proof of Theorem 3.1. Now that we proved
Proposition 3.2, we have a map T}, “almost mimicking” (uju, b, uot,, us, . . ., uy),
namely perfectly mimicking it on wu, # 0 (which is X) but stating nothing on
what it does on u,, = 0.

Proposition 3.7. Let g, n, m,é’(’,é’?,w and T,, as in Proposition 3.2.
Let o = (ag,...,an) € N1 Now wgm (Tt o By o 0 Tp) = mgm(E1 ), where
B=(ag,...,0n_1,0n +as+1).

Proof. For u € X\X, Tgm (Ela) = Tgm (@1, .., 25)) = mgm(E15), s0
the statement is clearly true in X\X'. Now if we restrict ourselves to X' we have
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that

Tgm (T,to Eiq0Ty)
= mgn (T )mgm (Era)mgn(T)
'(Z)ilﬂ'qm (El,a)w
qu((Xan, XQX,';I, X3, ... ,Xn))ﬂqm (ELa)ﬂqm((XlX;l, X0 X, X3, .. ,Xn))
= (X1 X0, X2 X, 5 X300, X0)):

T (X1 X+ X352 X0 Xeetan Xo X, X5, , X))

= (X1 + X592 X Xoeten Tl X0 X5, Xy)
= mgm(E1p)-

O

Lemma 3.8. Let a,b,m € Z. If ged(a,b,m) = d, then there exists t € Z
such that ged(a + th,m) = d.

Proof. First assume d = 1. Define

t= [] »

p prime
plm
pla

then we show that ged(a+tb, m) = 1: Let p be a prime such that p| gcd(a+tb, m).
This means that p|m and p|a + tb. Now suppose p|a, then p|tb and by definition
p At so p|b, but then p|ged(a,b,m) = 1, contradiction. Now suppose p fa, then
by definition p|t, so p does divide a. Contradiction.

So there does not exist a prime p, that divides ged(a 4 tb, m), which hence must
be one.

Now the general case, ged(a,b,m) = d. Define o/ = a/d, b’ = b/d and
m’ = m/d, then ged(a’,b',m’) = 1. By the previous argument, there exists an ¢
such that ged(a’ + tb',m’) = 1. Thus ged(a + th,m) =d. O

Lemma 3.9. Let a,m € 7Z, with ged(a, m) = d, then a is a generator of
the additive subgroup dZ/mZ of Z./mZ.

Proof. According to the Extended Euclidean Algorithm, there exist
u,v € Z such that ua + vm = d, so ua = d. Thus ua is a generator of dZ/mZ,
hence so is a. O

Now we will first prove a special case of Theorem 3.1, namely the three
dimensional one, before we give the proof of the general case. The proof of this
proposition is perhaps the most technical part of this article.
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Proposition 3.10. Let ¢ = p" and let F, be the finite field with q
elements, m € N*. Then

T (TA3(Fg)) = mgm (DA3(Fy)).

Proof. It suffices to prove that mm((X + Y228 Y, Z)) € mym(DA3(F,))
for (a,b) € (Z/(¢™ —1)Z)*. Let X = F3, and X = X \ {u € F3 | u3 = 0}, then
define the permutation ¢ : X — X by 1(u1, ug, uz) = (ulugl,uwg,u;),). Now
from Proposition 3.2 it follows that there exists an automorphism 7,,, € DA3(F,),
such that mgm (T),)| 5 = 1.

Suppose mgm (E (a,3)) € mgm (DA3(F)), then

(1) T (T By a8 Tm) = 7gm (B (aptat))s
(2) Tqu(RQ’gEL(aﬁ)RQ’g) = ﬂ-qm(EL(@Oé))'

Equation (1) follows from Proposition 3.7.

Since Ej (p—1,p-1) € mgm(DA3(F,)) by definition, we need to prove that, starting
with By (,_1,—1) and applying (1) and (2), we can get mgm (E (o,3))Emgm (DA3(F,)),
for any pair («, ). The equations (1) and (2) translate into operations

B) = (a,B+a+1)
p) = (B:a)

o(

7(

on the space (Z/(¢™ — 1)Z)?, where we can compute mod (¢"™ — 1)Z as 04" = «
for any a € Fgm. So rephrasing the quoestion: Starting with (p —1,p—1) €
(Z/(¢™ — 1)Z)) and iterating these two operation p and 7, do we reach all of
/(g - 1)2)*?

Unfortunately the answer is no. But we can reach almost every point and
thereafter we show that we can mimic the maps we can not reach this way as well:
Suppose ged(a+1,b4+1,¢™ — 1) = 1, then from Lemma 3.8 it follows that there
exists a t such that ged(a+1+¢(b+1),¢™ —1) = 1. From Lemma 3.9 and the
fact that ged(p,¢™ — 1) = 1 it follows that p is a generator of the additive group
Z/(¢™—1)Z so there exists a k; such that p—14+k1p = a+t(b+1) mod ¢"—1. So
from o' ((p—1,p—1)) = (p—1, a+t(b+1)) and since ged(a+1+t(b+1),¢™ 1) = 1,
it follows that there exists a kg such that p — 1+ ka(a + 1+ t(b+ 1)) = b, thus
0" oM ((p—1,p—1)) = (a+t(b+1),b) SoTo?" "' 'roF270" ((p—1,p—1)) = (a,b).

Now if ged(a + 1,6+ 1,¢™ — 1) = d, we need a little more work. From
Lemma 3.8 it follows that there exists a ¢ such that ged(a+1+4t(b+1),¢™—1) = d.

«,
«,
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Now suppose we start with (d—1,d—1), then we can write a+¢(b+1) = k1d+(d—1)
so oM ((d—1,d—1)) = (d—1,a+t(b+1)). Since gcd(a+1+t(b+1),¢™ —1) =d
it follows from Lemma 3.9 that a + 1 + ¢(b + 1) is a generator for the additive
group dZ/(¢"™ — 1)Z. Since d|b + 1 it follows that there exists a kg such that
b=d—1+ke(a+1+tb+1)),s0 27" ((d—1,d—1)) = (a+t(b+1),b). So
To?" 1 tr k2 ok ((d — 1,d — 1)) = (a,b).

It remains to prove that we can reach (d — 1,d — 1). Unfortunately this
can not be done just using o, 7. So we have to show that mgm (B (4_1,4-1)) €
mwgn(DA3(F,)), where d|¢™ — 1. Now from the previous part it follows that
Tqm (By (a-1,0) = Tqm (X + Y129V, Z)) € mgm(DA3(F,)), since ged(d,d +
1,4™ — 1) = 1. Now let d; be the smallest divisor of ¢™ — 1, then

Tqu((X + (p - 1)Yd1_1Zd17Y7 Z))ﬂ'qm((X, Yv VA +p - 1))
Tgn (X + Y120 Y, 2\ m (X, Y, Z + 1))
=71 (X + (p—1)Yh-lzh pydh=tz 1 1)4 )y 7))

= mgm (X +YH7Y( <Oi1> zh7 4+ P(2)),Y,2)),

with deg(P(Z)) < d; — 2. Since d; is the smallest divisor of ¢"™ — 1, it follows
that p does not divide d; and that ged(dy,d; —i,¢™ — 1) =1 for 1 < i < d;.
From which it follows that m,m ((X + Y% ~1P(Z),Y, Z)) € mgm(DA3(F,)). Thus

T (100 (X + Y UTLP2), Y. 2) (X4 YA () 207+ P2).Y. 2) 1)
= g (X +YO-1za-1y 7).

Now let ds be the second smallest divisor, we can repeat the procedure described
above and since we have already made all smaller degrees we have that mgm (X +
yd-1z4e-1y 7)) € 7,m(DA3(F,)). Now by induction we are done. [

Now we are ready to prove our main result, Theorem 3.1.

Proof. First of all note that it suffices to prove that mgm(E1,) €
mgm (DA, (F,)) for all a € {0,...,¢™ — 1} 1.

Let X = Fym and &; = X'\ {u € F} | u; = 0}, then define the permutation
Ui+ Xy — X by ¥i(uq, ... up) = (ululfl,wui,u?,, ..., up). Now Proposition 3.2
states that there exists a map T}, € DA,,(F,), such that 7gm (T5,)|x, = ¥n. Now
define T}y, ; = R; T R; . Since mgm is a group homomorphism, it follows that
Tgm (Tm.i)|x; = T (Rin T Rin) | x; = mom (Rin) |2, wqm (Ton )| 0, g (Rin) |20, = i
Now let o = (o, ..., ) €40,...,¢m—1}""1 fori =4,...,n write a; = pk;+7;,
with r; € {0...,p —1}. Then Lemma 3.3 states that mgm (E1 (p—1p—1,ry,..,rn)) €
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mgm (DA, (F,)). Now from Proposition 3.7 it follows that

T (T s BV (p=1.p—1rasern) i) = Tamn (B (91 p1,rayoiripoon) )
So mgm (Tr;,lff T Trﬁ,’%"El,(p*l,pfl,m,...,rn)Trlf{fn " 'Trlf@%4) = Tgm (El,(pfl,pfl,m,...,an))
€ mgm (DA, (F,). To prove the final step one can copy the proof of Proposition
3.10, and extend all automorphisms with n — 3 variables. O

4. Tamizables versus Linearizables. In this section we will com-
pare two subgroups of GA, (k) (k a field), namely the group generated by the
so called linearizables (GLIN,(k)) and the group generated by the tamizables
(GTAM,,(k)), both introduced in [11]. An automorphism F' € GA, (k) is called
linearizable if it is the conjugate of a linear automorphism, so if there exist an
L € GLy(k) and a G € GA(k), such that F = G~! o L o G. Similarly, an
automorphism is called tamizable if it is the conjugate of a tame automorphism.

Definition 4.1. Let G be a group, and H a subgroup of G. We define
N(H,G) to be the smallest normal subgroup of G that contains H, i.e.

N(H,G) = (g 'hg | he H,g € G).

Furthermore let g,h € G then we write the commutator as [g,h] :=
g 'h~lgh. Now we can define the following subgroups of GA,,(k):

GLIN, (k) := N(GLyn(k),GA,(k))
GTAM, (k) = N(TAy(k), GAn(k))
TLIN, (k) = N(GLy(k), TA,(k)).

(Note that some “TTAM” would equal TA,,(k).) Then the following is obviously
true:
TA.(k) C GTAM,(k)
<

Ul Ul GA, (k)
c
GL,(k) € TLIN,(k) < GLIN,(k)

One of the motivations of this section is in attacking the so-called lin-
earization problem, which is the conjecture that if F* = I, then F' is linearizable.
In particular, F' € GLIN,, (k). Note that in characteristic p one actually has non-
linearizable automorphisms like F := (X + Y2, Y'), for which F? = I and indeed
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F' is non-linearizable. (Or many an automorphism of an additive group action,
for that matter.) This indicates that the linearization problem over characteristic
p should be reformulated:

Linearization problem in characteristic p: let F' € GA,, (k) where k
is a field of characteristic p > 0. Assume that F** = I where ged(p,s) = 1. Then
F' is linearizable.

Note Asanuma’s result [1] stating that the linearization problem for the
multiplicative group in positive characteristic is false. This may give indication
that the Linearization Problem as stated above might still be false.

As observed above, an automorphism F* = I, ged(p,s) = 1 for which
F ¢ GLIN, (k), must be a counterexample to the above problem. However, in
this section we show that such an approach cannot work except if k& = Fy: if
k # Fo, then GLIN, (k) = GTAM,(k), the latter being a good candidate of
equalling GA,, (k). The main result of this section is the following:

Theorem 4.2. Ifn > 2 and k # Fy, then TLIN, (k) = TA,(k), and
hence GLIN,, (k) = GTAM,, (k). In case k = Fa, then GLIN, (F3) C GTAM,,(F2),
and hence TLIN,, (Fo) C TA,, (F2).

The proof of the theorem can be found near the end of this section. We
first need to prove some lemmas:
Lemma 4.3. If k # Fy, then TA, (k) = TLIN, (k).

Proof. Only the inclusion “C” needs to be proven. Since GL,(k) <
TLIN,, (k) it suffices to prove that E;, € TLIN, (k) for all a € N*~1. Choose
c # 0,1 (which is possible since k # F3) and d := (1 — ¢)~!. Then an elementary
computation shows that

S1e (Sl,dEl,aSLdfl)_l Sfi (S1,aF1,0814-1) = Eia

Since Sy . and (1 4F10S14-1) " Sie (S1.4E1,051 4-1) are in TLIN, (k) by defin-
ition, it follows that F; o, € TLIN, (k). O

Let Aon be the alternating subgroup of the symmetric group Son =
Perm(F3).

Lemma 4.4. mo(GLIN, (F3)) C Agn if n > 2.

Proof. First remark that if ma(h) € Agn, then also (g thg) € Agn. So
all we have to do is to show that mo(GL,,(F2)) C Agn. It suffices to prove that
the following generators of GL,,(F2) are all even:

Fy = (w1 +x2,73,...,7)

Fi = RM:(mi,xg,...,mi_l,xl,xi+1,...,xn) for QSZSH
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The set of fixed points for each map F; can be easily counted: each one has
271 fixed points. Since each map is an involution, the other 2"~! points are
interchanged by transpositions, so each map has 2”2 transpositions, which is an
even number since n > 3. This means that the sign of the permutation is even,
which proves the claim. O

Proposition 4.5. GTAM,,(F2) # GLIN, (F2) if n > 2.

Proof. Case n > 3: Theorem 2.3 in [9] states that mao(TA,(F2)) =
Perm(F3), so ma(GTAM,,(F2)) = Perm(F%). Furthermore we have just shown in
Lemma 4.4 that mo(GLIN,,(F2)) C Agn, but Agn # Perm(F5), so GTAM,,(F3) #
GLIN,,(F>).

Case n = 2: It follows from Jung—van der Kulk theorem, that TAy(Fq) =
GTAM;(F2) = GA(F2). A not too difficult computation (we used the computer
algebra program MAGMA, for details we refer to [15, Chapter 5]) one can show
that [m4(GLINg(F9)) : m4(GA2(F2))] = 2, meaning that the groups are different.
(Note that WQ(GLINQ(IFQ)) = WQ(GTAMQ(FQ))) Il

Proof of Theorem 4.2. The theorem follows directly from Lemma
4.3 and Proposition 4.5, and the implication “If TLIN, (k) = TA,(k) then
GLIN,, (k) = GTAM,,(k)” and its opposite formulation “GLIN,,(k) C GTAM,, (k)
then TLIN, (k) € TA,(k)”. O

We can now actually use the above work to show that some maps are not
linearizable using almost zero effort (where normally at least some hard work is
necessary):

Example 4.6. Let F := (z + yz,y,2) € TA3(F2). Then m(F) is a
transposition (of (0,1,1) and (1,1,1)), and hence is odd. Lemma 4.4 now yields
that F' is not linearizable.

This example has an interesting corollary, which is to our knowledge the
easiest proof of this fact:

Corollary 4.7. Let F := (x + yz,y,z) € TA3(Z). Then F is not lin-
earizable in TAs(Z).
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