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ABSTRACT. Let K be a field of any characteristic. Let the formal power
series

flxe,...,xq) = Zanx;’l cexyt = Zm(x\)SA(xl,...,xd), an, m(A) € K,

be a symmetric function decomposed as a series of Schur functions. When
f is a rational function whose denominator is a product of binomials of the
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form 1—z{" - - -z, we use a classical combinatorial method of Elliott of 1903
further developed in the Q-calculus (or Partition Analysis) of MacMahon in
1916 to compute the generating function

M(f;z1,...,2q) =Zm()\)xi‘l ---arg‘d, A= (A1, ., ).

M is a rational function with denominator of a similar form as f. We
apply the method to several problems on symmetric algebras, as well as
problems in classical invariant theory, algebras with polynomial identities,
and noncommutative invariant theory.

Introduction. Let K be a field of any characteristic and let K[[X]]% be
the subalgebra of the symmetric functions in the algebra of formal power series
K[[X]] = K][z1,...,z4]] in the set of variables X = {x1,...,24}. We study
series f(X) € K[[X]]®* which can be represented as rational functions whose
denominators are products of binomials of the form 1 — X* = 1 — z{*- --xgd.
Following Berele [15], we call such functions nice rational symmetric functions.
Those functions appear in many places in mathematics. In the examples that
have inspired our project, K is of characteristic 0.

If W is a polynomial module of the general linear group GLg; = GL4(K),
then its GLg-character is a symmetric polynomial, which in turn gives W the
structure of a graded vector space. Hence the Hilbert (or Poincaré) series of the
symmetric algebra K[W] is a nice rational symmetric function.

Nice rational symmetric functions appear as Hilbert series in classical
invariant theory. For example, this holds for the Hilbert series of the pure trace
algebra of n X n generic matrices which is the algebra of invariants of GL,, acting
by simultaneous conjugation on several n X n matrices. The mixed trace algebra
also has a meaning in classical invariant theory and has a Hilbert series which is
a nice rational symmetric function.

The theorem of Belov [12] gives that for any Pl-algebra R the Hilbert
series of the relatively free algebra K(Y')/T'(R), Y = {vy1,...,ya}, where T(R) is
the T-ideal of the polynomial identities in d variables of R, is a rational function.
Berele [15] established that the proof of Belov (as presented in the book by Kanel-
Belov and Rowen [49]) also implies that this Hilbert series is a nice rational
symmetric function.

Every symmetric function f(X) can be presented as a formal series

F(X) =) _mN)S\(X), m()) €K,
A
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where S)\(X) = Sx(x1,...,24) is the Schur function indexed with the partition
A= (A1, Ag)-

Clearly, it is an interesting combinatorial problem to find the multiplicities
m(A) of an explicitly given symmetric function f(X). This problem is naturally
related to the representation theory of GL4 in characteristic 0 because the Schur
functions are the characters of the irreducible polynomial representations of G Lg.
Another motivation is that the multiplicities of the Schur functions in the Hilbert
series of the relatively free algebra K(Y)/T(R), charK = 0, are equal to the mul-
tiplicities in the (multilinear) cocharacter sequence of the polynomial identities
of R.

Drensky and Genov [34] introduced the multiplicity series M(f; X) of
F(X) € K[[X]%. 1

FX) =" a@X" =3 m\)S\(X), m) €K,
A

T ZO

then

M(f;X) =Y mNX = > m)a!--a)t € K[[X]]
A Ai>Air1

is the generating function of the multiplicities m(\). Berele, in [16], (and also
not explicitly stated in [15]) showed that the multiplicity series of a nice rational
symmetric function f(X) is also a nice rational function. This fact was one of
the key moments in the recent theorem about the exact asymptotics

cn(R) ~ an®?", aeR, kbeN,

of the codimension sequence ¢,(R), n = 0,1,2,..., of a unital Pl-algebra R in
characteristic 0 (Berele and Regev [17] for finitely generated algebras and Berele
[16] in the general case). Unfortunately, the proof of Berele does not yield an
algorithm to compute the multiplicity series of f(X). In two variables, Drensky
and Genov [35] developed methods to compute the multiplicity series for nice
rational symmetric functions.

The approach of Berele [15, 16] involves classical results on generating
functions of nonnegative solutions of systems of linear homogeneous equations,
obtained by Elliott [40] and MacMahon [55], as stated in the paper by Stanley
[66]. Going back to the originals [40] and [55], we see that the results there
provide algorithms to compute the multiplicity series for nice rational symmetric
functions in any number of variables. The method of Elliott [40] was further
developed by MacMahon [55] in his “Q2-Calculus” or Partition Analysis. The “Q-
Calculus” was improved, with computer realizations, see Andrews, Paule, and
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Riese [5, 6], and Xin [76]. The series of twelve papers on MacMahon’s partition
analysis by Andrews, alone or jointly with Paule, Riese, and Strehl (I - [3], ...,
XII - [4]) gave a new life of the methods, with numerous applications to different
problems. It seems that for the moment the original approach of [40, 55] and its
further developments have not been used very efficiently in invariant theory and
theory of Pl-algebras. The only results in this direction we are aware of are in
the recent paper by Bedratyuk and Xin [11].

Our computations are based on the ideas of Xin [76] and have been per-
formed with standard functions of Maple on a usual personal computer. We
illustrate the methods on several problems on symmetric algebras, in classical
invariant theory, algebras with polynomial identities, and noncommutative in-
variant theory. The results of Section 1 hold for any field K of arbitrary charac-
teristic. In the other sections we assume that K is of characteristic 0.

1. Reduction to MacMahon’s partition analysis. Recall that
one of the ways to define Schur functions (e.g., Macdonald [54]) is as fractions of
Vandermonde type determinants

VIA+4,X)
SH(X)= —FF 2
where A = (A1,...,Ag), 0 =(d—1,d —2,...,2,1,0), and
it ! ah!
s ot
V(,qu): ) /-L:(,ula"'vud)‘
't xhd e

If f(X) € K[[X]]% is a symmetric function, it can be presented in a unique way
as

FX) =D m(N)Sa(X),
A

where the “A-coordinate” m(A) € K is called the multiplicity of Sx(X). Our
efforts are concentrated around the problem: Given f(X) € K[[X]]%¢, find the
multiplicity series

M(f;X) =Y " mNX= > m\a} a2yt € K[[X]]
A Ai>Air1
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and the multiplicities m(\). It is convenient to introduce new variables
U1 = 21,02 = 2122,...,0g = T1 " Lq

and to consider the algebra of formal power series K[[V]] = K][[v1,...,v4]] as a
subalgebra of K[[X]]. As in [34], we introduce the function M'(f; V') (also called
the multiplicity series of f(X)) by

M'(f;V) :M(f;vl,vflvg,...,vcﬁlvd) :Zm()\)vi‘r)‘2~~ C)l\dll Ad )‘d.
A

The mapping M’ : K[[X]]%¢ — K[[V]] defined by M’ : f(X) — M'(f;V) is a
bijection.
The proof of the following easy lemma is given in [15].

Lemma 1.1. Let f(X) € K[[X]]®* be a symmetric function and let
9(X) = f(X) H(J:Z —xj) = Z a(ry, ..., rg)zit -z, alr,...,rg) € K.
i<j ;>0
Then the multiplicity series of f(X) is given by
1

M(f; X) = -5 5 Z ory, ... rg)xyt - xl?,
.. xd_gdjd—l Ti>Ti1

where the summation is over all r = (r1,...,7q) such that ri >re > -+ > ry.

By the previous lemma, given a nice rational function

1
9(X) = Z a(r) X" :p(X)H 1 valbs
(1 —Xa)ba
r; >0
we start by computing “half” of it, i.e., the infinite sum of a(r)a]'ah? - -- 2l for

r1 > 1o, and then we continue in the same way with the other variables. To
illustrate the method of Elliott [40], it is sufficient to consider the case of two
variables only. Given the series

l‘l,l‘g E Oz”.l‘l.I‘Q
1,720

we introduce a new variable z and consider the Laurent series

o0

g1z, =) = Y ayaiadd T = > gn(wr,22)2",  gnlw1,22) € K|[21,25]).
4,7 >0 n=-—00
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We want to present g(x1z,22/2) as a sum of two series, one in z and the other
in 1/z:
X9 1 "
o1 2) = 3 gulon e + 3 g-nloran) (1)

n>0 n>0

and then take the first summand and replace z with 1 there. If g(z1, z2) is a nice
rational function, then g(x1,z2) and g(x12,z2/2) have the form

g(w1,m9) = plar, z2) [ | .

_ r1,x2) € Kl|x1, T3],
[ p(w1,w2) € K[z, 9]

.1‘2) - ( .1‘2) 1
12, — ) =plT12, — R
g( =7 p{n z H 1—1:‘113382‘14’

The expression [[1/(1 — 2¢x42%7?) is a product of three factors

— 1T 1 1T .
1— z0gzh’ 1— a8 ght o=t a2gb2 [pbr—az’

ao=by +  *1 L2 a1 >by

If [T1/(1 — 2¢2%2%7?) contains factors of both the second and the third type,
Elliott [40] suggests to apply the equality

1 1 1 1
(1—Az2)(1— B/zb) ~ 1— ABzob (1 P B/zb 1)

to one of the expressions 1/(1 —z 25 2017b1)(1 — 292252 /222792) and to represent
[T11/(1 — 2925297%) as a sum of three expressions which are simpler than the
original one. Continuing in this way, one represents [[1/(1 — 2¢2527?) as a sum
of products of two types:

1 1 1
Hl—xaxbza_b and H 1 0% H 1 — a§2gh2 /zbe—az

a
a>b 12 ag=bo L1 T2 ag<bo

With some additional easy arguments we can represent g(x1z,x2/z) as a linear
combination of monomials A;z", ¢ > 0, and quotients of the form

As ; 1 Cy 1 1
—,7>0, BiZ||—-—,i>0, — >0
g0 T P1E g)l—Bgzb7Z_ B Hl—C’gcl;J(;l—C’g/zc’j_ ’

with coefficients Ay, Ao, By, B, C1, Cy, C3 which are monomials in x1,z5. Com-
paring this form of g(z1z,22/2) with its expansion as a Laurent series in z

o0

9(z12,22/2) = Z gn(z1,22)2",

n=—oo
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we obtain that the part ), - gn(21,72)2" which we want to compute is the sum
of A1z, B1z' [[501/(1 — Bz") and the fractions C1 /27 [[1/(1 — Cy) with j = 0.
Generalizing the idea of Elliott, in his famous book [55] MacMahon de-

fined operators ) and ). The first operator cuts the negative powers of a Laurent
> =0

formal power series and then replaces z with 1:

—+00

+oo
§>) : Z a(n)zZ" — Z a(n),
- n;=0

n;=—oo

and the second one takes the constant term of series

—+00

0 Z a(n)Z" — a(0),

=0
n;=—0oo

where a(n) = a(ny,...,nqg) € K[[X]], a(0) = «(0,...,0) and Z" = 21" --- 2]},
The next theorem presents the multiplicity series of an arbitrary symmet-
ric function in terms of the Partition Analysis of MacMahon.

Theorem 1.2. Let f(X) € K[[X]]°¢ be a symmetric function in d vari-
ables and let

1<j

Then the multiplicity series of f(X) satisfies

1 -1 -1 -1

M(f; X) = 57 5 Q (9(@121, w227 22+ Ta—127 9%d—1,TaZy ) -
Ty Ty T Ty _oTd—1 2
Proof. Let
g(X) = Za(r)Xr, afr) e K, X" =af*-- -zl

7‘120

Then
( -1_ . -1 -1 ) _ Z ( )Xr ri—rg re—r3 _  Td-17Td

g\r121,T221 22 Td—1245_92d—15TdZg_1) = a\r 21 Z9 Zd-1 s

r; >0

T

Q(9(96121713221_122'"xd—lzc?_lgzd—hxdzj_ll)) = Z a(r)X".
2 TiZTit1
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The function g(X) is skew-symmetric because f(X) is symmetric. Hence a(r) is
equal to 0, if 7; = r; for some ¢ # j and the summation in the latter equality

for Q runs on 7y > -+ > rg (and not on r; > --- > ry). Now the proof follows
>

immediately from Lemma 1.1. O

The Q-operators were applied by MacMahon [55] to Elliott rational func-
tions which share many properties with nice rational functions. He used the
Elliott reduction process described above. The computational approach devel-
oped by Andrews, Paule, and Riese [5, 6] is based on improving this reduction
process. There is another algorithm due to Xin [76] which involves partial frac-
tions. In this paper we shall use an algorithm inspired by the algorithm of Xin
[76]. We shall state it in the case of two variables. The case of nice rational
symmetric functions in several variables is obtained in an obvious way by multi-
ple application of the algorithm to the function g(X) = f(X)[[,_;(z; —z;) in d
variables instead of to the function g(z1,z2) = f(z1, z2)(x1 —x2) in two variables.

Algorithm 1.3. Let g(z1,22) € K[[z1,x2]] be a nice rational function.
In g(x12,x2/%) we replace the factors 1/(1 — C/z¢), where C' is a monomial in
x1, T2, with the factor 2¢/(2¢—C'). Then g(z12,x2/%) becomes a rational function
of the form

1 1 1
ooz =" 5 g e

where p(z) is a polynomial in z with coefficients which are rational functions in
x1,x9 and A, B,C are monomials in z1,xy. Presenting g(z1z,x2/2) as a sum of
partial fractions with respect to z we obtain that

9(x12, %) =po(2) + % +3° rik(2)

q;(2)%’

where po(2),75(2),qj(2) € K(x1,x2)[2], pi € K(x1,22), ¢j(2) are the irreducible
factors over K (x1,x3) of the binomials 1 — Bz® and 2¢ — C in the expression
of g(x12,22/2), and Srji(2) <% gj(z). Clearly po(z) gives a contribution to the
series ) .~ 9n(1,22)2" in the expansion of g(x1z,22/2) as a Laurent series.

Similarly, 7;x(2)/q;(2)¥ contributes to the same series for the factors ¢;(z) of
1 — Bz’. The fraction p;/z’ is a part of the series Y., _, gn(21,22)/2". When
¢;(2) is a factor of 2z — C, we obtain that g¢;(z) = qu;-(l/z), where d =% ¢;(2)
and ¢;(¢) € K(z1,72)[(] is a divisor of 1 — C(° Since Zrjr(2) <2 g;(2) we
derive that 7j5(2)/q;(2)* contributes to 3, .o gn(z1,22)/2" and does not give
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any contribution to », - gn(71,22)z". Hence

D gnlwr,2)2" = po(2) + Y Tj:k(’)zlz,

n>0 4z

where the sum in the right side of the equation runs on the irreducible divisors
qj(z) of the factors 1 — Bz® of the denominator of g(x1z,22/2). Substituting 1
for z we obtain the expression for Q(g(z12,22/2)).

>

Proof. The process described in the algorithm gives that

{ZZ (g(a:lz, %)) = SE%ZZ;, P(z1,29),Q(x1,x2) € K|x71,x2].

By the elimination process of Elliott we already know that (g(x12,2z2/2)) is a
>

nice rational function. Hence the polynomial Q(x1,x2) is a divisor of a product
of binomials 1 — X Hence the output is in a form that allows, starting with
a nice rational symmetric function f(X) in d variables, to continue the process
with the other variables and to compute the multiplicity series M (f; X). O

Remark 1.4. If f(X) is a nice rational symmetric function, we can
find the multiplicity series M (f; X) applying Lemma 1.1 and using the above
algorithm. On the other hand, it is very easy to check whether the formal power
series

hX) = B@)X%, q > >q,

is equal to the multiplicity series M(f;X) of f(X). This is because h(X) =
M(f; X) if and only if

FOOTJ@i—2y) =D Sign(U)fCZ(_f)ﬂ«“f,l(_;) “ To(a—1) M (Zo1)s - To(a))-
1<J 0ESy

These arguments can be used to verify most of our computational results on
multiplicities.

2. Symmetric algebras. Till the end of the paper we assume that
K is a field of characteristic 0. For a background on the representation theory

of GLy = GL4(K) in the level we need see the book by Macdonald [54] or
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the paper by Almkvist, Dicks and Formanek [2]. We fix is a polynomial GLg4-
module W. Then W is a direct sum of its irreducible components W (), where
= (u1,...,M1q) is a partition in not more than d parts,

W= k(pw
w

where the nonnegative integer k(i) is the multiplicity of W (u) in the decom-
position of W. The vector space W has a basis of eigenvectors of the diagonal

subgroup Dy of GLg4 an we fix such a basis {w1,...,wp}:
g(w]) O‘]1 gajd/wj7 g:diag(£1,~~~7§d) EDduj:17"'7p7
where aj;, ¢ = 1,...,d, j = 1,...,p, are nonnegative integers. The action of Dy

on W induces a Z?-grading on W assuming that

“(wy) = (j1,...,05q), j=1,...,p.

The polynomial
N S
is the Hilbert series of W and has the form

=D ku)Su(X)
I

It plays the role of the character of the GLz-module W. If the eigenvalues of
g € GLg are equal to (1,...,(4, then

xw(g) = trw(g) = HW; (1, ..., ) Zk SpulCrs -5 Ca)-

We identify the symmetric algebra K[W] of W with the polynomial algebra in the
variables wr,...,w,. We extend diagonally the action of GLg to the symmetric
algebra K[W] of W by

g(f(w)) = f(g(w)), g€ GLa, f € KW],weW.

The Z%-grading of W induces a Z%grading of K[W] and the Hilbert series of
K[W]

H(K[W]; X) _Hl—XO‘J H -

.’Eajd
J=1 g:l

331
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is a nice rational symmetric function. Clearly, here we have assumed that £(0) =
0, (i.e., |g| = 1 + -+ pg > 0 in the decomposition of W). Otherwise the
homogeneous component of zero degree of K [W] is infinitely dimensional and the
Hilbert series of K[W] is not well defined. If we present H(K[W]; X) as a series
of Schur functions

H(K[W]; X) =Y m(M)S\(X),
A

then
K[W] =@ mMNW ().
A

Hence the multiplicity series of H(K[W]; X) carries the information about the
decomposition of K[W] as a sum of irreducible components.

The symmetric function H (K [W]; X) is equal to the plethysm H(K[Y]; X)o
H(W; X) of the Hilbert series of K[Ys|, Yoo = {y1,¥2, ...}, and the Hilbert series
of W. More precisely, H(K[W]; X) is the part of d variables of the plethysm

H 1 o Zk(,u)Su(Xoo) = Z Sn)(Xeo) © Z k(1) Su(Xoo)

el Sl
1>1 n>0

of the symmetric functions >, -, S(,) and 3, k(x)S, in the infinite set of vari-
ables Xoo = {x1,22,...}.

Example 2.1. The decomposition of H(K[W]; X) as a series of Schur
functions is known in few cases only. The well known identities (see [54]; the
third is obtained from the second applying the Young rule)

1
1— .I‘Z‘.I‘j

HEWLX) = [

1<j

= Z 5(2)\1,-“,2)\(1) (X)a
A

1
HEW(1)]X) = H T2z = Z Sne A2 A, (X)),
i<j v (A2,Aq,...)
< 1
HEW1L) oW1 X) =
Hl—xinl—xil‘]
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give the following expressions for the multiplicity series (|r| is the floor function,
i.e., the integer part of r € R)

MHEW(@2)]); X) = > 2" (2129)™ - (21 -+ 29)*™
n; >0
d
1
:Jll—@r“%ﬁ7
M(H(K[W(1?)]); X) = Z (z122)" (T1222374)" -+ - (T1 -+~ Ta|g/2) ) "1/
n; >0
14/2) )
M(HEKW (1)@ W), X) = > aft (a1 2q)"™
n; >0
d
1
=i

=1

In the language of the multiplicity series M’ we have

M'(H(E[W(@2));V) =

==
—_
I =
<
no

-
Il

—
o

,i
IS
~
()
—
—_

M'(H(EW(Q));V) =

—_

)
— V2

@
I
—

M'(H(EW (1) e W(A));V) =

—=
=z
| =
s

&
I
—

Example 2.2. The multiplicity series of the Hilbert series of the sym-
metric algebra of the G Ly-module W (3) was computed (in a quite elaborate way)
in [34]. The calculations may be simplified using the methods of [35]. Here we
illustrate the advantages of Algorithm 1.3. Since

5(3) (.1‘1, ZL‘Q) = .1‘:% + 1‘%1‘2 + .1‘1.1‘% + .1‘%,
the Hilbert series of K[W(3)] is

1
(1 —29)(1 — afwe) (1 — z123)(1 — 23)

H(K[W@3)];21,22) =
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We define the function
g(w1,m2) = (21 — 22) H(K[W (3)]; 71, 72)

and decompose g(z1z,x2/2) as a sum of partial fractions with respect to z. The

result is
1 B 1 —x12 — 2303 — 223232
30— 2% —2lal) (1l —a12) 30— a%ad) (1 + 2223 + a2 (1 + w17 + 2377)
x%x% T2
T - a1 — 51— atezz) | 30— a1 — alad) (w2 — 2)
1o(—22 — 29 — 23032 + 2323) rixs

T3~ a1 + Aad + ol @R+ woz t ) (- afed)(1 - oha)(erag - 2)
The factors containing z in the denominators of the first three summands are
(1—m12), (1+212+2222), and (1 —23w22). Hence these summands contribute to
Q(g(wl z,22/2)). We omit the other three summands because the corresponding

factors are (z2 — 2), (23 + 292 + 2?2), and (z123 — 2). Replacing z by 1 we obtain
1
glnsnla) = S - A -

2,.2 3,.2
1 —z12 — 75 — 227752

B 3(1 — 2323) (1 + 2323 + z723) (1 + 21 + 22)
i3
(1 —afa3)(1 — 2928)(1 — z{z2)
z1(1 — 2329 + 2]23)
(1 —29)(1 — afws)(1 — afag)

Hence

2 4,.2
1—x{we + 2775

(1= 27)(1 = fwa) (1 — 2faf)’
1 — vyvg + v303

(1 =v?)(1 —v1va)(1 —v§)

M(H(K[W(3)]);x1,2)

M'(H(K[W(3)]); v1, v2)

We can rewrite the expression for M’ in the form

1 1—vivg + 0303 14 vjvg + v303 1
M/(H(KW(3));v1,v) = =
HEW @) = g (o Hpit )

n 1 1 1
1—0§ (1-v3)2)1—vv
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and to expand it as a power series in vy and vy. The coefficient of v{*v5? is equal

to the multiplicity m(aj + a2, az) of the partition A = (a1 + az, az).

Example 2.3. In the same way we have computed the multiplicity series
for the Hilbert series of all symmetric algebras K[W] for dim(W) < 7 and several
cases for dim(W) = 8. For example

/ _ ! 1
MEEWOD) = M (D)
1 — vivg + viv3

(1 — oD (1 — cFua) (1 —vd) (1 — o)’

M(HKW2) eW(?2)]) = M <(1 —22)2(1 — ;1332)2(1 _ x%)2>
. 1+ vivg .
(=021 — )Y

M (H(K[W(3)®W(3)]) = p(v1,v2)

(1= 0)?(1 = v1v2)*(1 = v3)*(1 = v§)*’

where

p(ur,v2) = (1= v3 4+ 09)((1 + vf3) (1 + v§) — 20703 (1 + v3))
—vlvg(l—vg’)(Q(l—vg’—vg)—vlvg(4—1}5’—v%)—v?(l—i—vg—llvg)-i-QUilvg(1—1—2}3—7}9)).

The obtained decompositions can be easily verified using the equation

o M'(f;z1,2122) — 2o M/ (f; 22, 2122)
T1 — T2

flx1,22) =

which for d = 2 is an M’-version of the equation in Remark 1.4.

Applying our Algorithm 1.3 we have obtained the following decompo-
sitions of the Hilbert series of the symmetric algebras of the irreducible GLs-
modules W(\), where A = (A1, A2, A3) is a partition of 3. Again, for the proof
one can use Remark 1.4.

Theorem 2.4. Let d = 3 and let v1 = x1, v9 = T1x2, v3 = x12T9x3. The
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Hilbert series

1
H(K|W(3)l; = —_—
R I | s
1<j<k
1 1
H(K[W(Q,l)];l‘l,l‘g,l‘g) = (1_x ToT )2 1 — 22,
14243 it ivg
1
H(K 1,1,1)]; = —
( [W( y Ly )]7x17x27x3) 1-%1%21‘3
have the following multiplicity series
1 8
M'(H(K[W(3))); - i
( ( [ ( )])’U17U277}3) q(v17v27v3) ;Ulpl(v%v?))y

1+ v1v903 + (v1v2v3)?
(—or) (1= 3e2) (1= ofos) (1) (1)’

M'(H(K[W(2,1)]);v1,v2,v3) =

M(H(K W (1,1, 1)]); vr, v, 03) = ——,
1— w3
where
¢ = (L=} —owa)(1 — oded)(1 — o) (1 — of)(1 — den) (1 — oded)
x (1 —w3)(1 —28),
po = 1+uv5vs,
p1 = —va(l —viv3(1 403 4+ v3) — o503 (1 + v3) + vJv3(1 + v3)),
p2 = v3((1+ 03 +v3) — v3u3 (1 —v3) — v§v3 (L + vf) + v3o3),
p3 = —((1—vdvd)vs + 0§+ vvg(1 4+ v3 + v3))v3,
pa = vav3((14 2v3+ v3) — vivs(v3 +v3) (1 +v3)(1 + v3 + v3)
+ v (1 + 205 + 03)),
ps = —vsvd(1+v3+ v+ viv] — vSvd 4 vdvf),
ps = (v3—v3v3(1403) 4+ v5(1 — v3) + vIv3(1 4 v3 + v3))v],
pr = —v203(1+ vz — v3uf (1 +v3) — vfus(l + v + v3) + v5ef),
ps = vsvs(1+vdvl).

For a polynomial GLgz-module W =Y k(u)W (1), the symmetric algebra
K[W] has also another natural Z-grading induced by the assumption that the
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clements of W are of first degree. Then the homogeneous component K [W]™ of
degree n is the symmetric tensor power W®s" and

KW =@ P maNWR), ma()) € Z.

n>0 A

In order to take into account both the Z%grading induced by the GLg-action
and the natural Z-grading of K[W], we introduce an additional variable in the
Hilbert series of K[W]:

H(K[W]; X,t) =Y H(K[W]™; X)t".

n>0

If, as above, the Hilbert series of W is
P
HW;X) =Y k(n)Su(X) =) X,
W J=1

then
HEW]X 1) =] 1%% => (Z mn()\)S)\(X)> £,
Jj=1 n>0 \ A

Hence the multiplicity series

MH(K[W]); X, 1) = 3 (Z mn@)XA) "
A

n>0

carries the information about the multiplicities of the irreducible G Lg4-submodules
in the homogeneous components K[W]™ of K[W]. A minor difference with
the nongraded case is that we allow |u| = 0 in the decomposition of W: Since
W is finite dimensional, the homogeneous components of K[IW] are also finite
dimensional and the Hilbert series H(K[W]; X,t) is well defined even if |u| =0
for some of the summands W (u) of W. In the next section we shall see the role
of this multiplicity series in invariant theory.

Example 2.5. Let d =2 and let W = W(3) ® W(2). Then the Hilbert
series of W is
HW;ay,23) = Sgy(a1,22) + S (w1, 72)

3 2 2 3 2 2
= 2] t+Tire+ 2125 + 25 + 2] + 21202 + T3
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and the Hilbert series of K[IW] which takes into account also the Z-grading is

H(K[W];2y,20,t) = ] : 11 :

_ 0b _ aqby”
a+b=31 vyt a+b:21 Ty Tt

Applying Algorithm 1.3 we obtain that M'(H (K[W]);x1, z2,t) is equal to

> o Pi(v1, va)tF
(1 —v2t)(1 — v3t) (1 — vyvat) (1 — v3t2) (1 — v5t3) (1 — v§t4) (1 — v§t)’

where
=1 _ _ 2 _ 2 ]
po=1, p1=-—-v1v2, p2= v1v2(v2 + v1v2 + Ul)y P3 = V109 (U2 Ul)y
5 5 3.6
ps =v1vy, ps=v105(1 —v1)(v2 +v1), P = —vivy,
8 3 9 2 310 4 11
pr =vy(va —v7), ps=—v105(v2 +v1 +0v7), P9 =0ivy, DPig= —ViUy .

Again, we can check directly, without Algorithm 1.3 that the obtained rational
function is the multiplicity series of H(K[W];x1,x2,t) using Remark 1.4.

We complete this section with the Z-graded version for the multiplicities
of the symmetric algebra of W = W (1) @ W (12) for arbitrary positive integer d.

Proposition 2.6. Let d be any positive integer. The homogeneous com-
ponent of degree n of the symmetric algebra K[W (1)@ W (12)] of the GL4-module
W =W (1) ® W(12) decomposes as

K[W(1) e W)™ =Pw),

where the summation runs on all X = (A1,...,Aq) such that \; + A3 + -+ +
Ao|(d—1)/2)+1 = n. Equivalently, the multiplicity series of H(K[W (1) ® W (12)]);
X,t) is

1
(1 — Ugiflti)(l — Ugiti)’

M(H(EW1) & W)V = [
2i<d

when d s even and

, 1 1
MI(HEW W) & WI):Vet) = T s QHd R p——"y

when d is odd.
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Proof. Since, as GLg4-module,
KW(1)eW(1?)] = K[W(1)] e K[W(1?),
we obtain that

HEW1) oW1 X,t) = H(K[W (L)X, )HEW(1*); X, t)
1 1
1—x;t H 1 —wxjt

because the elements of W (1), W(12) C W are of first degree. The decompositions

i = Ysw@®

I
[ B

i=

1
[[— = > Swwnino®
1<J V) (M2 harenr)
give
L
,H 1—at > Sy (X)t
i=1 m>0
1 e
H 1— it = Z S (A2, 22,24, A4, .. )(X)tA2+>\4+
g Tty e
and hence
H(K[W( )@ W Z Z S S()\Q A2,A4,Ag,. )(X)tm+>\2+>\4+m.

m20 (A2, A4,...)

The product of the Schur functions S(,,)(X) and S,(X) can be decomposed by
the Young rule which is a partial case of the Littlewood—Richardson rule:

Smy (X)Su(X) =D 8, (X)
where the summation runs on all partitions v - m + |u| such that
VI 21 2V 2 g 2 2 Vg 2 -
Applied to our case this gives

Sy (X)S(ag 0 0,0 (X) = Z S e (X)),
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where the sum is on all partitions with
M=)+ (A3 =) + -+ (=1 =m.

Hence the GLgj-module W (\) C K[W] is a submodule of the homogeneous com-
ponent of degree

m—+Xa+ g+ :/\1+/\3+"'+/\2L(d,1)/2J+1.
For the statement for the multiplicity series, first let d = 2k 4+ 1. Then

M(H(K[W]); X,t) = ST ngliﬁlt““””'ﬂ%ﬂ
A1>2> Aok

= Z (@rt)M a5 (wgt)™ - x;\;kH (w2q41t) 2+
A1>2> Aok

— Z (xlt)AI_AQ (l‘ll‘gt))a_)\?’ (x1x2$3t2)’\3_)‘4
A12> > Aok

))\4—>\5 e )>\2k—1—>\2k

X (x1x2$3x4t2 Xy J,‘Qk_ltk
X (:131 e x2ktk))‘2k7)‘2k+l ($1 . $2k+1tk+1))\2k+17
M'(H(E[W]); X,t) = Y (vit)™ (vat)"2 (vst®)"™ (vat?)™ - -
m-ZO
% (U2k_ltk)n2k71(v2ktk)n2k (v2k+1tk+1)n2k+l
1 i 1
1-— U2k+1tk+1 i1 (1 — Ugi_lti)(l — ’Ugiti) '

The case d = 2k follows immediately from the case d = 2k 4+ 1 by substituting
vok+1 = 0 in the expression of M'(H(K[W]); X,t). O

3. Invariant theory. Without being comprehensive, we shall survey
few results related with our topic. One of the main objects in invariant theory
in the 19th century is the algebra of SLo-invariants of binary forms. Let W, =
W2 be the vector space of all homogeneous polynomials of degree m in two
variables with the natural action of SLy. The computation of the Hilbert series
(often also called the Poincaré series) of the algebra of invariants K[W,,]%%2
was a favorite problem actively also studied nowadays. It was computed by
Sylvester and Franklin [68, 69] for m < 10 and m = 12. In 1980 Springer
[65] found an explicit formula for the Hilbert series of K[W,,]°2. Applying it,
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Brouwer and Cohen [19] calculated the Hilbert series of K[W,,]%"2 of degree
< 17. Littelmann and Procesi [53] suggested an algorithm based on a variation
of the result of Springer and computed the Hilbert series for m = 4k < 36. More
recently, Djokovié¢ [26] proposed a heuristic algorithm for fast computation of the
Hilbert series of the invariants of binary forms, viewed as rational functions, and
computed the series for m < 30.

Not too much is known about the explicit form of the invariants and their
Hilbert series when SL4(C), d > 3, acts on the vector space of forms of degree
m > 3. Most of the known results are for ternary forms. The generators of
the algebra of invariants in the case of forms of degree 3 were found by Gordan
[48], see also Clebsch and Gordan [22]; the case of forms of degree 4 has handled
by Emmy Noether [58]. The Hilbert series of the algebra of SLs(C)-invariants
for forms of degree 4 was calculated by Shioda [64]. Recently Bedratyuk [7, §]
found analogues of Sylvester—Cayley and Springer formulas for invariants also of
ternary forms. This allowed him to compute the first coefficients (of the terms of
degree < 30) of the Hilbert series of the algebras of SLs3(C)-invariants of forms
of degree m < 7.

Computing the Hilbert series of the algebra of SLg-invariants C[IW]%%4,

where W is a direct sum of several vector spaces Wp,, 4 of forms of degree m; in
d variables, one may use the Molien—Weyl integral formula, evaluating multiple
integrals. This type of integrals can be evaluated using the Residue Theorem, see
the book by Derksen and Kemper [24] for details. For concrete decompositions
of W, the algebra of invariants K[W]°L¢ was studied already by Sylvester. Its
Hilbert series is also known in some cases. For example, recently Bedratyuk [9] has
found a formula for the Hilbert series of the S Lo-invariants K[W,, o ® Wmﬂ]s Ly
and has computed these series for my,mgo < 20. (The results for my,mgy < 5
are given explicitly in [9].) Very recently, Bedratyuk and Xin [11] applied the
MacMahon partition analysis to the Molien—Weyl integral formula and computed
the Hilbert series of the algebras of invariants of some ternary and quaternary
forms.

Our approach to the Hilbert series of the algebra of invariants K[WW]%%4
of the SLs-module W is based on a theorem of De Concini, Eisenbud and Procesi
[23]. This theorem implies that the multiplicities of S)(X) in the Hilbert series
of symmetric algebras K[W] of a GLg-module W appear in invariant theory of
SLg and of the unitriangular group UT; = UTy(K) as subgroups of GLg4, and
in invariant theory of a single unitriangular matrix. It is combined with an idea
used by Drensky and Genov [35] to compute the Hilbert series of the algebra
of invariants of UTs. We extend the SLg-action on W to a polynomial action
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of GLg. This is possible in the cases that we consider because the SLgz-module
Win.a of the forms of degree m can be viewed as a G'L4-module isomorphic to
W(m). Then we compute the Hilbert series of the GLj-module K[W] and its
multiplicity series M'(H(K[W]);V,t). The Hilbert series of K[W]%! is equal to
M'(H(K[W1]);0,...,0,1,t). Similarly, if W is a polynomial GLg-module, then
the Hilbert series of K[W]Y74 is equal to M'(H(K[W]);1,...,1,t). The difference
with [35] is that there we use for the evaluation of M (H(K[W]);x1,x2,t) the
methods developed in [35] and here we use the MacMahon partition analysis for
the same purpose and for any number of variables. We shall consider the following
problem. Let W be an arbitrary polynomial GLg-module. How can one calculate
the Hilbert series of the algebras of invariants K[W]%l4 and K[W]VT42 Clearly,
here we assume that SLg and UTy are canonically embedded into GL;. We need
the following easy argument. We state it as a lemma and omit the obvious proof.

Lemma 3.1. Let H be a subgroup of the group G and let W1, Ws be
G-modules. Then the vector space of invariants W7 Cc W in W = W, @ W,
satisfy

wi =wHowl.

Theorem 3.2. Let W be a polynomial GLg-module with Hilbert series
with respect to the grading induced by the G Lg-action on W

H(W; X) :Zaixil---xgd, a; > 0,a; € Z,

and let

_

(1 — Xit)

be the Hilbert series of K[W| which counts also the natural Z-grading. Then the
Hilbert series of the algebras of invariants KWL and K[W1]UTe are given by

HKW); X, 6) =[]

H(K[W)5ta t) = M'(H(K[W]);0,...,0,1,t),
HKW)YTa t) = MHK[W]);1,...,1,t)
M'(H(K[W));1,...,1,t).

Proof. Let
EW] =@ P ma(NW ()

n>0 A
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be the decomposition of the Z-graded GLg4-module K[W]. Its Hilbert series is

HEWX ) — S (z mnwsm) "
A

n>0

and the multiplicity series of H(K[W]; X,t) are

M(H(K[W]); X,t) = Z(Zmnu))@) £,
A

n>0

M,(H(K[W])v v, t) = Z (Z mn()\)vi‘I*AQ R vc)l‘d—ll_kdvc)l\d> .
A

n>0

It is a well known fact that the irreducible GLj-module W(A) = W (A1, ..., A\g)
contains a one-dimensional SLg-invariant subspace if Ay = --- = A; (when
dim(W (\) = 1 and W(\)%%4 = W())) and contains no invariants if \; # X\ji1
for some j. Applying Lemma 3.1 we immediately obtain

KWt = @ @ ma(Ww),

n>0 A\1=--=M\g

HEWS G = Y Y ma(d) |t

n>0 \Ai1=-=)g

Evaluating the monomials in the expansion of M'(H(K[W]);V,t) for v, = --- =
vg—1 = 0, vyg = 1 we obtain

A —As Ad—1—Ad, Ag =
v vy Uy ‘V:(O,...,O,l) - 0. if A\, s f .
, if Aj # Ajy1 for some j

{1, i A == g,
which completes the case of SLg-invariants.

It is also well known that every irreducible G Ls-module W (\) has a one-
dimensional UTy-invariant subspace which is spanned on the only (up to a mul-
tiplicative constant) element w € W/(\) with the property that the diagonal
subgroup Dy of GLg4 acts by

glw) =& -, g =diag(éy,. .., ).



Computing with rational symmetric functions 159

Hence

KWl = PP maNW ),
A
mn(A) | 7

)

H(EW) s t) = (
n>0
= M(H(K[W]):1,...,1,t) = M'(H(K[W]);1,...,1,t). O

Below we shall illustrate Theorem 3.2 on the Hilbert series of the SLo-
invariants for the G Ls-modules considered in the examples of Section 2.

Example 3.3. If the polynomial GLg-module W is homogeneous of
degree m, i.e., g(w) = {™w for w € W and g = diag(&,...,&) € GLg4, then

H(K[W);x1,...,2q,t) = H(K[W];X,t)
H(KW]; X ¥t) = HIK[W); 21 Vt, ..., 24 V1)

because the elements of W are of degree 1 with respect to the Z-grading and of
degree m with respect to the Z%grading. The results of Example 2.1 give

H(K[W(2)]%te;t) = M'(H(K[W(2)]);0,...,0,1,t) =

1—td’
d
H(K[W(Q)]UTd;t) = M/(H(K[W(Q)]);L’”’l’t):Hl_;ti;
=1
ld/2] 1
MEEW)V) = ] =
=1 t
ld/2] 1
MHEWD: V0 = ] 7=
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1

m, if d is even,

H(K[W(1%)]%H4t) =
1, if d is odd,
Ld/2]

HKW@) 4 = [T
=1

1
11—t

Similarly, for d = 2 Examples 2.2 and 2.3 give
1 — vyvg + v3v3
(1= v)(1 — v1v2)(1 —vg)’
M(H(KW (3)]); vr, v2,8) = M'(H(KIW(3)]s 01 V1, 02 VP)
B 1 — vyvat + vivit?
(11— vit)(1 — vyvet)(1 — v5t4)’
1
11—t
1—t4+t*
(1—1¢)2(1—t1)’
M'(H(K[W(4)]);v1,v9,t) = M'(H(K[W (4)]); 01 V1, v2\f)
H(K[W(4)]°";t) = M'(H(K[W (4));0,1,t) =
]

1,1,1)

M'(H(K[W(3)]);v1, v2) =

H(K[W3)]F2;1) = M'(H(K[W(3)));0,1,1) =

H(K[W(3)]7™:t) = M'(H(K[W (3)]); 1, 1,t) =

) ]
H(K[W(#9)]"";t) = M'(H(K[W (4));
B 1—t+¢t2 _
S (1—)2(1—2)(1 -ty
M'(H(K[W(2) @ W(2)]); v1,v2,t) = M'(H(K[W(2) @ W(2)]); vV, vat),
KW@ & WE)I™1) = g
1+ ¢ _
(1 —1)2(1—2)3’
M (H(K[W(3) ® W(3)]) 1, v1,va,t) = M'(H(K[W(3) ® W(3)]) :, 01V, 02 V12),
(1=t +thH (1 +tY)
(1—12)5(1+12)3 ~
1+t10 4+ 362(1 + %) + 63 (1 + ¢ + 2 —|—t3+t4)
(1—1)2(1—12)5(1 +¢2)3

H(K[W(2) e W(2)]""1) =

H(K[W(3) @ W(3)*21) =

H(K[W(3)®W(3)|V;t) =
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Finally, for d = 3 Theorem 2.4 gives that

M'(H(K[W (3)]);v1,va,v3,8) = M (H(K[W(3)]); v1 ¥/, va V2, vst),

1
(H(KW@3)F5t) = =) (1)
(AI+) 1 +°) +2t4 (1 +t4) + 3t (1L + t + 12)

(H(K[W(S)]UTS’ t) (1 . t)(l _ t2)(1 _ t3)2(1 _ t4)2(1 _ tS)

and similarly

HIEW VP 50) = s
1—t+1t2

H(K[W(Qal)]UT3§t) (1 —t)2(1 —t2)(1 —t3)2;

HKIW ()50 = HKW ()50 = —.

Example 3.4. The translation of Example 2.5 to the language of SLo-
and UTs-invariants gives

14t
(1 —2)(1 —3)(1 — t4)(1 — t°)’
(1—t)(1 —t7) +42(1 + t4) — 3 (1 + t?) + 5t
(1—1)3(1—t3)(1 —t4)(1 —t°)

H(K[W(3) e W(@2)°"t) =

H(K[W(3) oW (2)]"™:¢t) =

For an arbitrary d Proposition 2.6 gives

(T——ﬂlfd—Qk

H(K[W (1) ® W(12)]55 1) =
1

k

II ,ﬁd:Qh

z:l
H(K[W(1) o W)Y ) =

1_tM4II o i d=2k+1.
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In the above examples our results coincide with the known ones, see e.g.,
[68, 25, 26, 9, 7].

The invariant theory of UTs may be restated in the language of linear
locally nilpotent derivations. Recall that a derivation of a (not necessarily com-
mutative or associative) algebra R is a linear operator § with the property that

(5(u1u2) = 5(U1)UQ + ulé(UQ), U, Uz € R.

The derivation ¢ is locally nilpotent if for any u € R there exists a p such that
0P(u) = 0. Locally nilpotent derivations are interesting objects with relations to
invariant theory, the 14th Hilbert problem, automorphisms of polynomial alge-
bras, the Jacobian conjecture, etc., see the monographs by Nowicki [59], van den
Essen [41], and Freudenburg [46]. Linear locally nilpotent derivations ¢ of the
polynomial algebra K[Y] (acting as linear operators on the vector space K'Y with
basis Y = {y1,...,ya}) were studied by Weitzenbock [75] who proved that the
algebra of constants K[Y]%, i.e., the kernel of 4, is finitely generated. Nowadays
linear locally nilpotent derivations of K[Y| are known as Weitzenbdck derivations
and are subjects of intensive study.

The algebra K[Y]? coincides with the algebra K[Y] of invariants of the
cyclic group G generated by

2
exp(é)zl—i—%—k%-l-"'

and with the algebra of invariants of the additive group K, of the field K with
its d-dimensional representation

a — exp(ad), «a€ K,

which allows to involve invariant theory. Historically, it seems that this rela-
tion was used quite rarely and some of the results on Weitzenbock derivations
rediscover classical results in invariant theory. For example, the modern proof of
the theorem of Weitzenbdck given by Seshadri [63] is equivalent to the results of
Roberts [62] that for an SLo-module W the algebra K|[W]Y?2 is isomorphic to
the algebra of covariants. There is an elementary version of the proof by Seshadri
given by Tyc [72] which is in the language of representations of the Lie algebra
sla(K) and can be followed without serious algebraic knowledge. Let § be a
Weitzenbock derivation. All eigenvalues of § (acting on KY') are equal to 0 and,
up to a linear change of the coordinates of K[Y], ¢ is determined by its Jordan
normal form. Hence, for each fixed dimension d there is only a finite number
of Weitzenbock derivations. The only derivation which corresponds to a single
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Jordan cell is called basic. Onoda [60] presented an algorithm which calculates
the Hilbert series in the case of a basic Weitzenbock derivation. He calculated
the Hilbert series for the basic derivation § and d = 6 and, as a consequence
showed that the algebra of constants C[Y]° is not a complete intersection. (By
the same paper [60], C[Y]? is Gorenstein for any Weitzenbock derivation § which
agrees with a general fact in invariant theory of classical groups.) Other methods
to compute the Hilbert series of K[W]? for any Weitzenbock derivation § are
developed by Bedratyuk; see [10] and the references there. Below we show how
the MacMahon partition analysis can be used to compute the Hilbert series of
K[W]°. The following theorem and its corollary were announced in [35].

Theorem 3.5. Let § be a Weitzenbick derivation of K[Y| with Jordan
normal form consisting of k cells of sizes di + 1,...,d, + 1, respectively. Let

1
qdd, ($17$27t) T C_ldk (.’El,.’EQ,t)’

f5($17$27t) =

where
qa(z1,2,t) = (1 — 2ft)(1 — 28 agt) - (1 — 228 1) (1 — 24t).
Then the Hilbert series of the algebra of constants K[Y]5 s given by
H(K[Y]’;t) = M(f5;1,1),

where M (fs;x1,x2) is the multiplicity series of the symmetric with respect to
x1, 29 function f5(x1,x2,t) € K(t)[[x1,z2]]%2.

Proof. If § has k Jordan cells and the ith cell is of size d;+1,i=1,...,k,
we identify the vector space K'Y with the GLs-module

W =W(d) - & W(dg)

and the algebra K[Y] with the symmetric algebra K[W]. Then the algebra of
constants K[Y]° coincides with the algebra K[W]U"2 of UTy-invariants. Ob-
viously, the function fs(x1,x2,t) is equal to the Hilbert series of the Z-graded
GLgo-module K[W]. Hence Theorem 3.2 completes the proof. O

Example 3.6. Let 6 = 0(dy,...,d;) be the Weitzenbock derivation with
k Jordan cells of size d; + 1, ¢ = 1,..., k, respectively. If the matrix of  contains
a Jordan cell of size 1 corresponding to x4, then

Klxy,... ,xd_l,xd]6 = Klx1,... axd—1]6[$d]
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and the Hilbert series of the algebras of constants K [a:l,...,de and
K(zy,...,24_1]° are related by
1
H(K[z1,...,2q)°;t) = T H(Klz,.. xq-1)%;t).

Hence it is sufficient to consider only § with Jordan matrices without 1-cells.
Below we extend the results in Examples 3.3 and 3.4 and give the Hilbert series of
K[Y]? for all possible 6 with d < 7. Originally the computations were performed
in [35] illustrating the methods developed there for symmetric functions in two
variables. Here we repeated the computations with the methods of the MacMahon
partition analysis. Clearly, the results coincide with those from [10].

d=2:

H(K[Y]W;1) = %;
d=3: 1
H(K[Y]'®;1) = EDEE)
d=4: 1— 42 1+t3
HEWT®:50 = A—t2(1—th) ~ A-t)(1— )1 —th)
1
H(K[Y]5(1’1)§t) = (1—2)%(1— ZQ);
d=>5:

1—t+12 1+t3
HE Y0 = e pa— ey —m) ~ A= 0= 2P = o)

1

HEM00 = a0 )

- p(2)
(1—2)(1—22)(1 —2%)(1 — 26)(1 — 28)’

p(2) = 142243234324+ 522+ 425 4627+ 628+ 422+ 521043211 432124 218 4 215,

H(K[Y]’®);¢

1422 +328 4 2% + 26
8(3,1). 4y _
H(K[Y] vt) (1 _ 2)2(1 _ Z2)(1 _ 24)2’

14 22
(1 —2)2(1 —22)3’

H(K[Y"®2:1) =
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123 142422
6(1,1,1), _ .
HELPED:0) = i = T = 2F

14224328 +424 + 425 + 426 4+ 327 4 28 4 210
(1—2)1—22)2(1—2%)(1—24)(1 -2 ’

H(KY ) =

2 3 4 5 6 3
H(K[Y]‘m’l)'t): 14222 4227 + 425 +22° +22° + 2

T A=A -
_1—z—|—4z2—z3—|—5z4—z5+4z6—z7—|—28
N (1—2)3(1—-23)(1—24H(1 — 25)

14322+ 323 + 420 + 425 + 320 + 327 + 2°
o (1=2)2(1 =21 =231 —2Y)(1 —25)

H(K[Y]®2) 1)

143224+ 24
6(27171). —
H(K[Y] vt) (1 - Z)3(1 _ 22)(1 _ Z3)2'

Corollary 3.7. For d < 7 the algebra of constants K[Y]° of the Weitzen-
back derivation 6 = §(dy,...,dy) is not a complete intersection for

(diy....dy) = (5),(3,1), (6), (4,1),(3,2), (2,1,1).

Proof. Using, as in [60], that the zeros of the nominator of the Hilbert
series of a complete intersection are roots of unity (see [67]), the proof follows
immediately from Example 3.6. (The case (di,...,d;) = (5) was established in
[60].) O

4. Pl-algebras and noncommutative invariant theory. In this
section we assume that all algebras are unital (and char(K) = 0). For a back-
ground on Pl-algebras we refer, e.g., to [31]. Let Yoo = {y1,2,...} and let
K(Y,) be the free associative algebra of countable rank freely generated by
Y. This is the algebra of polynomials in infinitely many noncommutative
variables. Let K(Y) = K(y1,...,yq) be its subalgebra of rank d. Recall that
fyi,...,ym) € K(Yy) is called a polynomial identity for the associative algebra
Rif f(ri,...,mm) =0 for all r1,...,7, € R. If R satisfies a nonzero polynomial
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identity, it is called a PI-algebra. We denote by T (R) the ideal of all polynomial
identities of R (called the T-ideal of R) and

T(R) = K{Y) N T (R)

is the T-ideal of the polynomial identities in d variables for R. Since we work
over a field of characteristic 0, all polynomial identities of R follow from the
multilinear ones. The vector space of the multilinear polynomials of degree n

P, = Span{ya(l) " Yo(n) ‘ o€ Sn} - K<YOO>
has a natural structure of a left S,-module and the factor space
P,(R)=P,/(P.NTx(R))

is its Sp-factor module. One of the main problems in the quantitative study of
Pl-algebras is to compute the cocharacter sequence of R

Xn(R) = x5, (Pa(R)) = > ma(R)xa,
A-n

where xx, A F n, is the irreducible S,-character indexed by the partition A. A
possible way to compute the multiplicities my(R) is the following. One considers
the diagonal GLg-action on K (Y) extending the natural action of GLg on the
d-dimensional vector space K'Y with basis Y. Then the factor algebra

F(R) = K(Y)/T(R)

called the relatively free algebra of rank d in the variety of associative algebras
generated by R, inherits the GLg-action of K(Y'). Its Hilbert series as a GLg4-
module coincides with its Hilbert series as a Z%-graded vector space with grading
defined by

°(y;) = (0,...,0,1,0,...,0).
N—— ——

i—1 times d—i times

It is a symmetric function in d variables and
H(F(R); X) = _ma(R)Sx(X),

where the sum is on all (A1,..., ;) and the multiplicities m)(R) are exactly
the same as in the cocharacter sequence of R. Hence, if we know the Hilbert
series of F'(R), we can compute the multiplicities my(R) for partitions A in < d
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parts. The theorem of Belov [12] gives that for any Pl-algebra R the Hilbert
series of F'(R) is a rational function. Berele [15] found that the proof of Belov
also implies that this Hilbert series is a nice rational symmetric function. Hence
we can apply our methods to calculate the multiplicity series of H(F(R); X) and
to find the multiplicities of R. See the introduction of Boumova and Drensky [20]
for a survey of results on the multiplicities of concrete algebras.

The most important algebras in PI-theory are the so called T-prime al-
gebras whose T-ideals are the building blocks of the structure theory of T-ideals
developed by Kemer, see his book [50] for the account. There are few cases only
when the Hilbert series of the relatively free algebras F'(R) are explicitly known.
For T-prime algebras these are the base filed K, the Grassmann (or exterior) al-
gebra E, the 2 x 2 matrix algebra M(K), and the algebra M;; C My(E) which
has the same polynomial identities as the tensor square F® i F of the Grassmann
algebra. In all these cases the multiplicities are also known. The case R = K is
trivial because F'(K) = K[Y]:

s () = {1, if A = (n),

0, otherwise.

The multiplicities for My(K) were obtained by Formanek [42] and Drensky [29],
see also [31]:

(0, if A5 > 0,
1, if A = (n),
ma(Ma(K)) = { (M — Ao + DAa, if A= (A, Aa), Ao > 0,
M2 =) =1, i A= (AL 1,1, \),
[ (A1 = A2 +1)(A2 = A3 +1)(A3 — Ay + 1) in all other cases.

Hence the multiplicity series are

MHP()X) = =

1

MHFE)RY) = 1=

1
(T —01)(1 —v2)*(1 — v3)*(1 — va4)
V92 +U1(1 — Ug) U3 + V4
(1—2}1)2(1—2}2) 1—2}1 '

M'(H(F(My(K)));V) =
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For any d, there are partitions A = (A1,...,\g) with Ay > 0 and nonzero multi-
plicities my(E) and my(E @k E). Hence for these cases the multiplicity series
M(H(FE); X) and M(H(E ®k FE); X) do not carry all the information about the
cocharacter sequences of F and E ® E. For this purpose Berele [16] suggested
to use hook Schur functions instead of ordinary ones.

Another case when the Hilbert series of the relatively free algebras may
be computed and used to find the multiplicities is for algebras R with T-ideals
which are products of two T-ideals, T(R) = T(R;)T(Rz2). See again [20] for
details. Formanek [43] found the following simple formula for the Hilbert series
of T(R) in terms of the Hilbert series of T'(R;1) and T'(R2):

Translated for the corresponding relatively free algebras this gives

H(F(R)) = H(F(R1)) + H(F(R2)) + (21 + - - + 2q) = DH(F(R1))H(F(Ry)).

It is known that T(U,,(K)) = T™(K) (Maltsev [56]) and T(U,,(E)) = T™(E)
(this follows from the results of Abakarov [1]), where Uy (K) and Uy(E) are the
algebras of k x k upper triangular matrices with entries from K and FE, re-
spectively. The multiplicities of Ug(K) were studied by Boumova and Dren-
sky [20], with explicit results for “large” partitions A = (A1,...,A,) (such that
Me+1+- -+ An = k—1). The multiplicities of Uy(E) were determined by Centrone
[21]. In both cases the results were obtained using the Young rule only, without

the MacMahon partition analysis. Here we shall illustrate once again Algorithm
1.3.

= (1= (x1+ - +2q)) H(T(R1))H(T(Rz)).

Example 4.1. Let C' be the commutator ideal of the free associative
algebra K(Y). Then by Maltsev [56] the T-ideal C* coincides with the T-ideal
of Ui(K). Since K(Y')/C is the polynomial algebra in d variables and

1
— =2 SmX

i=1 v >0

the formula

H(F(R)) = H(F(Ry)) + H(F(R2)) + ((x1 + - + 2q) — 1) H(F(R1))H(F(Ry)).
for the Hilbert series of relatively free algebras corresponding to products of T-
ideals gives

d

H(P(U(K)); X) = 2]

i=1

d
)—1)
1_$i+((1‘1+ “+xq) 21;11 1_x2
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The decomposition of the product S,(X)S(,)(X) = > S\(X) is given by the
Young rule. If y is a partition in k parts, then A is a partition in & or k4 1 parts.
Hence H (F(Us(K)); X) decomposes into a series of Schur functions Sy (X), where
A is a partition in no more than three parts. Therefore, it is sufficient to consider
the multiplicity series of H(F(Ua(K)); X) for d = 3 only. Clearly,

d 1
M'(H(K[Y]); (H R ) =T

=1

Algorithm 1.3 gives

(331 — 1‘2)(.%1 — 1‘3)(1‘2 — xg)((xl + 29 + xg) - 1)
(1 —x1)2(1 —x2)2(1 —x3)2 ’

—x3 + T1To — 201X0T3 — T1X321

91(96171‘271‘3) =

g1(z121,22/21,23) =

(1 — 1‘3)2
T3+ x% - l‘g — T1T2 + X1X2X3 — x%x%mg, —l‘g + m%m%
(1 — .1‘1%‘2)(1 — .1‘3)2(1 — .1‘121) (1 — .1‘1%‘2)(1 — .1‘3)(1 — .1‘121)2
ToT3 (v3 — 2% + 23 — 2170 + 217073 + 22323 — 322 2323) 70
(1 —23)%x (1 —z122)(1 — 23)* (22 — 21)
(23 — afa)a3

+(1 — .1‘1%‘2)(1 — .1‘3)(%‘2 — 21)2 ’

We omit the last three summands which give negative degrees of z; in the ex-
pansion of gy(x1z1,x2/21,23) as a Laurent series and, substituting z; = 1, we

obtain
—x3 + T1To — 201X0T3 — T1X3

92(95171‘271‘3) =

(1 —x3)2
T3 + l‘g - :L‘% — T1x2 + X1T2T3 — J)%l‘%l‘g —x% + m%x%
(1 - l‘l)(l - .1‘1%‘2)(1 - .1‘3)2 (1 - .1‘1)2(1 - .1‘1%‘2)(1 - .1‘3) ’

Repeating the procedure with go(x1, x222,23/22) we obtain

J)%l‘g(—l + x4+ 2z129 — x%mg + x1m2x3)

(1 —.1‘1)2(1 —.1‘1%‘2) ’
M,( (:1:1+x2+x3)—1 . >_—1+7)1+27)2—2117)2+213
(1 - 1‘1)2(1 - 1‘2)2(1 - 1‘3)2’ (1 - 7)1)2(1 - 7)2)
1 Vg + U3
1—’01 (1—’01)(1—2}2)’

(>2(g1(9:121,1‘222/21,933/22)) =
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N 1 V2 + U3
N 1—7)1 (1—1}1)(1—7)2)

=D o+ > D+ Y (p+ Dvjuss.

n>0 p>0g¢>1 p>0¢>0

M'(H(F(U2(K)); V)

Hence the multiplicities in the cocharacter sequence of Us(K) are

1, if A = (A1),
M —X+1,if A= ()\1,)\2),)\2 > 0,
A=A+ 1 if A= (A, N\, 1),

0 in all other cases.

mx(U2(K)) =

Compare our approach with the approach on the multiplicities of Us(K) given
by Mishchenko, Regev, and Zaicev [57] and in [20].

A case of products of T-ideals when we do need the MacMahon partition
analysis is of block triangular matrices with entries from the field. Let dy,...,d,
be positive integers and let U(dy,...,d,,) be the algebra of matrices of the form

Mg, (K) * * *
0 Mg, (K) ... * *
0 0 oo My, (K) *
0 0 ... 0 M, (K)

It is known, see Giambruno and Zaicev [47], that
T(U(dy, ... dm)) =T (Ma,(K)) - -- T(Ma,, (K)).

The only cases when we know the Hilbert series of T'(M(K)) are k = 1,2, and
we can compute the Hilbert series of F(U(dy,...,dy)). The multiplicities of
U(dy,...,dy,) when all d; are equal to 1 and 2 were studied in the master thesis
of Kostadinov [52], see also his paper with Drensky [39]. If d; = --- = d,;, = 1, the
algebra U(dy, ..., dy) is equal to Ui (K), handled in [20]. If only one d; is equal to
2 and the others are equal to 1, we still can use the Young rule. The MacMahon
partition analysis was applied in [52] in the case when several d; are equal to 2.
In particular exact formulas for the multiplicity series and the multiplicities as
well as the asymptotics of the multiplicities were found for a small number of
blocks.
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Studying the polynomial identities of the matrix algebra My (K), there
is another object which behaves much better than the relatively free algebra
F(My(K)). Let

K1Z) = K[ [ pa=1,.. ki=1,....d

be the polynomial algebra in k?d commuting variables and let R4 be the generic
matriz algebra generated by the d generic k X k matrices

A

Zi = : : , 1=1,...,d.
(Z) (4)

k1T Fkk

It is well known that Rygy = F(Mg(K)). Let Ckq be the pure (or commuta-
tive) trace algebra generated by all traces of products tr(z;, - -+ 2;,), i1,...,0n =
1,...,d. Tt coincides with the algebra of invariants K[Z]%" where the action of
GLy, on K[Z] is induced by the action of GLj, on the generic matrices z1, ..., zq by
simultaneous conjugation. Hence one may study Cjq with methods of the classi-
cal invariant theory. The mized (or noncommutative) trace algebra Tyq = CrqRpq
also has a meaning in invariant theory. See the books by Formanek [45], and also
with Drensky [33], for a background on trace algebras. The mixed trace algebra
approximates quite well the algebra F(My(K)). In particular, one may consider
the multilinear components of the pure and mixed trace algebras Cj, = C}, o, and
T}, = Tk of infinitely many generic k x k matrices and the related sequences

Zm)\ Ck X)\a Xn Tk Zm)\ Tk X\ n:07172""7
AFn AFn

of Sy-characters called the pure and mized cocharacter sequences, respectively.
Formanek [44] showed that the multiplicities m(T}) in the mixed cocharacter
sequence and my(My(K)) in the ordinary cocharacter sequence for My (K) coin-
cide for all partitions A = (Aq,...,\y2) with A2 > 2. The only case when the
pure and mixed cocharacter sequences are known is for n = 2 due to Procesi [61]
and Formanek [42] (besides the trivial case of k = 1). We state the result for To
only.

ma(Ty) = M =X+ 1A= A3+ 1)(A3 — A+ 1), if A= (A1, A2, A3, \g),
A2 0 otherwise,



172 F. Benanti, S. Boumova, V. Drensky, G. Genov, P. Koev

The situation with the Hilbert series of Ciq and T}y is better. The case k = 2

was handled by Procesi [61] and Formanek [42]:
T
H(ng;X) = 1——55- Z S(2p+2q+r,2q+'r,7‘)(X)7
i=1 v p,g,r>0

1
1 — 2, Z S()\L)\Q,)\s)(X)
Y (A1,M2,)3)

d
H(Ta X) = []
=1

The Molien—Weyl formula gives that the Hilbert series of Cirq and Tyg can be
expressed as multiple integrals but for k& > 3 their direct evaluation is quite
difficult and was performed by Teranishi [70, 71] for C32 and Cys only. Van den
Bergh [73] found a graph-theoretical approach for the calculation of H(Cygq) and
H(Tyq). Berele and Stembridge [18] calculated the Hilbert series of Ckq and Tjg
for k = 3, d < 3 and of Tys, correcting also some typographical errors in the
expression of H(Cy2) in [71]. Recently Djokovi¢ [27] computed the Hilbert series
of Cio and Ty for £ = 5 and 6.

Using the Hilbert series of Cso, Berele [14] found an asymptotic expression
of m(x;,2,)(C3). The explicit form of multiplicity series of the Hilbert series of
(32 was found by Drensky and Genov [34] correcting also a minor technical error
(a missing summand) in [14]. The quite technical method of [34] was improved in
[35] and applied by Drensky, Genov and Valenti [37] to compute the multiplicity
series of H(T32) and by Drensky and Genov [36] for the multiplicity series of
H(Cy2) and H(T)2). In principle, the same methods work for the multiplicities
of the Hilbert series of H(Cy2) and H (Tk2), k = 5,6.

Example 4.2. We shall apply the MacMahon partition analysis to find
the multiplicities of H(T32). By Berele and Stembridge [18]
1
(1=21)?(1-22)?(1-27)(1-23) (1-z122)*(1-2f22) (1-2123)

As in Example 2.2 we define the function

H(T50,x1,22) =

g(w1,m2) = (z1 — w2) H(T32; 1, 72)
and decompose g(x1z,22/%) as a sum of partial fractions with respect to z. The
result is
1 1+ 221w9 — bzir)
2(1 — 122)0(1 + w122)2(1 — 112)3 + 4(1 — x122)7(1 + 2122)3 (1 — 212)?
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1+ 2z129 — 102323 + 102323 — T2lz)
8(1 — l‘ll‘g)s(l + 1‘11‘2)4(1 — .1‘12’)

1
81 — 19)2(1 + xya0) A (1 + 2222) (1 + 21 2)
) .
(1 = 2122)8(1 + 2122)*(1 + 2323) (1 — 2fwez)  2(1 — 2122)0(1 + 2172)* (w2 — 2)°
23(=5 + 22179 + T373) 22(7 — 10wy 79 + 102222 — 22323 — 2773)
4(1 — z129)7(1 + z122)3 (22 — 2)? 8(1 — z122)3(1 + z122)4 (2 — 2)
8(1 — 1x9)2(1 + 2223) (1 + z122)* (22 + 2)
s

(1 — 2122)8(1 + z122)4(1 + 2223) (2123 — 2)°
We remove the last five summands because their expansions as Laurent series
contain negative degrees of z only. Then we replace z by 1 and obtain

1
2(1 — $1$2)6(1 + .1‘1.1‘2)2(1 — .1‘1)3

Q(g(ﬂf%w/z)) =

n 1+ 23129 — bajas 1+ 202 — 102222 + 102323 — Tair)
4(1 — z129)7(1 + z122)3(1 — 1) 8(1 — z122)8(1 4+ z122)* (1 — 271)
1
T 8(1 — 129)2(1 4 zya0) (1 + 2222) (1 + 1)
ios

(1 — 2122)8(1 + z122)* (1 + 2323) (1 — 2323)
Dividing Q(g(z12,22/2)) by x1 and after the substitution v1 = x1, v9 = X122 We
>

obtain

’U%h3(’02) + ’U%hg(’Ug) + ’Ulhl(vg) + ho(vg)
(1 — 1)1)3(1 + Ul)(l — Ulvg)(l — 1)2)7(1 + ’U2)4(1 + ’U%)’

M'(H(T32);v1,v2) =

hy(vs) = v3(vs — v 4+ 3v3 — vy + 1),  ha(ve) = v2(205 — 403 4+ v3 — vy — 1),
hi(vg) = vo(—vs — v3 +v3 — 4dvg +2), ho(va) = vy — v + 305 — vy + 1,

which coincides with the result of [37]. The multiplicity series has also the form

az(va) as(v2) ai(v2) | b(va) c(v2)

M(H(Ts,); =
UTs2)onee) = i P o T o) T T - v’
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where
B 1 B (3v3 — 2vg + 1)
as(vz) = 2(1 = v2)5(1 + v2)?’ ax{v2) = 22(1 — v2)"(1 4 v2)*’
01 (0g) = (2= 6V + 1408 —6va 1 1)
B T (I )R (1 )t
1 — v}
b(v) = (v) = 2

(1~ 02)? (L + v2) (1 + 03)° (= 02 (L + v2) (1 + o)

In a forthcoming paper by Benanti, Boumova and Drensky [13] we shall
apply our methods to find the multiplicities in the pure and mixed cocharacter
sequence of three generic 3 x 3 matrices.

One of the directions of noncommutative invariant theory is to study sub-
algebras of invariants of linear groups acting on free and relatively free algebras.
For a background see the surveys by Formanek [43] and Drensky [30]. Recall that
we consider the action of GL,4 on the vector space K'Y with basis Y = {y1,...,v4}
and extend this action diagonally on the free algebra K(Y) and the relatively free
algebras F'(R), where R is a Pl-algebra. Let G be a subgroup of GLyz. Then G
acts on F(R) and the algebra of G-invariants is

F(R)® ={f(Y) € F(R) | g(f) = f for all g € G}.

Comparing with commutative invariant theory, when K[Y]¢ is finitely generated
for all “nice” groups (e.g., finite and reductive), the main difference in the non-
commutative case is that F(R)® is finitely generated quite rarely. For a survey
on invariants of finite groups G see [30, 43] and the survey by Kharlampovich
and Sapir [51]. For a fixed Pl-algebra R there are many conditions which are
equivalent to the fact that the algebra F(R)Y is finitely generated for all finite
groups G. Maybe the simplest one is that this happens if and only if F(R)® is
finitely generated for d = 2 and the cyclic group G = (g) of order 2 generated by

the matrix
(-1 0
9=\o 1)

Clearly, in this case F(R)'9 is spanned on all monomials in 1,y which are of
even degree with respect to y;. For the algebras of invariants F(R)“ of reductive
groups G see Vonessen [74] and Domokos and Drensky [28].
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Concerning the Hilbert series of F(R)%, for G finite there is an analogue
of the Molien formula, see Formanek [43]: If £1(g),...,&q(g) are the eigenvalues
of g € G, then the Hilbert series of the algebra of invariants F(R)® is

(R0 = 22 3 HFREE ). o))
geG

Combined with the theorem of Belov [12] for the rationality of H(F(R); X) (as
specified by Berele [15]) this gives that the Hilbert series of F(R)® is a nice
rational function for every finite group G. By a result of Domokos and Drensky
[28] the Hilbert series of F/(R)“ for a reductive group G is a nice rational function
if R satisfies a nonmatrix polynomial identity (i.e., an identity which does not hold
for the algebra My (K') of 2 x 2 matrices). The proof uses that for algebras R with
nonmatrix identity the relatively free algebra has a finite series of graded ideals
with factors which are finitely generated modules of polynomial algebras. This
allows to reduce the considerations to the commutative case when the rationality
of the Hilbert series is well known. We believe that the careful study of the proof
of Belov [12] would give that H(F(R)%;t) is a nice rational function for every
reductive group G and an arbitrary Pl-algebra R.

Let W be a p-dimensional GLg-module with basis Y, = {y1,...,uyp}.
Consider the related representation p : GLg — GL, of GL4 in the p-dimensional
vector space with this basis. If Fj,(R) is a relatively free algebra of rank p freely
generated by Y),, then the representation p induces an action of GLgq on Fj,(R).
The following theorem is a noncommutative analogue of Theorem 3.2.

Theorem 4.3. Let W be a p-dimensional polynomial GLg-module with
Hilbert series with respect to the grading induced by the G Lg-action on W

H(W;X):Zamill"'xild, a; > 0,a; EZ,Zai:p

Let R be a Pl-algebra with the corresponding relatively free algebra F,(R) of rank
p freely generated by Y,, with the natural structure of a GLg-module induced by
the GLg-action on W. Let

F(X,t) = HE,R):; X, x1")

be the formal power series obtained from the Hilbert series H(F,(R);x1,...,%p)
of Fp(R) by gubstitution of the variables x; with ' --- 't in such a way that
each xi' --- 't appears exactly a; times. Then the Hilbert series of the algebras
Fp(R)SLd and Fp(R)UTd of SLgq- and UTg-invariants are, respectively,

H(F,(R)*";t) = M'(f;0,...,0,1,¢),
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H(Fy(R)"T58) = M(f;1,...,1,8) = M'(f;1,...,1,8),

where M(f; X, t) and M'(f;V,t) are the multiplicity series of the symmetric in
X function f(X,t).

Proof. We may choose the basis Y, of W to consist of eigenvectors of
the diagonal group D,. Then for a fixed d-tuple i = (i1, ...,iq) exactly a; of the
elements y; satisfy

g(y;) =& - Efyy, g = diag(én, ..., &) € Dy

The monomials in y,...,y, are eigenvectors of Dy and H(Fp(R);Xi(l)t,...,
Xi(p)t) is the Hilbert series of the G'Lg-module F,(R) which counts also the
Z-grading of F,,(R). Now the proof is completed as the proof of Theorem 3.2
because the irreducible GLg-submodule W () contains a one-dimensional SLg4-
invariant if Ay = --- = Ay and does not contain any G Lg-invariants otherwise.
Similarly, W () contains a one-dimensional UTy-invariant for every A\. O

Combined with the nice rationality of the Hilbert series of relatively free
algebras Theorem 4.3 immediately gives:

Corollary 4.4. Let W be a p-dimensional polynomial GLg-module with
basis Y, = {y1,...,yp} and let F,,(R) be the relatively free algebra freely generated
by Y, and related to the Pl-algebra R. Then the Hilbert series of the algebras of
invariants H(F,(R)5T4;t) and H(F,(R)Y4;t) are nice rational functions.

Example 4.5. We shall apply Theorem 4.3 to Example 4.1. Let d > 2
and let SLy; and UT,; act as subgroups of GL; on the relatively free algebra
F(Uy(K)) with d generators. Then the generators y; € Y of F(Uy(K)) are of
first degree with respect to the GLg-action. Hence

H(F(U2(K)); X,t) = H(F(U2K)); Xt) = H(F(Us(K)); x1t, ..., 24t),
M'(H(F(Uy(K)); X,t):V,t) = M (H(F(Uy(K)); X, t);v1t,vat?, ... vgt?)
1 U2t2—|—’03t3

T Tt T a0 —m)
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And therefore

H(F(Uy(K))Let) = M'(H(F(Us(K)); X, 1);0,...,0,t%)

1
1—t2, lfd:2,

= N1+t ifd=3,
1, if d > 3;
H(F(Ua(K)VT5t) = M'(H(FUa(K)) X, )5t 8%, ... t%)
( 1—t+t3
(1— 121 —12)

if d = 2,

1 — 2t + 2t2
(1—1)

ifd > 3.

Example 4.6. Again, let R = Uy(K) and let W = W(12) be the irre-
ducible GLz-module indexed by the partition (12) = (1,1,0). We consider the
relatively free algebra F3(Us(K)) with the G Ls-action induced by the action on
W. The Hilbert series of F3(U2(K)) which counts both the action of GL3 and

the Z-grading is
f(X, t) = H(F3(U2(K)); T1x9t, xoX 3T, .1‘2.1‘3t)
1
(1 — l‘ll‘gt)(l — .1‘1%‘315)(1 — l‘gl‘gt)
+ 129 + X123 + Toxz — 1
(1 - xlxgt)Q(l - $1$3t)2(1 - 1‘2.%315)2 '

Applying Theorem 4.3 and Algorithm 1.3 we obtain

1 — vt + (Ulvg + U3)’U3t3
(1 — Ugt)Q(l — U1U3t2)

M'(f;V,t) =

Hence
H(F3(Uy(K))5%:t) = M'(f;0,0,1,t) =1+,
1 — 2t 4 2t2
(1—t)3

Similarly, if we consider the G L3-module W = W (2), then G L3 acts on Fgs(Uz(K))
extending the action on W,

H(F3(Up(K)T5t) = M'(f;1,1,1,t) =

f(X,t) = H(Fs(Us(K)); o3, 23t, 23t, 2120t Tox3t, ToT31)
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and, applying again Theorem 4.3 and Algorithm 1.3, we obtain

a3 6 49
H(Fs(Ua(K))5™3:1) = ! 32514_—?;)4 2 ;
p(t)

(1= =22)(1 = #3))>

H(F(U2(K)"T5t) =

where

p(t) =1 —2t + 763 + 11t + 6t° — 10t° +¢7 + 615 + 447 — 2610 — 4411 4 2412,

Example 4.7. Let Rp, be the algebra generated by p generic 2 x 2
matrices z1,..., %, with the canonical GL,-action. We extend the action of the
pure and mixed trace algebras by

g(tr(ziy - 2i)2j 0 Zj) = t0(9(2i - 20,))9(250 2 ),
Ziy iy Zjy Zjm € Rop, g € GLy. For a p-dimensional G'Lg-module W, we
consider the induced G'Lg4-action on Rg,, Cop and To,. Let d = 2. Then W =
W(2) ® W(0) is a 4-dimensional G'Ly-module with Hilbert series
H(W;xy,29) = 3 + 2129 + 25 + 1.

The Hilbert series of Toy is

:jg

H(T24;$1,ZC2,ZC3,~T4) =

1—%‘ QZS(””)
4

1 1
— (1—3:1332963334)Hm I1 11—z

z:l

Hence the Hilbert series of the Z-graded G Lo-module 1oy is

f(l‘l, 9, t) = H(T24; x%t, .1‘1.1‘2t, .1‘%75, t)
1 — a3zt

(1 =t)(1 — 220)(1 — z129t) (1 — 231))?
1

X :
(1 — 222)(1 — z129t?) (1 — 23t2) (1 — 2322t2) (1 — 22232) (1 — 21 25t2)
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Computing the multiplicity series M'(f;v1,v2,t) and replacing (vq, v2) with (0, 1)
and (1,1) we obtain, respectively, the Hilbert series of TQiL2 and TQZTQ:

T—t+t2 4264 46 — 47 48
(1=2)3(1 —2)2(1 = 13)3(1 — ¢4)*’
(1 —t+12)(1 4 3% + 4¢3 + 6t* + 4t° + 3t° + 1¥)
(1=1)5(1 = 2)2(1 = £3)3(1 — ¢4)?

By considering the three-dimensional G Ls-module W (2) and the induced GLs-
action on Th3, we obtain

H(Tyl?t) =

H(T3,";1)

1
(1 - 1‘1)2(1 - 1‘2)2(1 - 1‘3)2(1 - 1‘11‘2)(1 - 1‘11‘3)(1 - 1‘21‘3)7

H(To3; 21,22, 23) =

f(z1,29,t) = H(Tos; x3t, x120t, 251)
1
- (1 —22t)(1 — mywat) (1 — 231))2(1 — ziz2t?) (1 — 232312) (1 — z12312)°
1+ ¢
0= 2P( - P20 - )’
1+ 2t% 4 213 4 2t1 4 ¢6
(= R0 = 2P(1 - PR — 1)

H(Tyl?t) =

H(T5"5t) =

As in the commutative case K[Y] one may consider linear locally nilpo-
tent derivations of the free algebra K(Y') and of any relatively free algebra F'(R).
Again, we call such derivations Weitzenbock derivations. There is a very simple
condition when the algebra of constants F(R)° of a nonzero Weitzenbéck deriva-
tion § is finitely generated. By a result of Drensky and Gupta [38] if the T-ideal
T'(R) of the polynomial identities of R is contained in the T-ideal T'(Uz(K)), then
F(R)? is not finitely generated. The main result of Drensky [32] states that if
T(R) is not contained in T(Uy(K)), then F(R)° is finitely generated. For var-
ious properties and applications of Weitzenbock derivations acting on free and
relatively free algebras see [38]. The following theorem and its corollary combine
Theorems 3.5 and 4.3. We omit the proofs which repeat the main steps of the
proofs of these two theorems.

Theorem 4.8. Let § be a Weitzenbick derivation of the relatively free
algebra F(R) with Jordan normal form consisting of k cells of size dy+1,...,di+
1, respectively. Let

fs(x1,x9,t) = H(F(R); J:‘lilt, xclll_lmt, o ,xglt, e ,x‘li’“t, e ,xlxgk_lt, xg’“t)
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be the function obtained from the Hilbert series of F(R) by substitution of the first

group of dy+1 variables x1,x2,...,24,+1 with l‘llt l‘dl ll‘gt x2 kt, the second
group of da + 1 variables x4, +2,%dq,+3, - - - s Tdy+do+2 wzth xft xcllQ Tot, . t,
., the k-th group of di+1 variables xq_gq, , ..., Tq—1,Tq with xl’“t, xwg’“ lt xgkt.

Then the Hilbert series of the algebra of constants F(R)® is given by

where M (fs;x1,x2) is the multiplicity series of the symmetric with respect to
x1, o function fs(x1,x9,t) € K(t)[[x1,22]]%2. Hence the Hilbert series H(F(R)%;t)
18 a nice rational function.

Corollary 4.9. Let 6 be a Weitzenbock derivation of the relatively free
algebra F(R) with Jordan normal form consisting of k cells of size dy+1,...,di+
1, respectively. Let us identify the vector space K'Y spanned by the free generators
of F(R) with the G La-module

W =W(d)&---&W(dy).

Then the Hilbert series H(F(R);t) and H(F(R)U™2:t) of the algebras of con-
stants F(R)® and of UTy-invariants coincide.

Example 4.10. By Example 4.1 the Hilbert series of the relatively free
algebra F(Us(K)) is

d
H(F(Usx(K H

Let d = 3 and let § be the Weitzenbock derivation with one three-dimensional
cell acting on F(Us(K)). Following the procedure of Theorem 4.8, we define the
function

d
((x1+--+zq) — 1)
Zl—Il 1—xl

2 N (l‘% +xyz9 +23)t — 1
(1—22t)(1 — zymat) (1 — 23t) (1 — 22)2(1 — zy20t)2(1 — 2dt)2’

f(.’El,l’Q,t) -

As in Example 4.6 we compute

1 — (V2 + vo)t + (202 — vo)vat? + 2(v? + vo)v3t3 — 202v3t
(1 — v28)2(1 — vat)(1 — v312)2 ’

M'(f;v1,v2) =

1—2t+t2 4413 — 24
(1—)3(1 —2)2

H(F3(Ua(K))3t) = M'(f;1,1) =
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If d =4 and 9§ is a Weitzenbock derivation with two 2 x 2 cells, then

2 2(.1‘1 —i—l‘g)t— 1

flon o) = (1 —21t)?(1 —29t)* (1 —21t)*(1 — z2t)?’

1+ 1063 + 23t% + 25 — 816 4 218
H(F4(U2(K))6§ t) = (1—1)2(1 —t2)

Example 4.11. Asin the case of invariants we can extend the derivations
of the generic trace algebra Ry, to the pure and mixed trace algebras Cy, and
T}.p. Let d20 be the Weitzenbock derivation with a three-dimensional and a one-
dimensional Jordan cell acting on the mixed trace algebra T53. Then Corollary
4.9 and Example 4.7 give that

(1 —t+2)(1 4 3% + 4¢3 + 6t* + 4¢5 + 3t° + %)

H(Tsst) = HUT™0 = =0yt = (i - (- 02

If 4 has one three-dimensional cell only, then again Example 4.7 gives

1+ 2t2 + 23 + 214 + 6

H(T263§t) = H(T%TQ;t) - (1—1)2(1 —12)3(1 —3)2(1 — t4)’
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