Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 38 (2012), 371-394 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

SOME NUMERICAL INVARIANTS
OF MULTILINEAR IDENTITIES

Antonio Giambruno, Sergey Mishchenko, Mikhail Zaicev

Communicated by V. Drensky

Dedicated to Yuri Bahturin on the occasion of his 65th birthday

ABSTRACT. We consider non-necessarily associative algebras over a field of
characteristic zero and their polynomial identities. Here we describe most of
the results obtained in recent years on two numerical sequences that can be
attached to the multilinear identities satisfied by an algebra: the sequence
of codimensions and the sequence of colengths.

1. Introduction. Let A be a non-necessarily associative algebra over a
field F' of characteristic zero. The purpose of this survey is that of reviewing some
of the results obtained in recent years on the growth of the polynomial identities
satisfied by A.

Let F{X} be the free non-associative algebra on a countable set X
over a field of characteristic zero and Id(A) the T-ideal of polynomial identi-
ties of A. One can attach to Id(A) two numerical sequences ¢, (A) and [,(A),
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17D05, 16P90, 17A, 17D.
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n =1,2,..., called the sequence of codimensions and the sequence of colengths
of A, respectively. We should remark that in characteristic zero both these se-
quences come as numerical evaluations of characters of the symmetric group.
In fact, in order to study the growth of the identities of an algebra, a general
strategy is that of studying the space of multilinear polynomials in n fixed vari-
ables modulo the identities of the algebra A, through the representation theory
of the symmetric group on n symbols. Then one attaches to Id(A) a sequence of
Sp-modules, n = 1,2,..., and studies the corresponding sequence of characters.

When A is an associative Pl-algebra, the sequence of codimensions is
exponentially bounded and the sequence of colengths is polynomially bounded.
Several results have been obtained in this setting showing how the growth of
these two sequences are important invariants of the T-ideal Id(A). Moreover
the associative case has inspired research in the more general context of Lie,
Jordan and general non-associative algebras. Here we shall report briefly on the
main achievements in the associative case, focusing on results in the context of
non-associative context.

For general non-associative Pl-algebras, the two sequences of codimen-
sions and colengths have a much wilder behavior. Anyway, concerning the se-
quence of codimensions the class of algebras having such sequence exponentially
bounded is quite wide and includes for instance finite dimensional algebras.

Here we shall be mostly concerned with algebras whose sequence of codi-
mensions is exponentially bounded. One section will be devoted to general non-
associative algebras. We shall see that the exponential rate of growth of the
sequence of codimensions, unlike the associative case, can be any real number
greater that one and we shall exhibit algebras having wild behavior of the codi-
mensions and colengths. Another section will be devoted to finite dimensional
algebras. One of the main results is that for any such simple algebra one can
compute the exponential rate of growth explicitly. In the last section we shall
collect results concerning Lie algebras, Jordan algebras, Lie superalgebras.

2. Generalities. Throughout F' will be a field of characteristic zero and
F{X} the absolutely free algebra on a countable set X = {z1,x2,...}. Recall
that, given an F-algebra A, a polynomial f(z1,...,z,) € F{X} is a polynomial
identity of A if f(a1,...,am,) = 0, for all a1,...,a,, € A. The identities of A
form an ideal Id(A) stable under all endomorphisms of F/{X} (T-ideal).

For any n > 1, denote by P, the subspace of F/{X} of multilinear poly-
nomials in 1, ...,x,. Hence P, NId(A) is the space of multilinear identities of
A of degree n. Since charF' = 0, the sequence of spaces P, N1d(4), n =1,2,...,
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J— an
- P,NId(A)

In some sense P, (A) corresponds to the non-identities of A. One of the
most useful measures of the identities of an algebra is given by the sequence of
codimensions

completely determines Id(A) and we define P, (A)

cn(A) =dim P,(A), n=1,2,....

Clearly if B satisfied all the identities of A, then Id(B) D Id(A) and, so, ¢,(B) <
cn(A).

In general ¢, (A) is a fast growing sequence. For instance, if A is the free
associative algebra, then ¢, (A) = n!. If A is the free Lie algebra, ¢, (A) = (n—1).
The fastest growing sequence is obtained when A satisfies no identities. In this

1/2n—2 1/2n—2
case ¢, (A) = —< " 1 >n! where —( " ) is the nth Catalan number, i.e.,

n — n\n-—1
the number of all possible arrangements of brackets on a word of length n. Notice
. 1/2n—2 n
that asymptotically — ~ 4",
n\n—1

Anyway, as we shall see later, there is a wide class of algebras with ex-
ponentially bounded growth of the codimensions, i.e., 0 < ¢,(A4) < a”, for all n,
with @ a real number. In this case the sequence {/c,(A), n =1,2,...,is bounded
0 < {/cn(A) < a, and one can consider its lower and upper limit which we call
the lower and upper exponent of A

exp(A) = linrri)igf Ven(A), exp(A) = limsup /¢, (A).

n—oo

If the limit of the sequence {/c,(A) exists, then we call it the PI-exponent (or
just the exponent) of A,

exp(A) = exp(A4) = exp(A).

One of the main problems in the theory of codimensions is the existence of the
Pl-exponent (provided that ¢, (A) is exponentially bounded).

There are other numerical invariants of a T-ideal that are closely related to
the action of the symmetric group S,, on P,,. Recall that if f = f(x1,...,2,) € P,
and o € S, then

Uf(xla- e axn) = f(xa(l)a' e axa(n))'

Moreover an identity f = 0 implies another identity g = 0 if any algebra satisfying
f also satisfies ¢g. It is not difficult to see that f € P, implies g € P, if and only
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if F'S,f, the Sp,-submodule generated by f in P,, contains g. In particular, two
multilinear identities f = 0 and g = 0 are equivalent if and only if F'S,, f = F'S,,g.

It is well-known that any set theoretical map X — X can be lifted to
an endomorphism of F{X}. Since Id(A) is invariant under endomorphisms, it

follows that P, NId(A) is an S,-submodule of P, and P,(A) = is also

n
P,NId(A)
an Sp-module. Since charF' = 0, P,(A) is completely reducible. The number of
irreducible summands, i.e., the length of the S,,-module P,(A), is called the nth
colength of A, and is denoted [,,(A). Hence a new numerical invariant of Id(A)
is given by the colength sequence

lh(A), n=1,2,....

Recall that the set of non-equivalent irreducible representations of 5, is in one-
to-one correspondence with the partitions A of n (we refer the reader to [30] for
an account of the representation theory of the symmetric group). In order to
describe the decomposition of an S,-module M into irreducibles it is convenient
to use the language of characters. Hence if x) denotes the character of an S,-
representation corresponding to the partition A - n, we write

X(M) =" maxa,
AFn

where x (M) is the character of the S,,-module M and m, is the multiplicity of y
in x(M). In other words M is the direct sum M = M; & --- & M, of irreducible
components where the number of summands M; corresponding to A is equal to
the non-negative integer m.

Now, if A is an F-algebra, we write

(1) Xn(A) = X(Pn(A)) = ZmAXX
An

Then clearly
In(A) = my
An

and

Cn(A) = Zm)\d)\,

AFn
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where d) =° x, is the degree of the irreducible character x). Recall that x,(A)
is called the nth cocharacter of A.

Given integers k,l > 0, we define the infinite hook H(k,l) as the set of
partitions whose corresponding diagram lies in the hook shaped region of the
plane:

—

In other words H(k,l) = {A = (A1, A2,...) Fn| Ags1 <!}. In particular,
H(k,0) is an infinite strip of height k.

We say that an S,-character x (or a partition ) lies in the hook H(k,1)
if A\ € H(k,l). More generally, we say that the nth cocharacter x,,(A) given in
(1) lies in H(k,1), if my # 0 implies that x € H(k,1).

3. Associative algebras. In this section we quickly review the main
results concerning the above numerical sequences in case of associative algebras.
This is not only the starting point for subsequent investigation but also a mile-
stone for comparing the behavior of these sequences for distinct classes of algebras.

We start by recalling the following result proved by Regev in [42] that
was the starting point for the theory of codimensions. We remark that this result
holds for algebras over a field of any characteristic.

Theorem 1. Let A be an associative Pl-algebra over a field F'. Then
the sequence of codimensions of A is exponentially bounded, i.e., there exists a
constant a such that c,(A) < a™, for allm > 1.

Next two major ingredients that allowed to push further the theory were
proved in [1] and [5].

Theorem 2. Let A be an associative Pl-algebra over F'. Then
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1. there exists a hook H(k,l) such that
Xn(A) C H(k,1),
for alln > 1;
2. the colength sequence l,(A), n=1,2,..., is polynomially bounded.

Recall that an infinite hook H(k,l) is called an essential hook for A if
there exists a finite square M (i.e., a partition M = (¢'), for some ¢ > 1) such
that

Xn(A) € H(k, 1)U M,

for all n > 1, but we cannot find squares M’ and M” such that y,(A) C H(k —
1,1) UM’ or xn(A) C H(k,l —1)UJM", for all n.

In the above definition, the inclusion ., (A4) C H(k,l)UM, with M = (),
means that the diagram of any partition A with my # 0 in x,(A) lies in the
following region of the plane

- ~+ >

le— { —»

e | —

Essential hooks allow to sharpen the above result. In fact the following
result can be found in [22, Theorem 9.4.6].

Theorem 3. For any Pl-algebra A there exists an essential hook H(k,1),
for some k,1 > 0.

We remark that from the proof of the above theorem it follows that for
any essential hook H(k,[), we must have k > 1 > 0.
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Concerning the asymptotic behavior of the sequence of codimensions, one
of the oldest results was proved by Kemer in [32].

Theorem 4. For any associative Pl-algebra A, either the sequence of
codimensions is polynomially bounded or, up to a polynomial factor, c,(A) 2 2",
asymptotically.

Recall that a function f = f(n) of a natural argument n is said to be a
function of intermediate growth if

lim —f(z) = 00,
n—oo 1
for any integer k, while
im L0 _ g

n—oo

for any real number a > 1.

We remark that from the above theorem in particular it follows that there
are no associative algebras with an intermediate codimension growth.

In the 80’s Amitsur conjectured that for any associative Pl-algebra A,
the Pl-exponent exp(A) = lim, . {/cn(A) exists and is a non-negative integer.
This conjecture was confirmed in [19] and [20].

Theorem 5. For any associative Pl-algebra A, there exist constants

Cl > 0, 02, k‘l, ko such that
CinFdr < en(A) < an]”d”,

where d > 0 is an integer. As a consequence exp(A) exists and is a non-negative
integer.

In [19] it was also shown that the exponent of a finite dimensional algebra
over an algebraically closed field equals its dimension if and only if A is simple.
In general we have:

Theorem 6. Let A be a finite dimensional associative algebra over F'.

Then
1. exp(A) < dim A4;

2. exp(A) = dim A if and only if A is central simple over F.
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Actually Regev conjectured that for any Pl-algebra A, asymptotically
cn(A) =~ Cntd"

where C' is a constant, d is an integer and t is an integer or half integer. This
conjecture was first confirmed in some special cases ([43], [28], [21]) and then it
was proved in [6], [4] for any associative Pl-algebra with 1.

Theorem 7. Let A be a Pl-algebra with 1. Then there exist constants
1
CeRT, te §Z and d € 77 such that c,(A) ~ Cntd".

As we mentioned above there is no intermediate growth of the codimen-
sions. Concerning Pl-algebras with polynomially bounded codimension growth
several results have been obtained in recent years (see for instance [33], [10]). The
starting point was the following result on the asymptotics proved in [8] and [9].

Theorem 8. Let A be a Pl-algebra with polynomially bounded codimen-
ston sequence. Then there exist a rational number ¢ > 0 and an integer k > 0
such that

cn(A) = gn® + O(nF1) ~ gn*.

If A is a unitary algebra, then

[a—
—
|
< =
SN—
B
Q|

where e is the base of the natural logarithms.

For any rational number q > 0, there ezists a (non-unitary) algebra A
such that c,(A) ~ qn*.

We remark that in [11] the authors constructed for any k > 1, finite
dimensional unitary PI-algebras A with ¢, (A) ~ ¢n* realizing the smallest and
the largest value of q. They proved that the above lower bound is reached only
in case k is even. For k odd the lower bound is given by (k — 1)/k!

Finally we remark that one can also compute the exponent when adjoining
1 to the algebra [24].

Theorem 9. Let A be an associative Pl-algebra and let A* be the algebra
obtained from A by adjoining a unit element. Then either exp(A?) = exp(A) or
exp(Af) = exp(A) + 1.

4. Non-associative algebras. In the general non-associative case
there are many examples of algebras with overexponential codimension growth.
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Nevertheless the class of algebras with exponentially bounded codimension se-
quence is quite large. Beside associative Pl-algebras, it includes finite dimen-
sional algebras, infinite dimensional simple Lie algebras of Cartan type, affine
Kac-Moody algebras, Lie algebras and superalgebras with nilpotent commutator
subalgebra and many more.

A general condition giving an exponential bound of the codimensions is
given in the following.

Proposition 1. Let A be an algebra over F and suppose that x,(A) C
H(k,1), for some k,l > 0. Then c,(A), n=1,2,..., is exponentially bounded.

Proof. We fix an arrangement of the brackets on the space of multilinear

polynomials in z1,...,z,. Let P, be the corresponding subspace of P,. Notice
_9 .

01 < 4". Also, as an S,-module P,
is isomorphic to the group algebra F'S,,. Now, if Q(n) is the number of partitions
A Fn such that A € H(k,1) we have that Q(n) < n**! is polynomially bounded.
On the other hand, d) =° x, does not exceed (k+1)" (up to a polynomial factor)
as it follows from the hook formula (see [30]). Hence

1
that the number of such subspaces is —
n

oP(A) < 4(k +1),

as soon as xp(A4) C H(k,l). O

Even if the codimensions of a non-associative PI-algebra are exponentially
bounded, the exponential behavior can be very wild. In fact, by mean of methods
pertaining to the combinatorics of infinite words one can construct several exam-
ples. Here below we give a general construction that can be used in exhibiting
several examples.

Let K = {ki}i>1 be a sequence of positive integers. Starting with K we
construct an algebra A(K) by giving explicitly a basis and the corresponding
multiplication table. A basis of A(K) over F' is given by the set

{a,b}UZ1UZQU
where
%Z{ﬁHléjgmL i=1,2,....

The vector a acts on every set Z; by right multiplication according to the following
rule

(i) (i) @ @ 0g—0, i=1,2..

2000=2y" 5 .y 2 40= 20, %
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if k; > 2, while we set zY)a = 0 if k; = 1. The element b acts on each Z; by right
multiplication as follows
Z](C?b = Z%Hl), i=1,2,...
and all other products are equal to zero.
Of special interest are sequences constructed from infinite words as fol-

lows. Let w = wjws--- be an infinite word in the alphabet {0,1}. Given an
integer m > 2, we let K, ,, = {ki}i>1 be the sequence defined by

b m, if w; =0,
Ol m+1, ifw =1

and we write A(m,w) = A(Kp, ).

Among infinite words Sturmian and periodic words play an important
role (see [34]). Recall that w is a Sturmian word if Comp,,(n) = n + 1, where
Comp,, : N — N is the complexity function. Among the remarkable properties of

such words we recall that if w = wyws - -+ is a Sturmian word, then the limit
(2) a=n(w) = lim Wit Wn
n—oo n

exists and is an irrational number called the slope of w. Moreover for any ir-
rational number o, 0 < a < 1, there exists a Sturmian word whose slope is a.
On the other hand, if w is a periodic word, the limit in (2) also exists and is a
rational number. Accordingly, for any rational number o, 0 < a < 1, there exists
a periodic word w with m(w) = a.

Next three theorems can be found in [15].

Theorem 10. Let w be an infinite Sturmian or periodic word with slope
a, 0 < a<1, and let A = A(m,w) where m > 2. Then the PI-exponent of A
1

) 1
exists and exp(A) = ®(8) where § = e and ®(z) =

x®(1 —z)t-=’
Corollary 1. For any real number o, 1 < o < 2, there exists an algebra
A such that exp(A) = a.

A slight modification of the above construction allows to build finite di-
mensional algebras. In fact, if w is a periodic word of period T, define B(w,m)
as the algebra with basis

{(Z,b}UZlLJZQU"'UZT
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where
Zi={[1<j<k}, i=12...T,
and multiplication table is given by

z%i)azzg), ce Z](g?)fla:zl(ci% zl(gi)azov i=1,2...,

7

Ay =0 =12 (T - 1)

and

zg)b = zgl).

All remaining products are zero.

Theorem 11. The algebras A(m,w) and B(m,w) satisfy the same iden-
tities.

1
Corollary 2. For any rational number 3,0 < 8 < 3 there exists a finite
dimensional algebra B such that exp(B) = ().

In order to construct algebras whose Pl-exponent is greater that 2, we
define

A(K,d) = A(K)® Ba W,

the direct sum of vector spaces A(K),B and W where K = {k;}i>1, W =
span{wg | 1 <i<d,j>1,t>1} and B = B(d) is an algebra with basis
{u1,...uq,s1,...,5q4} and multiplication table given by

S1uUlp = U2y ... ,S8d—1Ud—1 = Ud, SqUd = U],

and all other products are zero.
The multiplication in A(K,d) is induced by the multiplication in A(K), B
and the rule us2t = wy, 1 < s <d, 1<k, 3> 1. All other products are zero.

J
With these ingredients one can prove the following [15].

Theorem 12. Let m > 2 and let w be a periodic or Sturmian word.
Then the PI-exponent of the algebra A(Kpy, ., d) ezists and equals d + § where
d = exp(A(Kpmw))-
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Corollary 3. For any real number o > 1 there exists an algebra A such
that exp(A) = a.

Corollary 4. For any 1 < a < (3 there exists a finite dimensional algebra
B such that oo < exp(B) < 3.

Concerning the sequence of colengths, as we mentioned above, if A is an
associative algebra, whose codimension growth is polynomial, i.e., ¢, (4) ~ Cn?,
then t is an integer. For non-associative algebras, ¢ can be a rational non-integer
number. In fact by a suitable choice of the sequence K one can prove the following
result [53].

Theorem 13. There ezists a non-associative algebra A such that ¢, (A) ~

w2,

As a further application of the algebras given above one can construct a
non-associative algebra with intermediate growth of the codimensions of the type
n’,0< B <1/[13].

Theorem 14. For any real number 3, 0 < f < 1, let K = {k;}i>1 be
defined by the relation ky 4 - - -+ ky = [t'/7], for all t > 1, where [z] is the integral
part of © € R. Then, if A= A(K), the sequence of codimensions of A satisfies

lim log, log,, c,(A) = .
n—od
Hence, ¢, (A) asymptotically equals .

Concerning the colength behavior for general non-associative Pl-algebras,
one can get quite different results. Even for Lie algebras the colength behavior
can be overpolynomial or overexponential. We state the next result [38] in the
language of varieties of algebras. We denote by In(*) (z) the multiple logarithm

In®™(z) = In(z).
k

Theorem 15. Let V = ququ_1 -+ Ng, be a product of nilpotent vari-
eties of Lie algebras.

Vn!

> Z 2 Ter
1) [fq = 3, then ln(v) - (ln(n—Q) n)n/81

a—2
2a

2) If g =2 and a > 3, then In(NN,) > bn/a(n!)



Some numerical invariants of multilinear identities 383

3) If b > 2, the variety NpNao has exponential colength growth l,(NyN3) =~
(VB

Even for the variety A3 of solvable Lie algebras of length 3, it was shown
V!
We recall that earlier in [12] it was shown that [,(AN3) ~ e' where

2
t=m/ ?n’ i.e., the colength of AN, has intermediate growth.

We shall see below that for a Lie algebra L the colength sequence is
polynomially bounded as soon as the cocharacter x,, (L) lies in some hook H (k,1).
Nevertheless for general non-associative algebras, even if the cocharacter y.,(A)
lies in a strip, the colength sequence may have exponential growth. In fact by
constructing a quite involved sequence K one can prove the following [51].

Theorem 16. There ezists a sequence K = {k;}i>1 such that the colength
sequence of the algebra A(K) satisfies the inequalities

1
—2" <[, (A(K)) < n2".
2 < L(AGK) <
Moreover the cocharacter sequence xn(A(K)), n = 1,2,..., lies in a strip of

height 3.

5. Finite dimensional algebras. In the study of the growth of iden-
tities an important topic is that of (non-necessarily associative) finite dimensional
algebras. A main motivation is given by the property that such algebras have
exponentially bounded codimensions. In fact, if A is a finite dimensional alge-
bra, it satisfies a Capelli polynomial and by standard arguments its cocharacter
lies in strip. But then by Proposition 1 the sequence of codimensions of A is
exponentially bounded.

The best upper bound was given in [2] (see also [25]).

Theorem 17. Let A be a finite dimensional algebra, dim A = d. Then
cn(A) < d™, for alln > 1.

Two more important properties of finite dimensional algebras are: the
absence of intermediate growth of the codimensions and the polynomial bound
of the colength sequence [13].

Theorem 18. Let A be a finite dimensional algebra, dim A = d. Then

I(A) < d(n+1)F+,
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Theorem 19. Let A be a finite dimensional algebra of overpolynomial
codimension growth and let dim A = d. Then

1
Cn(A) > $23d3,

for all n large enough.

The lower bound for the Pl-exponent of a finite dimensional algebra de-
duced from Theorem 19 is not sharp in general. Anyway, as in the associative
case, algebras of dimension 2 and 3, cannot have exponent less than 2. In fact
we have.

Theorem 20 ([14]). Let A be a two-dimensional algebra. Then either
cn(A) <n+1 orexp(A) =2

Theorem 21 ([16], [49]). Let A be a three-dimensional algebra. Then
either ¢, (A) is polynomially bounded or eXp(A) > 2. If A is unitary, then exp(A)
exists and is a non-negative integer not greater than 3. Moreover if A is simple,
exp(A) = 3.

For higher dimension in [16] the authors constructed a 5-dimensional al-
gebra A such that

exp(A) = Bi\/z_l ~ 1.89.

The above algebra was further studied in [49] and the following result was proved:

Theorem 22. Let A be the 5-dimensional algebra constructed above with

3
exp(A) = —=. If At is the 6-dimensional algebra obtained from A by adjoining

V4
a unit element, then exp(A¥) = 31\/1_1 +1=-exp(4) +1.

We remark that in [40] the author announced the construction of a 4-
dimensional algebra whose exponent is strictly in between 2 and 3.

A general question still left unanswered is the following: does the exponent
of a finite dimensional algebra exist? Moreover, in case the exponent exists, can
one decide when is equal to the dimension of the algebra?

For simple algebras there are two remarkable results that answer the above
two questions and we shall describe them here.

Given an algebra A, denote by a(z,y) a fixed linear combination of linear
transformations of A of the type T, T}, Ty, where {u,v} = {x,y} and T, T}, are,
respectively, the right and the left multiplication by w in A. When A is finite
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dimensional we denote by (z,y) = tr(a(x,y)) the bilinear form determined by a,
where tr is the usual trace.

Theorem 23 ([18]). Let A be a finite dimensional simple algebra over
an algebraically closed field, dim A = d. Suppose that for some «, the form
(x,y) = tr(a(z,y)) is non-degenerate. Then there exist constants C > 0, t such
that for any n > 1,

Cnld™ < c,(A) < d™*.

Hence the Pl-exponent of A exists and exp(A) = dim A = d.

A more general result has been recently proved in [26].

Theorem 24. Let A be a finite dimensional simple algebra. Then the
PI-exponent of A exists and exp(A) < dim A.

In the next section we shall see that exp(A) can be less that dim A even
for finite dimensional simple algebras.

We close this section with a result proved in [49] concerning algebras with
1 clarifying the asymptotic behavior of the codimensions.

Theorem 25. Let A be a finite dimensional unitary algebra. Then either
cn(A) is polynomially bounded or exp(A) > 2.

6. Special classes of algebras. In this section we study the asymp-
totic behavior of the sequence of codimensions and colengths of special classes of
algebras such as Lie algebras, Jordan algebras, alternative algebras, Lie superal-
gebras.

We start by analyzing Lie algebras. Some results were already mentioned
in the previous sections. We start by stating a result that resembles the associa-
tive case, that is, for a Lie algebra no intermediate growth of the codimensions
is allowed.

Theorem 26 ([36]). For any Lie algebra L, either ¢, (L) is polynomially
bounded or c,(L) 2 2™ (up to a polynomial factor).

Recall that in general a Lie algebra L with non-trivial identity can have
overexponential growth of the codimensions (see [46]). Nevertheless, there is
a wide class of Lie algebras with exponentially bounded codimension growth.
This class contains finite dimensional algebras, infinite dimensional simple al-
gebras of Cartan type, affine Kac-Moody algebras, Virasoro algebra, Lie al-
gebras with nilpotent commutator subalgebra, finitely generated Lie algebras



386 A. Giambruno, S. Mishchenko, M. Zaicev

solvable of length 3, Lie algebras L whose cocharacter sequence lies in a hook
xXn(L) C H(k,1).

For many algebras whose codimensions are exponentially bounded, the
Pl-exponent exists and is an integer. In particular, for finite dimensional algebras
the answer is similar to the associative case.

Theorem 27 ([48]). Let L be a finite dimensional Lie algebra. Then
exp(L) exists and is an integer.

Theorem 28 ([17]). Let L be a finite dimensional Lie algebra over an
algebraically closed field of characteristic zero. Then exp(L) = dim L if and only
if L is simple.

We remark that from Theorem 27 and [47], one can prove the existence
and integrality of the PI-exponent of any affine Kac-Moody algebra.

Recall that by Proposition 1, the codimensions of an algebra are exponen-
tially bounded provided the corresponding cocharacter lies in a hook. Another
property of such algebras is that the colenghts are polynomially bounded.

Theorem 29 ([50]). Let L be a Lie algebra such that x,(L) C H(k,1),
for all m > 1, for some k,l > 1. Then l,(L) is polynomially bounded.

As a special case of the above theorem, if L satisfies a Capelli identity,
then ¢, (L) is exponentially bounded while [,,(L) < Cn®. On the other hand, there
is an example of a Lie algebra satisfying a Capelli identity and whose PI-exponent
is not an integer.

Theorem 30 ([50], [45]). There exists a Lie algebra solvable of length 3
that satisfies a Capelli identity of rank 5 such that exp(L) exists and

3 <exp(L) < 4.

Another interesting feature is the following. Let Wy = DerF'[ty,. .., tx]
be the Lie algebra of derivations of the polynomial ring Fti,...,tx]. Then we
have ([35], [37], [39]):

Theorem 31. For the algebra W, we have that the codimensions c, (W)
are exponentially bounded but x,(Wy) does not lie in any hook. Moreover

13.1 < exp(Ws), oxp(Ws) < 13.5.

There are only few results concerning codimensions and colengths of Jor-
dan and alternative algebras. The codimensions of a Jordan PI-algebra in general
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are not exponentially bounded (see [7], [27]). Anyway, as in case of Lie algebras
[29], the following result holds.

Theorem 32 ([3]). For any alternative Pl-algebra A and for any a > 0
the following inequality holds asymptotically

In a series of papers ([23], [25], [18]) the authors studied finite dimensional
Jordan and alternative algebras. In case of finite dimensional simple algebras the
results resemble the associative case.

Theorem 33. Let A be a finite dimensional simple Jordan or alternative
algebra over an algebraically closed field. Then the Pl-exponent of A exists and
exp(A) = dim A.

A similar conclusion still holds for finite dimensional algebras.

Theorem 34. Let A be a finite dimensional Jordan or alternative alge-
bra. Then exp(A) exists and is a non-negative integer. Moreover, if A is nilpotent
exp(A) = 0 and if A is not nilpotent either exp(A) > 2 or exp(A4) =1 and ¢, (A)
18 polynomially bounded.

We should remark that it was also shown that over an algebraically closed
field exp(A) = dim A if and only if A is simple.

Another area of investigation is that of Lie superalgebras.

If a finite dimensional simple Lie superalgebra has a non-degenerate Killing
form, then from Theorem 23 it follows that for such an algebra the Pl-exponent
exists and equals the dimension of the algebra. Unfortunately most finite dimen-
sional simple Lie superalgebras have degenerate Killing form.

The early computation of the exponent was done for solvable algebras,
in particular for metabelian Lie superalgebras [52]. Later these results were
generalized as follows [54].

Theorem 35. Let L be a Lie superalgebra with nilpotent commutator
subalgebra. If [L, L)' = 0, then the Pl-exponent of L exists, is an integer and
does not exceed 2c. Moreover, for any integer 1 < t < 2c¢ there exists a Lie
superalgebra L such that [L, L] =0 and exp(L) = t.

For non-solvable infinite dimensional Lie superalgebras in [52] it was
proved that if L = G(sl2) is the Grassmann envelope of the 3-dimensional sim-
ple Lie algebra sly with standard Zs-grading, then exp(L) = 3. This result was
generalized in [41] as follows.
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Theorem 36. Let L = Lo & L; be a finite dimensional simple Lie
algebra over an algebraically closed field with an arbitrary Zs-grading. Then the
Pl-exponent of the Lie superalgebra

G(L)=Ly®Gy® L ® Gy

exists and 1s equal to dim L.

Even in case of Lie superalgebras it can be proved that there is no inter-
mediate growth ([52], [54]).

Theorem 37. For any Lie superalgebra L, the codimension sequence
cn(L) is either polynomially bounded or cn(L) > /2", asymptotically. If dim L <
00, then either ¢, (L) < Cn' or exp(L) > 2.

Although Lie superalgebras resemble Lie algebras in some sense, finite
dimensional Lie superalgebras have a quite different asymptotic behavior of the
codimensions as we shall see below.

Recall that finite dimensional simple Lie superalgebras were classified by
Kac [31] and here we recall the description of the algebras of type b(t) (see [44]
for details). Let M;(F') be the algebra of ¢ x t matrices over F' and let T" be the
transpose involution. Then L is of type b(t) if L is the Lie superalgebra of 2t x 2¢

matrices over F' of the type
A B
c AT )

where A, B,C € My(F), BT = B,C" = —C and tr A = 0. We write L = Lo® L
where

Ly = {( ‘81 O ) | A € My(F), tr(A) :o},

and

L1:{<g §>|BT:B,CT:—CeMt(F)}.

The elements of Ly U L; are called homogeneous. Any = € Ly (or z € Lq) has
homogeneous degree |z| = 0 (|x| = 1, respectively). The algebra L is a Lie
superalgebra with Zs-grading L = Lo @ L if we define a product [ , | of two
homogeneous elements x,y € L as

[z, 9] = 2y — (—1)"Wlyz.
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The algebra L is simple not only as a superalgebra but also as an algebra for any
t >3 and dim L = 2t* — 1. We have:

Theorem 38 ([26]). Let L be a finite dimensional Lie superalgebra of
type b(t), t > 3. Then the Pl-exponent of L erists and exp(L) < 2t*> —1 = dim L.

It is unknown if for the algebras L of type b(t) the inequality 2t — 2 <
exp(L) holds (thought it seems very reasonable).

When t = 2, the Lie superalgebra L of type b(2) is not simple, but the
previous theorem can be improved in this case.

Theorem 39 ([26]). Let L be a Lie superalgebra of type b(2). Then the
Pl-exponent of L exists and

6 <exp(L) <7=dimL.

Actually it was shown that 6.26 < exp(L) < 6.47.
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