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ABSTRACT. The main purpose of this paper is to provide a survey of results
concerning the ordinary and Zso-graded polynomial identities of the infinite
dimensional Grassmann algebra over a field of characteristic zero, as well as
of its sequences of ordinary and Zs-graded codimensions and cocharacters.
We also intend to describe briefly the techniques used by the authors in
order to illustrate some important methods used in PI-theory.

1. Introduction. The infinite dimensional Grassmann algebra over a
field of characteristic zero plays an important role in the PI-theory (the theory
of algebras satisfying a polynomial identity). Furthermore, the description of its
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ordinary and Zso-graded identities involves relevant ideas used in PI-theory. The
main goal of this paper is to present and discuss briefly these results and their
proofs. In the first part, we will deal with the ordinary identities of the Grass-
mann algebra and its codimension and cocharacter sequences, by exploring some
methods used in their proofs. By proceeding similarly, the Zs-graded identities
of the Grassmann algebra as well as its Zs-graded codimension and cocharacter
sequences are presented in the second part of this paper.

Let us give the precise definitions. Let A be an associative algebra over
a field F' of characteristic zero, and X = {z1,x2,...} be a countable infinite set
of indeterminates. We say that a polynomial f(x1,...,2,) in the free associative
algebra F'(X) is an ordinary polynomial identity of A, if f(ay,...,a,) = 0 for
all ai,...,a, € A. For instance, the Lie commutator [xi,z9] := z1x2 — T2x;
is an ordinary polynomial identity for any commutative algebra; moreover the
commutator of length three [z, z2,x3] := [[x1, z2], x3] is an ordinary polynomial
identity for the Grassmann algebra. If A satisfies a non-trivial ordinary identity,
then we say that A is a Pl-algebra. The set Id(A) of all ordinary identities of A
is a T-ideal of F (X}, i.e., an ideal invariant under all endomorphisms of F' (X).

On the other hand, if X = YUZ is a disjoint union of two countable sets of
indeterminates Y = {y1,92,...} and Z = {z1, 22,... }, then the free associative
algebra F (X)) = F(Y,Z) over X has a natural Zo-grading F(©) & F)_ where
FO) (respectively F() is the subspace of F (X) spanned by all monomials in the
variables X having an even (respectively odd) number of variables of Z.

Recall that an F-algebra A is said to be a Zs-graded algebra over F (or
a superalgebra) if there exist two subspaces A, A0 such that A = A0 g AD
and the following relations are satisfied:

AO A0 L AW AL € 4O and A AD 1 AW 40) ¢ oD,

We call A® the i-th homogeneous component of A and we say that a homoge-
neous element a € A% has homogeneous degree 7. A subspace W C A is called
homogeneous if and only if W = (W N A©) @ (W n AD),

On the other hand, due to the duality between Zo-gradings and Zs-actions
on A, we can associate each Zs-grading of A to an automorphism ¢ of A of order
2 and vice versa. Still, if ¢ is an automorphism of A of order 2, then () = Zs
induces a natural Zs-grading A = A©® @ AD) | where

A —JaeA|pla)=a} and AY ={ae A|p(a) = —a}.

A polynomial f(y1,...,yr 21,---,2m) € F(Y,Z) is a Zs-graded identity
of the superalgebra A if f(a1,...,ar,b1,...,b,) =0 for all ay,...,a, € A and
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bi,..., by € AD . The set Id® (A) of all Zs-graded identities of A is a Th-ideal
of F(Y,Z), i.e., an ideal invariant under all endomorphisms of F' (Y, Z) which
preserve the Zs-grading.

Since the characteristic of the ground field F' is zero, it is well known that
the study of Id(A) as well of Id®"(A) is determined by their multilinear parts.
More precisely, in the ordinary (respectively Zo-graded) case, if

Py = spanp{Ts1) ** To(n) | 0 € Sn}

(respectively Pngr = SpanF{wa(l)' © We(n) ‘ 0 € Sp, w; € {yia Zi}> 1<i< TL}) ’

then the study of Id(A) (respectively Id®'(A)) is equivalent to the study of P, N
Id(A) (respectively P¥" NId&"(A)), for all n > 1. Still, if we denote by P,(A)
(respectively P"(A)) the quotient space

R p—

jats
= PNl <fespectively PE(A) —>

T PENIAT(A)
then its dimension
cn(A) =dimp P,(A) (respectively ¢f'(A) = dimp P#(A))

is called the n-th ordinary (respectively Zo-graded) codimension of A and carries
relevant information about the ordinary (respectively Zs-graded) identities of A.

Moreover, in the Zs-graded case, we can consider also the multilinear
spaces

9

PT,m = SpanF{wa(l) © Wo(r4m) | € Srqm, wi=y;, L1<i<r
1<i<r+m}

w; = Zj_y, if T+

and
Pr,m
P, NId&(A)
The dimension ¢, ,,(A) = dimp P, ,(A) is called the (r,m)-th graded codimension
of A. The Zs-graded codimensions ¢ (A) and ¢, ,,(A) are related by

)= (o).

r=0

Pm(A) =

If we consider the natural action of the group S;, (respectively Zy1S,, and
S, X Sp,) on the space P,(A) (respectively P (A) and P, ,,(A)), then we can
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investigate its structure as an S,-module (respectively a Zsy ! S,-module and an
Sy x Sp-module) by describing its Sj,-character (respectively Z91S,,-character and
Sy X Sp-character) called ordinary cocharacter (respectively Zs ! Sy, -cocharacter
and 7 X m-th graded cocharacter).

While, in the ordinary case, it is well known that there is a one-to-one cor-
respondence between irreducible S,-characters and partitions A - n (see Theorem
12.2.7 of [6]); for the Zo-graded case we have that there is a one-to-one correspon-
dence between irreducible S, x S;,,-characters (respectively Z21S,,-characters) and
pairs of partitions (X, ), where A - r, u = m (respectively |A| + |u] = n). Hence
we have

X(A) =D maxa Xeml(A) =D mauxa®x, and xE(A) = D m/x o

AbEn AbEr A+ |pl=n
pEm

where m) (respectively my , and m’)\ u) denotes the multiplicity of the irreducible
character x, (respectively xx ® x, and x),) associated with the partition A
(respectively with the pair of partitions (\, p)). Moreover, in the Zy-graded case,
we have m) , = m’)w foral A\ Fr, utn—r, withr =0,...,n (see Theorem
10.4.5 of [8]), and thus here we will focus on x; ,(A) only. Furthermore, when
convenient, we will identify the irreducible character x, with the Young diagram
corresponding to the partition A.
Let E be the infinite-dimensional Grassmann algebra with presentation

E = F<1,61,€2,. .. | €i€j = _€j€i>-
Note that the set
Bg = {eil-neit ‘ 1<i1<'--<’it,t>0}

is a basis of F over F. For a basic element a = ¢;, - - - ¢;, € Bg, the length |a] is
given by t, the quantity of generators in a. Moreover, we can decompose E as a
direct sum of the subspaces

E©® =spanp{a € Bg | |a| =0 (mod 2)}

and
EWY = spanp{a € Bg ||a| =1 (mod 2)},

which are the center and the anti-commutative part of E, respectively. Clearly
the subspaces E(© and EM) satisfy the necessary conditions to turn E a super-
algebra, and one calls E = E(© @ EM the canonical grading of E. Still, given a
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superalgebra A = A©) @ AM | we can build, from the canonical grading of E, a
new superalgebra called the Grassmann envelope of A and given by

G(A4) := (AQD @ E®) g (4M o ED).

It is worth to say that the importance of the Grassmann algebra for
the PI-theory can be explicitated, for instance, through the celebrated Kemer’s
theory. In his works, Kemer proved [9, 10] that F appears in the classification
of the so-called verbally prime algebras, and any associative Pl-algebra over a
field of characteristic zero is Pl-equivalent to the Grassmann envelope of a finite
dimensional associative superalgebra.

Here we will deal with the Zs-gradings of E by considering the automor-
phisms ¢ of E of order 2 associated with them. Thus, when we are working with
the Zo-grading of E induced by the automorphism ¢ of F of order 2, we will
refer to E as E,, and we will use the notations Id(E,), Prm(Ey), cn(E,) and
Xr.m(Ey) instead of Id®"(E), P.my(E), ¢ (E) and Xy, (E), respectively.

Note, for instance, that the canonical grading of E is induced by the
automorphism ¢ such that ¢(e;) = —e;, for all i« > 1. In particular, the vector
space L := spanp{ej,ea,...} is a homogeneous subspace of ¢ in this case.

In general, if ¢ is an automorphism of order 2 of the Grassmann algebra,
then for each i = 1,2,... we have

[e.e]
ple) =Y ajiej+ > Briax,
j=1 a,€BEp,|ak|>2

in which only finite many scalars «;;, Bx; are nonzero.
Consider then the linear part ¢; of ¢ defined by

[e%¢)
gol(ei):Zajiej, ’i:172,...,
7j=1

and extend ¢; to F as a homomorphism. We clearly obtain that the automor-
phism ¢ is a linear operator on the vector space L = spanp{ej,ea,... }, that is,
L is a homogeneous subspace of ;. Note that L can be presented as a direct
sum of its subspaces, which are eigenspaces of ;. More precisely, L = L1 @ L_1,
where

Li={velL|yg)=uv} and L_i={vel|yg)=-v}

Observe that we have three possibilities for dimg L1 and dimg L_1:
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Case 1: dimp L1 = 00 and dimp L_1 = oo.
Case 2: dimp L1 = /¢ < oo and dimp L_1 = oc.

Case 3: dimp L1 = oo and dimp L_; = £ < 0.

Moreover, one example of each case is given by the automorphisms gol(oo),

gol(e) and gol(m defined as follows:

00 e, ©even 0 e, 1=1,...,0
o} ’<ei>={ soi’(e»:{

—e;, 1 odd —e;, otherwise

(%) —e;, 1=1,...,¢
€)=
o (o) { e;, otherwise.

2. Ordinary identities, codimensions and cocharacters. In
1973, Krakowski and Regev [11] computed the T-ideal of ordinary polynomial
identities of the Grassmann algebra by using the theory of codimensions. We will
recall briefly the useful and interesting method developed by them in [11].

Given an element o € S, and a subset I C {1,...,n}, consider the integer

F"(o) € {~1,1} defined by the equality

As(1) " " Ao(n) = f[(n) (U) ay - An,

where aq, ..., a, are arbitrary elements of Bg such that a; - - - a, # 0 and the set
of indices ¢ for which a; is of odd length coincides with the I.
Define the 2" x n! matrix

(1) H™ = (1 (0))

determined by ordering the 2" subsets of {1, ..., n} and using them as row indices,
and ordering the n! elements of S,, and using them as column indices.

Krakowski and Regev proved that c,(E) = rankpH™ and thus, by
studying the rank of H(™ they obtained a lower bound to cn(F), by showing
ranky H™ > 27~ and thus concluding

(2) cn(E) =271



Ordinary and Zs-graded identities of the Grassmann algebra 423

On the other hand, an upper bound to ¢, (FE) was found by working with
codimensions of the Jy-type algebras, that is, algebras satisfying an identity of
the form

L1 &g = Z Qolg(1) """ Lo(d)-

o€ Sy
o(1) # 1

Note that the Grassmann algebra F is an algebra of type Js, since F satisfies the
identity [z1,za,x3] = 0, that is, the identity z1z9x3 = Tow123 + T3 122 — T3T2T1.
In [11], the authors proved that for any algebra A of type Jy

(3) cn(A) < (d—1)" L
Hence as a corollary they established that c,(E) < 2"~ 1. In this way Krakowski
and Regev concluded the following;:

Theorem 1. For any positive integer n, the n-th ordinary codimension
of the Grassmann algebra E is given by c,(E) = 271,

Given any T-ideal I, denote by ¢, (1) the dimension of the vector space

- P,.NnI

P,(I) :

Note that as a consequence of (3), we also get ¢, ({[x1,z2,73])7) < 2" and thus,
since clearly ([x1,x2,x3])r C Id(F), we have

2"V < en(B) < en(([21, 22, 23])7) < 2771

and therefore Krakowski and Regev concluded that in general, for the Grassmann
algebra F over a field F' of characteristic # 2, we have ¢, (E) = ¢, ({[z1, 22, z3])1)
and P, NId(F) = P, N {([x1,z2, z3])7. In the case when the characteristic of F' is
zero, this implies the following:

Theorem 2. The T'-ideal of ordinary polynomial identities for the Grass-
mann algebra E is generated by [x1,x2,x3], that is, Id(E) = ([x1, z2, z3])T.

It is important to say that, in 1962, Latyshev [12] proved that the T-
ideal ([x1, 22, x3])7 is Spechtian. Moreover, in 1991, Di Vincenzo [4] worked also
with the finite dimensional Grassmann algebras and gave a different proof for
Theorem 2.

On the other hand, the cocharacter sequence of the Grassmann algebra
was described by Olsson and Regev [13] in 1976. In their proof, the authors
showed that some irreducible characters appeared in the cocharacter y,(E) and,
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by computing their dimensions, they established (2) and concluded, by using
Theorem 1, the following result.

Theorem 3. For any positive integer n, the n-th ordinary cocharacter

n—1 — n-—1i —

of the Grassmann algebra E is given by x,(F) = Z 1
i=0 | !

Observe that, in particular, Olsson and Regev gave a new proof to (2).
Hence, by finding a set of generators to P, ({[x1,z2,z3])T) as a vector space, one
may prove by a different way Theorem 1 (and also Theorem 2). Note that this
was done in the proof of Theorem 4.1.8 of [8].

3. Zy-graded identities, codimensions and cocharacters. As
a consequence of the study of the ordinary case, we clearly have a complete
description of the Zs-graded identities as well of the Zs-graded codimensions and
cocharacters for the trivial grading F = F @& 0, that is, for the superalgebra
E@(o*). On the other hand, Giambruno, Mishchenko and Zaicev [7] proved in

!

2001 the following result about the canonical grading E = E© @ E®_ that is,
the superalgebra Eso(o)'
l

Theorem 4. For the canonical grading E@(o) of the Grassmann algebra
1

we have the following:
(2) Id(E¢§0)) = <[y1¢ 92], [yl, Zl]v 2122 + Z2ZI>T2 ;

(11) cn(Ew(O)) = 2", for alln > 1,
l

-
(#i1) XT,m(E[p(O)) = ®|m |, for all r,m > 0.
l

1

In general, if ¢; is an arbitrary automorphism of order 2 of E such that
L is a homogeneous subspace, then the Za-graded codimensions ¢, (E,,) were
investigated by Anisimov [2] in 2001. He proved the following result.

Theorem 5. For any positive integer n:
(i) If dimp Ly = oo and dimp L_1 = oo, then

1
cn(Eyp) = cn(Ey,) =4"72;
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(13) If dimp L_1 = £ < oo, then

(i13) If dimp Ly = ¢ < oo, then ¢,(Ey,) = 43 forn < € and

14

)4
2"_12 <Z> < cp(By,) < 2”2 (Z) for n >0+ 1.
k=0

k=0

It is interesting that, in order to establish the above result, Anisimov (see
[1] and [2]) generalized the method developed by Krakowski and Regev for the
computation of the codimension sequence of E (in the ordinary case) by using
the matrices H™ given in (1). In [15], by applying this generalization, da Silva
obtained the exact value of ¢, (E,,) in the open case left by Anisimov.

Theorem 6. Ifdimp L =¢ < oo andn = €+ 1, then
: —1
2"~ Z( )+2" 1( >, if £ is even
n—1 n—1 . :
(2 1) 0 ) if £ is odd.

Cn(ESOl) = ¢

Also in [2], Anisimov described the Zj-graded codimensions c,(E,) as
well as the Th-ideal 1d(E,,) for any automorphism ¢ of order 2 of E such that
dimp L =dimp L_1 = 00

Theorem 7. Let ¢ be an automorphism of order 2 of the Grassmann
algebra such that dimp Ly = dimp L_1 = co. Then:

(2) Id(E4p) = Id(Ew) = <[U1,U2,U3] | u; €YU Z>,’

(11) cn(Ey) = cn(Ey,) = 43 for any positive integer n.

The deep connections between the Th-ideals Id(E,) and Id(E,,) as well
as the Zy-graded codimensions ¢, (E,) and c,(F,,), when one of the eigenspaces
L1 or L_1 is finite-dimensional, were pointed out by Anisimov in 2003. Given an
automorphism ¢ of the order 2 of E we say that ¢ is a graded automorphism if
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o(EW) =E® for i = 0,1, where E = E© @ EM is the canonical grading of E.
In [3], Anisimov proved the following result.

Theorem 8. Let ¢ be a graded automorphism of order 2 of the Grass-
mann algebra. If p satisfies onee(j)tf1 the conditions:

(1) dmpL_; = ¢ < oo and H(gp(eij) —ej;) = 0 for any £ + 1 generators

j=1
eil,...,eilﬂ,
/+1
i) dimp L = £ < oo and €.)+e.) =0 for any £ + 1 generators
PLE; j ) g
j=1
eil,...,eilﬂ,

then
e Id(E,) =1d(E,,);
o ¢, (Ey) = cn(Ey,) for any positive integer n.

Note that the conditions (i) and (i7) are natural for the graded automor-
phisms of order 2 of E. Indeed, in [3], Anisimov proved that the conditions (i)
and (i7) hold for any such automorphism with dimZL_; = 1 and dimL; = 1,
respectively. In other words, given any graded automorphism of order 2 of E we
have

(4) Id(E,) =I1d(Ey,) and ¢, (Ey) = cp(Ey,), if dimL_; =1 or dimL; = 1.

In particular, the previous results show that in order to know Id(E,)
and ¢, (Ey) (as well as xrm(Ey)), for any automorphism ¢ of order 2 of F in
any of the cases mentioned above, it suffices to study Id(E,,) and ¢, (E,,) (and
Xr,m(Ey,)), respectively.

Di Vincenzo and da Silva described in [5] (see also [14]) the Za-graded
identities, codimensions and cocharacters of E,,. Observe that a complete de-
scription of Id(Ey,), c,(Fy,) and xrm(E,,) is given when we describe the Zo-
graded polynomial identities, as well as its Zs-graded codimension and cochar-
acter sequences, for the superalgebras Egal(oo), E%(z) and E%(z*) defined in the

introduction.
In [5], the authors exploited the deep relations between the S, X Sp,-
modules Pr,m(Ew(m), an(Ew(z*)) and P,i,,(FE) established by the linear iso-
1 1

morphism ¥, , : Prypy — Py, induced by the map

{yi fori=1,...,r
Ti =

Zieyp fori=r+1,....,r+m
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And thus, by using the knowledge of the ordinary case given by Theorems 1, 2
and 3, they obtained a new proof of items (7) and (i) of Theorem 5, as well as
the following results about the Zs-graded polynomial identities and cocharacter
sequences for the superalgebras E%(m and E%(m.

Theorem 9. Let U =Y U Z. Then
(Z) Id(Ewgm)) = <[U1,u2,U3] | u; € U>T2

(ZZ) Id(E(pl(e*)) = <[u1,u2,u3], 2122 " 241 | u; € U>T2'

Theorem 10. If d = oo, * with £ > 0, then, for all r,m > 1, we have

( -
iy T if either d = oo
e " ord =" withm < {
) — or d = ¢* with m <
() Xo,m(Ewgw) = =0 !
0, ifd=0" withm>/£+1
( - j =
9 e S if either d = oo
m—j )
. - ord=V0* withm </
(“) Xr,m(E[p(d)) = =0 5=0 |1 L
l
0, ifd=10 withm>/0+1
r—1 — r—1 —
(’LZ’L) XT’O(EgO(d)) = I X @, fO?" d= oQ, /*.
1
i=0 | !

While the restriction on the quantity of generators e; with Zo-degree 1
leads us to a nilpotent condition expressed by the Zs-graded identity 2129 -« - zp41
of E@(z*), we have that the restriction on the quantity of generators e; with Zo-

1
degree 0 has deeper consequences. The study of the superalgebras ESO(Z) was done
l

by Di Vincenzo and da Silva in [5] by using the so-called Y-proper polynomials,
that is, the polynomials f € F (Y, Z) such that all the variables y; € Y occurring
in f appear in commutators only.

Here, we denote by B(Y') the set of all Y-proper polynomials and we recall
(see [6]) that, if A is a unitary superalgebra over a field F' of characteristic zero,
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then its Th-ideal Id®"(A) is determined by its multilinear Y-proper polynomials,
that is, by the elements of the spaces I';.,, := P, N B(Y') which are Zy-graded
identities for A. Furthermore, we can consider the quotient space

|

Iom(d) = —————
m(4) Iy NIdE(A)

and define in an obvious way the Y-proper (r,m)-th codimension and cocharacter
of A, which are denoted by 7;.,,(A) and &, (A), respectively. Due to the deep re-
lations between the S, x Sp,-structure (and dimension) of the spaces P, (A) and
I';.m(A), one may obtain a complete description of the Zs-graded identities, codi-
mensions and cocharacters of a superalgebra A, by studying the Y-proper spaces.
It is exactly this strategy which was used in [5] in the investigation of E%(z).

Furthermore, by considering
I = ([u,ug,us] |u; €Y UZ)
and that, for any o € S,,, we have
(o) Uo)] * * [Uo(n—1): Uom)] = (=1)7[ur, ug] - - [un—1,un]  (mod I),

where (—1)7 is the sign of the permutation o, the authors easily established the
crucial lemmas:

Lemma 11. Ifr =0 (mod 2) and m > 0, then for each f € T',.,, there
exists g € Lo such that

f(yh s Yry 21, 7Zm) = g(Zla' .. ,Zm)[ylyyZ] T [yT—byT] (mOd I)

Moreover we have
(1) If r > £+ 1, then f € Id(E(p(e));
1

(ii) If r < ¢, then f € Id(E@(l)) if and only if g € Id(E@(sz).
1 1
Lemma 12. Ifr =1 (mod 2) and m > 1, then for each f € T',.,, there

exists g € I'1 4, such that

f(yh' s Yry R, 7Zm) = g(zla' . ,Zmayl)[y%y?)] T [yT—byT] (mOd I)

Moreover we have

(i) If r =20+ 1, then f € Id(E(p(z));
1
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(11) If r < L, then f € Id(E (;)) if and only if g € Id(E¢(e_r+1)).
!

Note that these lemmas have the relevant rule to show where the investi-
gation about F 0 should focus, namely on the study of the spaces I'y mﬂId( )

and I'1 ,, N Id(E (h)) for all h. The next step consisted on to find an approprlate
set of generators for g, modulo I:

Definition 13. Given a subset T' = {j1,...,75:} C {1,...,m} such that
J1 < Jjo <---<jyandt=|T| is even, we consider the elements iy < iz < -+ < i,
of the complementary set {1,...,m} —T. We define the polynomial fr in Lo,
by:

fr= Ziy Ry [Zjlazjz] T [Zji—17zjt]'

A specific linear combination of these polynomials fr has a crucial role.

Definition 14. For m > 2 let

gm(zly---azm): Z (_2)_@fT7

T
|T'| even

moreover, define
g1(z1) = 1.

Indeed, concerning the spaces I'g,, and I'y ;,,, we have:

Proposition 15. The polynomials
Gero(215 -5 2042)s  [9ev1(z1, - 2e01),y]  and  gepi(z1,- -, 2e01) (2042, V)
are Zo-graded polynomial identities for E<P(£)'
!

The main results of [5] are the following:

Theorem 16. The Ts-ideal Id(Ew(e)) is generated by the set of the fol-
l

lowing polynomials:

(1) [ur,ug,ug), w €Y UZ,

(i) [y1.y2] - [Ye—1, Yol [Yes1, Ueg2], w2 €Y UZ (if £ is even),
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(113) [y1,92) - [Ye—2, Ye—1]{Ye, Yes1] (if £ is odd),
(1) go—rg2(21,5 -y 20—ry2) Y1, y2] - - [Yr—1,Yr) (for all r < £, r even),
(v) [ge—rs2(215- -5 20—ri2) y1lly2, y3] -~ [Yr—1, yr] (for all m < £, 1 odd),

(0i) Go—ry2(21, - 20—rg2)[20—rs3, y1][Y2,y3] - - - lyr—1, 9] (for all r < €, 7 odd).

Theorem 17. Given £ > 0, we have, for all r,m > 1:

min{m—1,(} T =5 =

() XO,m(E%(Z)) = Z 0@ |m-g

=0

(‘min{r—1,¢}

D

=0

® 0, if £ is even

|<—s-4> T
5
L
| —

(@) xro(E o) =
1

min{r—1¢—1} |~ 7 =% =
Z ! ® 0, iflis odd

=0 !

r—1m—1 —r—i - o= =
(’LZ’L) er E (17) E E myj 1 & |m—j s
=0 j=0 1 1

2, ifi+jij<l—-1
where m; j =1, ifi+j=14¢

0, otherwise.

The interested reader can find other proofs of these results in [14]. In
particular, the Zs-graded cocharacters are described directly by da Silva, without
using the Y-proper polynomials.

The following corollary is a consequence of the results of this section:
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Corollary 18.

(1) If dimp Ly = oo and dimp L_1 = oo, then

Id(Ew) = Id(Ecpl(oo)) = <[U1,UQ,U3] | u; €Y U Z>T27

1
Cn(Ezp) = Cn(Ecpl(oo)) =4""2 and XT,m(Ega) = Xr’m(EQOl(OO))
(see Theorem 10).

(ii) If ¢ is a graded automorphism and { is a positive integer then:

[ 1dE,) | cn(Eyp) [ (B
Id(Ewl(l)) C"(Eso,“)) Xr,m(Ewl(l))

see Theorem 16 | see Theorems 5 and 6 | see Theorem 17

dimp Lh =1

dimp L1 =/¢>1

fat Id(E E E
(&) c (&) Xr, (€)
and T e 4001 =0 (£, ) n(E o) (B o)
j=1 see Theorem 16 | see Theorems 5 and 6 | see Theorem 17
for any £+ 1 generators ey, ..., €i,
Id(E 1+ cn(E x m(E a*
dimp Iy = 1 (B a=) n(E o) Xrm(E a=)
see Theorem 9 see Theorem 5 see Theorem 10

dimg L_1 =/>1

LA Id(E o* cn (B o* X E o*
and [](p(ei;) —ei,) =0 ( #l ) g ol ) o ol )
j=1 see Theorem 9 see Theorem 5 see Theorem 10

for any £+ 1 generators e;,, ... 1€igy

It is worth to say that the above results remain valid if 1 does not belong
to E (see [2, 3, 14]).
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