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I'taBa 1

Hayuynu npmHocu Ha AucepTaliiOHHUS
TPYA

1.1 O630p Ha OCHOBHHUTE IIPUHOCU HA JUCEPTAINOHHUS
TPy,

ExcnonennuasauaT pyHKIIMOHA HA TIpollecu Ha JleBu e ciydaiina BeTMInHA, KOSITO UI'Dae
BaKHA POJIs B PEJIAIA TEOPETUYIHU U HMPUJIOKHU uU3cjaeBanus. decto mbTu pa3zdbupaneTo
Ha HEHHUTE CBOMCTBA HOCH JOIIbJIHUTEIHA WH(MOpMalnd 3a ulydaBanusg oOekT. [lopajn
Ta3W MPUINHA EKCIIOHEHITHATHUAST (PYHKIIMOHAT € OMJT M3C/Ie/IBaH B pe/nia pa3pabOTKA.
Bwbrpekn ToBa, pe3yaTaTuTe 3a Tasu ciaydaiiHa BeJUYNHA KATO €10 0sdXa TBbPe dpar-
MEHTUPAHHU.

Haii-061110, OCHOBHUAT NPUHOC HA JUCEPTAIMOHHUSA TPV, Ce CbCTOU B pa3paboTBaHETO
Ha eJMHHA METOJIOJIOTHS, KOATO IO3BOJISIBA IVIODAJHOTO M3ydaBaHe Ha €KCIIOHEHIIHAJIHU-
Te dpyukmuonaaun na tuporecu Ha Jlesu. B I'maBa 5 or jaucepramnusara e nmpecMerHarta, C
IIOMOIIITa Ha HOB KJIac OT crenuajann (pyHKIUU, Hapedyenn pyHknnn Ha Bepumaitn-Iama,
TpancdopmalnuaTa Ha Mennn Ha BCeKH eKcloHeHInaeH (hyHKIIMOHAI. Taka mopoOHOTO
nzydaBane Ha dynkiunre Ha Bepumaitn-I'ama, nanpaseno B ItaBa 5, mo3Bosinm Ha CBOM
pen meraitinoTo pasbupane Ha TpaHchopManusaTa Ha MeJnH Ha eKCIIOHeHIInAIHNs PYHK-
nmona 1. Tasu naOpMaIUs, ¢ TOMOIITa HA aHAJUTHIHU U BEPOSITHOCTHU CPEJICTBA, JAJIe
BB3MOXKHOCT obOpaTHaTa TpaHcdopMarus Ha MeanH, KogTo peajHo IpecMsATa 3aKOHa Ha
eKCIIOHEHINAJIHAA DYHKITNOHAJ, Jla ObJie jerailano nsydena. Taka ce Jo0UBaT pejiuiia Be-
POSITHOCTHU CBOMCTBA 3a Pa3pejie/IeHNeTO Ha eKCIIOHEHIHAIHNs (DYHKIIMOHAJ Ha [IPOTIeCH
na JleBu karo acuMiToTuKa, IJIaJgkocT, hakTopu3aluu, pa3sBuBaHe B Pejl, IpecMsTaHe Ha
MoMeHTHUTe U ipodee. T'pgabBa j1a ce orbesiexku, de 3a MHOTO OT U3YUYEHUTE CBONCTBA HIMa
HUKAKBU JIOMYCKAHWS 3a MIPUJIEXKAIIUS Ipolec Ha JIeBu, moKaTo 3a ocTaHaInTe MMa CaMo
HeoOXo MU TakuBa. Hampumep acuMITOTHYHOTO TOBE/IEHNE HA JIOTAPUTHMA Ha OIAIKATa
Ha eKCIOHeHInaTHUs (PYyHKITMOHAJ € Pa3dpaHo B II'bJIHA OOIIHOCT, JIOKATO, ¢ HEOOXOIUMOTO
JIOIyCKaHe acolluupanus 1poiiec Ha JIeBu ja He NpUHAIICKE HA CAGOO-DEWEMBUHUSA KIIAC,
€ U3YYEeHO aCUMIITOTUIHOTO ITOBEJIEHNE HA ITHHOCTTA U HeltHuTe mpon3Boaan. [locieausaT
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pe3yJITaT € JIOCTATHBIHO 001, 3a ja 0oOXBaHe TOHE JIBe CTATUHU, CBbP3aHU C MO00HA achuM-
NTOTHKA, TyOJUKYBaHU B TIOCAEHUTE TIeT roaunu. TpsabBa cbIo Taka Jia ce 0TOeIeKn, e
JIMCEPTAIMOHHUST TPY/I UMa U IIPUHOC K'bM TEOpUsTa Ha crienuajtauTe byHKIUA Ipe3 pas-
paborBaneTo Ha acumnrorukata Ha Crupyunr 3a dyakiuuTe Ha Bepumaiin-lama. Tosa,
MakKap U He TPYJHO, € T0JIE3HO, T'hil KaTO MO3BOJIsABA ACUMITOTHIHUTE CBONCTBA Ha HAKOU
M3BECTHH CIIENUATHE (DYHKIHN Ja ce U3BeJaT 0e3 JOMbJIHUTENEH TPY/L WA pa3TJerkIaHe
Ha& YaCTEeH CJIyd4ail.

OcuHoBHudT HaydeHn npuHoc Ha [taBu 2 u 3 e dpakTopusaIusaTa Ha €KCIOHEHIINATHHS
dyuKIMOHAI Ha Tporecu Ha JIeBu, KoATo e j1o0uTa ¢ HAKOW JIoNycKaHus. BbB Bpb3Ka ¢
nprHOCHTe Ha [J1aBa H, KONTO BKJIFOYBAT U Hali-001IH (DAKTOPU3AIIH Ha €KCIIOHEHITUAJTHIS
dyuknmonasn na nporecu na Jlesu, mocrmkenusra wa [J1aBu 2 u 3 Morat ja ce pasriiexk-
JIaT KaTo IOJMHOXKECTBO Ha pesyirtarure Ha [1aBa 5. Bbrpeku Tosa, Te3u paspaboTku
Osixa KJIIOYOBH 3a pasdmpaneTo Ha mpobJjieMa U Hail-Bede 3a MpeJIyraxkaneTo Ha Bpb3KaTa
MeK/ Ty TpaHcdopmanuaTa Ha MenH Ha eKCIoHeHITnATHUS (DYHKIIMOHAT U (DYHKIIUUTE Ha
Bepumaita-l'ama. 3aroBa Te urpadrt u KJI090Ba POJis B PA3BUTHETO U PEAJTM3ANUATA HA
TO3M JIUCEPTAIMOHEH TPY/I.

1.2 Hgakoun oCHOBHU O3HAYeHUd U KOJIMYEeCTBAa

B Tazu rnasa mie pasriegamMe OCHOBHATE HAYYHU TPUHOCH Ha Juceprannonuus Tpyad. Lenra
€ Jla ce IPEJICTABAT KJIIOYOBUTE PE3Y/ITATH M TeXHaTa POJid 38 PA3BUTHETO Ha TeOpusdATa Ha
EKCIIOHEHITUAJTHUTE (PYHKIMOHA N Ha mporecu Ha Jlesu. [IbpBO 1e nmpumoMHUM HAKOU
OCHOBHU TIOHATHUS U O3HAYCHUS.

OznauaBame ¢ & peajieH mporiec Ha JIeBu, KOUTO € eTHO3HAYHO OIPEJIeJIeH OT CBOSTA
ekcrionenTa Ha JleBu-XuH4YnH Upe3 Bpb3KaTa

2 00
U(z) =logE [e**'] = cz + %22 +/ (e — 1 — 2rljy<y) I(dr) — q, z € iR, (1.2.1)

[Tpunomusanme, e ¢ > 0 e ckopocTTa Ha youBaHe Ha mporeca Ha Jlesn &, T.e. s = 00,5 > €,
u e, ~ Exp(q) e nesaBucuma or {. Koraro ¢ = 0, ToraBa €y = 00 HOYTH CHI'YPHO U
[IPOIIECHT € KOHCEPBATUBEH.

[Ipuntomusive, ge ¢ € B e dynkius va Bepriaiin ToraBa n caMo ToraBa KOTATO

¢(z) =logE [e7*'] = ¢(0) + dz + /000 (1—e™*) pu(dy), Re(z) >0

u £ e HEHAMaJIsIBaII rporiec Ha JleBu unu cybopaumHarop. Torasa Gesexkutara pakTopusa-
nusg na Bunep-Xond e B cuita 3a Beako ¥ u numa Buja

U(z) = =0 (—2)p_(2), z €iR, (1.2.2)

KDBJIeTO ¢+ € B ca cBbp3aHU ¢ IPOIECHTE Ha MEHEMYM M MAKCHMYyM Ha IIporeca Ha Jlenn
¢, re. H*, pux Cexnus 1.5.3 ma aBTopedeparta.
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]\p:/ e S ds,
0

3a Jla O3HAYMM EKCIIOHEHIMaJHUs (DYHKIIMOHAJ Ha Iporec Ha JleBu £ ¢ ekcrioneHTa Ha
JleBu-Xunumn ¥, u npuemame HeABHO, e KOraTo pasriexkjiame [y, padborum ¢ TakuBa W,
4Je [y < 0O MOYTHU CHTYPHO.

WsnosnsBaMe HOTAIAATA,

1.3 Ilpuaocu kbM I'naBu 2 1 3 OT AUCEepTAITMOHHUS TPY/I

OCHOBHUST TTPUHOC HA TE3W JIBE TJIABU € Pe3y/ITaThT, ue, Korato Mspkara Ha Jlesu Il B
(1.2.1) e raxasa, ue II_(dr) = II(—=dr)l~oy = m—(r)drl~o)y 1 m_ e HeHapacTBaIa BbLPXY
(0,00), TO

I\p i [¢+ X L/” (131)

KbJero Iy, , [ ca HesaBucumMu u

o0 i [o¢]
Iy, :/ e s s, I, :/ e ds,
0 0

Kbjero H e nporecbr Ha MaKCUMyM Ha & U

(s) = sp_(s)

e ekcrionenTa na Jlesu-Xunaun wa mporec Ha JIeBu 7, KOUTO He NpUTEKaBa CKOKOBE HAIr0-
pe. Coyuaiinure sesmaunn Iy, , Iy, 6uneitkn cebp3aHn ¢ IO-IpocTH nporecu Ha Jlesw, ca
mo-JlecHN 3a pas3bupane. ToBa MO3BOJIABA 3a JIECHOTO M3BEXK/IaHe HA PEJINIAa CBOWCTBA HA
sakoHa Ha [y. Moxke 61 Hail-3a0e/IeXKUTETHUAT IPUHOC Ce ChCTOU B TOBA, Ue paborara [24]
nybukyBana B Annals of Probability ciieqsa vezabasuo or Ciescreue 2.2.4 ot aBropede-
pata u ce obobmasa 3nadnTeano Herooro Crencrsue 3.2.4.(6). ¢bIO Taka ¢ IOMOIITA HA
(1.3.1) morar ma ce mo6GUAT W HOBH CBOICTBA Ha IUI'BTHOCTTA HA MAaKCHMyM Ha CTaOMJIEH
nporiec Ha Jlesu ¢ unmeke a € (0, 1], Buxk Caencrsue 3.2.4(a) ot aBropedepara.

Ot reopernyna ryejiHa Touka pesaius (1.3.1) mokassa, e dakropusanusTa Ha Bunep-
Xond wa ¥ B (1.2.2) ce npenacs n0 dakropusarus na Bunep-Xond na Iy mmm (1.3.1).
Tosa cTumympa u u3Jje/IBaHUsITa, KOUTO JI0OBE/I0OXa JI0 pesyararure B [1aBa 4.

1.4 IIpunocu KbMm I'1aBu 3 u 4 oT JUcepTAIIMOHHUSA TPY/],

[Ile pasriiestame camMo Hail-Ba>KHUTE TPUHOCH.

1.4.1 Ilpunocu kbM pyHKIUUTEe Ha bepHmiaitH-I'ama ot ItaBa 5,
Cekrusa 5.3.1 oT AucepTalMOHHUA TPY,

[IbpBUAT OCHOBEH PUHOC € B JIOOMBAHETO Ha CJIETHUTE PE3YJITATH:
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(1) 3a Besko ¢ € B, dbyukuusara

ey olk) du,
W, (2) = o H¢(k+z)e (&) (1.4.1)

2 k4

e ¢dbyuknusa na Beprmaiin-I'ama n kaTo TakaBa periaBa peKypeHTHOTO ypaBHEHUE

Wy (z+1) =¢(2)Wy (2), Re(z) >0; Wy (1) =1; (1.4.2)

(2) Wy e tpancdopmariust Ha MesnH Ha IOIOXKHUTeNHA CTydaiiHa BeJINUINHA,
(3) m3BexkIaHeTo Ha cBoiicTBaTa Ha W, pasriexiana KaTo MepoMopdHa OyHKIUSI.

Te3u pesynraru ca gact or Teopema 4.2.2 ot aBropedepara U JOIMbJIBAT HAKOU PE3YJITATH
OT JITepaTypaTa, KOUTo pasriaexaar Wy camo karo Gyukmus sbpxy (0,00), Bux |2, 14,
21, 28]

BropusT 0CHOBEH NPUHOC € JIOOUBAHETO HA acUMITOTHKaTa Ha CTUPJIMHD 3a KOJIUIeC-
tBOTO |Wy(2)|, 2 € Re(z) > 0. C z = a + ib or Teopema 4.2.4(4.2.16) or aBropedepara
uMame, Je

B o(1) Goy(a)—Ay(2) .~ Ey(2)—Ry(a)
W, ()] = s(@)=4g s()=Rs(a) 1.4.3
N e e R

C JOII'bJIHUTE/JIHaTa HH(bOpMaHI/IH, qe:

(1) dyuknusra )
Ay(z) = Agla+1b) = / arg ¢ (a + iu) du
0

cBbp3Ba reoMerpusTa Ha MHOKECTBOTO ¢ (C(gos)) CHC CKOPOCTTA Ha HAMAIABAHE HA
|Wy (2)| xoraro |Im(z)| = |b| kytoHM KbM GE3KpaitHOCT;

(2) dyuknusra
1+4+a
Gy (a) = / In ¢(u)du
1
u3dncIsaBa acumnrorukara Ha |W,(2)| Korato Re(z) = a kionu KbM Ge3kpaiinoct;

(3) m3paznr e Fe(2)~Hs(9) ¢ papmomepno orpanmyen 3a nemus Kiaac or GyHKIK Ha BepH-
MANH ¥ U3YUC/IABa IPENIKATa Ha MPUOJIMKEHIE.

Penanusra (1.4.3) e yauBepcasina 3a Bcudku ¢ € B u KaTo Takapa obxBaa GyHKINH KaTo
lama dyukuugra u Fama dynkuugra va Bapuce (apoiinara Tama dynknus), sux [4, 5.
Taka, OCHOBHU KOJITYECTBA, CBbP3aHU C aCUMITOTUKATA HA TaKUBa (DYHKIUU, MOTaT Jia Ce
nobustt qupekTHo oT (1.4.3) 6e3 ja ce pasriexjia ciydaii mo ciryJaii.
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1.4.2 IIpmaocu xbM TpaHchopmanuaTa Ha MejJnH Ha eKCIIOHEH-
nuaJjHns PyHKIMOHAJ Ha npoiiecu Ha JleBu

[Ipunomusime, 1e Tpanchopmanusita Ha Menun Ha [y ce medunupa dopMaaHo dpe3 pa-
BercTBoTo My, (2 + 1) = E[I]. Cbmo Taxa osmauasame ¢ N KTaca Ha BCHYKH HETaTHBHO
nedbunnTHr GyHKIu W UM eKBUBAJIEHTHO HA BCUYKHU €KCIIOHEHTH Ha JIeBu-XWHYNH HAa
nponecu Ha Jlesu. Ipunomusame, ve N C N e MHOk)ecTBOTO OT Bemukn U TaKHBa, e
Iy < 00 MOYTH CUTYPHO.

[I'LpBuAT IPUHOC € permaBaneTo 3a Besko ¥ € N Ha ypaBHEHHeTO

—Z

U(—2)

koeto e jedunupano none Bbpxy iR\ (2 (V) U {0}) u xpaero cme nocrasum Zy (V) =
{z € iR : ¥U(—z) = 0}. Teopema 4.3.1 or aBropedepara 1mokas3sa, e

_ Iz
W¢+<2)

KbJeTo ¢4 € B ca dakropure Ha Bunep-Xond na ¥, sk (1.2.2). Hemmo nioeue, B Teopema,
4.3.1 or aBTOpedepara OCHOBHUTE CBOiicTBa Ha My Karo MepomMopdHa (DYHKIUS ca ChITO
U3BEJEHN.

BropusaT ocHOBEH IPUHOC € U3YHUC/IABAHETO Ha CKOPOCTTa Ha MOJMHOMHO HaMAJIsABAHE
KbM HyJIa Ha KoJamaectBoro |[My (a + ib)| 3a dukcupano a u |b| — oo. ITo-touno, Teopema
4.3.4 ot aBTOpEdepaTa JlaBa, e

lim [b]° |My(a+ib)] =0 ako B < Ny

|b]—o00

lim |b|? |My(a +ib)| = oo axo B > Ny,

|b]—o00

M\I/(Z + 1) = M\p(Z), (1.4.4)

M\I/(Z) W¢7(1 — Z), z € C(()’l), (145)

(1.4.6)

K'bJIETO

v— + I T [e.e]
Ng — ¢7(0§3-ﬂ),0 + du(oirwo <oo akody >0,d_=0ull0)= f_oo (dy) < oo,

0. @] NHa4e.
(1.4.7)

OTr6ensizBame, de Ny # 00 TOraBa U caMO TOraBa KOraTo acOIUUPAHUsT mporec Ha JIeBu e
BCBITHOCT cjioykeH [1oacoHOB mporiec ¢ MoIoKuTe/IeH JIPUPT.
TpeTuaT ocHOBeH IPUHOC € B 1obuBaneTo, Je 3a Beako ¥ € N e B cuia, ue

E [I\if—l} = My, (2) = ¢_(0)Muy(2), 2z € Cio,1);

Bk Teopema 4.4.1 ot aBTopecdepara. ToBa mpakTUIecKn U3BEXK 1A B AB€H BUJI (popMaTa Ha
TpancdopmalnuaTa Ha MennH Ha BceKu eKcrioHeHnraseH gpyukimonas. [Ipean Ta3u paspa-
6orka M, Ge m3UnCIeHA CAMO B HAKOM YacTHHU ciydan, BuK [13, 17, 18]. B re3u crarnn
CKOPOCTTa Ha CXOJMMOCT K'bM HyJIaTa Ha KoamdecrBoro | My, (a + ib)| e cbiio ycranoseHa
6J1aroflapenue Ha clenuaanaTa crpykrypa Ha M, . He ca Hu usBecTHm pesynraru B Takasa
OBIIHOCT KaTo Te3’, ChbpxKamm ce B (1.4.6).



Ilpurocu kbm I'maBu 3 u 4 or AUCEepTAITMOHHUST TPY/T 8

1.4.3 IlpmHocu KbM cBoiicTBaTa Ha [y

[Ile pasriegame camMo Hail-3HAYUMUTE MPUHOCH K'bM pa3dUpaHeTO Ha CBOHCTBATA HA CJIy-
JaiiHaTa BeauauHa, ly.

1.4.3.1 Tongama acuMHOTOTUKA

Heka Fy(x) = P(Iy >2), v > 0, u fy(z) = P(Iy € dz) /dz. Torapa ¢ MHHEMAIHOTO
orpanndenne W 51a He NPUHAIICIKH KbM CAAOO-pewtemsunuA Kac, MojJydaBaMe, d9e 3a
Besiko n < [Ny | — 2, Bux (1.4.7) u Teopema 4.4.5 or aBropedepara,

() () % [ nO— (T (n+1—u_)W,_ (1+u_)m_n_1+u7
O e (e .

Penannsra (1.4.8) Bb3cTaHOBABA MOMEHTAJIHO OCHOBHHUTE IpuHOCH Ha craruutre [11, 16],
nybsimkyBauau B Annals of Probability, u jobusa acummrorudnuTe cBoiicTBa Ha fy U Heii-
HUTEe IPOU3BOIHU, KOUTO ce Hamupar B [12, 17, 18, 24]. Acumnrorukara (1.4.8) BebiHOCT
e jocra 1mo-o0brma, Thit karo (1.4.8) e ciencrBue or riaobaaHaTa AHAJUTUYIHA CTPYKTypa Ha
U u He mpejmoJara HajaraHero Ha crenndudHu cBoiicrBa Ha W. Td ¢bIno HOTBLPXKIaBa
XHUIOTe3aTa, 9e CIyYailHuTe BeJuIuHu [y ca MHOTO TO-PEryJIsSpPHA OT HMPHUJIEKAIUTE UM
mporecu Ha JleBu.

Hpyr npunoc Ha Teopema 4.4.5 oT aBTopedepaTa e cjiegHaTa JOrapuTMIIHA ACHMIITO-
THKa,

(1.4.8)

log Fy(x

im 22 Fe®) o). (1.4.9)
r—00 lOg X

Tosu pesynarar e HambIHO 00N U TOAOOpsiBa 3HaunTesHO |3, Jlema 2|, Kosito camo naBa

ycsioBust, pu Kouto rpanunara (1.4.9) ve e —oo.

1.4.3.2 Tnmaakoct Ha fy

[LrbrHoCTTA fy Ce 3Hae, 4ye cbiecTBYBa oT crarusara [6]. Coino Taka paborure |8, 23]
pPasUCKBAT HAKOU CBOMCTBA Ha fy, CBbp3aHU C HEWHATa TJIAJIKOCT. 3a CIEIUATHU CJIyYIan
MOZKe Jla ce JloKaxKe, de fy Oe3kpaiino mudepennupyema, ik [12, 17, 18, 24].
Usnossaiikn cKOpoCTTa Ha MOJMHOMHA CXOJMMOCT K'bM HysaTa, u3ducyiena B (1.4.7),
Teopema 4.4.1(3) or aBropedepara ycraHoBsiBa, de fy e moHe [Ny | —2 IbTu HENPeKbCHATO
nudepeniupyema. [lonexke mouru Bunaru Ny = 00, 3akjrodaBame, de ToraBa fy e 0e3K-
paitno mudepennupyema. [Ipecmsaranero Ha Opos HA TPOU3BOIHU, KOUTO fy IPUTEXKABA,
e cxoHo0 ¢ paborara Ha Caro n fmasaro Bbpxy cebernonbOHUTE pasnpenesenns, Bk [27].
Cropet Hac, obade, KOHTEKCTHT B TO3U JIUCEPTAIMOHEH TPY/L € MO0-00I 1 HO-TPY/IEH.

1.4.3.3 @akTopmu3anuu Ha [y

Teopema 4.4.10 ycranoBsiBa, 1€ B aDCOJIFOTHA OOIIHOCT,

o0

I\I/ g I¢+ X X¢_ g ® (Ck%kX\I/ X %,ky\p), (1410)

k=0
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KbJIETO X O3HAaYaBa IIPOU3BEJICHNE Ha HE3aBUCUMU CJIydaiiHu BeJMIuHU. BeposTHOCTHUTE
MepkH Ha Xy, Yy ce 3a7aBaTr 4dpes

P (Xy € dx)

(D) (fiy(—Inz)dx + ¢4 (0)dx + d61(dz)), € (0,1) (1.4.11)

P(Yy € dz) = ¢_(0)Y_(dx), x > 1,

kbjaero Y_(dv) = U_(dln(v)),v > 1, e 06pa3br Ha noreHImanHaTa Mapka U_ «pe3
n300pakeHueTo y — Iny,

¢’y (1) 1 D) ol (R)

Yo TV —YH1—
Cop=¢e' """ M Cfp = eFT G ) k=12 ...,

K'bJIETO 38 BCAKO 15110 k, B, X e ciaydaiinara BequdnHa jgedpuHIpaHa 9pe3 paBeHCTBOTO

E [X*f(X)]
E{f(B:X)] = ————.
dakropusanusra (1.4.10) e HarbIHO 06ITIA 1 KATO TaKaBa OTTOBAPS M3IAIO Ha BHIIPOCa
¢ HaMUpaHeTO Ha pasjaraxe Ha [y. Bebimaoct, daxkropusalnusaTa B Oe3KpaitHO IPOU3Be/Ie-
Hue, e OUJIa W3BECTHA B JIUTepaTypaTa caMo korato W e ekcrionenta Ha JIeBu-XuH4YMH Ha
cybopuHaTop, BIK [2].

1.4.3.4 AcumnroruvHo noBesenue Ha [y (t) = ft e~¢ds mpu ycaoBue, 9e Iy = 00

0

Axo Iy = oo mourn curypno, T.e. ¥ € N\ N, Torasa Moxke jla ce U3ydaBaT CBOHCTBATA
na Iy(t) = fot e~%:ds, koraTo t KJoHE KbM Oe3KpaitnocT. OCHOBHUAT MIPUHOC Ce ChIbPKA B
Teopema 4.4.12 or asropedepara. Tam ce uzydasar sepositHocHuTe Mepku P (Iy(t) € dx)
IpH HAJIMYIHOCT Ha, ycjaosuero Ha CruTiep 3a aconumpanus mnponec Ha Jlesu. OcHOBHUAT
pe3yJITaT TJIacH, Je

—a ~
i B0 Qe )] / F@)a(dx), (1.4.12)
=00 K-(3) 0

3a Beako a € (0,1 — a;) u Begka Henpek'bcHaTa u orpanndena dyukius f. Orbessspane,
ge 1, e Kpaiina moJioxkuresHa Mspka Ha (0, 00) u k_(r) = ¢" (0), kbuero W' (z) = W(z)—r =
—¢' (—2)9" (2).

Pesyararnbr (1.4.12) e cxojieH ¢ HAKOU PE3YJITATH, CBbP3AHU ChC CIYyYaitHOTO GIryK-
naere. Ako Ig(n) = Z?:o e¥inS = (Sj)j>0 € PEeKYPEHTHO C/IydaiiHo OJIyKIaeHe, BbB
BPb3Ka € Pa3KJIOHSABAINM Ce MPOIEeCH B ciydaiiHa cpena, peranus (1.4.12) e mobura 3a
Is(n), mpu n KIOHANO KbM Oe3kpaitnoct, Bk |1, 15]. V3monsBaiiku guckperusarys Ha
nporieca Ha Jlesu, apropure na [20, 22| no6usar rpanunara (1.4.12). Obaue Te pasuckpar
caydas korato E [£2] < oo, £ mpuTekaBa eKCIOHEHIIMATHT MOMEHTH 1 PaGOTAT ¢ MHOT'O T10-
orpanuded kjuac or gy f. Tyk Hue HaMaMe TaKnBa OrPAHUYCHUSI, KOCTO Ce JIbJIXKI
Ha Pa3IMIHATA, METOIO0JIOTHUS.



Ilpurocu kbm I'maBu 3 u 4 or AUCEepTAITMOHHUST TPY/T 10

1.4.4 JIpyru mpmHOCH

Pesysrature npejcraBeHn B JIMCEPTAIMOHHNS TPY/| UMAT U JPYTU HPUJIOXKeHUst. B HiKOU
HACTOAIIM Pa3pabOTKK Te3H IIPMHOCK UTPAsAT OCHOBHA POJIsi B PA3BMBAHETO HA CIIEKTPAJIHA-
Ta Teopud Ha HAKON He-CaMOCIIpEerHaTu MapKOBCKH IIpoIecu. SaI/IHTepeCOBaHI/IHT quTaTesI
MOZKe Ja Tperiie/a [26.



I'1aBa 2

Hayuynu npmHocu Ha cTaTUi OPUJIOXKEHN
KbM ANCEPTAIMOHHUAA TPY/I

1. Savov, M. (2009) “Small time two-sided LIL behavior for Levy processes at zero”,
Probab. Theory and Related Fields 144, No.1-2, 79-98, IF: 1.39

3a nanen npouec Ha Jlepn X ¢ ocnoun mapamerpu (02,,11) (0 - Bpaynos koedu-
nuent, v - apudt u Il - sigma—xpaiinara Mspka, OIHUCBAIA CKOKOBETE Ha Hpoueca) u
dbyukiys b : [0, 1] — R ¢ HaKOM ecTecTBeHN, HO CJIabU OMPAHUYEHUs, OCHOBHUSAT PE3Y/ITaT
Ha craTusaTa e ceMeiictBo or uaTerpasnu kpurepun I(a) := I(a;b, o,7,1I), > 0, 3a Kouro

€ BAPHO, 4e

hl’ilj(}lp |b)((t)| inf{c: I(c) < 00} € [0,00] <= / (t))dt < oo

1

| X =

limsup —— = 00, aKko / [(b(t))dt = .
0 b(t) 0

Tosu pesysrar uma JiBe OCHOBHU IIPEIUMCTBA: TOi € OOl 1 ce Ipuara K'bM OIPOMEH KJiac

or dyuxuun b u I(a) zasucu camo ot (02,~,I1). Taka yHIaMeHTATHUAT BEPOATHOCTEH

| X

ﬁ € [0, 00| ce cBek/Ia 70 aHATMTHIHATA 3a/1a¢a

1a ce npecmerne [ (a fo ))dt. Taka 3a najena gerepMuHUCTHIHA (DYHKIHA b MOZKEM
Jla, yCTAHOBUM ,ILI/IpeKTHO KakK X pacre Crpsmo b.
Hemo noBede, nsmno/isBaiiku

IpobJIeM 3a M3YHCIeHneTo Ha lim sup,

X,
limsup’ | =inf{a: I(a) < o0} € [0,00] <= / (t))dt < o0
t—0 b(t)
HIe MOXKeM Jla KOHCTpyupame dyHkimara b*(t) taka de limsup,_,, ‘)(Q)l 1. ToBa craBa

upe3 u360p Ha b(t), Taka ve inf{a : I(a) < oo} = 1. 3a cbKageHue TOBa He € BAJIHU/IHO 32
" 1 T
Beekn mporec X Tbit Karo nonsxora [, II(b*(t))dt = co. Hammpanero B siBen B Ha PbCTa

b*, Taka 4e limsup,_,, b (i |) 1, e Bce ore oTBOpeH MpobIeM, Makap ue cbinecTByBar HJILY
3a HErOBOTO CbIIECTBYBaHe.

11
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2. Savov, M. (2010) “Small time one-sided LIL behaviour for Lévy processes at zero”,
J. of Theoret. Probab. 23, No.1, 209-236, IF: 0.60

EcrecrBeHoTo nporbizkenne Ha IpoOJeMHUTe B MIPEIXOAHATA CTATHA € Jla Ce M3CIeIBa
KOJTMIECTBOTO

Xy
L(b) := limsup — € [0, 0]
t—0 b(t>
WM eOHOCMPANHUA 3aKOH 30 MNOSMOPHUA Ao2apumam 3a uporecu Ha Jlesn X. B rasm
CTaTusd HUE IIOCTHUl'aMe CJIeJHUTE PE3y/ITaThu, BCUYKUTE OT KOHUTO Ca HOBU, Thil KaTO Cce
OTHACAT 3a TOBeJIeHNeTo, Korarto t — 0 :

I /ledpunupame koukpeTHa pynkims by ¢ momoriTa Ha Ha Mapkara Ha Jlesu [I n nokazBame,
e

liI?jélp b;X(é) €[1,1.8] «— /0 IT ({bo(t), o0}) dt < oo.

IT Twit kato by He BUHArM € paBuiHaTa (MYHKIN, KOSITO Ja OIMCBa pbeTa Ha X, BUXK I,
TO HHUe pa3paboTBaMe HWHTEerpajieH KpUTepuu, KoiiTo 3a nponssosiHa (yukims b(t) ( ¢

HAKOW JIpeOHM CTaHIAPTHU OorpaHudenust), Hu nokassa namn L(b) = 0, L(b) € (0, 00)
wim L(b) = oc.

OcHOBHHTE TPYJIHOCTU IIPHU TE3U 3aJa9H € Ja ce n3paboTh TeXHUKa, ClienududHa 3a MIpo-
necute Ha JleBu, Thit KaTo moBejeHneTo Koraro t — (0 HAMa aHAJOT IPHU CJAYIARHOTO
osyxmaene. [locaeaHoro gaBa 100pu WHIUKAIIMA W METO/M 3a CBOICTBATA Ha IMPOIECH-
Te Ha JleBu korato t — 00 Upe3 pasimunn Braraxus. IIpumep kommdectBoTo (X,), o, =
(X1 + (Xo = X1) + -+ (X — Xyim1)),,5, Aedbunnpa ciryvaiino 6.y maene. -

[To nmpuHIUIT edHOCMPAHHUA 3AKOH 34 NOSMOPHUSA AO2APUMBM € TTO-CJIOKEH OT 3a/1a9a-
Ta pasrje/iaHa B CTaTUs 2 U TOBa Ce OTpa3sBa B camuTe pe3yiararu. Te ca Mo-HETOYHU U
He MO3BOJISIBAT TOYHUTO M3uncyenne ua L(b).

2. Doney, R. and Savov, M. (2010) “The asymptotic behavior of densities related
to the supremum of a stable process’, Ann. of Probab. 38, No.1, 316-326,IF: 1.47

Heka X e ycroitaus nporec na Jlesu ¢ nugexc a € (0,2) u S; = sup,«; Xs. Axo f(x) =
P (S; € dz) /dz,x > 0, TO OCHOBEH I TPYJIEH BBIPOC € JIa Ce ONpPeIed aCHMITOTIIHOTO
nosenenne na f(x),z — 0, z — oo. 3nae ce nosegennero ua P (S > z) ~ Aalo* x —
oo u P(S; <x) ~ Bx*, xbaero p = P(X; > 0) e koedurmenra uHa nosurusHoct. Tesu
pesysTaT ca KiacuuecKu npusozkennsi Ha Taybeposure reopemu. [Ipomssommara f(z) e
MHOI'O TIO-TPYy/iHAa 3a u3ydasaHe. V3mosBaiiku Teopust Ha ekcKyp3unTe (excursion theory)
Ha TIpoIeca W3BbH MUHUMYMa M MaKCHMyMa, HUe J0OuXMe ypaBHeHus, npejcrasamu f(x)
Ype3 OCHOBHM KOJUYESTBA OT TEOPUdA Ha €KCKYP3UUTE M OTTaM aCHMTOTHKATA.

Tasu pabora 3a momenTta 2008-2010 OGerre B ocHOBaTa Ha IIOPEIUIA OT U3CJIEIBAHUS
Ha MakKCHUMyMa Ha obmus mporec Ha JleBu un 1mo-3aabiadbodeHn pa3pabOTKU BbpPXY S 3a
ycroituum 1poriecu Ha JleBu. bposar ma muraTute e arecrtar 3a TOBA.




Hay4ynn npunocn Ha cratnyu nNpuaoKeHd K'bM JUCEPTAIIMOHHUS TPYII 13

TpsibBa na ce orbesexu, Ue U3MOI3BANKN JIbJIOOK KOMIUIEKCeH aHamu3 [16] ycnssa na
Jobre aCUMITOTHYHO pa3BuTHe B peJl Ha f(r) u I0pu 3a KJIac OT mapaMeTpu « - Ja Jooue
passurue B pejl Ha f(x). Tesu pesynraru ca ecrecTBeHUs 3aBbPIIEK HA TOPEIHUIA OT U3C-
JieIBaHMAd. HaHII/IEIT BEPOATHOCTEH METO/ 11O CBIMHOCTTa CU HAMa CHJIaTa Ha KOMIIJICKCHUA
aHAJIN3 B CJIydas, HO e jocra mo-o6mr. Tosa ce Bizkaa ot paspaborkure Ha [9] u [10], konto
0000IIIaBaT W M3MOJI3BAT HAIIaTa METOJIOJOIUs U Kb/IEeTO KOMILIEKCHUST aHAJIN3 € 0e3CH-
JIEH, TIPEJIBUJI HesiBHaTa (popMa Ha MHOTO KOJIMYECTBa OT TEOpHs Ha IpoliecuTe Ha JIesu.

3. Doering, L. and Savov, M. (2010) “Application of renewal theorems to exponential
moments of local times”’, Electron. Comm. in Probab. 38, No.15, 263—269, IF: 0.56

Taszn kpaTka cTaThs W3MOI3BA CTAHIAPTHU PE3yJITaTh, 32 Jia MOJ00PU aCHMITOTHIHH
pesyJsitaru 3a TpancopmalnugTa Ha Jlammac Ha BpeMeTo Ha IpecToil B JlajieHa TOYKa Ha Ja-
nen Mapkoscku miponiec. Ako Li e akyMyJIMpaHOTO HOCEIeHre Ha ChCTOSHEE i, 3aII09BalKN

. 7
OT 7, TO Hue pasriexjame E [eVLt} 3a v > 0 m mokasBame, de B 3aBUCUMOCT OT 7Y aCHMII-

7
ToTukaTa Ha [E [eVLt] pu t — 0O MOKe JIa Ce IIPecMeTHe C TTIOMOIITa Ha BEPOITHOCTUTE HA

upeaxon ps(i,i).

PeByﬂTaTI/ITe MIIIOCTpHUPaT CHUJlaTa Ha TeOpHUd Ha Bb3CTaHOBABAaHETO 3a JOKA3BaHETO Ha
HOBU HNJIN HO;LO6p5{BaHeTO N3BECTHU pe3yﬂTaTI/I. OCHOBHaTa neJ Ha HY6HI/IKaHI/IHTa e HOHy—
HHpI/I?)I/IpaHeTO Ha TeOpI/IH Ha BB3CTaHOBABAHETO 3a OHpOCTHBaHe Ha JOKa3aTeJICTBaTa Ha
peauna npobaeMu, KOUTO NHaYe U3I0/I3BAT CIICKTPAJIHA TCOPUS.

5. Chan, T., Kyprianou A. and Savov, M. (2011) “Smoothness of scale functions
for spectrally negative Lévy processes’s Probab. Theory and Related Fields 150, 691-708,
IF: 1.53

Hayuynu nmpmaocm: Heka kakTo e obuknoseno X e mporec na Jlesu. Heka moryc-
HeM, 9e X mMa caMO OTPUIIATEIHA CKOKOBe. ToraBa kazsame, de MPOIECHT € CIEKTPaTHO-
orpunatresen npoiec Ha JleBu. Tbit KaTo TO3M MpoIeC MMa CKOKOBE CaMO KOraTo Ce JBUKI
HAJIOJTy, TO JIOCTa KOJIMYEeCTBA MMAaT IOJIysiBeH BHJ. B ocHOBaTa Ha MHOIO CMETKH CTOU
Taka HapedeHara ckaaupawa @gynryus (scale function). BepositHocTHO posisita Ha Ta3u
dyuKIMA Hali-7100pe ce BUXK/Ia B ChOTHOIIEHUETO

Kbjaero 7 = inf{t > 0: X; € B} mwa > x > 0. Toecr dyHKnusaTa Onmcsa BepOSITHOCTTA,

Ha 1poreca X, cTapTUpaH OT HO3MIMS T, Jla IpeMuHe a npeau Jjia npemune 1o 0.
@OynkuusaTa W npuebLeTBa B MHOTO JIPYTH KOJIMYECTBa U choTHomenus. Heitaure cpoiic-

TBa Ca OT MHTEpeC He caMO 3a TeOpHUsTa, HO U 3a IIPUJIOKEHHATA, OCOOCHO 32 TEOpUs Ha,
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3aCTPaXOBaHeTO, KbJETO CIydaifHuTe MPOIeCH Ha MPUXO/N U PA3XO/IH eCTECTBEHO Ce MOJIe-
JIIPAT CbC CIEKTPAIHO-OTPUIIATETHE TIpotiec Ha JleBw.

Ba Jla ce M3M0J3Ba B pejMlla U3C/Ie/BaHus € HeoOXOJUMO Jla e 3Hae IJIaJIKOCTTa Ha
dbyuximsara W : [0, 00) — [0,00). B 1031 Tpyn Hue n3nenaBamMe riaagkocTTa Ha (DYHKIHAITA
B 3aBHCUMOCT OT TPUTE OCHOBHU XapaKTePUCTUKH Ha mporieca Ha Jlesu - (02, I1). Tlourn
nu3UepraTeiHO MoKa3BaMe, e

W e 0"3([0,00)) <= TI({—o0,—x)} € C"([0,)), ako ¢* > 0,

BRyIoUnTeNHO |, Ye Bunaru W € C?([0,00)), korato o® > 0. Cbmio Taka pascuKBaMe
caydas koraro I ({—o0,0}) < co u mokasBame, Ue IPU HAKOM JIObIHUTEIHH YCIOBUS

W e C"([0,00)) <= T ({—o0,—2}) € C"([0,0)) axo o> = 0, I ({—00,0}) < oco.

Metonbt HE ce 6a3upa Ha dakxra, de W yrnosierBopsiBa ypaBHenue na Bosrepa or BTOpu
BUJI OasupaHo Ha MapkaTta Ha Jlesu II. Makap u j100pe nsy4enu, 3a1oTo perneHnaTa Ha Te31
ypaBHeHusi ce passuBar B pej Ha doun Hoitman, korato I ({—o00,0}) = oo, usnensanero
HA TO3U PeJi € TeXHUIECKN HejieKa 3aJada. V3rmoa3Baiiku pa3InyHu OCHOBHU TEXHUKU OT
aHajmn3a, HUe [o/IydaBaMe TOPHUTE PE3yJITaTu.

Korato 0% = 0,11 ({—00,0}) = oo, ypaBnenusTa nHa BojTepa ca oT bpBY BU/T 1 U3J16/1-
BaHETO UM € JIOCTa MO-TPY/IHO. 3a TO3H CJIyUail HaMaMe J0OUTH PE3YITATH U ChIIECTBYBaT
HSIKOJIKO XHMIIOTE3U 33 3aBUCUMOCTTA Ha IyaJjikocTtTa Ha W oT rimajgkoctTa na Il.

6. Savov, M. (2014) “On the range of subordinators’, Electron. Commun. Probab.19,
1-10, TF: 0.49

Heka X e nenamansgsai nporec Ha Jlesu. Heka ¢ A = { X, s € [0, 1]} o3maumm o6paszbT
Ha unrepsasa [0, 1] upes uzobpazxkenuero s : [0, 1] — X,. Heka 3a Besiko 6 > 0 j1a o3Haunm
¢ N(1,0) MmunumannusT 6poit HHTEPBAIN C JIbIKAHA HE MO-TOJAMA OT 0 HEOOXOIUMU 3a
HOKPUBaHeToO Ha MHOKecTBOTO A. Torapa ako 03HAYUM C

Ulw) = [ B(X <o)ds
0
IIOTEeHIIMaJIHATa beHKLLI/IH Ha X , OCHOBHHUAT PE3YJITaT Ha Ta3U KpaTKa 6eJIe}KKa (§]
lim U(§)N(1,6) = 1.
0—0

Tosu pe3ysTaT e MHOI'O IHO-TOYeH OT IPEJIXOJIHUTE Pe3y/ITaTh, KOUTO JIaBaxXa CaMo JacTH-
Ha naopMmanus 3a pacrexka Ha In N(1,0), Bux |7, [nasa 5.

7. Kuznetsov A., Pardo J.C. and Savov, M. (2012) “Distributional properties of
exponential functionals of Lévy processes’, FElectron. J. of Probab.17, No.8 1-35, IF:
0.785;
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[Ipu 3a/1a/1€HM J1BA HE3ABUCUMU TIPOIieca Ha JIeBu ¢ KpaliHu MbpBU MOMEHTH, J1a KarKeM
&,m, ce pasryexia KOJIMIecTBOTO

1€.m) = /0 &b+~ dn,

Ba kpaitnocrra Ha [(€, 1) AOIBIHATETHO ce JommycKa, de [ [&] < 0.

[IbpBUAT IpUHOC € JOOUBAHETO Ha JudepeHInaTHO-UHTEIPAJIHO YPaBHEHNE, YHETO Pe-
IeHne ce Jlapa or IrbrHOCTTa Ha Mspkara P (I(£,7n) € dx) Iisey, Bk [19, Teopema 1].
ToBa ypaBHeHUe e U30I3BAHO 3a JTOOUBAHETO HA HIKOU CBOiCTBA Ha IrbrHOCTTA Ha I (£, 7).

Bropusar npunoc 3acsira gacTHusi ciaydaii, korato 1, = pus + 0Bg, T.e. 11 ¢ bpaynoso
nsrkenne ¢ apudt. Torasa ako M, (2 +1) =E [I (& ) I(£7n)>0}} € U3BEJICHO CJICJTHOTO
PEKYPEHTHO ypaBHEHME

B Mty 2 1) 1My () + T2 = DM (2= 1) =0

KOETO € BaJIMJIHO [IOHE 3a BCHYKM z TakuBa, de Re(z) > 0 u ¥ (Re(z)) < 0, kbuero ¢ e
ekcrionenTara Ha Jlepu-Xunaun Ha &, Bux [19, Teopema 2|. Toa ypaBHeHue € U3M0I3BAHO
3a JJ00MBaHETO Ha peJiIia cBoiicTBa Ha mbrHOCTTA Ha P (1(£, 1) € d) Lizsoy.

8. Patie, P. and Savov, M. (2016+) “Cauchy problem of the non-self-adjoint Gauss-
Laguerre semigroups and uniform bounds of generalized Laguerre polynomaials’, Journal of
Spectral Theoryl9, accepted, IF: 1.21

Heka a € (0,1) u g € [é -1, oo). JlndepeHImaano HHTeIPAJTHAAT OIIePaTop

r 1 i !
Lo f(0) = (Pt 2 o) o+ 20D [ gty
K'bIETO
Ga,8(y) = %y“i“ DFia(B+1)+ Lo+ la(B+1)+ 2 ya)

u oI e laycoBara xumep-reomMerpudna GpYHKIHS, € BChITHOCT WH(MDUHUTE3UMAJIEH Ollepa-
Top Ha MapkoBcKa IoJIyrpyla BbpxXy noaxojsima L? npocrpanctso, Bux |25, Teopema 1].
Axko o3HauUM Tas3u 10Iyrpyna ¢ (F;),sq, TO OCHOBHUAT PE3YJITAT € CHEKTPATHOTO Pa3/raHe
Ha Tasu mouyrpyna, Bux [25, Teopema 1.4|. ToBa e ocHOBHA CTBIIKA B M3ydaBaHETO Ha
MTOJIOZKUTEJTHATE caMo-110100HH MapKOBCKHU HpOIecu pasriiexkaHu B CJiejIBallara CTaThs
1O~ JTOJTY.
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9. Patie, P. and Savov, M. (2016+) “Spectral expansion of non-self-adjoint generalized
Laguerre semigroups’

B to3u tpy ce medunupar obobmenuTe moayrpynu Ha Jlarep. 3Hae ce, ue Kiracudec-
Kara moJyrpymna Ha Jlarep e camo-crpernarta u KaTo TakaBa IIPUTEKaBa CIEKTPATHO pas-
jrapge. AKo o3HadnM nocsieaHara ¢ () = (Qt>t20 u 0bobienuTe moayrpynu ¢ P = (Pt)tzoa
TO I'bPBUSIT OCHOBEH PE3YJITAT €, Ue 3a BCSIKO P ChbINecTBYBa MpEIInTaHe

AQt = PtAv

BasuIHO 3a Begako t > (. Tosa mosBosigBa j1a 106WeM B MHOTO CHTYAIMHM CIIEKTPAJTHUTE
pasJyiaraHus Ha mojIyrpynara P dupe3 CIeKTPaJIHOTO pasJaraHe Ha mojyrpynara (), BUXK
[26, Teopema 1.11]. OcHoBHATa TPYIHOCT HBa OT (bakTa, Ye onepaTopbr A He e eHO-
K'bM-€JTHO, M/ €KBUBAJIEHTHO HE € OrpaHuveH o110 y. B Kpaiina cMeTKa Ta3u TPYIHOCT €
IIPeOJI0JIsiHA, HO 3aTOBa ce M3ncKBa HaJ 150 cTpaHuiy TpyI.
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