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PREFACE

In the mathematical description of the evolution of real processes subject to
short-time perturbations it is often convenient to neglect the duration of the
perturbations and assume that these perturbations have an “instantaneous”
character. Such idealization leads to the necessity to study dynamical sys-
tems with discontinuous trajectories or, as they are also called, differential
equations with impulses or impulsive differential equations.

The impulsive differential equations are a rather new branch of the theory
of ordinary and partial differential equations. They mark their beginning in
1960 with the paper by V. D. Mil'man and A. D. Myshkis [89]. The inves-
tigation of these equations was initially carried out extremely slowly. This
was due to the great difficulties caused by the specific properties of the im-
pulsive equations such as “beating” of the solutions, bifurcation, merging of
the solutions, dying of the solutions and loss of the property of autonomy.
Despite these difficulties, however, a boom in the development of this theory
is observed in the last, say, quarter of a century. The interest in it is caused
by the great possibilities of mathematical simulation by means of impul-
sive differential equations in important fields of science and technology such
as the theory of optimal control, theoretical physics, population dynamics,
biotechnologies, impulse techniques, industrial robotics, economics, etc.

In the period after 1988 important results were obtained, related with the
impulsive differential equations with a small parameter. The development
of the theory of impulsive differential equations with a small parameter is
connected with the names of V. Lakshmikantham and his collaborators, A.
M. Samoilenko, N. A. Perestyuk, A. A. Boichuk and many others in Ukraine,
D. D. Bainov and his collaborators in Bulgaria, etc. I have kept this list short
since any attempt to make a more complete list would leave out authors of
significant contributions.

Neural network simulations appear to be a recent development. However,
this field was established before the advent of computers, and has survived
at least one major setback and several eras. Many important advances have
been boosted by the use of inexpensive computer emulations. Following an
initial period of enthusiasm, the field survived a period of frustration and
disrepute. The first artificial neuron was produced in 1943 by the neuro-
physiologist Warren McCulloch and the logician Walter Pitts [87]. More
information about neural networks can be found at the beginning of Chap-
ter 3 of the present thesis.



Most widely studied and used neural networks can be classified as either
continuous or discrete. Recently, there has been a somewhat new category of
neural networks which are neither purely continuous-time nor purely discrete-
time. This third category of neural networks called impulsive neural networks
displays a combination of characteristics of both the continuous and discrete
systems. To the best of our knowledge impulsive neural networks first ap-
peared in 1999 [64], yet I would mention that after the publication of our
paper [4] in 2004 hundreds or maybe thousands of papers devoted to impul-
sive neural networks appear each year, mostly in China. Since it is impossible
to list the most important contributions and their authors, I do not provide
a list here.

The present thesis is based on the author’s papers in the last two decades
devoted to impulsive differential equations with a small parameter and the
global asymptotic stability of equilibrium points and periodic solutions of
continuous- and discrete-time neural networks with delays and impulses. It
consists of three chapter.

Chapter 1 has an auxiliary character. It contains the necessary infor-
mation about impulsive differential equations, periodic solutions of linear
impulsive systems in the noncritical and critical cases, almost periodic solu-
tions of linear impulsive systems, and differential equations with a deviating
argument.

Chapter 2 deals mostly with periodic and almost periodic solutions of
impulsive systems with delay. The role of a small parameter is played by the
delay, or the amplitude of the oscillation of the delay about a constant value.
In §2.1 we find sufficient conditions for the existence of a periodic solution
of a periodic retarded or neutral system in a neighbourhood of an isolated
periodic solution of the system without delay. In §2.2 we study a system with
impulses and a small delay such that the corresponding system without delay
is linear and has a family of periodic solutions. More generally, we study a
boundary value problem for an impulsive differential system with many small
delays such that the corresponding system without delay is linear and the
boundary value problem for the homogeneous system has a family of non-
trivial solutions. Finally, in §2.3 we consider retarded and neutral impulsive
systems whose delay differs from a constant by a small-amplitude periodic
perturbation, provided that the corresponding system without delay has an
isolated w—periodic solution. If the period of the small-amplitude perturba-
tion of the delay is (a rational multiple of) w, we find sufficient conditions
for the existence of a periodic solution; if it is rationally independent with w,
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we find sufficient conditions for the existence of an almost periodic solution.

Chapter 3 begins with some general information about neural networks
and is concerned with the global asymptotic (in most cases, exponential) sta-
bility of equilibrium points and periodic solutions of continuous- and discrete-
time neural networks with delays and impulses. In §3.1 we find sufficient
conditions for the global exponential stability of unique equilibrium points
of continuous-time neural networks. In §3.2 we obtain discrete-time ana-
logues of continuous-time neural networks and find sufficient conditions for
the global exponential stability of their unique equilibrium points or periodic
solutions. Finally, in §3.3 we find sufficient conditions for global asymp-
totic stability of the unique equilibrium point of a continuous-time Cohen-
Grossberg neural network of neutral type and its discrete-time counterpart
provided with impulse conditions.

The present thesis was written during the author’s work in Sultan Qaboos
University, Muscat, Oman. However, some of the papers it is based on were
written during my work in the Institute of Mathematics, Bulgarian Academy
of Sciences, Sofia, Bulgaria; Fatih University, Istanbul, Turkey; and my visits
to Valencia Polytechnical University, Valencia, Spain and Université de Pau
et du Pays de I’Adour, Pau, France in 1993.

I would like to express my gratitude to many colleagues from different
countries, especially to Prof. Lucas Jédar (Spain), Prof. Alexander Boichuk
(Ukraine), Prof. Haydar Akca (Turkey, now in UAE) and, post mortem, to
Prof. Drumi Bainov (Bulgaria) and Prof. Ovide Arino (France).
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Chapter 1
PRELIMINARIES

1.1 Differential Equations with Impulse
Effect

In this section, following [103], we shall describe the general characteristics
of systems of differential equations with impulse effect, in particular, when
the impulses take place at fixed moments (instants) of time.

Let M be the phase space of some evolution process, i.e., the set of
all possible states of the process. Denote by z(t) the point mapping the
state of the given process at the moment ¢. The process is assumed to be
finite dimensional, i.e., the description of its state at a fixed moment of
time requires a finite number of, say n, parameters. Thus the point z(t) for
any fixed value of ¢ can be interpreted as an n—dimensional vector of the
Euclidean space R", and M can be regarded as a subset of R". We shall call
the topological product R x M of the real axis R and the phase space M
an extended phase space of the evolution process considered. Let the law of
evolution of the process considered be described by:

a) a system of differential equations

Z—fzi:f(t,x), teR, xzeM; (1.1.1)

b) a set J; in the extended phase space;

c) an operator A; defined on the set J; and mapping it onto the sat
J! = ArJ: in the extended phase space.

The process takes place as follows: the mapping point P, = (t,x(t))
issuing from the point (¢, o) moves along the curve {(¢,z(t))}1>¢, defined
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by the solution z(t) = x(t;tg, xo) of system (1.1.1). The motion along this
curve continues till the moment of time ¢ = t; > ¢y, at which the point
(t,z(t)) meets the set J; (i.e., coincides with a point of the set [J;). At
the moment of time ¢t = t; the point P, is “momentarily” transferred by
the operator A; from the position P, = (¢1,2(¢1)) into the position P, =
Ay Py = (t1,27(t1)) € J;, and moves along the curve {(, 2(t)) };>:, described
by the solution x(t) = x(¢;t1, 7 (¢1)) of system (1.1.1) issuing from the point
(t1,27(t1)). The motion along this curve takes place till the moment of
time to > t; at which the point P, again meets the set 7;. At this moment
under the action of the operator A; the point P, “momentarily” jumps from
P, = (ta, z(t2)) to P = A, P, = (t2,27(t2)) € J/, and moves further along
the curve {(¢,z(t))}:>t, described by the solution x(t) = z(t;te, a1 (t2)) of
system (1.1.1) until it meets with the set 7;, etc.

The set of relations a)—c) characterizing the evolution of the process is
called a system of differential equations with impulse effect (system of impul-
sive differential equations, impulsive differential system). The curve {t,z(t))}
described by the point P, in the extended phase space is called an integral
curve, and the function z = xz(t) defining this curve — a solution of this
system.

In dependence on the character of the impulse effect three essentially
different classes (types) of impulsive differential systems can be distinguished:

1) systems subject to impulse effect at fixed moments of time;

2) systems subject to impulse effect at the moment of meeting the map-
ping point P, with given hypersurfaces ¢ = 7;(x) in the extended phase space;

3) discontinuous dynamical systems.

In the present work we consider only systems of the first type.

If the real process described by the system of equations (1.1.1) is subject
to impulse effect at fixed moments of time, then the mathematical model
of the given process is the following system of differential equations with
impulse effect

= f(t,x), t#t, (1.1.2)
Azl = Li(x).

In such a system the set J; consists of a sequence of hypersurfaces t = t; in
the extended phase space, where {¢;} is a given sequence (finite or infinite)
of moments of time. It suffices to define the operator A; only for t = t;,
i.e., it suffices to consider only its restriction to the hypersurfaces t = t;,



A, : M — M. It is convenient to define a sequence of operators A; : M — M
by the expressions
Aiw o A =a+ I(z).

A solution of system (1.1.2) is a piecewise-continuous function x = ¢(t) with
discontinuities of the first kind at ¢t = ¢;, such that ¢(t) = f(¢,¢(t)) for all
t #t; and

Ap(ty) = ¢(ti +0) = o(t; = 0) = Li(p(t; — 0)).

Henceforth by the value of the function () at the point t; we mean litr.lrl0 o(t),

i.e., if t; is a point of discontinuity of the first kind of the function ¢(t), then
we assume that ¢(t) is continuous from the left and set

plti) = ¢t —0) = lim o(t).
This convention is used throughout the present work unless stated otherwise.
We shall recall a general theorem on the properties of the solutions of
system (1.1.2). Suppose that the function f(t,x) is defined for all (¢t,x) €
R x R"; the case when it is defined in some domain of this space is considered
analogously. Moreover, suppose that the set of solutions of system (1.1.1)
satisfies the following conditions:

A1.1.1. (noncontinuability) Each solution z(t) is a continuous function de-
fined on an interval (a,b) (—oco < a < b < o0), which may be dif-
ferent for distinct solutions; moreover, if a > —oo (b < o0), then
|z(a + 0)| = oo (respectively, |z(b — 0)| = 00).

A1.1.2. (local character) If some function z(t), a < t < b, satisfies condition
A1.1.1 and for any ¢y € (a,b) there exists ¢ > 0 such that on any
interval (to — e, to] and [to, to + €) the function z(¢) coincides with some
solution, then z(¢) is also a solution.

A1.1.3. (solvability of the Cauchy problem) For any ¢y, xo there exists at
least one solution z(t), a < t < b, such that ¢ty € (a,b) and z(tg) = xo.

The operators A; are not, in general, assumed to be bijective, i.e., for
any * € R" and 7 € K (an index set), A;z is some subset, possibly empty, of
R™.



Theorem 1.1.1. ([103, Theorem 2.1]) If the solutions of system (1.1.1) sat-
1sfy conditions A1.1.1-A1.1.3, then for any ty € R, o € R™ there exists at
least one solution x(t), a <t < b, of the impulsive system (1.1.2) for which
—0<a<ty<b< oo, x(ty) =g (forty <b) orx(to—0) = x¢ (forty =10);
moreover,

if a > —o0, then either |x(a + 0)| = 0o, or a = t; for some i, x(a + 0)
exists as a finite limit and x(a + 0) ¢ AR";

if b < 0o, then either |x(b—0)| = 0o, or b =t; for some i, x(b—0) exists
as a finite limit and A;xz(b— 0) = 0.

Such a solution x(t) is noncontinuable.

Theorem 1.1.2. ([103, Theorem 2.2]) For the uniqueness of the solution
of the Cauchy problem for the impulsive system (1.1.2) for increasing t for
arbitrary initial data it is necessary and sufficient that system (1.1.1) enjoys
the same property for any tg # t;, and that none of the sets A;x contains more
than one point. For the uniqueness of the solution of the Cauchy problem
for system (1.1.2) for decreasing t it is necessary and sufficient that system
(1.1.1) enjoys this property for any to # t;, and that none of the sets A;'x
contains more than one point.

The above content can be found in [21, Chapter 1, §2]. More information
about impulsive differential systems can be found in the monographs [82,
103].

1.2 Periodic Solutions of Linear Impulsive
Systems

Let Z be the set of all integers and N the set of all positive integers (also
called natural numbers).

Provided that the sequence {t;};cz is such that t;,,, = t; + w (i € Z) for
some w > 0 and m € N, denote by C‘wm the space of all w—periodic, piecewise
continuous functions w : R — R"™ with discontinuities of the first kind at ¢;
and w(t; —0) = w(t;), i € Z, equipped with the norm

lwll = sup fw(#)].
teR



Consider the linear impulsive system

T=At)x+g(t), t#t;, (1.2.1)
Al’(tl) = le’(tz) + a;, 1€ Z,
where z € R", g : R — R", a; € R", A(t) and B; are (n x n)-matrices,

{ti}icz is a strictly increasing sequence such that lim ¢; = +o0.

i—=4o00

Suppose that the following conditions hold.

A1.2.1. There exists w > 0 and m € N such that ¢;,,, = t; + w, Bixm, = B;,
Qjtm = Q; (Z € Z)

A1.2.2. The matrix A(-) € C,pxn-
A1.2.3. The function g(-) € Cy .

A1.2.4. The matrices E+ B;, i € Z, are nonsingular (£ — the unit (n x n)—
matrix).

Suppose, for the sake of definiteness, that
O<ti <t < - <ty <w.
Together with (1.2.1) we consider the respective homogeneous system

b= AW, £t (1.2.2)

First let us consider the so called nonecritical case where

A1.2.5. System (1.2.2) has a unique w—periodic solution z(t) = 0.

Let the (n x n)-matrix X (¢) be the fundamental solution of (1.2.2) (i.e.,
X (0) = E). Then condition A1.2.5 implies that the matrix Q@ = F — X (w)
is nonsingular. In such a case (see [103]) the nonhomogeneous system (1.2.2)
has a unique w—periodic solution ¢(t) given by the formula

o(t) = /Ow G(t,7)g(T) dT—I—ZG(t,ti—I—O)ai, (1.2.3)

i=1



where Green’s function of the periodic problem for the nonhomogeneous sys-
tem corresponding to (1.2.2) is defined by

X ) (E - X(w) P X (1), 0<7T<t<w,
Gt 7) = {X(t +w)(E— X)X (), 0<t<7<w, (1.24)

and extended as w—periodic with respect to t, 7. We may note the relation
G(t,t; +0) =Gt t;)(E+ B)™', i€clZ.

The above content can be found in [21, Chapter 2, §7.1].
Now let us consider the critical case (see [32]) where

A1.2.6. rank Q) = ny < n.

If r = n — ny, then the homogeneous impulsive system (1.2.2) has an r—
parametric family of w-periodic solutions. Let Q* be the transpose of @,
and let QT be its Moore-Penrose pseudoinverse [99]. Denote by P = Pg the
orthoprojector R" — Ker (Q) and by P* = Pg- the orthoprojector R" —
Ker (Q*).
Then the nonhomogeneous system (1.2.1) has w—periodic solutions if and
only if
PrX(w) </ X Y7)g(r)dr + ZXi_laZ) =0. (1.2.5)
0 i=1
Here, for the sake of brevity, we have denoted X; = X (t;+0) = (E+B;) X (t;).
Since rank P* = n — rank Q* = n — n; = r, condition (1.2.5) consists of
r linearly independent scalar equalities. Denote by Py = Pg- an (r X n)-

matrix whose rows are r linearly independent rows of P*. Then (1.2.5) takes
the form

PrX (w) < /0 i X Nr)g(r)dr + Z Xi_lai> — 0. (1.2.6)

If condition (1.2.6) is satisfied, then system (1.2.1) has an r—parametric family
of w—periodic solutions

xo(t, ) = X (t)e, + /Ow G(t,7)g(T)dr + Z G(t,t;)a;, (1.2.7)

i=1



where X, (¢) is an (n X r)-matrix whose columns are a complete system of r
linearly independent w—periodic solutions of (1.2.2), ¢, € R" is an arbitrary
vector, and G(t,7) is the generalized Green’s function

Gt,7) = X(E+Q X (w)X (1), 0<7<t<w,
o X#)QT X (w)X1(7), 0<t<r<uw,

and extended as w—periodic with respect to t, 7.

1.3 Almost Periodic Solutions of Linear
Impulsive Systems

First we shall give some definitions and assertions concerning almost periodic
sequences and functions, which can be found in [103, §§22-24].
Let {z;}icz be a sequence of vectors in R™.

Definition 1.3.1. The sequence {x;};cz is said to be almost periodic if for
any € > 0 it has a relatively dense set of e—almost periods, i.e., there exists
N = N(e) > 0 such that for any k € Z there exists an integer m € [k, k+N]|
such that |z, 1, — x| < e for all i € Z.

In particular, if the sequence {x;};cz is m—periodic, i.e., Ty, = x; for
all ¢ € Z, then for any ¢ > 0 the numbers nm, where n € Z, are e-almost
periods.

Since any almost periodic sequence is bounded [103], we can introduce
the norm

{:}iez| = sup ||
i€Z

into the space ap, of all almost periodic sequences with values in R".

Lemma 1.3.1. [103, Lemma 22.2] Let the numbers t;, i € Z, be such that
the sequence {t;}icz, ti = tiv1 —ti, 1 € Z, is almost periodic. Then uniformly
with respect tot € R there exists the limit

(t,t+T)

.1
lim ——= =m,
T—o00

where i(t,t 4+ T') is the number of points t; in the interval (t,t+ T.



For a sequence {t; };cz as in the above lemma set t] = t;y;—t; and consider
the set of sequences {t!}icz, j € Z.

Definition 1.3.2. The set of sequences {t?}iez, J € Z, is said to be uniformly
almost periodic if for any € > 0 there exists a relatively dense set of e-almost
periods common for all sequences {t!};cz, j € Z.

Now we have to give a generalization of the usual notion of an almost pe-
riodic in the sense of Bohr function to cover the case of piecewise continuous
functions with discontinuities of the first kind.

Let ¢(t) : R — R"™ be piecewise continuous with discontinuities of the
first kind at the points of the sequence {¢;};cz which is such that the set of
sequences {ti Yiez, j € Z, is uniformly almost periodic.

Definition 1.3.3. The function ¢(¢) is said to be almost periodic if

a) for any ¢ > 0 there exists a positive number 6 = §(¢) such that if the
points t' and t” belong to the same interval of continuity of ¢(¢) and satisfy
|t' —t"| <9, then |p(t') — p(t")| < ¢;

b) for any € > 0 there exists a relatively dense set I' of e—almost periods
T, t.e., if T € ') then |p(t+7) — p(t)| < € for all t € R such that |t —t;| > ¢,
1€ 2.

If the function ¢(t) is as in Definition 1.3.3, we write p(t) € AP(R,R"™; {t;}icz)
or, more briefly, ¢(t) € AP, ({t:}icz).

Theorem 23.1 [103] claims that any almost periodic function is bounded.
This allows us to introduce the norm

lell = sup |e(2)]
teR

into the space AP, ({ti}icz).

Now consider the linear impulsive system (1.2.1) and the respective ho-
mogeneous system (1.2.2) under the assumptions A1.2.2, A1.2.4 as well
as

A1.3.1. There exists w > 0 and m € N such that t;,, =t; + w, Bix, = B;
(it € Z).

A1.3.2. The function g(-) € AP,({t:}icz).

A1.3.3. The sequence of vectors {a;}icz € ap,.
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Let the matrix X (¢) be as in §1.2 (the fundamental solution of (1.2.2) with
X(0) = E). Set

A= éln X(w), )= X(t)e ™

®(t) is a nonsingular matrix, ¢ € éw,nxn-
Now we make the following additional assumption:

A1.3.4. The matrix A has no eigenvalues with real part zero.

Under these assumptions system (1.2.1) has a unique almost periodic
solution (see [103, Theorem 25.3]).

We give only those fragments of the proof that will be used henceforth.
Without loss of generality we may assume that A = diag (P, N), where
P and N are square matrices of order k£ and n — k respectively, such that

Re);j(P) >0, j=1k  Re)(N)<O0, j=k+1n.

Denote

It can be shown that
|G(t)]| < CeMH, (1.3.1)

where C' and « are positive constants. Moreover,
xo(t) = / O()G(t —7)D(1)g(7) dT + Z PGt —t) D (t)a; (1.3.2)
e i€Z

is the unique almost periodic solution of (1.2.1).
The above content can be found in [21, Chapter 2, §7.2].
Further on, we will also need to estimate

/ TGt -ldr ad  SIGE- )]

o0 i€Z

making use of (1.3.1). As in [44, 50] we have

[e.e] [e.e] [e.e] [e.e] 2
/ |G(t—7)| dr < C/ el dr = C/ el do = 20/ e do = —C
— —00 0

00 —00 «
(1.3.3)



Next we estimate

S(t) =Y el

1€Z

under the assumption that

}gg(tj_ﬂ — tj) =60>0.

In our case # = min (¢;41 —t;). Without loss of generality we may assume

0<j<m-—1
that to <t <t Then

= i 6—a(ti—t) + i 6—04(15—1571')
=1 =0

In the first sum

i—1
Li—t>ti—t =Y (tj —1t;) > (i—1)f,
j=1
and in the second one
i—1
b=t >tg—t = (tj—tj1)>if.
j=0
So we have
> 2
S(t) < —af(i—1) —abi _
()—ZZI _I_Z 1_6_a9
and

2C
ZZHGt—t I <+

1.4 Differential Systems with Delay

(1.3.4)

Impulsive differential equations with delay describe models of real processes
and phenomena where both dependence on the past and momentary distur-
bances are observed. For instance, the size of a given population may be
normally described by a delay differential equation and, at certain moments,
the number of individuals can be abruptly changed. The interaction of the
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impulsive perturbation and the delay makes difficult the qualitative investi-
gation of such equations. In particular, the solutions are not smooth at the
moments of impulse effect shifted by the delay [25].

Typical representatives of the class of differential equations with deviating
argument are the equations with concentrated deviation of the argument

At) = F(t, 2(hi(1), ... 2(zu(®),  t € [a,b], (1.4.1)
A= o(t) i t¢ [a,b],

where h; : [a,b] — R, j = 1,k, are given functions, and with distributed
deviation of the argument

2(t) = F(t,/ x(s) dsR(t, s)), t € la,bl,
z(t) = Y(t) if t¢a,b].

Ifin (1.4.1) h(t) <t,j =1,k (i.e, j=1,2,...,k), then it is a system with
concentrated delay.
In Chapter 2 we consider only systems with concentrated delays.
Suppose that there are finitely many argument deviations whose depen-
dence on t is known. Then the general form of the functional differential
equation is

™) = f(t, ™t — hi(t)), ...,z (t — hi(t))) (1.4.2)

where z(-) : R — R"™ and m; and h,(-) (i = 1, k) are respectively nonnegative
integers and nonnegative functions.

i) Equation (1.4.2) is called a functional differential equation of retarded
type, or retarded functional differential equation if

max {my, mo,...,mg} < m.

ii) Equation (1.4.2) is called a functional differential equation of neutral type
if

max {my, mo,...,mg} = m.

iii) Equation (1.4.2) is called a functional differential equation of advanced
type if
max {my, mo,...,mg} > m.

11



In Chapter 2, §1, we consider retarded and neutral systems with one
small constant delay. In §2 we consider retarded systems with small constant
or variable delays. In §3 the problem of existence of periodic and almost
periodic solutions for retarded and neutral impulsive systems is studied in
the presence of a delay which differs from a constant by a small amplitude
periodic perturbation. “... the use of a periodic delay is especially relevant
since it can model daily, seasonal or annual fluctuations.” [104]

In Chapter 3 distributed delays of different types are also considered.

12



Chapter 2

PERIODIC AND ALMOST
PERIODIC SOLUTIONS OF
IMPULSIVE SYSTEMS
WITH DELAY

A classical problem of the qualitative theory of differential equations is the
existence of periodic (or almost periodic) solutions. Numerous references
on this matter concerning differential equations with delay and impulsive
differential equations can be found in [23]. A traditional approach to this
problem is the investigation of the linearized system (also called system in
variations) with respect to a periodic solution of the unperturbed system
satisfying certain nondegeneracy assumptions.

2.1 Periodic Solutions of Impulsive Systems
with Small Constant Delays in the
Noncritical Case

For an impulsive system with delay it is proved that if the corresponding
system without delay has an isolated w—periodic solution, then in any neigh-
bourhood of this orbit the system considered also has an w—periodic solution
if the delay is small enough. This result is extended to the case of a neutral
impulsive system with a small delay.

13



2.1.1 Retarded systems

In the present subsection we study a system with impulses at fixed moments
and a small delay of the argument

o(t) = f(t,a(t),z(t—h), t#1i;

where x € Q CR", f: RXx Q2 x Q — R" Qis a domain in R"; Ax(¢;) are
the impulses at moments ¢; and {t;}cz is a strictly increasing sequence such
that lim ¢; = to0; I; : Q x Q@ — R" (i € Z), h > 0 is the delay.

i—7do0

It is clear that, in general, the derivatives @(t; + kh), k € Z, do not exist.
On the other hand, there do exist the limits & (¢; + kh +0). According to the
convention of §1.1, we assume &(t; + kh) = @(t; + kh — 0). We require the
continuity of the solution z(t) at the points t; + kh if they are distinct from
the moments of impulse effect ;.

For the sake of brevity we shall use the notation x; = x(t;), (t) = z(t—h)
(thus, z; = z(t; — h)).

In the sequel we require the fulfillment of the following assumptions:

A2.1.1.1. The function f(¢,x,z) is continuous (or piecewise continuous,
with discontinuities of the first kind at the points ¢;) and w-periodic
with respect to ¢, continuously differentiable with respect to x, z, with
locally Lipschitz continuous with respect to x, x first derivatives.

A2.1.1.2. The functions [;(z,z), i € Z, are continuously differentiable with
respect to z,z € €2, with locally Lipschitz continuous with respect to
x, T first derivatives.

A2.1.1.3. There exists a positive integer m such that ¢; ., = t;4+w, i1 (2, T)
= I;(x,z) for i € Z and x,z € Q.

For h =0, from (2.1.1.1) we obtain

o(t) = f(tx(t),z(), t#t,

so called generating system, and suppose that

A2.1.1.4. The generating system (2.1.1.2) has an w—periodic solution ()
such that ¢ (t) € Q for all t € R.

14



Now define the linearized system with respect to ¥ (t):

y = Alt)y, t#4, (2.1.1.3)
Ay(t;) = By, 1€ 7,
where 5 5

z=1(t) T=;

Let the (n x n)-matrix X (¢) be the fundamental solution of the system
(2.1.1.3) (i.e., X(0) = E — the unit matrix). Now we make the following
additional assumptions:

A2.1.1.5. The matrix £ — X (w) is nonsingular.
A2.1.1.6. The matrices E + B;, i € Z, are nonsingular.

If the last two conditions hold, the nonhomogeneous system

yt) = A(y(t) +g(t), t# 1,

where g(-) € C‘wm and a;1, = a;, © € Z, has a unique w—periodic solution
given by the formula

y(t) = /Ow G(t,7)g(T)dr + Z G(t,ti + 0)a,, (2.1.1.5)

0<t;<w
where G(t,7) is Green’s function (see §1.2). Let us denote
M =sup{|G(t,7)|: t,7 €[0,w]}.

Our result in the present subsection is the following

Theorem 2.1.1.1. Let conditions A2.1.1.1-A2.1.1.6 hold. Then there
exists a number h, > 0 such that for h € (0,hs) system (2.1.1.1) has a

unique w—periodic solution x(t, h) depending continuously on h and such that
x(t,h) — ¥(t) as h — 0.
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Proof. In system (2.1.1.1) we change the variables according to the
formula
z=0(t)+y (2.1.1.6)

and obtain the system

y(t) = Al)yE) +Qt,y()) (2.1.1.7)

+ 0f(t, () +y(t),v(t) +yt), t#t,
Biyi + Ji(yi) + 0L(¢i + yi, s + i), i € Z,

>
N
—~
~
S

Il

Qt,y) = fLYQE)+y,v(t)+y)— f0(E),v(1) — Alt)y,
Ji(yi) = L(Wi+yi,¥i +vyi) — Li(vi, i) — By,

are nonlinearities inherent to the generating system (2.1.1.2) and therefore
independent of the small delay h, while

0f(t,x(t),z(t) = [f(t,x(t),2(t)) — f(E,x(t), x(t)),
are increments due to the presence of the small delay.

We can formally consider (2.1.1.7) as a nonhomogeneous system of the
form (2.1.1.4). Then its unique w—periodic solution y(t) must satisfy an
equality of the form (2.1.1.5) which in this case is the operator equation

y = Upy, (2.1.1.8)

::
<
—~
~
S—
Il

/Ow G(t,")Q(r,y(T))dr + /Ow G(t,7)of(r,z(T),z(T)) drT

+ > Gt +0)i(y) + > Gt ti +0)01(xi, ;)

0<t;<w 0<t;<w

= Twy@) + Ly(t) + Siy(t) + Say(?).

For brevity we still write x instead of ¥(t) + vy in 0 f (¢, x(7), Z(7)), 0 L;(x;, T;)
as well as in Zoy, Soy. Moreover, we will further transform the expressions
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Toy(t) and Spy(t) under the assumption that x(t) is a solution of system
(2.1.1.1). This will considerably simplify some estimates henceforth.

An w-periodic solution z(t) = x(t,h) of system (2.1.1.1) corresponds to
a fixed point y of the operator U, in a suitable set of w—periodic functions.
To this end we shall prove that U, maps a suitably chosen set into itself as
a contraction.

We first need to introduce some notation. Suppose, for the sake of defi-
niteness, that
O<ti <t < - <ty <w.

There exists a constant po such that €2 contains a closed pp—neighbourhood
Q of the periodic orbit {x = ¥(t); t € R}. For z,z € €y the functions
f(t,z,z) (t €[0,w]) and I;(z,Z) (i = 1,m) are bounded, together with their
first derivatives with respect to z,z. Let us denote

My = max{sup{|f(t,z,i)| te0,w], z,T € Ql},

sup{|Ii(at,:Z“)| ci=1,m, x,T € Ql}},

M, = max{sup{|8mf(t,x,:i)| cte0,w], z,T € Ql},

Sup{|8ff(t>$>j)| ot [0,(4)
sup{|0,1;(x,z)| : i =1, m, x,7 € W},

m

—

) $>j € Ql},

sup{|0:1;(z,z)| : i =1, m, x,Z € Ql}}

Let L; and Ly be respectively the greatest Lipschitz constants for the first
derivatives of f(t,z,x) and I;(x, Z), whose existence is provided by conditions
A2.1.1.1, A2.1.1.2 and the compactness of the set €);. Sometimes, for the
sake of brevity, we shall use the Landau symbol O(u*) for a quantity whose
module (norm) can be estimated by a constant times p* for y small enough.
The meaning of O(h) is similar.

Let hg > 0 be so small that for any h € [0, hg] we should have

ti+h<ti+1, z'zl,m—l, tm—l—h<w.

m

Further we define the “bad” set A" = |J(¢;,t; + h) and the “good” set
i=1
Al =1[0,w] \ A% Thus the “bad” set A is a disjoint union of m intervals.
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For p € (0, uo| define a set of functions

%:{yECw,n: lyll < p .

We shall find a dependence between h and p so that the operator U in
(2.1.1.8) maps the set 7, into itself as a contraction.

Invariance of the set 7, under the action of the operator U,. Let
y € 7,,. We shall estimate |Uy(t)| using the representation

Uny(t) = Tiy(t) + Toy(t) + Siy(t) + Say(t)

and system (2.1.1.1).

First we have

1
Ji(yi) = {/0 (OxLi(Vi + syi, i + syi) — OxLi(Yi, 1)) ds

1
+ /0 (01 (Vi + sy, i + syi) — Oz (i, 1)) ds} Yis

thus .
] <2 [ 2Lasliilds ] = 2Lalusf
0
and .
Sy < 2LaM |yl = O(). (2.1.1.9)
=1
Similarly, we have
Q(7,y(1))

= {/0 02 f (7, 0(7) + sy(7),9(7) + sy(7)) — Ouf (7, 0(7), ¥(7))]ds

+ /0 [0 f(7,9(7) + sy(7), ¥ (7) + sy (7)) — (%f(TW(T)W(T))}dS} y(7),

thus
|Q(7,y(7))] < 2/0 2Ly sly(7)|ds - [y(1)| = 2L [y(7)|?
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and
1Ty (t)] < 2L1M/ ly(7)|*dr = O(u?). (2.1.1.10)
0

Now we can choose fig € (0, 110] so that for any u € (0, fip] we have
1 Zuiy(t) + Siy(t)] < p/2. (2.1.1.11)
If x(t) is a solution of (2.1.1.1) in the set €y, then
[2(@)] = [f(t, x(t), (t))| < Mo.

Further on, since the intervals (¢; — h,t;) contain none of the points t;, we
have

1
0 0s
! 0
= / Oz li(x;, x(t; — sh)) — x(t; — sh)ds
0 ds
1
= —h/ Oz Ii(x;, x(t; — sh))@(t; — sh)ds,
0
1
= —h/ Oz Ii(xi, x(t; — sh)) f(t; — sh,x(t; — sh),z(t; — (s + 1)h)) ds,
0
thus |(SIZ(I’Z,i’Z)| S hMlMO and

Soy(t)] < hmMMMy = O(h). (2.1.1.13)

Next we estimate the difference z(t) — z(t — h). If t is not in A?, then
x(t) is continuous in [t — h,t] and & exists in this segment, with the possible
exception of finitely many points. Then we have

|z(t) —2(t —Rh)| < h sup [|#(7)] < hM.
TE[t—h,t]

Now we shall obtain an analogous estimate for A?. Then the interval (t—h, t)
contains just one point of discontinuity ¢; of x(t), thus

2(t) = 2(t = h)| < Ja(t) = x(ti + 0)] + [x(t; +0) — x(t:)] + [2(t:) — x(t = h)]

< Mo(t—t;) + Mo+ Mo(t; —t+h) = Mo(1+h).
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Using these estimates, we evaluate § f(7, 2(7), Z(7)). If 7 € A%, we have
SOf(r,z(T / 8—f7‘:£ ,x(T — sh))ds
= —h/ Oz f(r, (1), x(T — sh))&(T — sh)ds (2.1.1.14)

= —h/ Oz f(1,2(7), x(7 — sh)) f (T — sh,x(T — sh),x(T — (s + 1)h)) ds

and
0f(m,2(7),Z(7))| < hMoM. (2.1.1.15)

Next, if 7 € A" we have

Sf (T, / —le’ ), sx(T —h)+ (1 —s)x(r)) ds
(2.1.1.16)

/0 Oz f(1,x(7), sx(tr —h) + (1 — s)x(1))ds - (x(T — h) — x(7))

and
0 f(7,2(7),2(7))| < MoMy(1+ h). (2.1.1.17)

Making use of the estimates (2.1.1.15) and (2.1.1.17), we find

|I2y(t)| S / hMM(]Ml dr + MM0M1(1 + h) dr
A% At

_ / WMMoM, dr + | MMM, dr
0

At
= hMMoM (w +m) = O(h). (2.1.1.18)
From (2.1.1.13) and (2.1.1.18) it follows that we can choose h(p) € (0, ho) so
that for any h € (0, h(n)] we have

Zoy(t) + Say(t)| < /2. (2.1.1.19)

Finally, by virtue of the estimates (2.1.1.11) and (2.1.1.19) we obtain
Uy < n,
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i.e., the operator U, maps the set 7, into itself for u € (0, io] and h €
(0, h(p))-

Contraction property of the operator U,. Let y/,y” € 7,,. Then

Uny'(t) —Uny"(t) = (Ty'(t) = Ty" (1)) + (Toy/'(t) — Toy" (1))

+ (Sw'(t) = Sy (1)) + (Say'(t) — Say”(1))-

First we consider

Siy/(t) = Sw'(t) = Y Gt ti +0)(Jiy)) — Ty)))-

We have

thus

and

Ji(yi) — Ji(yi)
(L + vyl b +y)) — L +yl v +y)) — Bilyh — o)

1
{/0 (0uLi(s + sy; + (1= s)yi', i + sy + (1 = 8)yi') — Ouli(i,4hi)) ds

1
/0 (OzLi(hi + sy; + (1=5)y;, thi + sy; + (1=5)yi') — OxLi (i, i) ds}

X (i —yi),

1
T — T < AL / (sl + (1 — 9)lyl] ds - 1y — o/
0

= 2Lo(|yil + v lyi — | < 4pLaly; — i

S/ (1) — Sy ()] < AWMLY |yi—yl = O(wlly — "]l (2.1.1.20)

Next,

=1

Ly (t) — Ty"(t) = /Ow G(t,7)(Q(r.y' (7)) — Q(r,y"(7))) dr.
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We have
Q(r.y/(7) - Qr.y"(7)
- { / [0, a(r), 24(7)) — BuF (7 26(r), ()] s
-/ uf (7). 24() — B 0(7), 0())] s} () = (7).
where z,(7) = &(7) + s/ (7) + (1 — $)y(r). Thus
Q. /(1) — Q(r,y" (7))
S sl ()] + (1 )l (] ds - 1y/(r) — 47
< 2L (Wl + N - I — ol < 4L ' — o)
and
T2(t) - Ty ()] < MLy [ — 'l = Ol — ol (21.1.21)

In order to estimate Sqy’(t) — Soy”(t) we use the representation (2.1.1.12). If
we denote x' = (t) + ¢/, 2’ = ¥ (t) + y”, we have

Sy (t) = Sy (t) = Y Glt, b+ 0)(0Li(}, 7)) — SLi(x7, 7))

i=1

and

5IZ($;> j;) - 5IZ($;/> j;/)
1
— —h/ [85 (2, 2/ (t; — sh)) f(t; — sh, 2’ (t; — sh),2'(t; — (s + 1)h))
0
—0s Li(al (b = sh) F(t = sh, @ (1 — sh), 2" (t; — (s + 1)h))| ds.

Further on,

Oz Ii(}, 2/ (t; — sh)) f(t; — sh, 2/ (t; — sh),z'(t; — (s + 1)h))

O (2, 2" (t — sh)) f(ts — sh, 2" (t; — sh), & (t; — (s + 1)h))‘
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< |0z Li(2, 2/ (t; — sh)) — Oz Li(x}, 2" (t; — sh))
X | f(t; — sh,2'(t; — sh), 2" (t; — (s + 1)h))|
+ 10z Iz, 2" (t; — sh))| - | f(t; — sh, 2 (t; — sh), 2’ (t; — (s + 1)h))
— f(t; — sh,x"(t; — sh), 2" (t; — (s + 1)h))
< 2(Le Mo + MP)|ly' "

and thus
Soy/ (t) — So" ()| = O(h)|ly" — o"||. (2.1.1.22)

Similarly, in order to estimate Zoy'(t) — Zoy”(t) we use the representations
(2.1.1.14) and (2.1.1.16). If 7 € A% then

0f(r,2'(7),3'(7)) = 6 f (1, 2"(), 2" (7)) < O(M)|ly = y"|-
If, however, 7 € A, we have
0f(r,2'(7),3'(7)) = 0f(r,2"(), 2" (7)) < OM)|ly" = y"||
and as above we obtain
| Zoy' () — Zoy" (1) < ORIy — y"||- (2.1.1.23)

Choose an arbitrary number ¢ € (0,1). Then by virtue of (2.1.1.21) and
(2.1.1.20) we can find p; € (0, fig] so that for any p € (0, p1] we have

Ty (1) = Ty" ()] + [S1/' () = Si"(1)] < %Ily’ "Il

Next, by virtue of (2.1.1.23) and (2.1.1.22) we find h, € (0, h(p1)] so that for
any h € (0, h,] we have

| Zoy/ (1) — Zoy" ()] + [S2y/ () — Say" ()] < %lly' -yl
Then for any p € (0, 1] and h € [0, h.] the estimate

Uy — Uny"| < ally’ — 4"ll,  q€(0,1),

is valid for any y',y" € 7,.
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Thus the operator i), has a unique fixed point in 7,, which is an w—
periodic solution y(t,h) of system (2.1.1.7). Since y(t) = 0 is the unique
w—periodic solution of system (2.1.1.7) for h = 0, then y(¢,0) = 0. Now
x(t,h) = ¥(t) + y(t, h) is the unique w—periodic solution of system (2.1.1.1)
and x(t,0) = 1 (t). This completes the proof of Theorem 2.1.1.1. O

A problem similar to (2.1.1.1) in the one-dimensional case was touched in
[74, 75]. The results of the present subsection were published in [21, Chapter
2, §8] and [22]. The proofs therein were based on the same idea but contained
a lot of unnecessary notations and calculations. A proof using an implicit
function theorem was given in [23].

2.1.2 Neutral systems

In the present subsection we study a neutral system with impulses at fixed
moments and a small delay of the argument of the derivative

i(t) = D)t —h)+ f(t,z(t),z(t—h)), t#t,

where D : R — R™ ™ and all the other notation is as in §2.1.1.
In the sequel we require the fulfillment of the following assumptions:

A2.1.2.1. The function f(¢,z,z) is continuous (or piecewise continuous,
with discontinuities of the first kind at the points ¢;) and w-periodic
with respect to t, twice continuously differentiable with respect to
x,r € €, with locally Lipschitz continuous with respect to x, % sec-
ond derivatives.

A2.1.2.2. The matrix D(t) is w— periodic, sup |D(t)| = n < 1, its first
te[0,w]

derivative is continuous (or piecewise continuous, with discontinuities

of the first kind at the points t;) and its second derivative is bounded

on each interval of continuity.

A2.1.2.3. The functions [;(x, Z), i € Z, are twice continuously differentiable
with respect to x, z € €1, with locally Lipschitz continuous with respect
to x, T second derivatives.

A2.1.2.4. There exists a positive integer m such that ¢;,,, = t;+w, L m(z, T)
= I;(x,z) for i € Z and x,z € Q.
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We may note that the invertibility of the matrix £ — D(t) (£ is the unit
matrix) follows from the inequality n < 1 (condition A2.1.2.2). Moreover,
sup |(E— D(t))™' < (L—n)~".

te[0,w]

For h =0, from (2.1.2.1) we obtain

#(t) = (BE—D()" ft,z(t),z(t), t#t,

so called generating system, and suppose that

A2.1.2.5. The generating system (2.1.2.2) has an w—periodic solution ()
such that ¢ (t) € Q for all t € R.

Now define the linearized system with respect to ¥ (t):

gty = (E- D) Alt)y(t), t#t, (2.1.2.3)
Ay(t;) = By, 1€,
where
At) = gf(t x,x) B, = g[(z x)
Ox™ 7 oy 0 " oy,

Let the (n x n)-matrix X (¢) be the fundamental solution of the system
(2.1.2.3) (i.e., X(0) = F). Now we make two additional assumptions:

A2.1.2.6. The matrix £ — X (w) is nonsingular.
A2.1.2.7. The matrices £ + B;, i € 7Z, are nonsingular.

If the last two conditions hold, the nonhomogeneous system

y(t) = (E-D) " At)y(t) +g(t), t#t,

where g(-) € C‘wm and a;1,m = a;, © € Z, has a unique w—periodic solution
given by the formula

y(t) = /Ow G(t,7)g(T)dr + Z G(t, t; + 0)a,, (2.1.2.5)

0<t;<w
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where G(t,7) is Green’s function (see §1.2). Let us denote

M =sup{|G(t,7)|: t,7 €[0,w]}, ﬁ:Z|Bi|.

Our result in the present subsection is the following

Theorem 2.1.2.1. Let conditions A2.1.2.1-A2.1.2.7 hold. If
n(3+26M) < 1, (2.1.2.6)

then there exists a number h, > 0 such that for h € (0, h.) system (2.1.2.1)
has a unique w—periodic solution x(t,h) depending continuously on h and
such that x(t,h) — ¥(t) as h — 0.

Proof. In system (2.1.2.1) we change the variables according to the
formula
z=0(t)+y (2.1.2.7)

and obtain the system
y(t) = (E—D®)" {AM®)y(t) + Q(t,y(1)) (2.1.2.8)
+ Of(tx(t),x(t = h)) = D) (@(t) —a(t — )}, t#t,
Ay(t)) = B+ Ji(y) +01Li(xi, %), i €Z,

Qt,y) = fLYQE)+y,v(t)+y)— fE0(0),v(E) — Alt)y,
Ji(yi) = L(Wi+yi,¥i +vyi) — Li(vi, i) — By,

are nonlinearities inherent to the generating system (2.1.2.2) and therefore
independent of the small delay h, while

Of(t,x(t),z(t)) = [t x(t),z(t) — f(E, x(t), z(1)),

are increments due to the presence of the small delay.
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We can formally consider (2.1.2.8) as a nonhomogeneous system of the
form (2.1.2.4). Then its unique w—periodic solution y(t) must satisfy an
equality of the form (2.1.2.5) which in this case is the operator equation

y = Upy — Vay, (2.1.2.9)

Uny(t) = / "Gt T)(E — D) QU y(r)) dr

+ / G(t,7)(E — D(r)) '3 (r, x(r), 2(r)) dr

+ > Gt +0)i(y) + > Gt ti+0)51(xi, ;)

0<t;<w 0<t;<w

= Ilz(t) + IgZ(t) + Slz(t) + SQZ(t),

Viy(t) = /Ow G(t,7)(E — D(7))"'D(7)(i(r) — &(r — b)) dr. ~ (2.1.2.10)

For brevity we still write  instead of ¢(¢) + vy in d f(t, z(t), Z(t)), 0 L;(x;, T;)
as well as in Zyy, Syy and in Vyy. Moreover, we will further estimate the
expressions Zoy(t) and Syy(t) under the assumption that z(t) is a solution of
system (2.1.2.1).

An w-periodic solution z(t) = x(t, h) of system (2.1.2.1) corresponds to a
fixed point y of the operator Uj, — V), in a suitable set of w—periodic functions.
To this end we shall prove that U, — V), maps a suitably chosen set into itself
as a contraction.

We first need to introduce some notation. Suppose, for the sake of defi-
niteness, that
O<ti <te < - <ty <w.

There exists a constant po such that €2 contains a closed pp—neighbourhood
)y of the periodic orbit {x = (t); t € R}. Let us denote

My = max{sup{|f(t,x,:f)| cte0,w], z,T € Ql},

sup{|Ii(:17,i“)| ci=1,m, x,T € Ql}},
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M, = max{sup{|8mf(t,x,i)| te0w], z,T € Ql},

sup{|8ff(t,x,i)| cte0,w], z,T € Ql},
sup{ |0, 1;(x,7)| : i=T1,m, z,z € 1},

sup{|0:1;(x, )| : i=T1,m, ©,Z € Ql}}

and, similarly, let M5 be the maximum of the suprema of the matrices of the
second derivatives of f(t,z,Z) with respect to x,z for t € [0,w], x,T €
and of the second derivatives of I;(x,z) for i = 1,m, x,z € €;. We shall
not explicitly denote the Lipschitz constants for the second derivatives of
f(t,z,z) and [;(z, ).

Let hg > 0 be so small that for any h € [0, hg] we should have

ti—l—h<ti+1, z'zl,m—l, tm +h < w.
Further on, as in §2.1.1 we define the “bad” set A} = |J(t;,t; + h) and the
i=1

“good” set Al = [0,w]\ AF. Thus the “bad” set A is a disjoint union of m
intervals.

For p € (0, uo| define a set of functions

T = {yeCun: lyl<n}

We shall find a dependence between h and p so that the operator U, — V;, in
(2.1.2.9) maps the set 7, into itself as a contraction.

Invariance of the set 7, under the action of the operator U}, — V.
Let y € 7,. We shall estimate |U,y(t)| using the representation

Uny(t) = Tiy(t) + Toy(t) + Siy(t) + Say(t)

and system (2.1.2.1).

First we have

1
Ji(yi) = {/0 (OxLi(Vi + syi, i 4 sy;) — OxLi(i, 1)) ds

1
+ /0 (01 (Vi + syi, i + syi) — Oz (i, 1)) ds} Yis
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thus .
Tyl < 2 / 205l ds - |ys| = 2Mayil?
0
and

Siy(t)] < 2MuMD |y = O(1?). (2.1.2.11)
=1
Similarly, we have

Q(7,y(7))
= {/0 02 f (7, 0(7) + sy(7),9(7) + sy(7)) — Ouf (7, 0(7), (7)) ds

+ /0 02 f(7,9(7) + sy(7), (1) + sy(7)) = Da f(7,9(7), wm)}ds} y(7),
thus )
Q(T,y(7))] < 2/0 Mas2ly(7)|ds - |y(T)| = 2Ma|y(7)[?

and
To)] < 226M -0 [ WEPdr = 06, (21212

Now let us estimate |4(t)|, where z(t) is a solution of (2.1.2.1). We have
[2()] < [D@)||&(t = h)| + [f(E,2(t), 2(t — h))| < nsup |[E(t)] + Mo.

Thus
sup |(t)| < nsup |&(t)] + Mo

and, finally,
sup [2(¢)] < Mo(1 =)™

Further on, since the intervals (t; — h,t;) contain none of the points ¢;,
we have

1
! 0
= Oz li(xi, x(t; — sh)) — x(t; — sh)ds
0 ds
1
= —h/ Oz Ii(x;, x(t; — sh))i(t; — sh) ds,
0
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thus |(SIZ(ZL’Z,£E’Z)| S hMlM(](l — 77)_1 and
1So2(t)] < hmMMMy(1 —n)~t = O(h). (2.1.2.14)

Then we estimate the difference x(t) — z(t — h). If t is not in A?, then
x(t) is continuous in [t — h,t] and & exists in this segment, with the possible
exception of finitely many points. Then we have

|(t) — x(t — h)| < hMy(1 —n)~".

Now we shall obtain an analogous estimate for A”. Then the interval (t—h,t)
contains just one point of discontinuity ¢; of x(t), thus

lz(t) —x(t = h)| < |z(t) — z(t:i +0)| + |2(t; + 0) — x(t:)| + |[2(t:;) — x(t — h)]
< Mo(L—n) "'t —t;) + Mo+ Mo(1—n) "' (t; —t+h) = Mo(1+h(1—n)"").

Using these estimates, we evaluate § f(7, 2(7),Z(7)). If 7 € A%, we have

S0f(r,z(7),z(T)) = /0 % (1,2(7), (T — sh)) ds

= _h/() Oz f(1,2(7), x(T — sh))&(r — sh)ds

and
0f (7, 2(7),2(7))| < hMoMy(1—n)~". (2.1.2.15)

Next, if 7 € A" we have
S0f(r,z(7),z(7)) = /0 % (1,2(7), sx(T — h) + (1 — s)x(7)) ds

= /0 Oz f(1,x(7), sx(t —h) + (1 — s)x(1))ds - (x(T — h) — x(7))
and
6f(r, (1), 2(7))| < MoM1(1+h(1—n)""). (2.1.2.16)
Making use of the estimates (2.1.2.15) and (2.1.2.16), we find
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|Zoy(t)] < / hMMoM, (1 —n)2dr (2.1.2.17)
AR

2

+ M@ =) " MM (1 + k(1 —n)~")dr
At

N / hMMoMy(1 —n) 2 dr + MMMy (1 —n)~dr
0 Al

< hwMMoM; (1 —n)"2 + hmMDMoM; (1 —n)~' = O(h).

Adding together the estimates (2.1.2.11), (2.1.2.12), (2.1.2.14) and (2.1.2.17),
we obtain
Unz(t)| = O(1?) + O(h). (2.1.2.18)

Henceforth, we shall repeatedly use the following lemma or arguments of
its proof.

Lemma 2.1.2.1. Let y(t) € C,,,, be such that in each of the intervals (0,t,),
(t1,t2), ..., (tm,w) y(t) exists, except for a finite number of points, and is
bounded. Then there exists a constant C > 0 such that for any function x(t)
integrable by Riemann in [0,w] and for any h > 0 we have

/0 X0 () — y(t — ) dt| < Ch sup [x(2)]

te[0,w]

Proof. It suffices to prove the assertion for h small enough. Then we
can define the “bad” set A" as above. If t ¢ A" then

Iww—y@—hﬂﬁhs%HWUw
T7€|0,w

If t € A, then we have

ly(t) —y(t —h)| < h sup [§(7)|+ sup |Ay(ti)].

T€[0,w] i=1,m

Since the measures of the sets [0,w] \ A" and A are respectively w — mh
and mh, we obtain

/0 O ) — gt — h)) de
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h sup |y(t)| + S@my(tm

te[0,w] i=1,m

< sup [x(t)| {(w—mh)h sup [y(t)] + mh

te[0,w] te[0,w]

}

= h sup |x(¢)| <w sup |9(t)] +m sgmy(tm),

te[0,w] te[0,w] i=1,m
thus it suffices to choose C'=w sup |y(t)| +m sup |Ay(t;)|. O
tel0,w] i=1,m

We can note that in the proof of this lemma we have used arguments
which are just simplified versions of those used in the evaluation of Zoy(t).

In order to estimate —Vyy(t), we represent the integral in (2.1.2.10) as
a difference of two integrals and change the integration variable in the first
one to obtain

Viglt) = [ {6nE - D)D)
0
— G(t,7—h)(E — D(t—h)) "' D(t—h) }@(r) dr.
We apply to the last integral Lemma 2.1.2.1 with () instead of y and
G(t,7)(E— D(7))"1D(7) considered as a function of 7 for any fixed ¢ instead

of y (with points of discontinuity ti,ts,..., ¢, and t if distinct from the
moments of impulse effect). Then

| = Vay(t)| < ChMo(1— )",
where the constant C' can be chosen independent of ¢, and
[Uny(t) — Vay(t)] = O(1*) + O(h),
1.€.,
Uny(t) — Vay(t)| < Ky pi® 4 Koh (2.1.2.19)
for some positive constants K; and Ks.

To provide the validity of the inequality [Uny(t) — Vay(t)| < u, we first

choose
1

2K, b
Then for any u € (0, fig] we have Kipu? < p/2 and inequality (2.1.2.19)
takes on the form

fio = min { po,

Uny(t) = Vay(t)] < /2 + Ksh.
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If we choose B y
h(lu“) = min { h’07 % }7
then for any h € (0, h(z)] we have Koh < /2 and thus
Uny(t) = ey ()| < n,

i.e., the operator U, — Vj, maps the set 7, into itself for u € (0, fio] and
h € (0, h(p)].

Contraction property of the operator U, — V. Let v/, y"” € 7,. Then

Uny'(t) —Uny"(t) = (Toy'(t) = Tay" (1)) + (ZToy'(t) — Tay" (1))
+ (Sw'(t) = Sy (1) + (Say'(t) — Say”(1))-

First we consider

Siy'(t) — Siy"(t) = ZG(t,ti+0>(Ji(y£> — Ji(y))).

We have

Jilyi) — Jiyy)
= (L + i +yh) — L +y! i +y))) — Bilyi — )

1
= {/0 (OuLi(vs + sy + (1 — s)yi s + o + (1 — 8)y)) — Ouli(vs,45)) ds

1
+ / (OsLi(vs + sy + (L—s)y! i + syi + (1—s)y!) — =1 (i, ¥i)) ds}
0
X (yi — i),
thus
1
Tl — D < 4M / (sl + (1 — 9)lyl] ds - |y — 3/
0

2Ms (lyil + v/ lys — v < 4udb|y; — |

IN

and
S1y/(t) — Siy"(t)] < dpMmMs|y' — o] (2.1.2.20)
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Next,
/(1) - Ty ()
= [ attr)E - D) QU () - QU (7))
We have
Q(r,y/ (7)) - Qr.y/(7)

-{J 0,21, () — B, 0, 0] ds

-/ 00 (7, 24(r), (7)) — 0 (), $())] s} () = (7).
where a4(r) = () + sy/(7) + (1 — )y”(7). Thus

Q(T,y/(7)) — Q(r,y"(7))]
< 2M2/0 [2sly' () +2(1 = )" (7] ds - [/(7) — ¢"(7)]

< 2Ma(ly' I+ 7)Y =yl < 4uda |y — o]
and
Ty (t) — Tuy"(8)] < dpMwd(1—n)" Iy = |l (2.1.2.21)
For the estimation of Sy (t) — Soy’(t) and Zoy'(t) — Zoy” (t) we denote x’ =
() +y, 2 =) +y". Now

m

Sy () = Say(t) = D Gt ti+0)(0Li(a}, %) — SLi(af, z))

i=1
and

0li(w}, T7) — oli(x7, @)
= (I (IwIZ) ( T, z)) ( ( ;/7 ;/) ( ;/7 ;/))
= (I (2, 7;) — (%%)) ( i(x), ;) — I uwz)
— (Li(af, 7)) — L, i) + (L], i’) (i, i)
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- / 53 L+ sy i+ s(s — 4+ 7)) d(1 - )
0
—l—/o gh(wi + syl i + syi) d(1 — s)
1
0 _

1
0
— / —Li(v; + syl i + sy)) d(1 — s).
o Os

Making use of the continuity of the second derivatives of I;(x,z) (condition
A2.1.2.2), we integrate by parts and rearrange the terms to obtain

SI(x}, 7)) — oL(z), 7))

[2Rad)

= 0= 9 E ) ds

W97 ')

[0 L L g ds o
([1-97 )

1
/0 (1= $)02,Li(thi + sy, i+ s( — i + 7)) ds -y, y>

=
1
- < [ =002+ sl s = i+ ) s yy>}

1
- </0 (1=8)02.L;(¥; + syi's s + s(hi—hi+5))) ds -y, ¢i—¢i+y2/>}

1
" {< [ 0= 900 sl (5= v ) s (= v+ 1)

Vi —¢i+y£>
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1
- </0 (1= $)02.Li(vi + sy i + s(y — i + 7)) ds - (¥i — s + §),

¢i—¢i+ygl>}-

Now we estimate separately the four addends in the braces making use also
of the Lipschitz continuity of the second derivatives of I;(z;,Z;) according
to condition A2.1.2.2. It is easy to see that the first two addends are
estimated by O(u)|ly’ — v”||, while the other two terms are estimated by
(O(p) + O(h)|ly' —v"||. Thus we obtain

|S2y/ (1) — Soy"(B)] < (O(p) + O(W)Ily" — y"|l. (2.1.2.22)

We estimate Zyy/(t) — Zoy”(t) in a similar way, using condition A2.1.2.1.
Now we have (the argument 7 is dropped for brevity)

5f( I/ j/) - 5f('>I//>j//)

{< 1 — s ( l”l’)|m:w+sy// ds - y//’y//>
</ 1—8 l’l’)|m w—l—sy’ds y y>}
0

0
</ 1—5)02 f( w+sy',w+sy')d5-y’,y’>}
0

" {</ (1—8)8§mf(,w+sy’,w+8(w—w+y’))d8-y’,y’>

0

1
- </0 (1 - S)aim.f(> w + Sy//> w + S('J} - w + 'g“)) ds - y//> y//>}

1
v 2{( [ A=ttt s vt oG4 ds G047 )
1
B </0 (1‘S)aifﬂvwsy”,ws(w—w+y”>>d5-y",w—w+y”>}
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1
T {</ (1= O f( o+ 9/ 6+ 50— Y+ 7)) ds - (& — 6 + 7).
w—w+y>

1
- </0 (1_5)8§zf(>¢+$y“>w+3@—w+?j"))ds(?Z—¢+??H)>

w—w+¢>}

The first three expressions in the braces are estimated by O(u)||y" — y”|| for
all 7 € [0,w]. The fourth and fifth expressions are estimated by

{ (O(u) + O(M))lly" —y"||  for 7 ¢&AY,
(O(u) +OM)lly" =yl for 7€ A}

Using these estimates, by arguments similar to those in the proof of Lemma
2.1.2.1 we find

| Z2y/(t) = Zoy" ()| < (O(w) + OM)ly" = oI (2.1.2.23)

Now by virtue of the estimates (2.1.2.20), (2.1.2.21), (2.1.2.22) and (2.1.2.23)
we obtain
[Uny" — Uny"l| < (O(w) + Oy — |-

In order to estimate V,y' — Viuy”, we integrate by parts the expression
for Vyy(t) taking into account that the function G(t,7) is discontinuous at
T=ty,...,t, and 7 =t while x(7) is discontinuous at t,. .., t,, making use
of the equalities

0G(t, )
or
and G(t,t;) = G(t,t; + 0)(E + B;). We obtain

Vay(t) = (E—D(t))""D(t) (x(t) — x(t—h))

= —G(t,7)(E — D(7)) " A()

+ fﬁ@@m+th—Dm+h»ﬂmu+m

—G@n+wE—mmrmmgm%@)

m

+ Z G(t,t; + 0)B;(E — D(t;)) ' D(t;)(x; — %;)

i=1
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- /OW{G(t,T)(E — D(7))YA(T)(E — D(1))'D() — G(t,7 — h)
X (E = D(r = )" A(r = h)(E = D(r = h) "' D(r — ) }a(7 = h) dr

+ [ {et. = D) D) - D)
—G(t,7—h)(E — D(t—h))"D(r—h)(E — D(T—h))_l}z(f—h) dr.

In view of Lemma 2.1.2.1 the two integral terms are estimated by O(h)||x||.
The sum of the first and third terms can be estimated by 2(1 + MgB)n(1 —
n)~t||z||. The difference

G(t,t; +h)(E — D(t; + h))'D(t; + h) — G(t,t; + 0)(E — D(t;)) ' D(t;)

is estimated by O(h) for t ¢ A? and by n(1 —n)~! + O(h) otherwise. At
last, similarly to estimate (2.1.2.22), we note that

| Liy, 7) — Li(e, 7)| < (O(w) + O(W) NIy = "I,
thus we have
Viy'(t) = Vay" (6)] < (21 + MB)n(1 =)™ + O(u) + O(h)) lly" — "l
and

|(Uny/ (1) = Vuy' () — (Uny" (1) = Vay/ (1))
< 2@+ MBI =) +np+1h)ly =yl

where 71 and v, are some positive constants.
By condition (2.1.2.6) we have

=201+ MB)nl—n)~" <1,

Choose a number ¢ € (7, 1) and denote r = ¢ — 7, and p1 = min { o, 2%}
and hy = min {h(u), 5,1 Then for any p € (0, ] and h € [0, hi] we have

[(Uny = Vuy) — Uy = Ve < ally = ¥"ll,  q€(0,1),

for any v/, y" € 7,,.
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Thus the operator U}, — V;, has a unique fixed point in 7,, which is an
w—periodic solution y(t, h) of system (2.1.2.8). Since y(t) = 0 is the unique
w—periodic solution of system (2.1.2.8) for h = 0, then y(¢,0) = 0. Now
x(t,h) = ¥(t) + y(t, h) is the unique w—periodic solution of system (2.1.2.1)
and x(t,0) = 1 (t). This completes the proof of Theorem 2.1.2.1. O

The results of the present subsection were reported at the Fourth In-
ternational Colloquium on Differential Equations, Plovdiv, Bulgaria, 18-23
August 1993, and published in its proceedings [76]. The existence of a peri-
odic solution under somewhat weaker assumptions using the Schauder Fixed
Point Theorem was reported at the 20-th Summer School “Applications of
Mathematics in Engineering”, Varna, Bulgaria, 26 August — 2 September
1994 and published in its proceedings [24].
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2.2 Periodic Solutions of Impulsive Systems
with Small Delays in the Critical Case

We consider an impulsive differential-difference system such that the corre-
sponding system without delay is linear and has an r—parametric family of
w-periodic solutions. For this case, an equation for the generating ampli-
tudes is derived, and sufficient conditions are obtained for the existence of
w—periodic solutions of the initial system in the critical cases of first and
second order if the delay is small enough.

As an application of these results, for an age-dependent model with a
dominant age class an w—periodic regime of the population size is sought
by means of impulsive perturbations. For both noncritical case and critical
case of first order, the problem is reduced to operator systems solvable by a
convergent simple iteration method.

Finally, we consider a nonlinear boundary value problem for an impulsive
system of ordinary differential equations with concentrated delays in the gen-
eral case when the number of the boundary conditions does not coincide with
the order of the system. It is assumed that the corresponding boundary value
problem without delay is linear and has an r—parametric family of solutions.
Then the equation for the generating amplitudes is derived, and sufficient
conditions for the existence and an iteration algorithm for the construction
of a solution of the initial problem are obtained in the critical case of first
order if the delays are sufficiently small.

2.2.1 Critical case of first order

In the present subsection we study a system with impulses at fixed moments
and a small delay of the argument

i(t) = A(t)x(t)+ f() + H(E, x(t), x(t = h)), t# 1,
Ax(t;) = Bix(ti) +a; + Li(z(t),z(t; —h)), 1€Z, (2.2.1.1)

wherexr € QCR", f:R—=R" A:R—-R"™" H(t,z,z) = g(t,x,7)(x — T),
g :RxQxOQ— R Qisadomain in R"; Az(t;) are the impulses at
moments t; and {¢;};ez is a strictly increasing sequence such that lim t; =

i—=+o00
too; a; € R", B, € R, [j(x,x) = Ji(x,z)(x — %), J; : 2 x Q — R™™ (i €
Z), h > 0 is the delay.
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As in §2.1.1 we shall use the notation x; = z(t;), Z(t) = z(t — h).
In the sequel we require the fulfillment of the following assumptions:

A2.2.1.1. The function g(¢,z,%) is continuous (or piecewise continuous,
with discontinuities of the first kind at the points ¢;) and w-periodic
with respect to t, continuously differentiable with respect to z, 7.

A2.2.1.2. The functions J; € C1(Q x Q,R™"), i € Z.

A2.2.1.3. There exists a positive integer m such that t;,, = t; +w, Bi1m =
Bi, aivm = a;y Jizm(x, %) = Ji(x, %) for : € Z and x,7 € Q.

A2.2.1.4. A(-) € Copsn, f(-) € Co.
A2.2.1.5. The matrices EY' + B;, i € Z, are nonsingular.
Suppose, for the sake of definiteness, that
0<ty <t < - <ty <w.
Let hy > 0 be so small that, for any h € [0, h1], we have
h<ty, ti+th<tim, i=1m-—1, t,+h<uw.

Together with (2.2.1.1), we consider the so called generating system

a(t) = AQ@)z(t)+ f(t), t# 1

obtained from (2.2.1.1) for h = 0.
Let X(t) be the fundamental solution (i.e., X(0) = E) of the homoge-
neous system

p(t) = A@)z@), t#t,

Denote Q = E — X(w) and consider the critical case where

A2.2.1.6. Rank(@) =n; < n.
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Let r = n—n; and Q*, QT, P*, P’ be as in §1.2. Then the nonhomogeneous
system (2.2.1.2) has w—periodic solutions if and only if

PrX(w) </0w X ) f(r)dr + iXi_laZ) =0. (2.2.1.4)

i=1

Recall that X; = X(¢; +0). If condition (2.2.1.4) is satisfied, then system
(2.2.1.2) has an r—parametric family of w—periodic solutions

xo(t, ) = X (t)e, + /Ow G(t,7)f(r)dr + i G(t,t;)a;, (2.2.1.5)

where X,.(¢) is an (n X r)-matrix whose columns are a complete system of r
linearly independent w—periodic solutions of (2.2.1.3), ¢, € R" is an arbitrary
vector, and G(t,7) is the generalized Green’s function (see §1.2).

Let us find conditions for the existence of w—periodic solutions z(t, h)
of system (2.2.1.1) depending continuously on h and such that, for some
¢ € R", we have z(t,0) = xo(t, ). A necessary condition for the existence
of such solutions is given by the following statement:

Theorem 2.2.1.1. Let system (2.2.1.1) satisfying conditions A2.2.1.1 -
A2.2.1.6 and (2.2.1.4) have an w—periodic solution x(t, h) which, for h =0,
turns into a generating solution xo(t,c). Then the vector c: € R" satisfies
the equation

Fle) = P:X(w){/OwX_l(f)g(ﬂl‘o(ﬂCi),évo(ﬂCi))(A(T)ﬂfo(ﬂCi)+f(7))d7

+ X it ), wolts, ) (Aso(ti, ¢) + £i) (2.2.1.6)

i=1
+ g(ti +0,(E + B)zo(ts, c7) + ai, xo(ts, ¢;)) (Bizo(ti, ;) + ai)]} =0
known as equation for the generating amplitudes (see, for instance, [63] or

29, 35]) of the problem of finding w-periodic solutions of the impulsive sys-
tem with delay (2.2.1.1).

Proof. In (2.2.1.1), we change the variables according to the formula

x(t,h) = xo(t,cr) +y(t, h) (2.2.1.7)
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and are led to the problem of finding w—periodic solutions y(t) = y(t,h) of
the impulsive system of functional differential equations

y(t) = A@y(t)+ H(t, x(t,h),x(t = h,h)), t#t,

such that y(t,h) — 0 as h — 0.
We can formally consider (2.2.1.8) as a nonhomogeneous system of the
form (2.2.1.2). Then the solvability condition (2.2.1.4) becomes

PrX(w) (/ XY H (7, 2(7,h),x(T — h,h)) dT + ZXZ-_IIZ'(ZL’Z',ZBZ')> = 0.
0 i=1
(2.2.1.9)
For the sake of later convenience, we denote by e(h,x) expressions tending
to 0 as h — 0, and satisfying the Lipschitz condition with respect to x with
a constant tending to 0 as h — 0. We shall sometimes write £(h) instead of
e(h,z) and x(t) instead of x(¢, h) if this does not lead to misunderstanding.
Thus, for instance, we write x; and Z; instead of z(¢;,h) and z(t; — h, h),
respectively.
Since the left-hand side of equality (2.2.1.9) tends to 0 as h — 0, we first
divide it by h and then study its behaviour as h — 0. First we note that

(2i — &) /h = @i + e(h) = Ai + fi + g(ti, v, Ti) (2 — 7)) + £(h)

since the interval (t; — h, t;) contains no points of discontinuity of the function
x(t,h) or its derivative.
This equality implies that

(E —hg(ti, z;, 7)) (i — T;) [h = Aiz + fi + €(h).
If h is small enough, we have
(z; — %) /h = (E — hg(ti, xi, %)) (Aiwi + fi + e(h)) = Az + fi +e(h).
Thus,
Ii(xi, ) [h = Ji(2, Ti) (2 — Ti) /b = Ji(@i, x) (A + fi) +e(h). (2.2.1.10)

We can represent the integral [° in (2.2.1.9) as a sum of integrals con-
taining no points of discontinuity of the integrand. It is obvious that, for
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T € (t;,t; + h), the interval (7 — h, 7) contains the point of discontinuity ¢;,
while for 7 inside the remaining intervals the interval (7 — h, 7) contains no

such points. We denote A = U (ti,ti + h), Al = [0,w] \ A" and use the

=1
representation [ = fAh +fAh

We first begin with the “bad” set AP. For any i € {1,2,...,m}, we can
find a constant #; € (0,1) such that
/ XY H(r,z(r,h),2(T — h,h)) dr

= X 't; +O:h)H(t; + O;h, x(t; + O;h, h), x(t; — (1 — 0;)h, b))
= XZ- Yo(ti + 0, (B + Bz + as, ;) (B + a;) +e(h).  (2.2.1.11)
On the other hand, for 7 in the “good” set A% we have as above (with

x=uz(r,h), T =x(t —h,h), A= A(1), etc.) (x —Z)/h = Az + f + e(h),
thus

Bt N XY H(r,z(r,h), (T — h,h)) dr

= X YD) g(r, z(, h), x(1, b)) (A(T)x(T, h) + f(7))dT + e(h).

A%

Since ng = f:—fA,f and
N X7 r)g(r, a7, h), a(, ) (A(T)a(r, h) + f(7)) dr = e(h),

we obtain

h! . X Y1)H(r,z(r,h),z(r — h,h)) dr (2.2.1.12)

/Ow X (D)g(r,z(r, h), z(7, R))(A(T)2(1, h) + f(1)) dT + (h).

In view of (2.2.1.10), (2.2.1.11) and (2.2.1.12), we can write the solvability
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condition (2.2.1.9) in the form
{/ X )g(r,x(r, h), z(7, R))(A(T)x(1, h) + f(1))dT

+ ZXZ- (i, @) (Asei + £i) (2.2.1.13)

i=1

=1

Passing to the limit in (2.2.1.13), in view of }Lirr(l] x(t, h) = zo(t, ) we obtain

(2.2.1.6). O

Now suppose that ¢ is a solution of equation (2.2.1.6). Then the w—
periodic solution y(¢,h) of system (2.2.1.8) such that y(¢,0) = 0 can be
represented in the form

y(t,h) = X, (t)c+ hyM(t, h), (2.2.1.14)

where the unknown constant vector ¢ = ¢(h) € R" must satisfy an equation
derived below from (2.2.1.13), while the unknown w-periodic vector-valued
function yM (¢, h) can be represented as

W(t,h) = {/Ow G(t,7)H(r,x(r,h),2(T — h,h)) dr
+ ZGtt x(t;, h), x(t; — ,h))}/h.
By arguments similar to those above, we find
W(t,h) = /Ow G(t,m)g(r,2(1,h), o(1, W) (A(T)x(1, h) + f(1)) dr

+ ZGtt (s, ) (A + ) (2.2.1.15)

+ Z G(t,t:)g(ti + 0, (E + Bi)xi + ai, xi)(Bizi + a;) + e(h, x).
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In equalities (2.2.1.13) and (2.1.1.15) we replace z(t, h) by zo(t, c) + y(t, h).
Thus we obtain

P { [ X atraolt, )+ ).l ) + e )
X (A(T)(zo(t, cr) +y(t,h)) + f(7))dr (2.2.1.16)
+ Z X Ji(xo(ts, ¢f) + yi, wo(ts, &) + i) (Ai(wo(ti, ) + i) + £i)
+ Z X g(ti +0,(E + By)(wo(ts, ) + i) + ai, xo(ts ¢f) + yi)
X (Bi(zo(ti, k) + i) + a;) + e(h, x)} =0
and

yV(t, h)

e e}

G(t> 7)9(77 IO(t> C:) + y(t> h)> $0(t7 C:) + y(t> h))
X (A(T)(xo(t,cy) +y(t, b))+ f(7))dr (2.2.1.17)

I
S~

_l_

NE

G(t,t;) Ji(wo(ts, c) + yi, wo(ts, c) + yi) (As(zo(tis cr) +vi) + fi)
1

<.
I

+ G(t,t;)g(ti + 0, (£ + Bi)(wo(ts, cp) + i) + as, vo(ts, c) + i)

M

1 X (Bi(xo(ti, k) +yi) + a;) + e(h, z).
We expand the left-hand side of (2.2.1.16) about the point y = 0. We have
9(7, 2o(t, ) + y, 2oL, ;) + y) (A(T) (@o(t, c7) +y) + f(7)) 22.118)
= g(m,xo(t, c7), xo(t, ) (A(T)o(t, ¢7) + £(7)) + 91(T)y + g2(T, ),
where go(7,y) is such that

(2

g2(1,0) =0, (1,0) = 0.

(9_3/92
Analogously, we have
Ji(wo(ts; ;) + vy, xo(li, ¢7) + y) (Ai(wo(ts, c) +y) + fi)
+ g(ti + 0, (E+ Bi)(xo(ti, c;) + y) + ai, wo(ts, ;) + y)(Bi(wo(ts ) +y) + as)
= Ji(zo(ts, cl), xo(ti, ) (Aixo(ts, ci) + fi) (2.2.1.19)
+ g(ti + 0, (E + By)xo(ti, ) + ai, xo(ts, c;)) (Bixo(ti, ) + ai) + Juy + J2i(y),
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where Jy;(y) is such that

0
J2(0) =0, a—ngi(O) = 0.

In view of the assumption F(c}) = 0, equality (2.2.1.16) now takes the form

{/ X" Yy (7, h) + g2 (7, y(7, h))) dr (2.2.1.20)
+ ZX (Srayi + Jai(yi)) + 1 (h, a:)} = 0.

In view of representation (2.2.1.14), denote

By = </ X! dT—I—ZX 1JMXT(Z)>, (2.2.1.21)

=1

which is an (7 x r)-matrix. Then (2.2.1.20) can be written in the form

Boc = —PrX(w {/ XY (hgi(T)yO(r, h) + go(r, y(7, b)) dr
+Z L(hJuyt (ti,h)+J2i(yi))+51(h,x)}. (2.2.1.22)

In the representation (2.2.1.17) we use the same expansions (2.2.1.18) and
(2.2.1.19) and obtain

(1)(t> h) = /OOO G(t> T) {9(77 l’o(t, C:)> l’o(t, C:))(A(T)IO(ta C:) + f(T))
+ g1(7)[ X (T)e+ hy(l)(f, h)| + g7, y(T, h))} dr  (2.2.1.23)
+ Z G(t,t;) {Ji(zo(tis c7), wo(tss 7)) (Aiwo (L, ) + i)

‘l’g(tz + 07 (E + BZ)I’O( i, C r) + al>$0( i, C r))(B $0( i, C r) + al)
+ Ju X, (t)e + hyW (ts, )] + Jui(y: )} + ea(h, z).

Thus we have reduced problem (2.2.1.1) to the equivalent operator system
(2.2.1.7), (2.2.1.14), (2.2.1.22), (2.2.1.23).
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Suppose that det By # 0. It is easy to see [29, 63] that this condition
is equivalent to the simplicity of the root ¢, = ¢ of the equation for the
generating amplitudes:

F(e) =0, det (

or) 4

ac?" cr=cy

This is the so called critical case of the first order. Then equation (2.2.1.21)
can be solved with respect to ¢ and we obtain [63] a Fredholm operator
system of the second type to which a convergent simple iteration method
can be applied.

Theorem 2.2.1.2. For system (2.2.1.1), let conditions A2.2.1.1-A2.2.1.6
and (2.2.1.4) hold. Then for any simple (det By # 0) root ¢, = ¢& € R" of
equation (2.2.1.6), there exists a constant hy > 0 such that, for h € [0, ho|,
system (2.2.1.1) has a unique w—periodic solution z(t, h) depending continu-
ously on h and such that x(t,0) = xo(t,c:). This solution is determined by
a simple iteration method convergent for h € [0, hgl.

The results of the present subsection were reported at the Conference on
Nonlinear Differential Equations, Kyiv, Ukraine, 1995, and the Conference
on Functional Differential-Difference Equations and Applications, Antalya,
Turkey, 1997. They first appeared in the latter’s proceedings [31]. Since the
respective site soon became unavailable, they were later included in [32].

2.2.2 Critical case of second order

In the present subsection we consider system (2.2.1.1) satisfying conditions
A2.2.1.1-A2.2.1.6 and (2.2.1.4) in the critical case of second order when

det By = 0. (2.2.2.1)

Now in equality (2.2.1.22) we shall also need the terms linear in h. To this
end we shall need the following additional assumption.

A2.2.2.1. Conditions A2.2.1.1 and A2.2.1.4 stil! hold if the functions
g(-,x,Z), A, and f are replaced by %(-,:ﬂ,i), A, and f, respectively.

Now we obtain more precise versions of some representations of the previous
subsection. First we note that

= A+ fi+9(ti, xi, %) (2 — Z;) — (AZZEZ + Az + fi)h/Q + he(h).
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This equality implies that
If h is small enough, we have

= Awwi+ fi + h{g(ti, i, ) (Aiws + fi) — [Aiwi + fi + Ai(Aimi + £,)]/2} + he(h).

Further on,

= {Ji(xi, ;) — %Ji(xi, 23) (@i — &) + he(h) | (x; — 7) /1
and in view of (2.2.2.2) we obtain
Ii(ws, @) /h = Jilwi, @) (A + £i) + hIiwi) + he(h), (2.2.2.3)
where
Jilws) = JiCwwi) {olts, v w) (A + f) — (i + fi+ Ai( A+ f)]/2}
- %Ji(zi,zi)(/li:vi + fi) - (Aizs + fi). (2.2.2.4)

The equality (2.2.1.11) is replaced by

ti+h
h! / XN r)H(r,z(r,h), (T — h,h)) dr (2.2.2.5)
ti
where

Gi(zi) = {0:(0:— AN g + 0o [Ji(wi, 3:) (Aiws + fi) + 0:(Af (Biwi + ai) + fi7)]
- (1- Qi)afgzr(/lﬂi + fz)} + g;r[z]i(i% x;) (A + fi)
+0;( A (Biwi + a;) + ;) + (1 — 0;)(Asx; + )] (2.2.2.6)
Here g = g(t; + 0, (E + B;)x; + a;, 2;), AT = A(t; +0), f;i = f(t; +0) (but
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Further on,
h! X Y1) H (7, z(r,h), x(T — h,h)) dr (2.2.2.7)

/ XD g(r,z(r, h), 2(7, R))(A(T)z(7,h) + f(7)) + hH(T, 2(T, h))] dT
Ah “Hr)g(r,a(r, h), (1, W) (A(T)x(1, h) + f(7)) dT + he(h),

where

H(r,z) = g(r,z,x){g(r,z,2)(A(T)x+ f(T)) (2.2.2.8)
—[A(7)z + f(7) + A(T)(A(T)z + f(7))]/2}
—0z9(1, 2, 2)(A(T)z + f(7)) - (A(T)z + f(7)),

XY )g(r, x(r, h), x(r, W) A(T)z(1, h)+ f(T))dT = h Z X 'gi(x;)+he(h)

h
A i=1

and
gi(z:) = g/ [AT (E + Bi)zi + ai) + f}'].

In view of (2.2.2.3), (2.2.2.5) and (2.2.2.7), we can write the solvability con-
dition (2.2.1.9) in the form

{/ XY [g(r, x(r, h), 2(r, ) (A(T)z(r, h) + f(T))

+ WH(T,z(7, h))] dT + ZX (g, ) (A + fi) + hdi(x;)

=1

In view of the assumption F'(c) = 0, equality (2.2.1.16) now takes the form

{ / X y(7,h) + ga(r, y(7, B)) + WH(7, 2(7, b)) dr

+ ZXZ-_l[Ju’yi + Joi(yi) + hGi(xi)| + hei(h, x)} =0, (2.2.2.10)

=1
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where G;(x;) = J;(z;) + Gi(z;) — gi(x;), i = 1, m.
With By defined by (2.2.1.21), equality (2.2.2.10) can be written in the
form

Bue = —PiX { / X () [hgu(r)y D (r, B) + ga(ry(r, b)) + WH(r, 2, )] dr
+Z “nJuy (ti>h)+t]2i(yi)+hgi(l’i)]+h€1(h,l’)}. (2.2.2.11)

Thus we have reduced problem (2.2.1.1) to the equivalent operator system
(2.2.1.7), (2.2.1.14), (2.2.2.11), (2.2.1.23), where det By = 0. Denote by B;,
the matrix transpose to By, by By its Moore-Penrose pseudoinverse, and
by Pgs, # 0 and Pp; the orthoprojectors of R" onto Ker(By) and Ker(B;),
respectively.

Equation (2.2.2.11) is solvable with respect to ¢ € R" if and only if its
right-hand side belongs to the orthocomplement of Ker(Bj), i.e.,

Pe; P X ( { / X har(r)y )+ o, (. )+ KA, 2, )]
i=1
If this equality is satisfied, then from (2.2.2.11) we determine

¢ = _BIPX { / X1 () [hgu(T)y D (r, B) + o, y(r, b)) + KH(7, 2 (7, h))] dr
(2.2.2.13)

* Z Ty (i, h) + Jei(ys) + hGi(wi)] + hea(h, ZB)} + el =0 4o,
i=1
where ¢! is an arbitrary constant vector in Ker(By), ¢V = Pg,c, ¢ =
(Id — Pp,)c. Then equality (2.2.1.23) can be rewritten in the form
Wt h) = G1(t)eM + (¢, h), (2.2.2.14)

where

Gi(t) = /0 S Gt (DX () dr + 3 Gl 1)1 X (1)

=1
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and

y@(t,h) = /0 ) G(t,7) {g(7, 20(t, 7), wo(t, €))(A(T)o(t, ¢7) + f (7))
+ 1 (T)[Xo (1) + hy (7, h)] + gao(7,y(1, b)) } dr (2.2.2.15)

+ Z G(t,t:) {Ji(wo(ti, cp), wo(ti, ;) ) (Aizo(ti, cr) + fi)

+9(ti + 0, (E + By)xo(ts, cp) + ai, xo(ti, ;) (Biwo(ti, ¢.) + a;)
+ Jul X (8) e + hyW (¢, )] + Jai(yi) } + e2(h, ).

Now let us linearize the solvability condition (2.2.2.12) with respect to y. We
use the expansion

H(T> $0(T> C:) + y) = H(T> $0(T> C:)) + Hl (T)y + H2(7—> y)>
where

Hi(7) = O H(T, x)| Ha(7,0) =0, O,Ha(r,0) =0,

x=xo(7,ck) ’

and, analogously,

Gi(zo(ti, cp) + vi) = Gi(xo(ts, cr)) + Griyi + Gai(vyi),
gli = amgi(l'”m:mo(thc;i) 5 g2l(0) = 07 8yg21(0) = 0.

In view of equalities (2.2.2.4), (2.2.2.6), (2.2.2.8), these expansions require the
existence of the continuous derivatives 0,zg(t, x, =), Ozzg(t, z, %), Opz Ji(x, T),
OzzJi(x, T) ensured by the following condition:

A2.2.2.2. Conditions A2.2.1.1 and A2.2.1.2 still hold if the functions ¢
and J; are replaced by the partial derivatives 0z¢g and 0z .J;, respectively.

Let us denote

v(h) = /Ow X YrYH(r, xo(7, ) dT + ZXi_lgi(:Bo(ti, ) +ei(h, zo),
Ei(h,y) = e1(h,z0 +y) — e1(h, x0).

Thus, &(h,0) = £1(0,y) = 0, while the quantity e;(h,xo) depends just on
the generating solution z¢(t, ¢:), and so thus y(h).
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We can now rewrite equality (2.2.2.12) in the form

PP X { [ X7 @l (Y 50 + a7 ) (22:2.16)
+ WH1(T)y(T, h) + hHa(T,y(1, h))] dT
+ ZXi_l[hJ1iy(1)(ti, h) + Joi(yi) + h(Griyi + G2i(yi))] + hy(h) + héi (R, y)} =0.

We substitute (2.2.2.14) into (2.2.2.16) to obtain a system with respect to
M) = Pg,c € Ker(By):

hBicV = —PuPrX(w { / XY [hagr ()yP (7, h) + go (1, y(7, h)) (2.2.2.17)
. + WHA(T) (X, (1) + hy D (7, b)) + hHa(7,y (7, h))] dr
+ X BTy ® (i, h) + Tai(ys) + 1(Gui (X (£ + hy ™M (85, B)) + Gai(wi))]
+ hry(h) + B (h, y>} ,
where
B = PuPrX( { / X () (1) G (r) + Ha ()X, (7)) dr

+ Z i [JliGl (t;) + G X, (tz)]} Ps,

is an (r x r)-matrix.

As above, denote by Bi the matrix transpose to By, by B its Moore-
Penrose pseudoinverse, and by Pp, and Pgs: the orthoprojectors of R” onto
Ker(B;) and Ker(Bj), respectively. System (2.2.2.17) is solvable with re-
spect to he) € Ker(By) if and only if its right-hand side belongs to the
orthocomplement of Ker(B;), i.e.,

Prs; P Pr X (w) { / X “H()[hg(r)y P (7, h) + ga(7,y(7. h))

+ hH (1) (X (1) + hy D (7, b)) + hHo (1, y(7, b)) dr
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SR Ty (s, B) + Jai(yi) + h(Gu(Xe () + hy D (ti, 1)) + Gai (i)

+ hy(h) + héi(h, y)} =0.

Since no additional constraints are imposed on the solution sought y(t, h),
the above condition is fulfilled if Ps:Pp; = 0, i.e., Ker(By) N Ker(B;) = {0}.
It is easy to see that this condition is equivalent to P, Pp, = 0.

Thus, if

7DBO 7£ 07 PB()Pgl == 0> (22218)

then system (2.2.2.17) is uniquely solvable with respect to hc") € Ker(By),
and the operator system (2.2.1.7), (2.2.1.14), (2.2.2.11), (2.2.1.23) is reduced
to the operator system (2.2.1.7),

y(t, h)

B

he)

y@(t, h)

X, ()(1d — Pg, ) + hGy (t)Pr, eV + hy P (¢, h),
—Bi P X (w { / X)) [hgy(T)(G1(7) P, + 4P (1, b)) (2.2.2.19)
+ go(T,y(7, h)) + WH(T, 2(7, h))] dT

(2

B PsPIX { / X (2 hga(T)y®) (7, ) + ga(r,y(r, 1))
41 () X, 1 Py ) (G ()P -+ 4 ) + W )

+ Z Xi_l [hJ1zy(2) (ti> h) + J2z(yz) + h(ng(Xr (tz)(ld — PBO)C(O)

=1

+h(G(t)Pyc™ 4+ y P (ti, 1)) + Gai(yi))] + hy(h) + héi(h, y) } (2.2.2.20)

X hJu(Gy (ti)PBOC(l) + ¢ (ti, h) + J2i(yi) + hGi(x;)] + hei(h, x)} ,
—1

/OOO G(t> T) {9(77 l’o(t, C:)> l’o(t, C:))(A(T)IO(ta C:) + f(T))
+ g1 (1) [ X (7)(Id = P, ) + h(G1(7) P,V + 4P (1, h))] + ga(7,y (7, h)) } dr
+ZG(t>ti) {Ji(wo(ti, c), mo(ti, cx)) (Aizo(ts, ;) + fi)

+g(ti + 07 (E + Bl)zo( i, C r) + awIO( i, C r))(B IO( i, C r) + al)
Ju[ X () (1d — P, )Y + h(Gy () Proc™ + y P (ti, b)) + Joi(yi) } + ea(h, ).
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To this system, a convergent simple iteration method can be applied [63]
starting with, say,

ur(t,h) = yP () =0,  k=0,1, (2.2.2.21)
and the following assertion is valid:

Theorem 2.2.2.1. For system (2.2.1.1), let conditions A2.2.1.1-A2.2.1.6,
A2.2.2.1, A2.2.2.2 and (2.2.1.4) hold. Let ¢, = ¢ € R" be a root of
equation (2.2.1.6) such that (2.2.2.18) is satisfied as well as the condition

PePrX {/ XTHOH(m wo(r ef)) dr - (22.2.22)
T ZXZ 'Gi(wo(ti, 7)) + ea(h, on)} = 0.

Then there exists a constant hg > 0 such that, for h € [0, ho], system (2.2.1.1)
has a unique w-periodic solution xz(t,h) such that z(t,0) = xo(t,c:). This
solution can be determined by a simple iteration method convergent for h €
[07 h’O] :

Condition (2.2.2.22) is obtained from the solvability condition (2.2.2.16)
by virtue of (2.2.2.21). It is a necessary and sufficient condition for finding

c((]o) = —hB{P!X {/ XY H(T, 20(7, ) dr
+ ZXZ lgi f(]( i, C r)) +51(h IO)}
i1

from (2.2.2.11). The finding of the subsequent iterations of ¢(®) from (2.2.2.19)
is enabled by the choice of the corresponding iterations of c¢() from (2.2.2.20).
The results of the present subsection were published in [32].
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2.2.3 Periodicity of the population size of an age-
dependent model with a dominant age class
by means of impulsive perturbations

The following model is described in the papers of T. Kostova [80], T. Kostova
& F. Milner [81], where the existence of oscillatory solutions is proved.

For two fixed ages o1, 05 such that 0 < 01 < 09 < oo the age distribution
u(a,t) of a population is considered, where a is the age and ¢ the time,
with dynamics described by the following integro-differential equation with
age-boundary condition in integral form,

Gu 9 — —§(a,Q)ula,t), a,t >0,
u(0,t) = [, Bla, Q)ula,t)da, t>0, (2.2.3.1)
u(a,0) = up(a), a>0,

where

Q=0 = /02 w(a,t) da

o1
is the dominant age cohort size and 6(a, @Q)) and ((a, Q)) are, respectively, the
age-specific death rate and birth modulus when the dominant age group is
of size ). It is assumed that o, 8 and ug are nonnegative, and that wug is
integrable (so that the initial population is finite). This model is a general-
ization of the classical one of Gurtin & MacCamy [67], which is obtained by
setting 0y = 0 and o9 = o0.

Further on in [80, 81] the special case

B(Q), a€lo, 04,

fla.Q) { 0, otherwise,

is considered. This means that the dominant age class is the only one capable
of having offspring, i.e., births are possible only in the age interval o1, o9]
and the fertility rate depends just on the size of the dominant age group itself
(and not on the age within the group). Moreover, 8(Q) € CY(R,;R,) and
the mortality rate 6 > 0 is assumed constant. Then for the total population
size,

P(t) = /0 " w(a,t) da,
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the equation

P+ 6P =p3(Q)Q (2.2.3.2)

is derived, where

Q)= P(t— 01)6_”15 — P(t — 0’2)6_025 for ¢t > o9, (2.2.3.3)

oo—t

Qt) = e_‘st/ uo(a) da for t <oy,
o1—t

while for o1 <t < 09 Q(t) satisfies the integral equation (assumed uniquely

solvable)

eO(t) = /0 e 3(0(a)Oa) da + /0 " (@) da. (2.2.3.4)

Thus, for t > 09, P(t) satisfies a nonlinear scalar delay equation (2.2.3.2)
with @ given by (2.2.3.3), while for t € [0, 03] Q() and eventually P(t) can
be expressed in terms of the initial function ug(a) of the age-dependent model
(2.2.3.1):

P(t) = e~ { /0 " wola) da + /0 e (Q(a))Q(a) da].

Thus we find the initial function Py(t), t € [0, 02] of the above mentioned
delay equation.

We fix a number w > 0 much larger than the age o5, and try to obtain an
w—periodic regime of the population size by means of impulsive perturbations
for a suitably chosen initial function ug. More precisely, suppose that at
certain moments t; such that ¢, = t; + w for all i € Z, the population
size P(t) is abruptly changed while for the moment equation (2.2.3.2) with
(2.2.3.3) is assumed to hold for all t € R, t # t;. We normalize the quantities
in equation (2.2.3.2) as follows:

s=t/w, I(s)=P(ws), D=wi B(Q)=wilQ).

Henceforth we write again ¢, 6 and 3 instead of s, D and B, respectively, x
instead of I, and h = o9 /w will be the small parameter, while the still smaller
quantity oy /w will be assumed 0, for the sake of simplicity. We suppose that
the time interval between two successive abrupt changes (impulse effects)
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t;11 — t; is large in comparison with the “age” h for all 7 € Z, and look for
1-periodic solutions of the problem

S H T i
z ox + H(h,z,7), t 7t (2.2.3.5)
Ax(t;) = Bizi + a;, i €L,

where Z(t) = x(t — h), Az(t;) = z(t; + 0) — z(t; — 0) is the magnitude of the
impulse effect at the moment ¢;, z; = x(t;) = x(¢t; — 0), H(h,z,7) = /(Q)Q,
Q=Qh,z,7)=x—7e™ 0<t; <ty <1.

Remark 2.2.3.1. The assumption that o, /w = 0 is of a technical character. It
leads to system (2.2.3.5) with just one small delay of the argument. Similar
systems were studied in [23, 22, 31]. The case of several small delays of the
argument is considered in the next subsection.

Remark 2.2.3.2. We see that the nonlinearity H(h,x,Z) is not precisely of
the form studied in [31]. However, its particular form much simplifies our
calculations.

Suppose that z(t) is a 1-periodic solution to the problem (2.2.3.5). Thus
we find an w-periodic solution P(t) of equation (2.2.3.2) with (2.2.3.3) sat-
isfying the respective impulse conditions. However, if P(t) is the population
size of the age-dependent model (2.2.3.1), for 0 < ¢t < oy it must satisfy
equation (2.2.3.2) with @ in the right-hand side determined from (2.2.3.4),
1.€.,

00 t
P = [ w(a)da+ [ B(@0)Q(a) da
0 0
or, by virtue of (2.2.3.4),

/OO uo(a) da + Q(t)e® = P(t)e. (2.2.3.6)

Since Q(t) can be expressed from (2.2.3.4) in terms of wug(a) by means of
an integral operator, the initial function ug(a) of (2.2.3.1) must satisfy an
integral equation (2.2.3.6). This is a counterpart of the well known fact that
if a delay differential equation has a periodic solution, then its initial function
must satisfy an integral equation.

We can easily find that the fundamental solution X (¢) of the homogeneous
system

{I = oz, t# b (2.2.3.7)

Al’(tl) = Bil’i, 1€ Z,
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is 1-periodic if and only if
(14 B1)(1+ By) = €°. (2.2.3.8)

If (2.2.3.8) is violated, we have to do with the so called noncritical case
considered in [22, 23]. Green’s function G(t, ) of the periodic problem for a
nonhomogeneous system corresponding to (2.2.3.7) is given by the formula

it = JXOQ=XD) X (T), 0<7<t<1,
7= X(1+)(1-X1)7X(r), 0<t<7<L

A 1-periodic solution to system (2.2.3.5) must satisfy

2(t) = /0 G(t, 7)H(h,z(7), x(r — b)) dr + Z G(t, t; + 0)as.

For h small enough this equation has a unique solution provided by the

Implicit Function Theorem [23] (or the Contraction Mapping Principle [22]).

This yields the existence of a unique 1-periodic solution to equation (2.2.3.2).
Next, we consider the critical case when (2.2.3.8) holds. Then

e, 0<t<t,
X(t) = S (14 Bye™®, t; <t <ty
1=t ty <t <1.

Since X; = X(t; +0) = (1 + By)e ™, X5 = X(ty 4+ 0) = e®07%2) then the
nonhomogeneous system

l" - _5$, t ?é ti)
Al’(tz) = Bx; + Qa;, 7 € Z,

has a 1-parametric family of 1-periodic solutions xy(¢, c) if and only if the
nonhomogeneities a; and ay satisfy

ey + 22 Y(1 4+ By)ay = 0, (2.2.3.9)
and
ce 0, 0<t<t,
zo(t,c) = S c(l+ By)e % +aie®t t <t <ty
ced0-1) ty <t < 1.
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Let us find conditions for the existence of 1-periodic solutions x (¢, h) of
(2.2.3.5) depending continuously on h and such that for some ¢ € R we
have z(t,0) = xo(t,¢). In (2.2.3.5) we change the variables according to the
formula

x(t,h) = xo(t,c) +y(t, h) (2.2.3.10)
and are led to the problem of finding 1-periodic solutions y = y(¢, h) of the
impulsive system of functional differential equations

{g = —0y+ H(h,z(t,h),z(t — h,h)), t+t, (2.2.3.11)

Ay(t;) = By, i€Z,

such that y(¢t,h) — 0 as h — 0.

We can formally consider (2.2.3.11) as a linear nonhomogeneous system.
Then it has a 1-periodic solution y if and only if

/1 X Y1)H(h,z(r,h), 2(T — h,h)) dr = 0. (2.2.3.12)

We divide the left-hand side of equality (2.2.3.12) by h and then study its
behaviour as h — 0. We can represent the integral in (2.2.3.12) by a sum of
integrals over intervals containing no points of discontinuity of the integrand.
It is obvious that for 7 € (¢;,t;+h), i = 1,2, the interval (7—h, 7) contains the
point of discontinuity ¢; while for 7 inside the remaining intervals the interval
(7 — h, 7) contains no such points. We denote A = (t;,t;+h)U (ta,ta+h),

Al = [0,1] \ A" and make use of the representation fol = fA’f + ng.

As in [31], denote by e(h,z) expressions tending to 0 as h — 0, and
satisfying a Lipschitz condition with respect to x with a constant tending to
0 as h — 0. Making use of the particular form of the nonlinearity H (h,x, T)
and of the linear part of the equation, for 7 in the “good” set Al we find

Q(h,z(t,h),z(t — h,h))/h = e(h,x).
Thus,

ht XY H(h,z(1,h),z(Tt — h,h))dr = e(h,x).
Al
On the other hand, for i = 1,2 we have
ti+h

ht XN T)H(h,z(1,h),x(t—h,h))dr = X; @i(c,h)B(pilc, h))+e(h, ),

t;
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where ¢;(c, h) are linear with respect to ¢ functions,
Qpi(g h) = le’(tu h) + a;.

Thus equality (2.2.3.12) takes on the form

Z X oi(e, h)B(wi(e, h)) +e(h,z) = 0. (2.2.3.13)

We have
pi(e, h) = @i(c,0) + By, =12

For p;(c) = ¢i(c,0), i = 1,2, we find
v1(c) = Be e + ay, pa(c) = 326_5t2(1 + By)c+ Byedt=2)g, 4 g,

Passing to the limit in equation (2.2.3.13) as h — 0, we derive the equation
for the generating amplitudes

™11 () Bpi(c)) + €27V (1 4 By)pa(c) Bga(c)) = 0. (2.2.3.14)

If in the solvability condition (2.2.3.9) a; and as are not 0, then (2.2.3.14)
can be also written as

p1(c)B(p1(c))/ (p2()B(p2(c))) = a1 /as. (2.2.3.15)

On the other hand, if a; = ay = 0, neglecting the solution ¢ = 0 of equation
(2.2.3.14) which yields the trivial solution # = 0 of problem (2.2.3.5), by
virtue of relation (2.2.3.8) we derive the equation

Bi(1+ By)B(Bie¢) 4+ (1 4 By)Baf(Bye™2(1 + By)e) = 0. (2.2.3.16)

The precise form of equation (2.2.3.15) or (2.2.3.16) depends on the form of
the function .

Now suppose that ¢* is a real root of equation (2.2.3.14). Then the 1-
periodic solution y(¢,h) of system (2.2.3.11) such that y(¢,0) = 0 can be
represented in the form

y(t,h) = X (t)e + hy (¢, h), (2.2.3.17)
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where the unknown real constant ¢ = ¢(h) must satisfy an equation derived
below from (2.2.3.13), while the unknown 1-periodic function y)(¢,h) can

be represented as

1

yﬂkumzzﬁ4/‘Gmfﬂﬂmxd@cw+y@szd¢—mcﬂ+mf—mh»df

0

in terms of the generalized Green’s function

Gt 7) STt 1), 0<T<t <1,
T =
’ 0, 0<t<rt<l,

and ¢(t,7) is a piecewise constant function:

(

17 [7-7 t] - [0>t1] U (tbt?] U (t2> 1]7
1—|—Bl, 0§T§t1<t§t2,

e, 0§’7‘§t1<t2<t§1,
\1+B2, t1 <1t <ty<t<Il.

By arguments similar to those above we find

2

(2.2.3.18)

yO(t,h) = Y Gt b+ 0)pi(c”, B)B(pi(c™, b)) + e(h, x(t, h)).

i=1

We linearize with respect to y making use of the expansions

pi(c, h)B(ei(c h)) = (pic”) + Biya) B(ei(c”) + Biyi)

= i(c")B(wi(c)) + BriBiyi + Bai(yi),

where
B = Bpi(c)) + B'(wilc"))pilc"),
(' is the derivative of 3, while (5;(y) is such that

B2i(0) = 0, %/621(0) = 0.

Now, since ¢* satisfies (2.2.3.14), equality (2.2.3.13) becomes

ZXi_l{ﬁliBi?/(th h) + Ba2i(y(ts, b))} +e(h,z) = 0.

i=1
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In view of the representation (2.2.3.17) let us denote

2

B;
BO = Zﬁlzm
i=1

Then we have

2
Boc ==Y X, "{hBuBy "M (ti, h) + Baiy(ti, b))} + e(h,z)  (2.2.3.19)

i=1

and

yD(t h) = ZG(t>ti+0){S0i(0*)ﬁ(%(0*)) (2.2.3.20)
+ BuBi[X(ti)c+ hyW (ti, h)] + Ba(y(ti, b))} + e(h, x(t, ).

Thus problem (2.2.3.5) is reduced to the equivalent operator system
(2.2.3.10) | cme* —a root of (22314, (2.2.3.17), (2.2.3.19), (2.2.3.20).

It is easy to see that By # 0 is equivalent to the simplicity of the root
c* of equation (2.2.3.14). This is the so called critical case of first order.
Then equation (2.2.3.19) can be solved with respect to ¢ and we obtain a
Fredholm operator system of the second type to which a convergent simple
iteration method can be applied [63]. Thus to any simple real root of equa-
tion (2.2.3.14) for h small enough (i.e., for oo small enough with respect to
w) there corresponds a 1-periodic solution to problem (2.2.3.5) tending to
xo(t,c*) as h — 0, i.e., an w—periodic solution to equation (2.2.3.2).

We could also apply the same method to the 2— and 3—dimensional
systems obtained in [109] and [117].

The results of the present subsection were reported at the Fifth Interna-
tional Conference on Mathematical Population Dynamics, Zakopane, Poland,
1998, and published in [45].
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2.2.4 Boundary value problems for impulsive systems
with small concentrated delays

In the present subsection we study a boundary value problem (BVP) for an
impulsive differential system with retarded argument

w(t) = A@z@)+ f(t) + H({E,x(t),y(t),  telab], t#1,
x(t) = () for tela—eoal,
lr = a+el(x,e),

where z € Q CR”, f: R — R", A: R — R y = (y4,9%...,9%) €
k

QF, H(t,z,y) = >, Hi(t,x,y)(x —y)), H; : Rx Q x QF - R™™ Qs a
=1

‘7:
domain in R, y/(t) = x(t — ew’(t)), 7 = 1k, W : [a,b] — [0,1]; Ax(t;)
are the impulses at moments ¢;, and a =ty < &1 < to < -+ < 1, < b;

k
a; € R", B; € R"™", Il(l’,y) = Z IZJ(I’,y)(l’ — yj), Iij :Q x QF — R
j=1
(i=1,p, j=1,k), e € [0,&0) is a small parameter; a = [a, ..., a,]T € R™;
0= 1[ly,...,0,)" and J(z,¢) are, respectively, a linear and nonlinear with
respect to x m—dimensional functionals; the initial function ¢ € Ca — ey, a],
go will be specified later.

Remark 2.2.4.1. We could replace H, I;, €J by nonlinearities of a more gen-
eral form, vanishing for € = 0.

Remark 2.2.4.2. In the Russian-language literature BVP’s with m # n (m =
n) are usually called BVP’s of Noether (respectively Fredholm) type. Here
we use the second term but not the first one. Note that in the non-Russian
literature Fredholm BVP’s are such that m does not necessarily coincide with
m; for m = n we have Fredholm BVP’s of zero index.

In contrast with the convention of §1.1, we assume z(a) = z(a + 0). In
general, x(a) # x(a —0) = ¢(a). The nonlinearity H (¢, z,y) is discontinuous
at the points ¢ that are solutions to the equations

t—ew (t) =ty i=0,p, j=1k (2.2.4.2)

We require the continuity of the solution z(t) at such points if they are
distinct from the moments of impulse effect ¢; or a.
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For the sake of brevity, if not stated otherwise, we shall use the notation

v =a(t), yi = y(t) (ie., yl = x(ti — €2 (t:))).
In the sequel we require the fulfillment of the following assumptions:

A2.2.4.1. The components of A(t), f(t) belong to the space C([a,b]\ {t:})
of functions which are continuous or piecewise continuous, with discon-
tinuities of the first kind at the points ;.

A2.2.4.2. The functions H;(t,z,y) are continuously differentiable with re-
spect to x, y, and their components belong to C'([a, b]\{t;}) with respect
to .

A2.2.4.3. The functions I;;(x,y) € C*(Q x QF, R™") i =1,p, j = 1, k.
A2.2.4.4. The functions w’ are Lipschitz continuous:
W () = () < K[ —t",  j=1k tt"€ab],
and satisfy

0<w(t) <) <---<Wht) <1,  tela,b].

A2.2.4.5. The matrices E + B;, i = 1, p, are nonsingular.
A2.2.4.6. The functional ¢ is bounded on the space C([a,b] \ {t;}).

A2.2.4.7. The functional J(z,¢) is Fréchet continuously differentiable with
respect to x and is continuous with respect to e.

We assume that

€o :min{tiﬂ—ti, z':(),p—l, b—tp, 1/K}

Then for € € (0,&0) each equation (2.2.4.2) has a unique solution th=t(e).
It obviously satisfies t; < ¢! <t; +e.
Together with (2.2.4.1) we consider the so called generating system
z(t) = A()z(t)+ f(t), t€la,b], t#t,
Az(tz) = Bz + g, 1= 1>p>
lr =« (2.2.4.4)

(2.2.4.3)
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obtained from (2.2.4.1) for ¢ = 0.
The general solution of (2.2.4.3) is given by

x(t,c) = X (t) <c+/ X1)f(r)dr + Z Xi_lai> , (2.2.4.5)

a<t;<t

¢ =x(0,c) € R", where X(t) is the fundamental solution (i.e., X(a) = E) of
the homogeneous system

Pt) = A@M)z(t), telab], t#£t,

(2.2.4.6)
Az(t;) = Biw,  i=

—_

7p7

and X; = X(t; + 0) = (E + B;) X (t;) again for the sake of brevity.
If we introduce Green’s function K (t,7) for the Cauchy problem related
to (2.2.4.3):

X(t) X <7r<t<
B(t’fr)—{ (t) (7)7 Cl_'T_t_b,
then (2.2.4.5) takes the form

x(t,c) = X(t)c+ /b K(t,7)f(r)dr + i K(t,t; +0)a. (2.2.4.7)

i=1

A solution of the form (2.2.4.7) satisfies the boundary condition (2.2.4.4) if
and only if the initial condition ¢ satisfies

a=0X()c+ f/b K(,7)f(r)dr + if[((-, ti +0)a;. (2.2.4.8)

Denote Q = ¢X(-), which is an (m x n)—matrix, let Q* be its transpose,
QT its unique Moore-Penrose pseudoinverse (n x m)—matrix [99, 100]. De-
note by P = Py the orthoprojector R" — Ker (@) and by P* = Py« the
orthoprojector R™ — Ker (Q*).

For ny = Rank@ < min(m,n), let r = n —ny, d = m — n;. Denote
by P, an (n x r)—matrix whose columns are r linearly independent columns
of P and, similarly, let P} be a (d x m)—matrix whose rows are d linearly
independent rows of P*.
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Then the necessary and sufficient condition for solvability of the algebraic
system (2.2.4.8) is

P <a — E/b K(-,7)f(r)dr — if[((-,ti + O)ai> =0. (2.2.4.9)

If (2.2.4.9) is satisfied, system (2.2.4.8) has an r—parametric family of solu-
tions

c=Q" <a—E/bK(-,T)f(T)dT—ZEK(-,ti+0)ai> +Pé, cER"

i=1

(2.2.4.10)

If we substitute (2.2.4.10) into (2.2.4.7), we find an r—parametric family of
solutions of BVP (2.2.4.3), (2.2.4.4) which can be represented in the form

zo(t,er) = X, ()er + X()QTa+ (Tf)(¢) + Z% )ai, (2.2.4.11)

where X,.(t) = X (¢)P, is an (n x r)—matrix whose columns make a complete
system of r linearly independent solutions of (2.2.4.6) satisfying fx = 0,
¢, € R" is an arbitrary vector;

CHE) = /Km fdr— X Q+e/K
vi(t) = K(tt;+0)— Xt)QMK(-,t; +0), i=1,

.@

Then the following assertion is valid.

Lemma 2.2.4.1. ([37, Theorem 1]) Let conditions A2.2.4.1, A2.2.4.5,
A2.2.4.6 hold and Rank Q) = ny. Then system (2.2.4.6) has just r = n —ny
linearly independent solutions satisfying fx = 0. The nonhomogeneous BVP
(2.2.4.3), (2.2.4.4) has solutions if and only if the nonhomogeneities f(t),
a;, and « satisfy condition (2.2.4.9). Then BVP (2.2.4.3), (2.2.4.4) has an
r—parametric family of solutions of the form (2.2.4.11).

Remark 2.2.4.3. Suppose that the linear functional ¢ satisfies the equality

/K df_/abm(-,f)f(f)df
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for any f € C([a,b]\ {t;}). Then equality (2.2.4.11) can be written in the
form

b P
zo(t, ;) = X, (t)er + X()QVa + / G(t,7)f(r)dr +> Gt ti +0)a;,
a i=1
where G(t,7) is the generalized Green’s matrix
G(t> 7-) = K(t> T) - X(t)Q+€K(> T)'

Further on we consider the so called critical case when r > 0. Let us find
conditions for the existence of a solution z(t, ) of BVP (2.2.4.1) belonging to
the space C ([a,b] \ {t;}) as a function of ¢, depending continuously on ¢ and
such that, for some ¢, € R", we have z(t,0) = z((t, ¢,). A necessary condition
for the existence of such solutions is given by the following theorem.

Theorem 2.2.4.1. Suppose that BVP (2.2.4.1) satisfies conditions A2.2.4.1
- A2.2.4.7 and (2.2.4.9) and it has a solution x(t, ) which for € = 0 becomes
a generating solution xy(t,ct). Then the vector c: € R" satisfies the equation

F(e) = P {J(xo(-,c:),()) (2.2.4.12)
.y / KT, 3ol ) (A(P)ao(m, ) + £(7)) dr
— (K (-, a)Ho(zo(a, 7)) (zo(a, c) — ¢(a))
- ilfK(-, ti +0) [Ji(zo(ts, c)) (Aszo(ti, ¢) + fi)
+ Hi(wo(ts, ) (Biao(ts, ) + ai)]} =0,

where H(r,x), J;(z), i = 1,p, Ho(z) and Hy(z), i =0, p, will be given below
by formulae (2.2.4.18), (2.2.4.16), (2.2.4.26) and (2.2.4.23), respectively.

Proof. In (2.2.4.1) we change the variables according to the formula

x(t,e) = xo(t, cr) + 2(t,¢). (2.2.4.13)
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This leads to the problem of finding a solution z = z(t, ¢) for the impulsive
system of differential equations with retarded argument

i = AQ)z+ H(t,x(te)y(t,€)),
lz = eJ(z,¢),

with an initial condition z(t) = ¢(t) — xo(t, ¢) for t < a, such that it would
belong to the space C ([a,b] \ {t;}) as a function of ¢, depend continuously
on ¢, and z(t,e) — 0 as ¢ — 0.

We can formally consider (2.2.4.14) as a nonhomogeneous system of the
form (2.2.4.3), (2.2.4.4). Then the solvability condition (2.2.4.9) becomes

Fa {’” @08~ € [ KCnHma@ ) dr (22415
o i CK (-t + 0) (s, yz)} =0.

For the sake of later convenience we shall denote by 7(e, z) expressions tend-
ing to 0 as € — 0, and satisfying a Lipschitz condition with respect to x with
a constant tending to 0 as ¢ — 0. We shall sometimes write () instead of
n(e, x), and z(t) instead of x(t, €), if this would not lead to misunderstanding.
Thus, for instance, we sometimes write z; instead of z(t;, ), etc.

Since the left-hand side of equality (2.2.4.15) tends to 0 as € — 0, we first
divide it by € and then study its behaviour as ¢ — 0. First we notice that

(w —yl) /e = (x(t:) — (i — ew (1)) /2
= W (t)a(t:) +n(e) = W (t:) (Aizi + fi) + n(e)

since the interval (t; — ew’(t;),t;) contains no points of discontinuity of the
function x (¢, €) or its derivative. Thus,

k k
IZ'(ZL’Z', yl)/e = Z Iij(l’i, yl) (a:l—yf)/e = Z Iij(l’i, Liyooo ,l’z)wj(tz)(AZl’Z—l—fZ)+77(€)
= = he

Let us denote

Ji(z) = Z Lj(z,x, ..., x)w (t). (2.2.4.16)



Then,

We can represent the integral f; in (2.2.4.15) as a sum of integrals over
intervals containing no points of discontinuity of the integrand. It is obvious
that for 7 € (t;,t; + ¢) (more precisely, for 7 = t/(¢), the interval (1 —
ew’ (1), 7) contains the point of discontinuity ¢;, i« = 0, p, while for 7 inside

the remaining intervals, the interval (7 — e, 7) contains no such points. We
p

denote A = | (t;,ti+¢), A5 = [a,b]\ A] and make use of the representation
i=0

b
fa = fAi + ng
We first begin with the “good” set Aj. We have

N K(t,7)H(r,z(7),y(T))dr /e

= K(t,T) Z H;(1,2(7),y(7)) (2(7) — 2(r — ew’(7))) dr /e

A3

= | K7 > H(r,2(7),y (7)o (7)) dr + ().
Denote .
H(T,z) = Z Hj(r,x,z,. .. 2) (7). (2.2.4.18)
Thus i
Z Hi(r,2(1),y(7)) (1) = H(r, 2(7)) + 1(e)
and
/ K (1,7 H(r, 2(r),y(r)) dr = (2.2.4.19)
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_ / K (t, 7Y H(r, (7)) (A(r)a(r) + f(7)) dr

- K(t, 7)H(7, 2(7)) (A(7)z(7) + f(7)) dT +n(e)

A
= / K(t, m)H(r, z(7)) (A(T)z(r) + (1)) dr + n(e).

Next we estimate any of the integrals

K ) H (), y(r) dr e,

ti

p )
since fAi = ;} f:f’e. First let i € {1,...,p} and suppose that

L<tl<t? <. <thF<ti+e (2.2.4.20)

By definition, #/ = t; + ew’(¢!). By the Lipschitz continuity of w’(t) we have
W (t]) = ()] < K[t] = ti] = eKo(t]) <eK,
thus ' '
tl =t + e (t;) + en(e). (2.2.4.21)

It is easily seen that for £ > 0 small enough, the strict inequalities

WHt) < W (t) < -+ < WF(ty) (2.2.4.22)
imply (2.2.4.20).

Now we have
i1

tite th k=1 ] tite
t; t; =1 t th

and consider successively the integrals in the right-hand side. First suppose
that ¢; < ¢;. Then

/t K (6, ) H (7 a(r),y(r) dr = (6 — 6K (8, () H (i (t), y(82),

%

where t; < t;* < t!. In view of (2.2.4.21) for j = 1 we have
(t; —t:) /e = w'(t:) + n(e).
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Next,

K(t,t*) = K(t,t;+0) +n(e),
() = 2t +0)+nle), YY) =zi+ne), =1k

Thus,

/t KtV H(r (7, y(7)) dr e

1

k
1
ey Hl,_/ T

k
= W (t) K (t,t;+0) > Hj(ti+0,(E+ Bf,)a:i +a;, v )(Biwi+ a;) +1(e).

Jj=1 1 k

It is easy to see that the last equality still holds for #; = ¢]. Then the integral
on the left is 0, while equality (2.2.4.21) for 5 = 1 implies w'(¢}) = 0, that
is, w!(t}) = 0 and the right-hand side of the equality is reduced to n(g).

For the next interval we have

/t K(t, m)H(r,2(7),y(7)) dr = (t] — t}) K (¢, t7)VH ({7, =(£7), y(£77)),

where ] < t?* < t2. In view of (2.2.4.21) for j = 1,2 we have

(£ —t;) /e = w?(t:) — w' (t:) +n(e).

Next,
K(t,t7*) = K(t,t;i+0) +n(e),
(t7) = x(t;+0)+ne), ') ==xz(t:;+0)+n(e),
Y7 = x4n(),  j=2k
Thus,
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K t,T)H(r,2(1),y(1))dr/e

+1
i

k
= (W) —wt)K({t,t+0)y Hi(ti+0,2(t; +0), x; )Az(t;) +n(e
(w™(t:) (t:) ;J 2 )?_’f) (t:) +n(e)

= (wz(t-) — W' () K(t,t; +0)

x ZH (ti +0, (E+B):Bz+az, x; )(Biwi + a;) +n(e).
Jj=2 DY k-1

Similarly we find

t: K(t,7)H(r,z(7),y(T))dr /e

= (W(ti) — (1)K (1,1 +0)

x ZH (t: + 0, (E+B)xz+az,\:v;/)(3xz+az)+n( £),
tkil K(t,7)H(7,2(r), y()) dr Je

= (u;’f(ti) — W) K (8, + 0)
X Hk(tH—O (E+Bi)xi+ai,\xj/)(3izi+ai)+77(5),

/ K(t,7)H(7,2(r), y(r)) dr Je

— (1 —W"(t:))K(t, t; + 0)Hy(t; + 0, (E + Bijzi + a)(Bizi + a:) +1(e).

k—l—l

In fact, the last inequality is obtained for t¥ < ¢; + . It still holds for
th = t; + e. In this case, the integral on the left is 0, W*(tF) = 1,

L—wh(t) = [WH () — Wk ()] < KJth —t,] < eK
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by virtue of assumption A2.2.4.4 and equality (2.2.4.21) for j = k, thus the
right-hand side of the equality is reduced to n(¢).
Introduce the notation

Hi(x) = w'(t))  H(ti+0,(E+ Bz +a;, x) (2.2.4.23)
j k

. vV
Jj=1 1

+ (WAt) —w' (1) ) Hy(ti +0,(E+ B)r +ai, )

j=2 Y k—1
k
+ (wg(ti)—wz(ti)) HJ(tZ—I—O,EE—I—BZ)x—I—ay X )—l—
j=2 RS k—2
+ (W) — " () Hi(ti + 0, (E + Bi)if +ai, L)
k 1
A

Now
/t - K(t,7)H(r, 2(7),y(7)) dr /e = K(t,t; + 0)H;(z:)(Biz; + a;) + n(e).

(2.2.4.24)

Equality (2.2.4.24) was obtained under the assumption (2.2.4.20) which is

implied by (2.2.4.22) for € small enough. However, assumption A2.2.4.4
implies just

wht) < W (ty) < - <WF(ty). (2.2.4.25)

Suppose that ’ ’
w’ (tz) = w”l (tz)

for some j € {1,2,...,k — 1}. Then the difference /™" — ¢/ can have an
arbitrary sign or vanish for any ¢ small enough. However, in view of (t?Jrl -
t1)/e = n(e) and, consequently,
It
K(t,7)H(r,x(7),y(7)) dr /e = n(e),

J
t;

equality (2.2.4.24) still holds.
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Now let i« = 0. Under the assumption (2.2.4.25) for ¢ = 0 (tp = a), as
above, we obtain (2.2.4.24) with ¢ = 0:

/ K () H(r 2(r), y(r)) dr fe = K(t, a)Ho(x(a)) (2(a) — o(a)) + n(e),

where
Hy(z) = wl(a)ZHj(a,\:B’/,&(/a)) (2.2.4.26)
+ (wz(a)—wl(a))ZHj(a,\a;,,@)

+ (W) — (@) Y Hjla, z_pla) +- -

= ey
+ (W(a) — W H(a)) Hila, 2_, gla)) + (1 - w*(a)) Hy(a, z_).

Summing up equalities (2.2.4.24), i = 0, p, we find

/A K(t,7)H(7,2(r), y(r) dr 2

= K(t,a)Ho(z(a))(x(a) — p(a) + ) K(t,ti + 0)Hi(z;) (B + a;) +n(e)

i=1

/ K(t,7)H(r,z(7),y(T))dr /e (2.2.4.27)

= / K(t, 7)H(r, 2(7)) (A(7)x(7) + f(7)) dT + K(t, a)Ho(x(a))(z(a) — ¢(a))

+ Z K(t, ti + O)HZ(I’Z) (BZI’Z + ai) + 77(8).

i=1

Thus, dividing equality (2.2.4.15) by €, in view of equalities (2.2.4.17) and
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(2.2.4.27), we have

P {J(a:(), 0) — f/ K(,7)H(m,2(1)) (A(T)x(T) + f(1)) dT (2.2.4.28)
— (K(-,a)Ho(z(a)) (z(a) — ¢(a))

— ZEK(, ti + 0) [JZ(ZL’Z) (AZZL’Z + fz) + HZ(ZL’Z) (BZZL’Z + al)] + 77(8)} =0.

Now we easily see that (2.2.4.12) is obtained from (2.2.4.28) by passing to
the limit as ¢ — 0. The theorem is proved. 1.

Equation (2.2.4.12) can be called equation for the generating amplitudes
(see, for instance, [63] or [28, 29, 34, 35, 37, 38|) for the BVP for the impulsive
system with concentrated delay (2.2.4.1).

Now suppose that ¢ is a solution of equation (2.2.4.12). Then the solution
z(t,e) of system (2.2.4.14) such that z(¢,0) = 0 can be represented in the
form

2(t,e) = X, (t)e + e2W(t, e), (2.2.4.29)

where the unknown constant vector ¢ = c(¢) € R” must satisfy an equa-
tion derived below from (2.2.4.28), while the unknown vector-valued function
2 (¢, ) can be represented as

20t e) = X)QTJ(x(+),€) + /5+2% (i, y:) /e, (2.2.4.30)
where

/Km (r.2(7), y(7)) dr—X (¢ Q*E/ K ) H(r, 2(r), y(r)) dr.

In view of the above considerations we can write the solvability condition
(2.2.4.15) in the form

P;lk {J(I0(>Cj) + Z('>€)>5) - f/ K('77)h(77 I0(7-> C:) + 2(77 5)) dr

- if[((-,ti +0); (wolts, ) + 2(ti, €)) + 77(5,:5)} —0, (22431

=0
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where tg = a = to+0, h(r,z) = H(T, z) (A(T)z + f(7)), To(z) = Hp (z — p(a)),
Ji(z) = Ji(z) (A + fi) +Hi(z) (Bixz + a;), i = 1, p, and the quantity n(e, x)
tends to 0 as € — 0.

Similarly, equality (2.2.4.30) can be represented in the form

WOt e) = XOQTT (wo(-, ) + 2(+,€),¢) (2.2.4.32)
+ (Fh(.,z) m:m(v,c*m(,e)) (t)

+ Z%(t)uz ($0(ti> C:) + Z(ti>5)) + 77(5>I(t>5))>

where v (t) = K(t,a).
We expand the left-hand side of (2.2.4.31) about the point z = 0. We
have
h (1, x0(7, ) + 2) = ho(T) + hi(T)z + ha(T, 2),

where
. 0
hO(T) = h(77$0(77 Cr))> hl(T) = 8_h(77$) 5
X x=x0(7,c})
ho(T, ) is such that
hg(’T,O) :0, 8—h2(’7‘,0) :0
0z

Analogously we represent
Ji(xo(ti, cr) + 2) = Joi + Tz + J2i(2), i=0,p,
where Jo;, J1; are represented in a similar way, while Jo;(z) is such that
0
:(0) =0, —J2:(0) =0,
J2i(0) 3 Z~72 (0)

and

J(wo(-cp) + 2,6) = Jo+ J1z + Ja(z,€).
Now by virtue of the assumption F(c:) = 0, equality (2.2.4.31) takes the
form

P; {le(-,g) + Jo (2(+,¢),¢e) — f/ K(-,7) (hi(7)2(1,€) + ha(T, 2(7,¢€))) dT

=0
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In view of the representation (2.2.4.29) let us denote

B(] Pd <J1 —f/ K hl d’T—ZEK t ‘I—O)jlz r( z)>>

which is a (d x r)—matrix. Then we have
Boc = —P; {&hz(l)(-,s) + J2 (2(+,€),€) (2.2.4.34)
—e/ K(,7) (eha(r)2D(r,€) + ha(r, 2(7,))) dr
- ZEK ot + 0) (T2t ) + Toil(2(ti,€))) + e, z)} .
=0
In the representation (2.2.4.32) we use the same expansions and obtain

D(te) = XOQ (Jo+ 2 (Xo()e+e2M(-,8)) + Ja(2(- ), ) (2.2.4.35)
+ (Tho)() + (T [l () (X (e + 22 )]) (1) + (Dha(-, 2(-,€)))(t)

+ Z% ) (Joi + T (Xo(ti)e +e2WV(t,2)) + Taiz(ti,€))) + nle, 2(t,€)).

Thus we have reduced problem (2.2.4.1) to the equivalent operator system
(2.2.4.13), (2.2.4.29), (2.2.4.34), (2.2.4.35).

Denote by Py = Pp, and Pj = Pg;, respectively, the orthoprojectors
Py : R" — Ker(By) and P; : R? — Ker(B;). Suppose that rank By = r,
i.e., Po = 0. This is the so called critical case of first order. In this case
the inequality d > r necessarily holds, which implies m > n. Then equation
(2.2.4.34) can be solved with respect to c if and only if

PP, {&]12(1)(-, e)+ Jo(2(-,¢),¢) (2.2.4.36)
—E/ K(-,7) (eha(1)2(7, ) + ha(r, 2(7,€))) dr

- Z OK (-t +0) (2™ (ti,€) + Tai(2(ti,€))) + (e, fﬂ)} =0.

=0
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If PP, = 0, then condition (2.2.4.36) is always fulfilled and equation (2.2.4.34)
can be uniquely solved with respect to c:

c = —BiP; {&le(l)(-,s) + Jo(2(-,¢€),¢) (2.2.4.37)
—E/ K(-,7) (eh1(7)z W(r, ) + ho(r, 2(r, €))) dr

— ZEK(-, ti +0) (eJuz(ts, e) + Jai(2(ti,€))) + (e, x)} :

=0

where By is an (r x d)—matrix which is the Moore-Penrose pseudoinverse to
By. Thus we obtain [63] an operator system (2.2.4.13), (2.2.4.29), (2.2.4.37),
(2.2.4.35) to which a convergent simple iteration method can be applied.

Theorem 2.2.4.2. For BVP (2.2.4.1) let conditions A2.2.4.1-A2.2.4.7
and (2.2.4.9) hold and rank @) = ny, r = n —ny; > 0. Then for any root
¢ = ¢t € R” of equation (2.2.4.12) such that Py = 0, PiP; = 0 there ezists
a constant €, € (0,g9) such that for € € [0,e,] BVP (2.2.4.1) has a unique
solution z(t,e) € C([a,b]\ {t:}) as a function of t, depending continuously
on g, and such that z(t,0) = xo(t,c’). This solution is determined by means
of a convergent for € € [0,e.] simple iteration method

o0 = —BiP; {&le,(,l)(-, e)+ Ja(z(-,€),¢) (2.2.4.38)
—E/ K(-,7) (eha(1)2(7,€) + ho(7, 2(7.€))) dr

— ZEK ,tz + 0) (5j1iz£1)(ti,€) + j2i(zy(ti,€))) + 77(8,1’,,)} s

=0

ite) = XOQT (Jo+ I (Xo(Dew +220(,8)) + Tz, €),€))
+ (Fho)() + (T [m() (X (e +e289(,2)]) (8) + (Tha(, 2(-,€)))(2)

+ Z% ) (Joi + T (Xo(ti)ew + 2 (ti,€)) + Fail2(tis€))) + nle, 2(t, €)),

zn(te) = Xo(t)e, + 228 (8 e),
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_Jxo(t ) +a(te), teElab]
mibe) = { o(t), tela—-c.a),

v o= 0,1,2,...;  zte)=2"(te) =0

The convergence of the method can be proved by using Lyapunov’s ma-
jorants technique as in [29, 63].

Let m = n (the number of the boundary conditions equals the order of
the system). Now the condition Py = 0 implies P} = 0, thus the condition
PiP; = 0 is automatically fulfilled. Moreover, Py = 0 implies det By # 0,
and in equality (2.2.4.37) and in the first equality of the iteration procedure
(2.2.4.38) we write B, instead of By . It is easy to see [29, 38, 63] that this
condition is equivalent to the simplicity of the root ¢, = ¢ of the equation
for the generating amplitudes:

F(ep) =0,  det (w)

0.
r ac. 7

cr=cy.

In particular, the periodic BVP with impulse effect for system (2.2.4.1) is of
Fredholm type. It was considered in [38] (see also the monographs [29, 35]).
The existence of a periodic solution of an impulsive system with a small
constant delay (w’/(tf) = 1 in system (2.2.4.1)) was proved in §2.2.1 for the
critical case of first order. Moreover, under some simplifying assumptions
the result was extended to the case of a nonlinear generating system [9].

Now suppose that Py # 0. Then the operator system (2.2.4.13), (2.2.4.29),
(2.2.4.34), (2.2.4.35) does not belong to the class of systems to which the
simple iteration method is applicable. Introducing an additional variable,
system (2.2.4.13), (2.2.4.29), (2.2.4.34), (2.2.4.35) under condition (2.2.4.36)
is regularized (reduced to an operator system of higher dimension to which
the simple iteration method can be applied). Below we just sketch this reg-
ularization.

If condition (2.2.4.36) is satisfied, then from (2.2.4.34) we determine

c=c0 4 M)

where ¢(® is given by the right-hand side of equality (2.2.4.37), c() is an
arbitrary constant vector in Ker(By), ¢V = Pye, ¢® = (Id — Py)e. Then
equality (2.2.4.35) can be written in the form

2W(te) = Gy ()M 4 2t ), (2.2.4.39)
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where
Gi(t) = X()QT N X()) + (D[ ()X +Z% )T X (t:)

and 2)(t, ) is given by the right-hand side of equality (2.2.4.35), with c
being replaced by ¢,

If PyP; = 0, then condition (2.2.4.36) is always fulfilled and BVP (2.2.4.1)
has an (r — Rank By)—parametric family of solutions. If this is not the case,
further computations need more precise expansions with respect to the “small
parameter” e, which require the existence of a piecewise continuous second
derivative of the solution x, respectively piecewise continuous differentiability
of the known functions in system (2.2.4.1) with respect to ¢, the existence of
some continuous second derivatives of the functions H;, I;; and continuous
differentiability of J(x,e) with respect to €.

Thus the solvability condition (2.2.4.36) is represented in the form

PiP; {&]12(1)(-, e)+edoz(-,e) + Iy (2(+,€),¢) (2.2.4.40)
—E/ K(-,7) (eh(7)z (7€) + ehly(T)2(T, €) + hy (1, 2(7,€))) dr

- ZEK St 4+ 0) (eJuzV(ti,€) + gz (tiye) + Tgi(2(ti, €))) + 77(5#5)} =0.

=0

In view of (2.2.4.29) and (2.2.4.39) we obtain the system

BV = —P5P5{5J1z<2>(-,5)+gjg (X, ()l 4+ 20, ¢)) (2.2.4.41)
I (2 e),e)
—e/ K () [eha(1)2®(r,€) + ehly(r) (X (r)e® + e20(r, €))
B, (7)) dr

p
- Z (K (-t +0) [eJ1uzP(ti, €) + eTa (X (1) + 2 (15, €))

=0

L Tt + n(s,a:>} ,
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where

B = PgP;{JlGl( )+ S5 X, —E/ K(- T)G1(T) + hiy (1) X, (7)) dr

=0

i (K (-t +0) (JuGy (t:) + jglin(ti))} Po

is a (d x r)—matrix.

Denote by P1 = Pp, and Py = Pgy, respectively, the orthoprojectors
Py : R" — Ker(By) and P; : R? — Ker(B;). Then system (2.2.4.41) is
solvable with respect to ec) € Ker(By) if and only if

PIP;P: {5le(2)(-, e) + ey (X () +e2(- ) (2.2.4.42)
+ ‘]é/ (Z(> 5)7 5)
—E/ K(-,7) [eh(7)z @ (7,e) 4+ ehly(r ) (X, (7 )0 4 2 (7, £))
+ hy(7,2(7,€))] dr

p
= UK (-t +0) ez (b, €) + e Ty (X () + 22V (15, )

+J%A%QH+Ma@}=Q

and

e = —BfP§P5{5J1z<2>(-,5)+gJ; (X ()@ + 22 (-, e))
+JY (2(-,€), )
—e/ K(7) [eha(1)2@(7, ) + ehly(7) (X, (1) + e20(r, &)
+ BT, 2(7,€))] dr
- i (K (-t +0) [e T2 (ti, ) + eTg; (X, (t) ) 4+ e2W (8, €))

=0

+j%4m@n+Maw}+6%
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where B; is the Moore-Penrose pseudoinverse matrix to By, ¢? is an arbi-
trary vector in Ker(By) N Ker(B;).

Suppose that Ker(By) N Ker(B;) = 0. Then (2.2.4.41) has a unique solu-
tion. A sufficient condition for (2.2.4.42) is Py P;P; =0, i.e.,

Ker(B5) NKer(By) N Ker(Q*) = 0.
Thus, under the conditions
Po # 0, PoP1 =0, PiPyP; =0

system (2.2.4.13), (2.2.4.29), (2.2.4.34), (2.2.4.35) is reduced to a system
to which a simple iteration method can be applied. As stated above, this
requires additional smoothness assumptions and cumbersome computations.
For the case of a periodic problem for an impulsive system with a small
constant delay (w’(t) = 1), these computations were carried out in details in
§2.2.2.

The results of the present subsection were reported at the 24-th Summer
School “Applications of Mathematics in Engineering”, Sozopol, Bulgaria,
1998, and were published in a very concise form in its proceedings [30] and
in details in [33].
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2.3 Periodic and Almost Periodic Solutions
of Impulsive Systems with Periodic
Fluctuations of the Delay

An impulsive system with delay which differs from a constant by a small-
amplitude periodic perturbation is considered. If the corresponding system
with constant delay has an isolated w—periodic solution, then under a nonde-
generacy assumption it is proved that in any sufficiently small neighbourhood
of this orbit the perturbed system also has a unique w—periodic solution. If
the period of the delay is rationally independent with w, the perturbed sys-
tem has a unique almost periodic solution. These results are extended to
the case of a neutral impulsive system with a small delay of the argument of
the derivative and another delay which differs from a constant by a small-
amplitude periodic perturbation.

2.3.1 Periodic solutions of retarded systems

In the present subsection we study a system with impulses at fixed moments
and delay fluctuating around a constant value which may be assumed 1 with-
out loss of generality:

z(t) = flt,z(t),z(t—1—ep(t))), t#t, (2.3.1.1)
A[L’( z) = Iz(l’(tz),l’(tz —1- 8@(&))), 1€ Z,
Az(t) = 0 if t—1—¢ep(t)=t;, forsome i€Z, t& {t:}icz,

wherez € Q CR", f: RxQxQ — R" Qisadomainin R"; ¢ : R — [—1, 1];
Az(t;) are the impulses at moments ¢; and {t;};cz is a strictly increasing
sequence such that lim ¢; = +o0; [; : Q2 x Q = R" (i € Z), 1 + ep(t) is the

i—+00
delay, € € [0,¢9) is a small parameter; £y will be specified below.

It is clear that, in general, the derivatives @(t;) do not exist. On the other
hand, there do exist the limits #(¢; £0). According to the convention of §1.1,
we assume Z(t;) = (t; — 0).

Similarly, the derivative #(¢) does not exist at the other points of discon-
tinuity of the right-hand side f(t,z(t),x(t — ep(t))), i.e., at points ¢ which
are solutions of the equations

t—1—cep(t)=t; icZ (2.3.1.2)
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We require the continuity of the solution z(t) at such points if they are
distinct from the moments of impulse effect ¢;.
For the sake of brevity we shall use the notation:

(t)=a(t—=1), x=uat), yt)=at—-1-cp(t))
(thus, for instance, 30 = z(t; — 1) = 7;).
In the sequel we require the fulfillment of the following assumptions:

A2.3.1.1. The function f(¢,x,y) is continuous (or piecewise continuous,
with discontinuities of the first kind at the points ¢;) and w— periodic
with respect to ¢, continuously differentiable with respect to x,y € €,
with locally Lipschitz-continuous with respect to z,y first derivatives.

A2.3.1.2. The functions I;(z,y), i € Z, are continuously differentiable with
respect to x,y € €2, with locally Lipschitz-continuous with respect to
x,y first derivatives.

A2.3.1.3. There exists a positive integer m such that ¢;.,, = t;+w, Liym(z,y) =
Ii(x,y) for i € Z and x,y € Q.

A2.3.1.4. The function ¢(t) is w—periodic and Lipschitz continuous:

o) = ()] < KJt' =", 1" eR.

If ¢ < min {1, 1/K}, then for ¢ € (0,g9) each equation (2.3.1.2) has a
unique solution ¢;(g). It obviously satisfies

|ti(€)—ti—1| §€, tz(O) :tl—l—l

It is natural to assume that the period w is distinct from the unperturbed
delay 1. For the sake of definiteness we assume that w > 1 and

O<thi<ta < - <ty <w.
For e =0, from (2.3.1.1) we obtain

it) = f(t,z(t),z(t-1)), t#t, (2.3.1.3)
Ax(t;) = Iz, 1), 1€Z,

so called generating system.
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A1.3.1.5. The generating system (2.3.1.3) has an w—periodic solution ()
such that ¢ (t) € Q for all t € R.

Now define the linearized system with respect to ¢ (t):

) = A=)+ Bl)(t—1), t4h, (2.3.1.4)
where
Aty = 2 it bt - 1)) B(t) = it u(t).v)
O > _— Oy” T )|
and 5 5
Ci - %Iz(%%) m:wi’ DZ = 8_yll(wlay) i

Let the (n X n)-matrix X(¢) be the fundamental solution of the system
(2.3.1.4) [20, 69] (i.e., X(t) =0 fort <0, X(0) = E; X(t) = At)X(t) +
B(t)X(t—1) for t > 0). Now we make two additional assumptions:

A2.3.1.6. The matrices (E + C;)X(t;) + D; X (¢t; — 1) are nonsingular for
t; € (0,(4)).

A2.3.1.7. The only w—periodic solution of system (2.3.1.4), (2.3.1.5) is
2(t) = 0.

If the last two conditions hold, as in [36, 103] we can define Green’s function
G(t,7) of the periodic problem for the nonhomogeneous system

) = A=)+ Bl)(t—1)+g(t), t#t,  (23.16)
Az(tz) = Cizi+D;zZ; + a;, 1€ Z,

corresponding to (2.3.1.4), (2.3.1.5), where g(-) € C‘wm and a;, = a;, 1 € Z,
i.e., system (2.3.1.6) has a unique w—periodic solution given by the formula

2(t) = /Ow G(t,7)g(T)dr + i G(t,t; + 0)a;. (2.3.1.7)

Our result in the present subsection is the following
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Theorem 2.3.1.1. Let conditions A2.3.1.1-A2.3.1.7 hold. Then there
exists a number £, > 0 such that for ¢ € (0,e,) system (2.3.1.1) has a
unique w—periodic solution x(t,e) depending continuously on € and such that
x(t,e) = Y(t) ase — 0.

Proof. In system (2.3.1.1) we change the variables according to the
formula
x =)+ 2 (2.3.1.8)

and obtain the system
2(t) = A@)z(t)+ Bt)z(t—1) + Q(t, 2(),2(t — 1)) + 0f(t, x(t), y°(t)), t # i,

where

Qt,z,2) = [ft,YE)+29(E—1)+2)— f(t, (), —1)) — Alt)z — B(t)z,
Ji(zi, %) LY + zi, i + Z) — Li(Yi, ) — Cizs — Diz;

are nonlinearities inherent to the generating system (2.3.1.3) and therefore
independent of the fluctuation of the delay ep(t), while

Sf(tx(t),y"(t)) = [f(t,x(t),y°(t) — f(t,x(t),y°(1)),
0Li(wiys) = Li(wi,yf) — Li(wi, )
are increments due to this fluctuation.

We can formally consider (2.3.1.9) as a nonhomogeneous system of the
form (2.3.1.6). Then its unique w—periodic solution z(¢) must satisfy an
equality of the form (2.3.1.7) which in this case is the operator equation

z=Uz, (2.3.1.10)

where

U-2(1)

/Ow G(t,")Q(1,2(1),z(t — 1)) dr + /Ow G(t,7)of(r,z(T),y°(T)) dr

+ Y G+ 0) iz, m) + Y Gt t 4 0)6i(a, f)

0<t;<w 0<t;<w
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For the sake of brevity we still write = instead of ¢(t) 4+ z in 6 f(¢, z(t), y°(t)),
01;(x;,y5) as well as in Zyz and Syz. Moreover, we will further transform the
expressions Zyz(t) and Syz(t) under the assumption that x(t) is a solution of
system (2.3.1.1). This will considerably simplify some estimates henceforth.

An w—periodic solution z(t) = z(t, ) of system (2.3.1.1) corresponds to
a fixed point z of the operator U. in a suitable set of w—periodic functions.
To this end we shall prove that U. maps a suitably chosen set into itself as a
contraction.

We first need to introduce some notation. There exists a constant g
such that €2 contains a closed pp—neighbourhood €2, of the periodic orbit
{z = 9Y(t); t € R}. For z,y € O the functions f(¢,z,y) (t € [0,w]) and
Ii(z,y) ( = 1,m) are bounded, together with their first derivatives with
respect to x,y. We shall not denote explicitly the respective upper bounds.

Let L, and Ly be respectively the greatest Lipschitz constants for the first
derivatives of f(t,z,y), t € [0,w], z,y € Q1, and of [;(x,y), i=1,m, z,y €
1, whose existence is provided by conditions A2.3.1.1, A2.3.1.2 and the
compactness of the set (2.

For a,b € R denote

(a,b) if a <0,
la,b[= ¢ (b,a) if a > b,
0 it a=>0.

We may note that

TElti(e),ti+ 1] = tielr—117—1—-¢cp(7)|

m

Define the “bad” set A] = U]ti(e), t;+ 1[. If € > 0 is small enough, then Aj
i=1
is a disjoint union of intervals contained in (1,w + 1), and

meas A] < me. (2.3.1.11)

We further define the “good” set A§ = [1,w + 1] \ AJ.

For the sake of convenience we assume that fori =1,m ¢;,+1#1t;Vj €
Z. Then for € > 0 small enough the “bad” set A contains none of the points
ti, 1 € 7.

38



Let ¢g > 0 be so small that all the above assumptions are valid for
e € (0,e9).

For p € (0, uo| define a set of functions
To={z€Cn: Il <

We shall find a dependence between € and p so that the operator U in
(2.3.1.10) maps the set 7, into itself as a contraction.

Invariance of the set 7, under the action of the operator U.. Let
z € T,. We shall estimate |U.2(t)| using the representation

Uz =Tz + Doz + Si2(t) + S22

and system (2.3.1.1).

First we have

1
Ji(z,%) = /0 [amfi(wi + szi, Ui + 8zi) — O Li(, 'J}z)} ds - z;

1
+ / [aylz(wz + SZi, ’lZJZ + séi) — 83,]@(%, 'J}z)} ds - Zi,
0
thus

1 1
UM%NS/LMWHW%VMJLMWHW%VA
0 0
= Lo(|z] +1z)%/2

and

Siz(t) = Y Gt ti+0)Ji(2, %) = O(?).

0<t;<w
Similarly, for 7 # t;, 7 # t; + 1 we have
Q(T> Z(T)a Z(T - 1))

= /O 00 f (7, 0(7) + 52(7), 0(7) + 52(7)) = Buf (1, 0(7),(7))] ds - 2(7)

+ /0 [0, f (7, (7) + 52(7),0(7) + s2(7)) = Oy f(7,9(7), ¥(7))] ds - (7)),
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thus

|Q(7, 2(7), 2(1 = 1))|
< /01 Lus (|z(m)] + [2(7)]) ds - |2(7)| + /01 Lus (|2(7)| + |2(7)]) ds - |2(7)]
= Ly (|2(7)| + |2(7)])* /2
and

Ts(t) = | Gt TIQ(r 2(r).2(r = 1)) = O
0
Now we can choose fig € (0, 11o] so that for any u € (0, fip] we have
T2 () + S12(8)| < /2. (2.3.1.12)

Further on, since the intervals |¢;(¢), t; + 1] contain none of the points ¢;, we
have

51@(Ilayf) = / 8 $Zayz dS - / 8 I $Z> t -1- SEQD(t )) ds
= — / Oy Li(wi, yi®)(t; — 1 — sep(ts)) ds (2.3.1.13)

= - 6%0(1%)/ Oy Liws, y7°) f(ti = 1 = sep(ts), y7%, v (8 — 1 — sep(ts))) ds,
0
thus 67;(x;, y5) = O(e) and

S2(t) = Y Gt ti+0)0Ti(wi,55) = O(e). (2.3.1.14)

0<t;<w

If 7€ A5\ {t;}", as above we have

51(r,2(r), y5(7)) = —ep(r /afm (r))i(r — 1 — sep(r)) ds
(2.3.1.15)

= - 6@0(7)/0 Oy f (7, 2(7), ™ () F (T = 1 = sep(7), 4™ (1), y*(T — 1 = se00(7))) ds

and
Sf(r,z(7),y°(1)) = O(e). (2.3.1.16)



Let 7 €]ti(¢),t; + 1] for some i € Z. This means that the interval |7 — 1,7 —
1 — ep(7)[ contains just one discontinuity point ¢;. Now

o f(7,x(7),y(7)) (2.3.1.17)
= /01 0,f (7, x(7), sy*(T) + (1 — s)y°(7)) ds - (z(T — 1 — ep(7)) — a(r — 1)),
where
x(t—1—¢ep(r)) —x(r—1)

= [z(r —1—ep(r)) —x(t; — 0-sgn p(7))]
+ [z(ti+0-sgn (1)) —x(r — 1)] — Az(t;) - sgn (1)

_ / Fh 2(r) (7)) do - (r — 1 — ep(r) — )

T / F2,2(72), 45 (72)) do - (8 — 7+ 1) — L, 45) - sgn o (7)

and 7} = o(t—1—cp(1))+ (1 —o)t; €] — 1 —ep(7),t;[, 72 = ot; + (1 —
o)(r — 1) €]t;, 7 — 1[. We shall use this representation in the proof of the
contraction property of the operator U.. For the moment it suffices to note
that ¢ f(7,z(7),y%(7)) is bounded.

Because of the w—periodicity of the integrand in Z»z(t) we have

La(t) = [ GBS alr) ) dr
= / G(t,T)éf(T,at(T),ye(T))dT—l—/ G(t,7)of(r,z(1),y°(T)) dr.
AS A5

By virtue of (2.3.1.16) and (2.3.1.11) both integrals can be estimated by
O(e), thus
Toz(t) = O(e). (2.3.1.18)

From (2.3.1.14) and (2.3.1.18) it follows that we can choose £(u) € (0, ] so
that for any € € (0,£(u)] we have

T2 (t) + Soz(t)| < /2. (2.3.1.19)
Finally, by virtue of the estimates (2.3.1.12) and (2.3.1.19) we obtain
Ue2()] < p,
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i.e., the operator U, maps the set 7, into itself for p € (0, fig] and € € (0, (p)].

Contraction property of the operator U.. Let 2/, 2" € 7,,. Then

UL () —UZ"(t) = (T2 (1) — 72" (1))
+(Z2 (1) — 12" (1) + (S12'(t) — 812" (1)) + (So2'(t) — S22"(1)).

First we consider

m

SiZ'(t) = Si2"(t) = Y G(t, b+ 0) (=, 2) — Ji(z, 2))).

i=1
We have

Ji(zh, 2 — T2, 2

0 <1 [Nt}

= (LW + 25 + 2) — Li(ws + 20 0 + 2)) — Cilz, — 2) — Di(Z} — Z))

1
_ / (OuTu(s + 524 (1 — )20y + 57+ (1 — 8)27) — D, (b, ) dls - (2 — 27)
0

1
+/ (OyLi(vi + sz, + (1 — s)2! b + sz, + (1 — $)Z) — O, Li(vs, 0s)) ds-(Z, — ZI')
0
thus

i, ) — Ji(z], 2]

< | Lefs(z]+ 12D + (L =) + 2] ds - |2 — 2/

1

+ [ Les(lz] + 127D + (1= s)(12]] + 1Z])] ds - [z — 2]

o —

< Aplol| — 2|

and
|S12'(t) — 812" ()| < O(p)||2 — 2" (2.3.1.20)

Next,

.2 (t) — 2" (t) = /Ow G(t,7)(Q(r, 2 (1), 2 (7)) — Q(7,2"(7),Z"(7))) dr.
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For 7 # i, 7 # 1 + 1 we have
Q(1,2'(1),7 (1)) = Q(1,2"(7), 2" (7))
_ /0 (00 () 4 52(7) + (1 — 5)2(7), B(7) + 52(7) + (1 — )2"(7))
— Qo f(1,9(7), 9(7))] ds - (2/(7) — 2" (7))

+ /0 [ayf (7‘,1/1(7‘) + 52/ (1) + (1 — 8)2"(1),¢(7) + sZ (1) + (1 — 5)2”(7‘))

— Oy f(r,9(7),9(7))] ds - (Z'(7) = 2"()),
thus
Q(,2(1), /(1)) = Q(7,2"(7),2"(7))| <ApL ||z' ="

and
17,2/ (t) — T,.2" (1) < O(p)||z" — 2" (2.3.1.21)

In order to estimate Syz/(t) — S22”(t) we use the representation (2.3.1.13).
Let ' =(t) + 2/, 2" =(t)+ 2", y°(t) = 2'(t — 1 — ep(t)), etc. Now

m

S:/(1) = Su(8) = 3 Gt i+ 0) (L ") — 6Li(al,y!"))

i=1

and
SLi(x), ylf) — S L2}, yl?)
1
= — cp(t) / 10, Ll ) f (1 — 1 — selts), =y (8 — 1 — sep(ty))
0

— Oy L,y %) f(ti = 1 = seop(ts), i ™,y (i — 1 — sep(t:))] ds.

Further on,

10y 12}, yi*) f(t: — 1 — sep(ts), v, = (8 — 1 — sep(ti))
— Oy I, y™*) f(ti — 1 = sep(ts), v =, y" (t: — 1 — sep(ti))]
< 0y L}, yi™) — Oy L,y )| - [f(ti — 1 — sep(ti), y;™, v/ (t: — 1 — sep(ts)))]
+ 10y L],y ) - | f(ti = 1 = sep(ta), yi™, y= (t: — 1 — sep(ts)))
— flti = 1= sep(ts), y; =,y (t: = 1 — sep(t:)))] < O)[|z" = 2"
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and thus
|S22' (1) — 822" (t)] < O(e) ||z — 2" (2.3.1.22)

Similarly, in order to estimate Zy2'(t) — Z2"(t) we use the representations
(2.3.1.15) and (2.3.1.17). If 7 € A5\ {t;}!",, then

6f (7, 2'(7), y"*(7)) = 0 f (7, 2"(7),y"™ (7)) < O(e)|[2" = 2"|.
If, however, 7 €]t;(e), t; + 1] for some i € Z, we have
0f (7, 2'(7), y"*(7)) = 0 f (7, 2"(7),y"(7))| < O()]|2" — 2"
and as above we obtain
1757 (t) — 2" ()| < O(e) ||z — 27| (2.3.1.23)

Choose an arbitrary number ¢ € (0, 1). By virtue of (2.3.1.21) and (2.3.1.20)
we can find py; € (0, fip] so that for any p € (0, 1] we have

17,2 (t) = Tu2" ()] + [812'(1) — $12" (1) < % 12 = 2"]I.

Next by virtue of (2.3.1.23) and (2.3.1.22) we find &1 € (0,£(u1)] so that for
any € € (0,e1] we have

1222/ (t) = Lo2" ()] + [S22'(8) — S22"(2)] < % 12 = 2"]I.
Then for any p € (0, 1] and € € [0, 4] the estimate

U = U] < gl = 2", q€(0,1),
is valid for any 2/, 2" € 7,,.

Thus the operator U, has a unique fixed point in 7,, which is an w—
periodic solution z(t,€) of system (2.3.1.9). Since z(¢) = 0 is the unique
w—periodic solution of system (2.3.1.9) for ¢ = 0, then z(¢,0) = 0. Now
x(t,e) = ¥(t) + z(t, ) is the unique w—periodic solution of system (2.3.1.1)
and z(t,0) = v (t). This completes the proof of Theorem 2.3.1.1. O

The results of the present subsection were reported at the Conference on
Biomathematics-Bioinformatics and Applications of Functional Differential-

Difference Equations, Alanya, Turkey, 1999, and appeared in its proceedings
[10].
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2.3.2 Almost periodic solutions of retarded systems

Consider again system (2.3.1.1) satisfying the assumptions A2.3.1.1-A2.3.1.3
and

A2.3.2.4. The function ¢(t) is w;—periodic, where w;/w is irrational, and
Lipschitz continuous:

o) — (") < KJt'—t"|, ¢, t"€R

If e < min {1, 1/K}, then for ¢ € (0,20) equation (2.3.1.2) has a unique
solution t;(¢) for each ¢ € Z. It obviously satisfies

|ti(€)—ti—1| §€, tz(O) :tl—l—l

It is natural to assume that the period w is distinct from the unperturbed
delay 1. For the sake of definiteness we assume that w > 1 and

O<ti<ta< - <t, <w.
We make two more assumptions:

A2.3.2.5. The generating system (2.3.1.3) has an w—periodic solution ()
such that ¢ (t) € Q for all t € R.

aﬁyli(wi,y) - =0—zero ma-

o
A2.3.2.6.  —Ff(t, (1), =0,
ayf( ¥(t),y) .

y=y(t-1)
trices of dimension (n x n).

Now define the linearized system with respect to ¥(t):
2(t) = A(t)z(t), t#t, (2.3.2.1)
AZ(tl) = Bizi> 1€ Z,

where
0
ox r=p(2) ox

Let the (n x n)-matrix X(¢,s) be the Cauchy matrix of (2.3.2.1), X(t) =
X(t,0) be its fundamental solution [103]. Denote

T=;

A:%mxmm () = X(t)e M.
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®(t) is an w—periodic piecewise continuous nondegenerate matrix-valued
function, with points of discontinuity of the first kind at t;, ¢ € Z. Now
we make two additional assumptions:

A2.3.2.7. The matrices E + B;, i € 7Z, are nonsingular.
A2.3.2.8. The matrix A has no eigenvalues with real part zero.

Together with (2.3.2.1) we consider the nonhomogeneous system

A0 = AW)=(t) +g(), t£t (2.3.2.2)
AZ(tz) = Bizi+ai, ’éEZ,

where g(-) € AP,({ti}icz) and {a;}icz € ap,. Under these assumptions
system (2.3.2.2) has a unique almost periodic solution (see §1.3) given by

20(t) = /_00 ()G (t—7)D (1)g(T) dH—Z O(t)G(t—t)D(t:)a;. (2.3.2.3)

o0 i€Z

Moreover, the estimates (1.3.1), (1.3.3) and (1.3.4) are valid.
Our result in the present subsection is the following

Theorem 2.3.2.1. Let conditions A2.3.1.1 — A2.3.1.3 and A2.3.2.4 —
A2.3.2.8 hold. Then there exists a number €. > 0 such that for e € (0,¢,)
system (2.3.1.1) has a unique almost periodic solution x(t,e) depending con-
tinuously on £ and such that z(t,e) — ¥ (t) as e — 0.

Remark 2.3.2.1. Condition A2.3.2.6 is of technical character. It enables us
to apply Floquet’s theory adapted for impulsive systems in [103]. Otherwise
we would have to adapt the spectral decompositions given in [69] for impulsive
systems and apply them to our case.

Proof of the main result. In system (2.3.1.1) we change the variables
according to the formula

x=1p(t)+z (2.3.2.4)

and obtain the system

) = A)z(t) +Qt, 2(1), 2(t = 1)) + 0f (8, x(t),y°(t)), t# 1,
Az(tl) = Bz + JZ(ZZ, Z’) + 5IZ(xZ,yf), 1€ 7, (2.3.2.5)
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where

Q(t7 Z? 2)
Ji(zi, Z)

PO + 2,00t — 1) +2) — FLG(0). 0~ 1) — Az,
Li(i + 2,0 + Zi) — Li(yi, i) — Bz

are nonlinearities inherent to the generating system (2.3.1.3) and therefore
independent of the fluctuation of the delay ep(t), while

Sf(tx(t),y°(t) = [f(t,x(t),y°(t) — f(t,z(t),4°(t)),
0Li(wsyf) = Li(wi,yf) — Li(xi, uy)

are increments due to this fluctuation.

We can formally consider (2.3.2.5) as a nonhomogeneous system of the
form (2.3.2.2). Since w;/w is irrational, the nonhomogeneities are almost
periodic if z(t) is almost periodic. Then its unique almost periodic solution
z(t) must satisfy an equality of the form (2.3.2.3) which in this case is the
operator equation

z=Uz, (2.3.2.6)

where

Uz(t) = /_00 )Gt — 1) (T)Q(T, 2(7), (T — 1)) dr

e e}

i /_OO Gt — 1) (1) f(r,2(7), (7)) dT
+ ) BH)G(t — ) (1) iz, 7)
+ D R)G(t— )7 (k)0 L, )

For the sake of brevity we still write x instead of ¥(t) 4+ 2z in 0 f (¢, z(t), y°(1)),
01;i(x;,y5) as well as in Zyz and Spyz. Moreover, in we will further trans-
form the expressions Zz(t) and Szz(t) under the assumption that z(t) is a
solution of system (2.3.1.1). This will considerably simplify some estimates
henceforth.

An almost periodic solution z(t) = x(t, ) of system (2.3.1.1) corresponds
to a fixed point z of the operator U. in a suitable set of almost periodic
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functions. To this end we shall prove that . maps a suitably chosen set into
itself as a contraction.

We first need to introduce some notation. There exists a constant g
such that €2 contains a closed pp—neighbourhood €2, of the periodic orbit
{z =(t); t € R}. Let us denote

My = sup{|f(t,z,y)]: t €[0,w], z,y € i},

My = sup{|Li(z,y)|: i=1,m, 2,y € N},

Mz = sup{|0.f(t,2,y)|

M, = sup{|0,f(t,z,y)|: t€[0,w], z,y € A},
Ms = sup{|0:Li(z,y)|: i=1,m, z,y € N},
Mg = sup{|0,Li(z,y)|: i=T1,m, z,y € Mn};

ctel0w], zy € M},

M = sw {[[eW)[|e7(7)] : t,7 € [0,w]}.

Let L; and Ly be respectively the greatest Lipschitz constants for the first
derivatives of f(t,z,y), t € [0,w], z,y € Q, and of [;(z,y), i =1,m, z,y €
1, whose existence is provided by conditions A1.3.2.1, A1.3.2.2 and the
compactness of the set (2.

For a,b € R denote ]a, b as in §2.3.1.

Define the “bad” set A = U]ti(s),ti +1[. If ¢ > 0 is small enough,
then Af is a disjoint union of iIlliil"V&lS. We further define the “good” set
A5 =R\ AjS.

For the sake of convenience we assume that for i =1,m t;,+1#1t;Vj €
Z. Then for € > 0 small enough the “bad” set Aj contains none of the points
ti, 1 € 7.

Let ¢g > 0 be so small that all the above assumptions are valid for
e € (0,e9).

For p € (0, uo| define a set of functions
7, = {ze AP,({titiez) = Iz < p }-

We shall find a dependence between € and p so that the operator U in
(2.3.2.6) maps the set 7, into itself as a contraction.
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Invariance of the set 7, under the action of the operator U.. Let
z € T,. We shall estimate |U.2(t)| using the representation

Uz = Tz + Loz + S12 + Saz,
system (2.3.1.1), results from §1.3 and calculations from §2.3.1 when appro-

priate.

First we have
| Ji(2i, Z0)| < La(|z] + |2])%/2

and

4L2MC,U2
1—e b’

[S12(1)] < LeaMC Y el

1€Z

| +1z])7/2 <

(2.3.2.7)

Similarly, for 7 # t;, 7 #t; + 1 we have

Q7 2(7), 2(7 = )| < La(l2(7)] + |2(7)])*/2

and

Z12(t)] < IaM /_OO IG(E = Dl((7)] + 2(7))* d7/2 < ALLMC [,

(2.3.2.8)
Further on, 01;(x;, y5) admits the representation (2.3.1.13), thus |0 [;(z;, y5)| <
eM; Mg and

2
If 7 € A5\ {ti}icz, then 6 f(7,z(7),y°(7)) satisfies (2.3.1.15) and
10 f (T, (1), y°(1))| < eMyM,. (2.3.2.10)

Let 7 €]ti(¢),t; + 1] for some i € Z. This means that the interval |7 — 1,7 —
1 — ep(7)[ contains just one discontinuity point ¢;. Now

5£(r, 2(7), v (7)) (232.11)
= / O, f (r,x(r), sy7(7) + (1 = )y°(r)) ds - (a(r — 1 — (7)) — a(r — 1)
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0f(m,2(7), y°(7))|

=/afm sy (r) + (1 — 8)y°(r)) ds

n / F(2,2(r2), 47 (72)) d

where 7} = o(1r — 1 —ep(7)) + (1 — o)t; €)1 — 1 — gp(7),t;[ and 72 =
oti+(1—o)(r—1) €lty,7—1

We have

and

IN

IgZ(t)

CM{/M

o)) do- (T —=1—ep(1) =)

o (t— 7+ 1)~ L(en ) - sem som) ,

[. Thus

< (e, e 100,070 + o]
< My(eMy + My). (2.3.2.12)
_ /_“@@G(t_ﬂ (Yo f(r.x(r), 55 (7)) dr
_ /A CR(NG(t )@ (1) (r, (7). (7)) dr
T / D(H)G(t — 7)O(7)5 f(r, 2(r), y¥ (7)) dr
N

2

|Z22(t))| (2.3.2.13)

o a7 dr + [ e ()47 (r) df}

€
2

CM { / My(eMy + My)e ="l dr + / MyeMe~olt=l df}
AE AS

CMM, {5M1/ el dr ‘I_MQ/ eelt=l d’T}.
—00 A

But as in §1.3

/ e t="ldr = 2/a,
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while

/ el dr = Z / e t=ldr = 3. (¢).
Af

€L Y1) i1

To estimate Y. (t) we shall use that
meas]ti(e),ti—l—l[gs and ]tz(éf),tz—l—l[c [ti—l—l—éf,ti—l—l—l—éf] Vi e Z.

For t € R we shall consider two possibilities:
a) t belongs to none of the segments [t; + 1 —e,t; + 1+ ¢, i € Z. Then
we may assume that to+1+e <t <t;+1—¢. Now for i € N we have

—a|t— —of(ti+1—e)—(t1+1— _ —a(t;—t —af(i—1
e=alt=Tl g7 < cemallttl=a—(1+1-9] _ _o-alt-t1) < coadli-)

Jti(e) tit1]
while for i ¢ N

6—a|t—7| dr < ge—a[(tg—i-l—i-e)—(ti—i-l—i-e)] — ge—a(tg—ti) < €€a9i,

Jti(e) tit]
and as in §1.3 we conclude that

2
. (t) < 1750 (2.3.2.14)
— e—a

b) t belongs to one of these segments, say, to+ 1 —¢ <t <ty +1+¢e. Now
for i € N we have

6—a|t—7| dr < ge—a[(ti—i-l—e)—(tg—i-l—i-e)] — ge—a(ti—t0—2e) < 562%6_‘1‘%,
Jti(e) tit1]

while for —7 € N

6—a|t—7| dr < ge—a[(tg—i-l—e)—(ti—i-l—i-e)] — ge—a(tg—ti—2e) < €€2a€€a9i.

Jti(e),ti+1[

Finally,

/ e~ tTldr < ¢

Jto(e),to+1]
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and
20 = —iof 26a(2€_9)
Ze(t) S el 14 2e i:E 1 e =€ (1 + m) . (23215)

Combining the estimates (2.3.2.14) and (2.3.2.15), we have

Y.(t) <

S T ap maX {2, 1—e ™+ 26‘“(25_9)} .
— 6—04

For € small enough, namely, for

In (1 + e*?
ggglzg’
2a
we have
<% eR

Substituting this into (2.3.2.13), we obtain

M M.
|I22’(t)| S 2CMM4€ (71 + 1_7;%) . (23216)

Adding together the estimates (2.3.2.7), (2.3.2.8), (2.3.2.9) and (2.3.2.16),
we obtain

U-2(t)] < 20 M (2K 11 + Kae), (2.3.2.17)
where
L L MM MoM, + My M,
K1:_1_|_ 2 and K, — 1 4_|_ oMy + My 6
a 1l—e o o 1—eof

To provide the validity of the inequality |U.z(t)| < u, we first choose

- . 1
Mo = 1IN {,U(b m} .

Then for any i € (0, fig] we have AMC K12 < /2 and inequality (2.3.2.17)
takes on the form
U-2(t)| < /2 +2MCKse.

If we choose
(p) = min {50, €1, ﬁ%} )
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then for any € € (0,£(u)] we have 2MC Kye < /2 and thus
Uez(t)] < p,

i.e., the operator U, maps the set 7, into itself for p € (0, fig] and € € (0, ().

Contraction property of the operator U.. Let 2/, 2" € 7,,. Then

UL () —UZ"(t) = (T () — 12" (1)) + (T2 (t) — 12" (1))
+ (S12(t) — 812" (1)) + (Sa2'(t) — S22"(1)).

First we consider

Si(t) = Si2"(t) = Z Gt —t)®7 (1) (Jil, 21) — Jil2], 2]))-
€z
We have
| Ji(z;, ) — Ji(27, 2| < ApLa|l2" — 2"
and SuMCL
mﬂo—&(n<%——%z—wy (2.3.2.18)
Next,

T.2(t) — Th2" (¢)
= /_ O(t)G(t — 1)@ (1) (Q(r, 2'(7), 2(7)) — Q(r,2"(r), Z"(r))) dr.

o)

For 7 #t;, 7 #t; + 1 we have

|Q(r, 2(7), 2(7)) — Q(7,2"(7), 2"(7))| < ApLall2" — 2"

and

8 CL
mz@—zdﬁngi%%i

12" — 2" (2.3.2.19)

In order to estimate Syz/(t) — S22”(t) we use the representation (2.3.1.13).
Let ' =(t) + 2/, 2" =(t)+ 2", y°(t) = 2'(t — 1 — ep(t)), etc. Now

So7/(t) = 8o2"(t) = Y B(H)G(t — t:)® " (1) (S1(wl, i) — OLi(af, i)

i€Z
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and
5IZ($;>y;€) - 51@( my;/e)
1
= —ep(t )/ (Oy Ly, yi™) [t — 1 — sep(ti), v,y (ti — 1 — sep(ti))
0

— Oy I,y ) f(t: = 1 = se(ta), y; ™ y™ (ti — 1 — sep(ti)))) ds.

Further on,

|0y i, yi ™) [t — 1 = sep(ts), 4=, = (6 — 1 — sep(ti))
— Oy L, yi ™) f(t: — 1 — sep(ts), yi ™,y (t: — 1 — sep(ts)))]
10y Li(, yi™°) — Oy Ly ™) - | f(ti = 1 = sep(ta), yi ™,y (t: — 1 = sep(ts)))]|
+ 10y L]y )] - | f(ti = 1 = sep(ta), yi™, y= (t: — 1 — sep(ts)))
— flti =1 —sep(ts), v,y (ti — 1 — sep(ti)))]
MiLo(|; — | + |y — yi"™|) + Mo (Ma]y;* — y;"*|
+ Maly®(ti — 1 — sep(ts) — @/le(t 1 — sep(ti))])
< [2MiLoy + Mg(Ms + My)]||2" — 2"

IN

IN

and thus

/ " 2MC€ //

Similarly, in order to estimate Zy2'(t) — Z2"(t) we use the representations
(2.3.1.15) and (2.3.2.11). If 7 € A5\ {ti}iez, then

0f (7, 2'(7),y"(7)) = of(r,2"(7),y" (7))l
S 15 [2L1M1 + M4(M3 + M4)] ||Z/ — Z//H.

If, however, 7 €]t;(¢), t; + 1] for some i € Z, we have

0f (7, 2'(7), 4" (7)) = (7, 2"(7),y"(7))|
< {e[2Ly My + My(Ms + My)] + 2L My + My(Ms + M)} |2/ — 2"

As above we obtain
| 722" (t) — Zo2"(t)] (2.3.2.21)
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S MC { {8[2L1M1 + M4(M3 + M4)] + 2L1M2 + M4(M5 + Mﬁ)} 6_a|t_7—| dr
A
+ / 8[2L1M1 + M4(M3 + M4)]€_a|t_7| d’T} ||Z/ — Z//H
A3
201 My + My(Ms + M. 201 My + My(Ms + M
< 25./\/10{ 1My + Ozj( 3+ 4)_|_ 1 241-_2&105%- 6)}”2’/—2//”.

Adding together the estimates (2.3.2.18), (2.3.2.19), (2.3.2.20) and (2.3.2.21),
we obtain
U2 — UZ"|| < 2MCAK pu+ Kse)||2' — 2",

where

2Ly My + My(Ms + M) +2(L1M2 + Lo M) + M3 Mg + My Ms + 2My Mg
B « 1—eof '

K3

Choose an arbitrary number ¢ € (0, 1) and denote p; = min {,uo, 16/\/?70[(1}

(then obviously u1 < fip) and €1 = min {é(,ul), ﬁ%} Then for any
€ (0,11] and € € [0,e;] we have

e’ —UZ"|| < gl = 2", q€(0,1),
for any 2/, 2" € 7,,.

Thus the operator U, has a unique fixed point in 7,, which is an almost
periodic solution z(t,€) of system (2.3.2.5). Since z(t) = 0 is the unique
almost periodic solution of system (2.3.2.5) for ¢ = 0, then 2(¢,0) = 0.
Now z(t,e) = ¥(t) + 2(t,¢€) is the unique almost periodic solution of system
(2.3.1.1) and x(¢,0) = (¢). This completes the proof of Theorem 2.3.2.1. [J

The results of the present subsection were reported at the 27-th Summer
School “Applications of Mathematics in Engineering and Economics”, So-
zopol, Bulgaria, 2001, and published in a short form in its proceedings [52]
and in an extended form in [44].
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2.3.3 Periodic solutions of neutral systems

In the present subsection we study a neutral system with impulses at fixed
moments and a small delay of the argument of the derivative and another
delay fluctuating around a constant value which may be assumed 1 without
loss of generality:

z(t) = D)zt —h)+ f(t,x(t),x(t —h),z(t — 1 — he(t))), tFt,

wherexr € QCR", D:R— R" f:RxQxOQxQ— R" Qisadomain in
R™ ¢ : R — [—1,1]; Ax(t;) are the impulses at moments ¢; and {t;}icz is a
strictly increasing sequence such that lim t; = +o00; [; : QxQ — R™ (i € Z),

i—Fo00
h and 1 + hp(t) are the delays, h € [0, hg) is a small parameter; hy will be
specified below.

It is clear that, in general, the derivative & does not exist at the points
of discontinuity of the right-hand side f(t,z(t),z(t — h),z(t — 1 — he(t))),
i.e., at the points t; + kh, k € N, and at points ¢t which are solutions of the
equations

t—1—he(t) =t (2.3.3.2)

i € Z. We require the continuity of the solution x(¢) at such points if they
are distinct from the moments of impulse effect ¢;.
For the sake of brevity we shall use the notation:

vi=alt), I(t)=at-h), T(t)=zt-1), y"{t)=at—1-he(t))

(thus, for instance, y? = z(t; — 1) = 7;).
In the sequel we require the fulfillment of the following assumptions:

A2.3.3.1. The function f(¢,x,,y) is continuous (or piecewise continuous,
with discontinuities of the first kind at the points ¢;) and w-periodic
with respect to t, twice continuously differentiable with respect to
x, T,y € §, with locally Lipschitz continuous with respect to z,Z,y
second derivatives.

A2.3.3.2. The matrix D(t) is w— periodic, sup |D(t)| = n < 1, its first
te[0,w]

derivative is continuous (or piecewise continuous, with discontinuities

of the first kind at the points t;) and its second derivative is bounded

on each interval of continuity.
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A2.3.3.3. The functions [;(z, Z), i € Z, are twice continuously differentiable
with respect to x, z € €1, with locally Lipschitz continuous with respect
to x, T second derivatives.

A2.3.3.4. There exists a positive integer m such that ¢;,,, = t;4+w, i1 (z, T)
= I;(x,z) for i € Z and x,z € Q.

A2.3.3.5. The function ¢(t) is w—periodic and Lipschitz continuous:
o) = ()] < Kt'=t", 1" eR.
We may note that the invertibility of the matrix £ — D(t) follows from

the inequality n < 1 (condition A2.3.3.2). Moreover, sup |[(E— D(t))™'| <

te[0,w]
(1—m)~
If hg < min {1, 1/K}, then for h € (0, hy) equation (2.3.3.2) has a
unique solution ¢;(h) for each i € Z. It obviously satisfies

ti(h) —ti — 1] < h, #:(0) =t; + 1.

It is natural to assume that the period w is distinct from the unperturbed
delay 1. For the sake of definiteness we assume that w > 1 and t; # 0 Vi € Z.

For h =0, from (2.3.3.1) we obtain

@(t) = (BE—D()" ft,x(t),(t),2(t - 1)), t#t,

so called generating system, and suppose that

A2.3.3.6. The generating system (2.3.3.3) has an w—periodic solution ()
such that ¢ (t) € Q for all t € R.

Now define the linearized system with respect to ¢ (t):

2t) = (E—D@) N A@)z(t)+ B(t)z(t — 1)), t #t;, (2.3.3.4)

Az(t;) = Ciz, 1€Z, (2.3.3.5)
where
Aty = Ziewpe-1)| L B = L), 00),v) ,
Oz s=y(t) 0y y=y(t—1)



and 5
i _IZ )
C 5 (x, ) -

Let the (n x n)-matrix X(¢) be the fundamental solution of the system
(2.3.3.4) [20, 69] (i.e., X(t) = 0 for t < 0, X(0) = E;

X(t) = (E- D) (At)X(t) + B(t)X(t — 1)) for t > 0).
Now we make two additional assumptions:
A2.3.3.7. The matrices E + C;, © € Z, are nonsingular.

A2.3.3.8. The only w—periodic solution of system (2.3.3.4), (2.3.3.5) is z(t) =
0.

If the last two conditions hold, as in [36, 103] we can define Green’s function
G(t,7) of the periodic problem for the nonhomogeneous system

t) = (BE—-D®)(A(t)z(t) + B(t)z(t — 1)) + g(t), t#ts
Az(tz) = Cizi+a;, 1€Z, (2336)

corresponding to (2.3.3.4), (2.3.3.5), where g(-) € C,,, and @, = a4, i € Z,
i.e., system (2.3.3.6) has a unique w—periodic solution given by the formula

z(t) = /Ow G(t,7)g(T)dr + Z G(t,ti + 0)a;. (2.3.3.7)

0<t;<w

Denote also
M:Sllp{|G(t,7‘)|I t776[0>w]}7 ﬁ:Z|CZ|
i=1

Our result in the present subsection is the following

Theorem 2.3.3.1. Let conditions A2.3.3.1-A2.3.3.8 hold. If
N3+ 26M) < 1, (2.3.3.8)

then there exists a number h, > 0 such that for h € (0, h.) system (2.3.3.1)
has a unique w—periodic solution x(t,h) depending continuously on h and
such that x(t,h) — ¥(t) as h — 0.
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Proof. In system (2.3.3.1) we change the variables according to the
formula

z=(t)+ 2 (2.3.3.9)
and obtain the system
it) = (E—D@) "{A®)=(t) + B(t)2(t — 1)
+ Q(t,2(t),2(t - 1)) +5f(t a(t), x(t — h), y"(t))
— D@)(@(t) —@(t—h)}, t #ti, (2.3.3.10)
AZ(tz) = Cizi+ J; (ZZ) + (SIZ(ZL’Z,ZEZ), 1€ Z,
where
Qt,z,2) = ft,vt)+zz,9@)+z,¢v(t—1)+2)
- f(t>¢(t)>¢(t)>¢(t - 1)) - A(t)z - B(t)2>
Ji(zi) = L + 2,0 + 2) — Li(Yi, ) — Ciz

are nonlinearities inherent to the generating system (2.3.3.3) and therefore
independent of the small parameter h, while

Of(t,x(t),z(),y"(1)) = ft,x(t),2(t),y"(t)) — F(t,2(t), 2(t),y°(1)),

are increments due to the presence of the small parameter.

We can formally consider (2.3.3.10) as a nonhomogeneous system of the
form (2.3.3.6). Then its unique w—periodic solution z(¢) must satisfy an
equality of the form (2.3.3.7) which in this case is the operator equation

= Z/{hz — VhZ, (2.3.3.11)

where

Unz(t) = /OWG(RT)(E—D( ))7Q(7,2(7), 2(7 — 1)) dr

+ /WG< T)(E — D(1))" o f(r,a(r), &(7),y" (7)) dr

+ > Gt 0)i(z) + Y Gt ti+ 0)51i(xs, )

0<t;<w 0<t;<w

= Lz(t) + IgZ(t) + Slz(t) + SzZ(t),
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Viz(t) = /Ow G(t,7)(E — D(7))"'D(7)(i(r) — &(r — b)) dr.  (2.3.3.12)

For brevity we still write x instead of ¥(t) + z in 6f(¢, x(t), z(t),y"(¢)),
01;(x;, ;) as well as in Zpz, Sez and in V,z. Moreover, we will further
estimate the expressions Zoz(t) and Syz(t) under the assumption that x(t) is
a solution of system (2.3.3.1).

An w-periodic solution z(t) = x(t, h) of system (2.3.3.1) corresponds to a
fixed point z of the operator U, — V), in a suitable set of w—periodic functions.
To this end we shall prove that U, — V), maps a suitably chosen set into itself
as a contraction.

We first need to introduce some notation. Suppose, for the sake of defi-
niteness, that
O<ti <te < - <tp <w.

There exists a constant po such that €2 contains a closed pp—neighbourhood
0 of the periodic orbit {x = v (t); t € R}. Let us denote

MO = max{sup{|f(t,x,i,y)| tte [O,UJ], T, T,y € Ql}>

sup{|Ii(at,i“)| ci=1,m, x,T € Ql}},

M, = maX{SUP{I(?mf(t,w,i,y)li tel0w], z,z,y e M},

Sup{|aff(t>x>j>y)|:
sup{|8yf(t,x,i,y)|:
sup{|0,1;(x,z)| : i =1, m, x,7 € W},

sup{|0z1;(z,z)| : i =1, m, x,7 € Ql}}

and, similarly, let M5 be the maximum of the suprema of the matrices of the
second derivatives of f(t,x,Z,y) with respect to z, z,y for t € [0,w], x,Z,y €
Q; and of the second derivatives of I;(x,T) for i = 1,m, x,y € Q;. We shall
not explicitly denote the Lipschitz constants for the second derivatives of
f(t,x,z,y) and I;(x, T).
We define the “bad” sets
A=t ti+h), A= | Jlh), 1L

=1 —1<t;<w-—1
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We further define the “good” set AL = [0,w]\ (A UAL).

For the sake of convenience we assume that fori =1,m ¢;,+1#1t;Vj €
Z. Then for h small enough the “bad” set A" U Al is a disjoint union of 2m
intervals.

Let hg > 0 be so small that all the above assumptions are valid for
h e (0, h(])

For p € (0, uo| define a set of functions

T, = {z€Cun: |zl <n}.

We shall find a dependence between h and p so that the operator U, — V;, in
(2.3.3.11) maps the set 7, into itself as a contraction.

Invariance of the set 7, under the action of the operator U}, — V.
Let z € 7,. We shall estimate |U),2(t)| using the representation

Unz(t) = Tyz(t) + Loz(t) + S12(t) + Saz(t)

and system (2.3.3.1).

First we have

1
Ji(z) = {/0 (OxLi(i + 525,005 + 52;) — 021 (Y4, 45)) ds

1

+ / (0z1; (Vi + szi, i + sz;) — 0L (Vi ) dS} 25,

0

thus )
0
and .
[Siz(t)] < 2MoM D |z = O(p?). (2.3.3.13)
i=1

Similarly, we have
Q(r,2(7), 2(r = 1))
-{f 0uF () + 52(7), () + 52(r), §7) + 55(7)
— 0o f (1, 00(7), 9 (1), 9(7))] ds
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+ / [0 (7, $(7) + 52(7), 0 (7) + 52(7), $(7) + s5())

0 f(r, (), (7, ()] ds} +(7)

T / [0,F(r.(7) + s2(7), $(r) + 52(r), () + s3())
- 8y.f(7-> ¢(7)> ¢(7)> 'J}(T))} ds - 2(7)7

thus
1Q(7, 2(7), 2(T = 1))| < 2/0 Mas(2]2(7)| + |2(7)]) ds - |2(7)]
+ /0 Mgs(2|z(7‘)| + |2(7‘)|) ds - |Z(7)]
= My(2|2(7)| + |Z(7)])"/2
and

w

To2(t)| < Mg/\/l(l—n)_lfo (20=(7)| + |3(0))) dr/2 = OG2). (2.3.3.14)

Now let us estimate |i(t)|, where z(t) is a solution of (2.3.3.1). We have
|@(t)] < [DO)[|a(t = h)| + | f(t,2(t), 2(t — h), y"(t))] < nsup #(t)] + M.
Thus
sup |(t)| < nsup [#(t)] + Mo

and, finally,
sup |#(t)] < Mo(1—n)~".

Further on, since the intervals (t; — h,t;) contain none of the points ¢;,
we have
1

0 83

1
= / Oz 1i(zi, x(t; — sh)) 9 x(t; — sh)ds
0 ds

1
= —h/ Oz Ii(x;, x(t; — sh))i(t; — sh) ds,
0
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thus |(SIZ(ZL’Z,£E’Z)| S hMlM(](l — 77)_1 and
1So2(t)] < hmMM; My(1 —n)~t = O(h). (2.3.3.16)

Then we estimate the difference z(t) — x(t — h). If ¢ is not in A?, then
x(t) is continuous in [t — h,t] and & exists in this segment, with the possible
exception of finitely many points. Then we have

|2(t) —a(t = h)| < hMo(1 —n)~

Now we shall obtain an analogous estimate for A”. Then the interval (¢t—h, t)
contains just one point of discontinuity ¢; of x(t), thus

(t) = 2(t = h)| < Ja(t) = x(ti + 0)] + [x(t; +0) — z(t:)] + [2(t:) — x(t = )]

< Mo(L—n) "'t —t;) + Mo+ Mo(1—n) "' (t; —t+h) = Mo(1+h(1—n)"").

Next we estimate the difference z(t — 1) — x(t — 1 — he(t)). If t ¢ A,
then z(t) is continuous in the interval |¢;(h),t; + 1] and

2t = 1) = a(t — 1 — hip(t))] < Moh(1 — )"

Let t € Al i.e., t €]ti(h),t; + 1] for some i € Z. This means that the
interval |t — 1, — 1 — hp(¢)] contains just one discontinuity point ¢;. Then
we have

w(t =1) —a(t =1 = he(t))] < [zt = 1) = 2(t + sgnp(t))]
w(titsgnp(t)) — z(ti—sgn(t))| + |z(ti—sgn p(t)) — z(t=1-he(t))|
sup [£()[(t — 1 —ti)sgnp(t) + iz, T2)]

sup [£()[(t; — ¢ + 1+ hep(t))sgn o(1)

hsup |2 (t)]|@(t)| + |14, 7). < Mo(1+h(L—n)"").

+ IN +

Using these estimates, we evaluate § f (7, z(7), Z(7), y"(7)). If T € Ab, we
have

Sf(r,z(7), (T / 55 f(r,z(r), z(r — sh),y*" (7)) ds
= —h/ Oz f(1,2(7), 2(T — sh),y*"(1))&(T — sh) ds

—ho(T / Oyf(r,2(7), (T — sh),y PN i(r — 1 — she(T)) ds
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and
6 f(r,2(7),z(7),y"(7))] < 2hMyM;(1 —n)~*. (2.3.3.17)

Next, if 7 € A" we have
(r2(7),2(7),y"(7))

= / —f 7,2(7), sx(t — h) 4+ (1 — 8)z(7),y*"(7)) ds
= /0 Oz f (1, 2(1), sx(T — h) + (1 — 8)z(7), y*" (7)) ds - (x(T — h) — x(7))

— hgp(f)/o ayf(f,at(f),sa:(7‘—h)+(1—s):£(7‘),ySh(T))i(T—l—shgp(T))ds
and

[6(7, (), 2(7),y"(7))]

| IVAN

Mi{Mo(1+h(1=n)"") + hMo(1 —n)~'}
MoM; (1 + 2h(1 —n)™H). (2 3.3.18)

Finally, for 7 € A%

Mi{hMy(1 — )" + Mo(1 + h(1 — 7))}
MoM; (1 + 2h(1 —n)™H). (2.3.3.19)
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Making use of the estimates (2.3.3.17), (2.3.3.18) and (2.3.3.19), we find

|Z,2(t)] g/ QRMMoMy(1 — )2 dr (2.3.3.20)
Al

+ M1 —n)""MoM; (14 2h(1 — )~ ") dr
At

+ M1 — ) P MyMy (1 + 2h(1 — )~ dr
Af

= / 2hMMOM1(1 — 77)_2 dr + / MM(]Ml(l — ’)7)_1 dr
0 AfuAal
< 2WhMMoM; (1 — 1) + 2hmMMyM, (1 — 1)t = O(h).
Adding together the estimates (2.3.3.13), (2.3.3.14), (2.3.3.16) and (2.3.3.20),

we obtain
Unz(t)| = O(?) + O(h). (2.3.3.21)

Further on, as in §1.1.2 we obtain
| = Vaz(t)] < ChMo(1 — )™,
where the constant C' can be chosen independent of h, and
[Unz(t) = Viz(t)] = O(u®) + O(h),
1.€.,
Uz (t) — Viz(t)| < Kip® + Koh (2.3.3.22)

for some positive constants K; and Ks.

To provide the validity of the inequality |Upz(t) — Vihz(t)| < p, we first

choose
1

TRk

Then for any u € (0, fig] we have K12 < p/2 and inequality (2.3.3.22)
takes on the form

fio = min { po,

Unz(t) — Viz(t)] < p/2 + Ksh.
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If we choose B y
h(lu“) = min { h’07 % }7
then for any h € (0, h(z)] we have Koh < /2 and thus
[Unz(t) = Vaz(t)]| < p,

i.e., the operator U, — Vj, maps the set 7, into itself for u € (0, fio] and
h € (0, h(p)].

Contraction property of the operator U, — V. Let 2/, 2" € 7,. Then

U2 (t) —UZ"(t) = (T12'(t) — Th2"(t) + (Z22'(t) — T2"(t))
+ (S12/(t) — 812" (1)) + (S22/(t) — S22 (t)).

First we consider
S (1) = §i(0) = I Gltt:+ 0K = AED).

We have

(2 (2

= (L + 2,0 + 2) — L+ 2,0 + 2])) — Cilz] — 2])

1
= {/ (Oui(Ws 4 sz, 4 (1 — 8)2] by + 52, + (1 — 8)z]) — 0uli(i,¢4)) ds
0

1
+ / (O Li(vs + sz + (1—s8)z] s + s2i 4+ (1—58)2)) — Oz Li(vs, 3)) ds}
0
x (2 —=2]),
thus
1
| Ji(2) — Ji(2])] < 4M2/ [slzi] + (1 = s)|2']] ds - |2} — 2]
0
< 2Ma (|2 + |2]1) |2 — 2| < AuMa|z; — 2|

and
|S12'(t) — S12"(t)| < 4pMmb]|lZ" — 2"|. (2.3.3.23)
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Next,

We have
Q1,2 (1), 2 (7)) — Q(r, 2"(1), (7))
_ {/0 [(%f(f,a:s(f),zs(f),is(f)) —8mf(7,w(7),w(7),d(¢))} ds

b [ ettt o) o) =0ns 1), 010), ) s
(
b [ [t ) ). 2 =00 7 6(0), (), D) s
x (2"(r)—2"(1)),
where 24(7) = (7) + s2/(7) + (1 — 8)2"(7). Thus
Q(r. (7). 2(7)) ~ Q(r. (7). #'(7)
< o, /01 [s(22(0)] + () + (1 — )2 ()] + 12/ ()] ds
< |2/(7) — ()
+ M, /01 [s2lZ' ()] + 17 (7)]) + (1=3s)(2|z"(7)| + |2"(7)])] ds
< |2(7) ~ (7)
< 2031+ 12"1) - 12— 2"+ Mo (11 + 1)) - — )
< outy 2 — |

and

T2 (1) — T.2"(t)] < QuMwMy(1—n)7t |2 — 2" (2.3.3.24)
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For the estimation of Sy2'(t) — S»2”(t) and Zp2/(t) — Z22"(t) we denote z’ =
U(t)+ 2, 2" =) + 2", y"(t) =2'(t — 1 — he(t)), ete. Now

S (t) = S2"(t) = Gt ti +0)(0Li(w}, 7)) — SLi(), 7))

=1

and
O, 2 — oL, )

e i

- (IZ( T z) ($Z7$Z)) - (I( Tis z) ( Li, z))
= (L« ) — L(vi, i) — (L2}, o)) — L, 1)
- (I( ;/7 7;/) (Q%wz)) ( (I;/7 z) Z(whwl))

:_(/ Li(; + 520 + s(W; — ¥+ 20)) d(1 — )
+/ T + 52t + 57 d(1 — 8)
. / LW+ 52 i s — s+ ) d(1 — 9)

— /8 (Vs + 82 b + 82! d(1 — s).

Making use of the continuity of the second derivatives of I;(x,z) (condition
A2.3.3.3), we integrate by parts and rearrange the terms to obtain

6I(x}, ) — oIL(x, z)

[RRad}

{</ 1—5 5 1i(%, @) |amyyyszr ds - zl,zl>
0
1
</ 1—5 (%, ) [ p=py sz ds - zl,zl>}
0

{</ (%4'5%%4-5(?? ¢z+5;))d5 Zz>zz>
0

1
</1-sy (s 522+ (0 — m+wwsaw>}
0
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+ 2{< (1— 382 (wi—l—szg,wi—l-s(wi—%—l-zg))ds'Z£>¢i—wi+22>

/\
o

1 8)O2Li(s + sz i + s(Vi— i+ 2))) ds - 2] b — i+ ”>}

{< (1= $)02, I (s + 2Lt + (s — s + 2)) ds - (s — v + 21,

O

s —¢i+z£>

1
- < / (1 — 8)02, Li(i + sz i + s( — i + 20)) ds - (i — i + 21,
0

wi_wi+22,>}'

Now we estimate separately the four addends in the braces making use also
of the Lipschitz continuity of the second derivatives of I;(z;,Z;) according
to condition A2.3.3.3. It is easy to see that the first two addends are
estimated by O(u)||z" — 2”||, while the other two terms are estimated by

(O(p) + O(h))||2" = 2”||. Thus we obtain
S22 (t) — S22 ()] < (O(p) + O(h))||z" — 2" (2.3.3.25)

We estimate Zy2'(t) — Zo2"(t) in a similar way, using condition A2.3.3.1.
Now we have (the argument 7 is dropped for brevity)

51(,a & y") = 8 (a7 ™)
! 82 7 ~I! "no_n
</0 (1_5)%./:('71’71’72/}_'_82 )|$:¢+Sz” ds -z y & >

(0o
- </0 (1_S)wf(.’l”l”w+32/)|m:¢+32/ dS'Z/,z/>}
1 82
+ 2 { </0 (1—ys) (f%payf(-,f,a?,y) $=1Zj+sz” ds - 2", 2”>

y=tp+sz"
1 82
— 1-— . e=ytsz ds -2, 7
[ =9 )| e ds- 2
y=1+sZ
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{</ (1 =)0 f(-, 0 + 82" W+ 52" b + s5") ds - 2" z”>
0
([

(1 — )02 f(-, 0+ sz, + sz b + 53 )ds - 2/ z>}

_'_
—
S

/01 )02, f (- + 82/, + s( — o + 2),
&+s(wh—w°+z’h))d8-2’w’>
- </01(1—s)8§mf(-,w+sz",¢+8(¢—¢+Z“)>
Ut s =0+ ")) ds - 2" Z>}
4 2{</01(1—s)agff(-,w+sz’,w+s(w—w+z’),
Q;Jrs(wh—woJr,z«”z))ds-z’,w—w+z’>
- </01(1—s)aﬁff(-,erSZ”,erS(w—¢+Z")>
ws(wh—w°+z”h>>ds-z“,w—w+z”>}
N {</01(1_s)a;ff(-,wsz’,ws(w—w+z’>,
@+s(wh—w0—|—z'h))d5-(¢—¢+2/)>¢—¢+2/>

1
- </ (1= 8)02 (o + 82", 0+ s( — o+ 27),
0
O+ s =0+ 2" ds - (b —p + Z7), 0 —w+z”>}
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1
! 2{</ (L= 5)0, f (0 + 52,0+ s(d — ¢+ 2,
0
@+5(¢h _'1/10 —|-Z/h))d5 'Zlawh _w0+zlh>
1
([0 st
Q/NJ‘I’S(wh_?/JO—I—Z//h))ds-z”,y;h_w0+zl/h>}

1
i 2{</0 (1= 8)05,f( ¥+ 52,0 +s( — ¥ + Z),
b+ st ="+ M) ds - (P -+ 2), 0" —w°+z’h>

1
- </0 (1= )02, f(- 0 + 52", 0 + (4 — ¢ + 2),
Q24-5(?%—wo%—z”h))als-(w—w%—z”),w_wo%_zuh>}

1
* {</0 (1_S)ajyf(.’w+szl>w+s(&_w+2/)7
Vs — g0+ M) ds - (" =90+ "), P — g0+ z’h>

1
- </0 (1= )0, f(. ¥+ 52" ¥+ 5(P =0+ 2"),
?2 + s(wh — 0+ Z//h)) ds - Wh 0 Z//h)’wh 0 4 z”h>} .

The first four expressions in the braces are estimated by O(u)||z" — 2| for
all 7 € [0,w]. The fifth and sixth expressions are estimated by

{ (O(u) + Ol = ="|| for 7 ¢ A,
(O(u) +O) ||z = 2"|| for 7€ AL

The seventh and ninth expressions are estimated by

{ (O(u) + Ol = ="|| for 7 ¢ AL,
(O(u) +O()||2" = 2"|| for 7€ Ah
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Finally, the eighth expression is estimated by
{ (O(k) +O(h))|[2" = 2"|| for 7€ AL
(O(u) +O() ||z = 2"||] for 7€ (AruAb).
Using these estimates, by arguments similar to those in the proof of Lemma
2.1.2.1 we find
| 722 (t) — Z22" ()] < (O(p) + O(h))||2" — 2"]. (2.3.3.26)

Now by virtue of the estimates (2.3.3.23), (2.3.3.24), (2.3.3.25) and (2.3.3.26)
we obtain
ledn=" = Un2"|| < (O(p) + O(M)][2" = 2"]I.

In order to estimate V2" — V,,2”, we integrate by parts the expression
for V,z(t) taking into account that the function G(t,7) is discontinuous at

T=ty,...,t, and 7 =t while x(7) is discontinuous at t, ..., t,, making use
of the equalities
0G(t, 1)

— = Gt 7)(E = D(7))MA(r) + B(T)X(r = DX (7)]
and G(t,t;) = G(t,t; + 0)(E + C;). We obtain

Wnz(t) = (E—D(t))"'D(t)(z(t) — z(t—h))
+ i{G(t, t;+ h)(E — D(t; + h)) "' D(t; + h)

— Gt b+ 0)(E — D(ti))‘lD(ti)}Ii(xi, z)

m

+ > G(t,t;i+0)Ci(E — D(t;)) "' D(t;)(x; — ;)

_ /OW{G(t, 7)(E — D(1)) "' [A(7) + B(1) X (1 = 1) X~ }(1)]

x(E—D(1))'D(r) — G(t,7 — h)(E — D(t — h))™!
x[A(T —h)+ B(r —h)X(t —h—1)X "' (7 — h)]
(E — D(r — h)) "' D(r — h)}ZE(T —h)dr

+ /OW{G(t,T)(E — D(T))_lD(T)(E —D(r))!
—G(t,7—h)(E — D(’T—h))_lb(T—h)(E - D(T—h))_l}l’(T—h) dr.
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In view of Lemma 2.1.2.1 the two integral terms are estimated by O(h)||x||.
The sum of the first and third terms can be estimated by 2(1 + MgB)n(1 —
n)~!||z||. The difference

G(t,t; +h)(E — D(t; + h))'D(t; + h) — G(t,t; + 0)(E — D(t;)) ' D(t;)

is estimated by O(h) for t ¢ A% and by n(1 —n)~! + O(h) otherwise. At
last, similarly to estimate (2.3.3.25), we note that

L2, 7)) — Li(af, z)| < (O(p) + O(h)) ||z = 2",
thus we have
Vi (t) = V2" ()] < (201 + MB)n(1 —n)~" + O(u) + O(h))[|2" = 2|
and

|(Z/{hz’(t) - thl(t)) - (Z/{hz”(t) - VhZ//(t))|
< 2L+ MB)(L =)t +p+1h) |2 =2,

where 71 and v, are some positive constants.
By condition (2.3.3.8) we have

7=2(1+MB)p(l—n)~" < 1.

Choose a number ¢ € (7, 1) and denote r = ¢ —17, and pn = min {fio, 5°-}
and hy = min {h(p,), 5,1 Then for any p € (0, ] and h € [0, hi] we have
[z = Vi2') = (Un2" = V") < qll2" = 2", q€(0,1),

for any 2/, 2" € 7,,.

Thus the operator U}, — V;, has a unique fixed point in 7,, which is an
w—periodic solution z(t, h) of system (2.3.3.10). Since z(t) = 0 is the unique
w-periodic solution of system (2.3.3.10) for h = 0, then z(¢,0) = 0. Now
x(t,h) = ¥(t) + z(t, h) is the unique w—periodic solution of system (2.3.3.1)
and z(t,0) = v (t). This completes the proof of Theorem 2.3.3.1. O

The results of the present subsection were reported at the International
Conference on Functional Differential Equations and Applications, Beer-
Sheva, Israel, 2002, and published in [46].
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2.3.4 Almost periodic solutions of neutral systems

Consider again system (2.3.3.1) satisfying the assumptions A2.3.3.1-A2.3.3.4,
A2.3.2.4, A2.3.3.6 and

0
A2.3.4.1 a—f(t,w(t),w(t),y) = 0 — the zero matrix of dimen-
Yy y=y(t—1)

sion (n x n).

It is natural to assume that the period w is distinct from the unperturbed
delay 1. For the sake of definiteness we assume that w > 1 and
0<ty <tea<---<t, <w.

Now define the linearized system with respect to ¥(t):

Ht) = (BE—D@) TA)z(t), t#t, (2.3.4.1)
AZ(tl) = Bizi> 1€ Z,

0
At) = oo f(tozg(t=1) . and Bj= -

z=1(t) x=1;

Let the (n x n)-matrix X(¢,s) be the Cauchy matrix of (2.3.4.1), and let
X(t) = X(t,0) be its fundamental solution [103]. Denote

A:imxmm B(t) = X (t)e M.

®(t) is an w—periodic piecewise-continuous nondegenerate matrix-valued func-
tion, with points of discontinuity of the first kind at t;, ¢« € Z. Now we make
two additional assumptions A2.3.2.7 and A2.3.2.8.

Together with (2.3.4.1) we consider the nonhomogeneous system

A1) = (B—DE) " (AMD)=(t)+gt), t£t,  (2342)
AZ(tz) = Bz + i, 1€ Z,

where g(-) € AP,({ti}icz) and {a;}icz € ap,. Under these assumptions
system (2.3.4.2) has a unique almost periodic solution (see §1.3) given by

20(t) = /_OO d(t)G(t—T)0 (1) (E—-D(7)) tg(7) dH—Z O(t)G(t—t;)D (t:)as.

(2.3.4.3)
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Moreover, the estimates (1.3.1), (1.3.3) and (1.3.4) are valid.
Denote also

M =sup {[e@®)[[7(7)]: t.7 € [0,0]}, = Supz |Gt = &) Bil.
ZGZ
In fact, the last supremum does not exceed

2C
T B;l.
T S 1B

Our result in the present subsection is the following

Theorem 2.3.4.1. Let conditions A2.3.3.1-A2.3.3.4, A2.3.2.4, A2.3.3.6,
A2.3.4.1, A2.3.2.7 and A2.3.2.8 hold. If

n(3+426M) < 1, (2.3.4.4)

then there exists a number h, > 0 such that for h € (0, h.) system (2.3.3.1)
has a unique almost-periodic solution x(t,h) depending continuously on h
and such that z(t,h) — ¥ (t) as h — 0.

Remark 2.3.4.1. Condition A2.3.4.1 is of technical character. It enables us
to apply Floquet’s theory adapted for impulsive systems in [103]. Otherwise
we would have to adapt the spectral decompositions given in [69] for impulsive
systems and apply them to our case.

Proof of the main result. In system (2.3.3.1) we change the variables
according to the formula
x =)+ 2 (2.3.4.5)

and obtain the system
i) = (E—=D@) " {At)z(t)+Q(t, 2
+ 5f(t>$(t),fv( —h),y"(t)) — D(t
Az(t;)) = Bizi+ Ji(zi) + 01i(x,7;), 1€ Z,

Qt.z,2) = [t v{)+2z¢@0)+ 29 —-1)+2)
- f( S U(8), (1), (t — 1)) A(t)z,

t
t

N
—
w

S
S——
Il
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are nonlinearities inherent to the generating system (2.3.3.3) and therefore
independent of the small parameter h, while

Of(t (1), 2(t).y" (1) = f(t.2(t),2(t),y"(t) — f(t, (1), 2(t). y(1)),
are increments due to the presence of the small parameter.

We can formally consider (2.3.4.6) as a nonhomogeneous system of the
form (2.3.4.2). Then its unique almost periodic solution z(t) must satisfy an
equality of the form (2.3.4.3) which in this case is the operator equation

= L{hz - VhZ, (2347)
where
Unz(t) = /_OO O(t)G(t — 1) H(7)(E — D(1))7'Q(7, 2(1), 2(1 — 1)) dr
+ /_OO O(t)G(t — 1)~ (r)(E — D(7)) "6 f (1, 2(7), 2(7), 4" (7)) dr

+ D BH)G(E — )T () Ji(z) + Y )G(E — )@ ()0 L, 7)

i€Z iE€EZ

= Lz(t) + IgZ(t) + Slz(t) + SzZ(t),

Viz(t) = /_OO O(t)G(t—T1)0 () (E—D(7)) ' D(1) (i’(T)—i’(T—h)) dr.

(2.3.4.8)
For the sake of brevity we still write x instead of 1 (¢)+zin d f(¢, z(t), Z(7), y"(t)),
01;(x;, z;) as well as in Zpz, Syz and in V,z. Moreover, we will further trans-
form the expressions Zz(t) and S»z(t) under the assumption that z(t) is a
solution of system (2.3.3.1). This will considerably simplify some estimates
henceforth.

An almost periodic solution x(t) = z(t, h) of system (2.3.3.1) corresponds
to a fixed point z of the operator U, — V}, in a suitable set of almost periodic
functions. To this end we shall prove that U, — V;, maps a suitably chosen
set into itself as a contraction.

We first need to introduce some notation. There exists a constant g
such that €2 contains a closed pp—neighbourhood €2; of the periodic orbit
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{z =(t); t € R}. Let us denote

MO = max{sup{|f(t,:£,§7,y)| tte [O,W], T, T,y € Ql}>

sup{|Ii(:17,:Z“)| ci=1,m, x,T € Ql}},

M, = maX{SUP{Iamf(t,w,i,y)li tel0,w], z,z,y € M},

Sup{|aff(t7z>j>y)|:
sup{|3yf(t,x,:f,y)|:
sup{|0,L;(z,z)| : i =T, m, z,Z € O},

sup{|0:L;(z,z)| : i=T,m, z,y € Ql}}

and, similarly, let M5 be the maximum of the suprema of the matrices of the
second derivatives of f(t,z,Z,y) with respect to z, z,y for t € [0,w], x,Z,y €
Q; and of the second derivatives of I;(x,T) for i = 1,m, x,y € Q1. We shall
not explicitly denote the Lipschitz constants for the second derivatives of
f(t,x,z,y) and I;(x, ).

We define the “bad” sets

A=t ti+n), A= t(h). 6+ 1]
i€z i€z

We further define the “good” set Al = [0,w]\ (A} U Ah).

For the sake of convenience we assume that fori =1,m ¢;,+1#1t;Vj €
Z. Then for h small enough the “bad” set A" U Al is a disjoint union of
intervals.

Let hg > 0 be so small that all the above assumptions are valid for
h e (0, h(])

For p € (0, uo| define a set of functions

T, = {z€ AP |z]<u}.

We shall find a dependence between h and p so that the operator U, — V;, in
(2.3.4.7) maps the set 7, into itself as a contraction.

Invariance of the set 7, under the action of the operator U, — V.
Let z € 7,. We shall estimate |U),z(t)| using the representation

Upz(t) = T12(t) + Loz(t) + S12(t) + S22(1),
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system (2.3.3.1), estimates from §1.3 and calculations from §2.3.3 when ap-
propriate.

First, as in §2.3.3 we have

| Ji(2:)| < 2Ma|zi)?

and
[S12(1)] < ZH@ G(t =)@ ()] | i) (2.3.4.9)
< 2MpM Z IG(t = to)|l]z:]* = O(1?).

Similarly, we have
Q(r, 2(7), (7 — 1)) < Ma(2]2(r)| + |2(7)])*/2
and
T 2(t) (2.3.4.10)
= / T WG — 1) (F)(E - D) Q(r, #(7), 2(r — 1)) dr = O(s2).

e}

If x(t) is a solution of (2.3.3.1), we have
sup |#(t)| < Mo(1 — )™

Further on, 01;(z;, ¥;) admits the representation (2.3.3.15), thus |0 1;(z;, T;)| <
hMlM(](l — ’)7)_1 and

i€Z

Recall that if ¢ is not in A, then
|2 (t) — a(t = h)| < hMo(1 —n) ™,
while for t € A" we have
|2 (t) = @(t = h)| < Mo(1+ (1 —n)7").
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Similarly, if ¢ ¢ A%, then
jw(t = 1) = a(t = 1 = ho(t))| < hMo(1 —n) ™,
while for t € A? we have
ja(t = 1) = a(t = 1 = ho(t))| < Mo(1+h(1 —n)7").

Using these estimates, we evaluate ¢ f(7,z(7), (1), y"(7)). If 7 € Al we
have estimate (2.3.3.17). Next, if 7 € AP, we have (2.3.3.18). Finally, for
7 € Al estimate (2.3.3.19) is valid.

Next we use the representation

I(t) = /oo Q)G (t — 1)@ (1)(E — D(7))7 6 f (1, 2(7), 2(7),y" (7)) dr

—0o0

- [+
ap g Sy

Making use of the estimates (2.3.3.17), (2.3.3.18) and (2.3.3.19), we find

Tyz(t)] < 2hMMyM;(1— 5)~2 / IG(t — )| dr (2.3.4.12)
AL
+ MMOMl(l—n)‘l(H—Qh(l—77)‘1)/ IG(t = 1) dr
ARuAL
 RMMM (1 — )2 / IG(t — 1) dr

MMM (1 —n)—lf IG(t = 1) dr.

ARUAL
Now we use the estimate (1.3.3) and we need estimates for

/ IG(t — o) dr, j=1,2.
Al

J

We will estimate the integral for j = 1. The arguments are similar to those
used for deriving the estimate (1.3.4). We have

ti+h
[ IGa-nlar<e Y [ erar
Al

icz Yt
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For t € R we shall consider two possibilities:
a) t belongs to none of the segments [t;,t; + h], ¢ € Z. Then we may
assume that tg + h <t < t;. Now for ¢ € N we have

ti+h
/ 6—a|t—7| dr < he—a(ti—tl) < h€_a9(i_1),
t;
while for i ¢ N
ti+h )
/ 6—a|t—7| dr < he—a(tg—ti) < hea@z’
t;

and as above we conclude that

6—a0

/ |G(t —7)|ldr < fi (2.3.4.13)
Al -

b) ¢ belongs to one of these segments, say, to <t < to+h. Now for i € N
we have

ti+h
/ 6—a|t—7| dr < he—a(ti—tg—h) < heahe—oﬂz’
t;

while for —7 € N

ti+h
/ 6—a|t—7| dr < he—a(tg—ti—h) < heaheoﬂz.
t;

Finally,
to+h
/ e~t=Tldr <
to
and
ah S —iaf 26a(h_0)
/A?HG(t—T)HdTSCh 1+ 2e ;e :C’h(l—l—m).

(2.3.4.14)
Combining the estimates (2.3.4.13) and (2.3.4.14), we have

Ch
/ ||G(t—’7')||d’7'§ mmaX{Z 1_€_a9+26a(h_9)}.

AY
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For h small enough, namely, for

In(1+e?) —1n 2

Y

h<h = 5

estimate (2.3.4.13) holds for any ¢ € R.
In a similar way we derive the estimate

[ 6 =nlar <

Az

2Ch

—af

(2.3.4.15)
— €

for any t € R and h < hy/2. We omit the calculations which can be found
in §2.3.2.
Substituting the estimates (1.3.3), (2.3.4.13) and (2.3.4.15) into (2.3.4.12),
we find
|Zo2(t)] = O(h). (2.3.4.16)
Adding together the estimates (2.3.4.9), (2.3.4.10), (2.3.4.11) and (2.3.4.16),
we obtain
Uz (t)| = O(u?) + O(h). (2.3.4.17)
In order to estimate —V),z(t), we represent the integral in (2.3.4.8) as a
difference of two integrals and change the integration variable in the first one
to obtain

—Vpz(t) = [%@@HG@—ﬂ@*UXE—DU»*DU) (2.3.4.18)

— Gt—7+h)® (= h)(E—D(r—h)""D(r — h)}a(r)

In order to apply Lemma 2.1.2.1, we carry out one more transformation to
obtain

—Vhz(t) :([MQ@Gt—T{Q Y(E — D(1))"'D(7)

— & (1 — h)(E — D(r — h))""'D(t — h) }@(r)
+ /_OO O(t)G(t —7){@ (= h)(E — D(r — h))"'D(t — h)i(r — h)

— @‘1(7)(E — D(T))_ID(T)i’(T)} dr.

We apply to the first integral Lemma 2.1.2.1 with ®(¢)G(t — 7)#(7) con-
sidered as a function of 7 for any fixed ¢ instead of x, and ®7'(7)(E —
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D(7))7'D(7) instead of y (with points of discontinuity ¢;, i € Z). Similarly,
we can apply the lemma to the second integral with ®(¢)G(t—7) considered as
a function of 7 for any fixed ¢ instead of x, and ®~(7)(E — D(7))'D(7)x(7)
instead of y. Thus both integrals are estimated by O(h),

—Wnz(t) = O(h)
and
Unz(t) = Vaz(t)| = O(1?) + O(h),

1.€.,

Uz (t) — Viz(t)| < Kip® + Koh (2.3.4.19)
for some positive constants K; and Ks.

To provide the validity of the inequality |Upz(t) — Vrz(t)| < p, we first

choose )
flo = min {,U(b oK, }

Then for any p € (0, jig] we have Kipu? < pu/2 and inequality (2.3.4.19) takes
on the form

Unz(t) — Viz(t)] < p/2 + Ksh.

h(p) = min {ho, 2’1%2} ,
then for any h € (0, h(z)] we have Kyh < 11/2 and thus

If we choose

Unz(t) = Viz(t)] < p,

i.e., the operator U, — V}, maps the set 7, into itself for u € (0, fio] and
h € (0, h(p)].

Contraction property of the operator U, — V. Let 2/, 2" € 7,,. Then

Up? () —Un?"(t) = (T2 () — Ti2"(t)) + (T2(t) — T2 (1))
b (S = Si2"(1) + (S (1) — Sa2"(1)).

First we consider

S12(t) = §12"(t) = > ()Gt — 1)@ () (Jil2]) — Jil2)).

i€Z
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We have
| Ji(2;) — Ji(2])] < 4|z — 2/

(3

and
|S12'(t) — 812" ()] < O(u)||z" — 2" (2.3.4.20)

Next,

T2 (t) -T2 (t) = /_oo ()Gt — 1) (1) (E — D(7)) "

e}

x(Q(r,#(7), (7)) = Q(r, 2"(7), 2"(r)))dr.
We have

|Q(7, 2'(7), 2/(7)) = Q(7, 2"(7), 2'(7))| < I’ — 2"

and
17,2 (t) — 72" ()| < O(w)||z" — 2" (2.3.4.21)

For the estimation of Sy2/(t) — S»2”(t) and Zp2/(t) — Z22"(t) we denote z’ =
() + 2, 2" =(t) + 2", etc. Now
So7(t) = So2"(t) = Y D(H)G(t — 1)@~ (1) (01}, &) — 6Li(7, 77))
1€Z

and as in §2.3.3 we obtain

|S22'(t) — S22 ()] < (O(w) + O(h))||z" = 2"|| (2.3.4.22)
and, similarly,

1722 (t) — To2"(t)] < (O(w) + O(h))||z" = 2" (2.3.4.23)

Now by virtue of the estimates (2.3.4.20), (2.3.4.21), (2.3.4.22) and (2.3.4.23)
we obtain
ledn 2" = Un2"|| < (O(p) + O(W) |2 = 2"].

In order to estimate V2" — V,,2”, we integrate by parts the expression
(2.3.4.18) for V}z(t) taking into account that the function G(t — ) is discon-

tinuous at 7 = ¢t while ®(7) and z(7) are discontinuous at ty,...,t, making
use of the equalities
0

o [@(t)G(t — 1) (1)] = —2(t)G(t — 1)@ ' (7)(E — D(7)) " A(7)
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and ®(t; +0) = (E+ B;)®(t;), G(+0) — G(—0) = E. We obtain
Wnz(t) = (E — D(t))"'D(t) (z(t) — z(t — h))
+ Y <I>(t){G(t b= W)Lt + h)(E — D(t: + h)'D(t; + h)

1€Z

Gt — ) (1 + 0)(E — D(ti))‘lD(ti)}Ii(a:i, z,)

+ D )Gt — )@ (i + 0)Bi(E — D(t;)) "' D(t;)(w: — ;)

i€Z

- [ ew{at-ne ) (E - D) AWE - D)D)

— G(t—7‘+h)®_1(7‘—h)(E—D(T—h))_lA(T—h)(E—D(T—h))_lD(T—h)}a:(T—h) dr

+ [ {6 -ne e - Dir) D) (E - D))
— Gt—T1+h)d (7 —h)(E —D(r—h))"*D(r—h)(E — D(T—h))_l}ZB(T—h) dr.

Further transforming the two integral terms and applying Lemma 2.1.2.1 or

arguments of its proof, we see that they are estimated by O(h)||x||. The sum

of the first and third terms can be estimated by 2(1 + MpB)n(1 —n)~Y|z||.
The difference

G(t—ti—h)® ' (t;+h)(E—D(t;+h)) ' D(t;+h)—G(t—t;) @ (t;+0)(E—D(t;)) " D(t;)

is estimated by O(h) for t ¢ AP and by O(h) + n(1 — n)~! otherwise. At
last, similarly to (2.3.4.22), we note that

|Ii (5, 7)) — L2, 7)) < (O(u) + O(h)) ||z — 2",
thus we have
(V2'(t) = Viz" (1)) < (2(1 + MB)n(1 —n)~" + O(u) + O(h))||2" = 2"||
and

|(I/{hz’(t) — thl(t)) — (L{hz“(t) — VhZ//(t))|
< QA+MB)NA =)+ p b2 =2,
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where 71 and v, are some positive constants.
By condition (2.3.4.4) we have

=201+ MB)n1—n)~" <1,

Choose a number ¢ € (7, 1) and denote r = ¢ — 7, and

. - T . = T
= mln{,uo, E} and h; = mln{h(,ul), E}

Then for any p € (0, 1] and h € [0, k1] we have
(U2 = Vi2') = (Un2" = Wn2") || < qll" = 2", q€(0,1),
for any 2/, 2" € 7,,.

Thus the operator U}, — V;, has a unique fixed point in 7,, which is an
almost periodic solution z(t,h) of system (2.3.4.6). Since z(t) = 0 is the
unique almost periodic solution of system (2.3.4.6) for h = 0, then z(¢,0) = 0.
Now x(t,h) = ¥(t) + z(t, h) is the unique almost periodic solution of system
(2.3.3.1) and x(t,0) = (¢). This completes the proof of Theorem 2.3.4.1. [J

The results of the present subsection were published in [50].
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Chapter 3

STABILITY OF
EQUILIBRIUM POINTS AND
PERIODIC SOLUTIONS OF
NEURAL NETWORKS WITH
DELAYS AND IMPULSES

Anyone can see that the human brain is superior to a digital computer at
many tasks. For example, from the processing of visual information point
of view; a one-year-old baby is much better and faster at recognizing ob-
jects, faces, and so on than even the most advanced fastest supercomputer
systems. The following reasons are the real motivation for studying neural
computation [70]. It is an alternative computational paradigm to the usual
one (based on a programmed instruction sequence), which was introduced by
von Neumann [110] and has been used as the basis of almost all machine com-
putation to date. The brain has many other features that would be desirable
in artificial systems:

e It is robust and fault tolerant. Nerve cells in the brain die every day
without affecting its performance significantly.

e It is flexible. It can easily adjust to a new environment by “learning”,
no need to be programmed in Pascal, Fortran or C+ and so on.

e [t can deal with information that is fuzzy, probabilistic, noisy, or in-
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consistent.
e [t is highly parallel.
e [t is small, compact, and dissipates very little power.

Artificial neural networks are computational paradigms which implement
simplified models of their biological counterparts, biological neural networks.
Biological neural networks are the local assemblages of neurons and their
dendritic connections that form the (human) brain. Accordingly, artificial
neural networks are characterized by

e local processing in artificial neurons (or processing elements),

e massively parallel processing, implemented by rich connection pattern
between processing elements,

e the ability to acquire knowledge via learning from experience,

e knowledge storage in distributed memory, the synaptic processing ele-
ment connections.

Neural network simulations appear to be a recent development. However,
this field was established before the advent of computers, and has survived
at least one major setback and several eras. Many important advances have
been boosted by the use of inexpensive computer emulations. Following an
initial period of enthusiasm, the field survived a period of frustration and
disrepute.

The first artificial neuron was produced in 1943 by the neurophysiologist
Warren McCulloch and the logician Walter Pitts [87]. But the technology
available at that time did not allow them to do too much. Neural networks
process information in a similar way the human brain does. The network
is composed of a large number of highly interconnected processing elements
(neurons) working in parallel to solve a specific problem. Neural networks
learn by example. Much is still unknown about how the brain trains itself to
process information, so theories abound.
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TEACH / USE

Xo

Neuron OUTPUT

TEACHING INPUT

Figure 1: A simple neuron

An artificial neuron is a device with many inputs and one output (Figure
1). The neuron has two modes of operation; the training mode and the using
mode. In the training mode, the neuron can be trained to fire (or not), for
particular input patterns. In the using mode, when a taught input pattern
is detected at the input, its associated output becomes the current output.
If the input pattern does not belong in the taught list of input patterns, the

firing rule is used to determine whether to fire or not.
X11

¢ X12 \

i . X13 ngl) ’ Fy
Xo1
i Xo2
° >N F:
R Xo3 2 2
o X31
X32
@ N3 F3

Figure 2: A feed-forward neural network

An important application of neural networks is pattern recognition. Pat-
tern recognition can be implemented by using a feed-forward (Figure 2) neu-
ral network that has been trained accordingly. During training, the network
is trained to associate outputs with input patterns. When the network is
used, it identifies the input pattern and tries to output the associated output
pattern. The power of neural networks comes to life when a pattern that has
no output associated with it, is given as an input. In this case, the network
gives the output that corresponds to a taught input pattern that is least
different from the given pattern.
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TEACH / USE

OouUTPUT

TEACHING INPUT

Figure 3: An MCP neuron

The above neuron does not do anything that conventional computers do
not already do. A more sophisticated neuron (Figure 3) is the McCulloch
and Pitts model (MCP). The difference from the previous model is that the
inputs are ‘weighted’, the effect that each input has at decision making is
dependent on the weight of the particular input. The weight of an input is
a number which when multiplied with the input gives the weighted input.
These weighted inputs are then added together and if they exceed a pre-set
threshold value, the neuron fires. In any other case the neuron does not fire.
In mathematical terms, the neuron fires if and only if

i=1

where W;, i = 1,m, are weights, X;, i = 1,m, inputs, and T a threshold.
The addition of input weights and of the threshold makes this neuron a
very flexible and powerful one. The MCP neuron has the ability to adapt
to a particular situation by changing its weights and/or threshold. Various
algorithms exist that cause the neuron to ‘adapt’; the most used ones are the
Delta rule and the back error propagation. The former is used in feed-forward
networks and the latter in feedback networks.

The attempt of implementing neural networks for brain-like computations
like patterns recognition, decisions making, motory control and many others
is made possible by the advent of large scale computers in the late 1950’s.
Indeed, artificial neural networks can be viewed as a major new approach to
computational methodology since the introduction of digital computers.
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Although the initial intent of artificial neural networks was to explore
and reproduce human information processing tasks such as speech, vision,
and knowledge processing, artificial neural networks also demonstrated their
superior capability for classification and function approximation problems.
This has great potential for solving complex problems such as systems con-
trol, data compression, optimization problems, pattern recognition, and sys-
tem identification.

Neural networks have wide applicability to real world business problems.
In fact, they have already been successfully applied in many industries. Since
neural networks are best at identifying patterns or trends in data, they are
well suited for prediction or forecasting needs including: sales forecasting,
industrial process control, customer research, data validation, risk manage-
ment, target marketing.

ANN are also used in the following specific paradigms: recognition of
speakers in communications; diagnosis of hepatitis; recovery of telecommuni-
cations from faulty software; interpretation of multi-meaning Chinese words;
undersea mine detection; texture analysis; three-dimensional object recogni-
tion; hand-written word recognition; and facial recognition.

Hopfield-type (additive) networks have been studied intensively during
the last two decades and have been applied to optimization problems [61,
62, 65, 70], and [96]. The original model used two-state threshold “neurons”
that followed a stochastic algorithm: each model neuron ¢ had two states,
characterized by the values V;? or V;! (which may often be taken as 0 and
1, respectively). The input of each neuron came from two sources, external
inputs I; and inputs from other neurons. The total input to neuron ¢ is then

Input to i = H; = ZTUV} + 1,
i#£j

where T;; can be biologically viewed as a description of the synaptic inter-
connection strength from neuron j to neuron i. The motion of the state of
a system of N neurons in state space describes the computation that the set
of neurons is performing. A model therefore must describe how the state
evolves in time, and the original model describes this in terms of a stochas-
tic evolution. Each neuron samples its input at random times. It changes
the value of its output or leaves it fixed according to a threshold rule with
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thresholds U; [71, 72]:

i#j
Vi— Vi Y TV + > U
i#j

In order to solve problems in the fields of optimization, neural control and
signal processing, neural networks have to be designed such that there is only
one equilibrium point and this equilibrium point is globally asymptotically
stable so as to avoid the risk of having spurious equilibria and local minima.
In the case of global stability, there is no need to be specific about the
initial conditions for the neural circuits since all trajectories starting from
anywhere settle down at the same unique equilibrium. If the equilibrium
is exponentially asymptotically stable, the convergence is fast for real-time
computations. The unique equilibrium depends on the external stimulus.
The nonlinear neural activation functions f;(+), ¢ = 1, m, are usually chosen
to be continuous and differentiable nonlinear sigmoid functions satisfying the
following conditions:

(a) fi(x) > F1 as © — Foo;
(b) fi(z) is bounded above by 1 and below by —1;
c) fi(x) =0 at a unique point x = 0;
(¢) fi(x) = que p ;
(d) fi(z)>0and f/(z) — 0 as x — Foo;
(e) fi(x) has a global maximum value of 1 at the unique point x = 0.
Some examples of activation functions f;(-) are
et —e" l—e™®
i = h = ’ i = = h 2),
file) = tanb(e) = S file) = e = tanh(e2)
2 T z?
filw) = Zarctan (o), fie) = ;1 sen(a),

where sgn(-) is a signum function and all the above nonlinear functions are
bounded, monotonic and nondecreasing functions. It has been shown that
the absolute capacity of an associative memory network can be improved by
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replacing the usual sigmoid activation functions. There, it seems appropriate
that nonmonotonic functions might be better candidates for neuron activa-
tion in designing and implementing an artificial neural network. In many
electronic circuits, amplifiers that have neither monotonically increasing nor
continuously differentiable input-output functions are frequently adapted.

In [95] the global stability characteristic of a system of equations mod-
elling the dynamics of additive Hopfield-type neural networks both in the
continuous and discrete-time cases is investigated. In particular, a novel
method of obtaining a discrete-time dynamical system whose dynamics is
inherited from the continuous-time dynamical system is studied. This aspect
is important since numerical algorithms of Hopfield-type differential equa-
tions lead to discrete-time dynamic systems and such discrete-time systems
should not give rise to any spurious behaviour if either system is to be used
for coding equilibrium as associative memories corresponding to temporally
uniform external stimuli obtained. The discrete-time models serve as global
numerical methods on unbounded intervals for the continuous-time systems
88].

Cohen-Grossberg neural network [43] and its various generalizations with
or without transmission delays and impulsive state displacements have been
the subject of intense investigation recently [19, 40, 41, 107, 113, 116]. In a
Cohen-Grossberg neural network model, the feedback terms consist of ampli-
fication and stabilizing functions which are generally nonlinear. These terms
provide the model with a special kind of generalization wherein many neural
network models that are capable for content addressable memory such as ad-
ditive neural networks, cellular neural networks and bidirectional associative
memory networks and also biological models such as Lotka-Volterra models
of population dynamics are included as special cases.

Most widely studied and used neural networks can be classified as either
continuous or discrete. Recently, there has been a somewhat new category of
neural networks which are neither purely continuous-time nor purely dicrete-
time. This third category of neural networks called impulsive neural networks
displays a combination of characteristics of both the continuous and discrete
systems [64].

In the present chapter we consider various generalizations of Hopfield
and Cohen-Grossberg neural networks with delays and impulses and their
discrete-time counterparts.
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3.1 Global Exponential Stability of
Equilibrium Points of Continuous-Time
Neural Networks

We investigate the global stability characteristics of a system of equations
modelling the dynamics of additive Hopfield-type neural networks with im-
pulses. We find sufficient conditions for the existence of a unique equilib-
rium point and its global exponential stability. Next we study impulsive
Cohen-Grossberg neural networks with S-type distributed delays. This type
of delays in the presence of impulses is more general than the usual types
of delays studied in the literature. Using analysis techniques we prove the
existence of a unique equilibrium point. By means of simple and efficient
Lyapunov functions we present some sufficient conditions for the exponen-
tial stability of the equilibrium. Further on, an impulsive Cohen-Grossberg
neural network with time-varying and S-type distributed delays and reaction-
diffusion terms is considered. By using Hardy-Poincaré inequality instead of
Hardy-Sobolev inequality or just the nonpositivity of the reaction-diffusion
operators, under suitable conditions in terms of M —matrices which involve
the reaction-diffusion coefficients and the dimension and size of the spa-
tial domain, improved stability estimates for the system with zero Dirichlet
boundary conditions are obtained. Examples are given.

Finally, we obtain sufficient conditions in terms of minimal Lipschitz con-
stants and nonlinear measures for the existence of a unique equilibrium point
and its exponential stability for impulsive neural networks which are gener-
alizations of Cohen-Grossberg neural networks, with time-varying delays.

3.1.1 Additive Hopfield-type neural networks

The impulsive continuous-time neural network consists of m elementary pro-
cessing units (or neurons) whose state variables z; (i = 1,m) are governed
by the system

dzdlit) — —ail'i(t) + Z bzy.fy(l’j(t)) + Z cijgj(xj(t - Tij)) (3111)

+ Zdwhy (/0 Kij(s)xj(t — S) dS) + IZ', t> 0, t 7é tk,
j=1
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tg
Az;(ty) = —Bipzi(ty) +/ Vik(s)zi(s)ds + vk, 1=1,m, k€eEN,
tk—1

(3.1.1.2)
with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
which are bounded for s € (—o00,0]. In (3.1.1.1), the coefficient a; > 0 is
the rate with which the :—th unit self-regulates or resets its potential when
isolated from other units and inputs; f;(-), g;(-), h;(-) denote activation
functions; the parameters b;;, ¢;j, d;; are real numbers that represent the
weights (or strengths) of the synaptic connections between the j—th unit
and the ¢—th unit; the real constant I; represents an input signal introduced
from outside the network to the ¢—th unit; 7;; are nonnegative real numbers
whose presence indicates the delayed transmission of signals at time ¢ — 7;;
from the j—th unit to the unit 7; and the delay kernels Kj;; incorporate the
fading past effects (or fading memories) of the j—th unit on the i—th unit. In
(3.1.1.2), Az;(tr) = z;(tg+0)—z;(t,—0) denote impulsive state displacements
at fixed instants of time ¢; (k € N) involving integral terms whose kernels
ik © [tk-1,tk] — R are measurable functions, essentially bounded on the
respective interval. Here it is assumed that the sequence of times {#;}72,
satisfies 0 = t) < t; <ty < -+ < tp — o0 as k — 00; By, and ~;, are some
real constants.

The assumptions that accompany the impulsive network (3.1.1.1), (3.1.1.2)
are given as follows:

A3.1.1.1. For the activation functions f;, g;, h; : R — R there exist positive
constants F, G, H; such that

F; :supM’ Gj:supw’
T#y r—Yy zty T -y
ha(z) — B
H; = sup M‘ for z,yeR, j=1m.
zy r—y

A3.1.1.2. a; — F; Z |bﬂ| — Gz Z |Cji| — H; Z |dﬂ| > 0, 1= 1,m.
j=1 j=1 j=1

A3.1.1.3. K;; : [0,00) — [0,00) are bounded and piecewise continuous
(27] = 1>m)

A3.1.1.4. [T K;(s)ds =1 (i,j =1,m).



A3.1.1.5. There exists a positive number p such that [~ Kj;(s)et ds < oo
(27] = 1>m)

An equilibrium point of the impulsive network (3.1.1.1), (3.1.1.2) is denoted
by z* = (x},235,...,25,)T whereby the components x} are governed by the
algebraic system

j=1 j=1 j=1

and satisfy the linear equations

23
<—Bik —l—/ ’(/Jlk(s) dS) x,+v%e=0, keN i=1m. (3.1.1.4)
tk—1

Lemma 3.1.1.1. Let conditions A3.1.1.1, A3.1.1.2 be satisfied. Then sys-

tem (3.1.1.3) has a unique solution z* = (z},a5,..., 2% ).

In other words, if conditions A3.1.1.1-A3.1.1.4 are satisfied, the system

without impulses (3.1.1.1) has a unique equilibrium point z* = (2%, 23, ..., z%,)T.

Proof. In system (3.1.1.3) we perform the substitution y; = a;z}, i =
1,m. Thus we obtain the system

Y; = @Z(y) = Z {bwfj (&) + Cijgj (&) + dijhj (&)} + IZ', 1= 1,m.
o1 Q; a; a;

J

We shall show that the mapping y — ®(y) = (®1(y), P2(y), ..., Pm(y))T acts

as a contraction in the space R™ equipped with the norm ||y|| = > |v:|. In
i=1
fact, for any y, 2z € R™ by virtue of A3.1.1.1 we have

- ly; — .
i) — @i(2)| <D (b | Fy + [eis| Gy + |di | H) %> i=1m.
j=1

J
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A summation with respect to ¢ and changing the order of summation yield

[(y) — @(2)]| = Z |Pi(y) — Pi(2)]

-\ ly; —
< Y (bl Ey + Lol Gy + |dis | Hj) JTJ
i=1 j=1
m 1 m m m
S (5 wDTRRED SIERES oirt) IV
i=1 j=1 j=1 j=1

From condition A3.1.1.2

1 m m m
— FZ bz GZ i I’IZ dZ < 1, = 1, R
( 3+ 3l + ;m) =T

thus
1 m m m
= max — Fz bl i i Hz i 1
s (63l 6 Y e 3 ) <
’ j=1 j=1 j=1
and .
10(y) — B(2)[| < alys — 2] = ally — =]
i=1
This proves the contraction property of the mapping ®. OJ

Our main result in the present subsection is the following

Theorem 3.1.1.1. Let system (3.1.1.1), (3.1.1.2) have an equilibrium point
vt = (a%,...,25)T and satisfy the conditions A3.1.1.1-A3.1.1.5. Then

there exist constants M > 1 and X\ > 0 such that all solutions z(t) =
(1(t), 22(t),. .., 2m(t)T of system (3.1.1.1), (3.1.1.2) satisfy the estimate

m i(0,t) .\
D lait) —ail < M [] {n@ 1= Biy| + max / [in(s)| ) ds}
=1 tk*l

el i=1m i=1m
X Z sup |xi(s) — x| forall t >0, (3.1.1.5)
i—1 S€(=00,0]

where i(0,t) = max{k € {0} UN : ¢, < t} is the number of instants of
impulse effect ti, in the interval (0,t).
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Proof. First we notice that the equilibrium point x* is unique by virtue
of condition A3.1.1.2 and Lemma 3.1.1.1.
Let us consider the functions ®; : [0, 4] — R defined by

CDZ()\) = a; — A — FZ Z |bﬂ| — GZ Z |Cji|6>\7ji — HZ Z |dﬂ| / Kji(8)6>\s dS,
j=1 j=1 j=1 0

1= 1,m. We have

@Z(O) = a; — FZZ |bﬂ| — GZZ |Cji| — HZ Z |dﬂ| >0
j=1 j=1 j=1

by virtue of condition A3.1.1.2. Now, because of the assumptions A3.1.1.3—
A3.1.1.5 each @,(+) is well defined, continuous and decreasing on [0, p]. Thus
there exists A\ € (0, such that ®;(\) > 0 for A € (0,)\}), i = 1I,m.
Choosing \* = min{ A}, A5, ..., A% }, then we have

O;(\) >0,  Ae(0,\), i=T,m (3.1.1.6)

We have from (3.1.1.1) and (3.1.1.3) that

D*Jai(t) — af| < —ailai(t) — i + Y byl Fy lag(t) =] (3.L.17)
j=1

+ Z|Cij|Gj|Ij(t—Tij)—$§|+Z|dij|Hj/ Kij(s)|z;(t — s) — a7} ds
j=1 j=1 0

for i = 1,m, t > 0, t # ty, where DV f(t) denotes the upper right Dini
derivative of a continuous function f(¢) defined by

_ . f(t+ At — f(t)
D= T A

Let us note that if the continuous function f(t) is differentiable at ¢y, then

f(to) when f(to) >0,

D™ f(to)| = —f(to) when f(tg) < 0,
|f(to)]  when f(to) =0.
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Next we define
yi(t) = |zi(t) — [E;-k|6>‘t, (3.1.1.8)
where i = 1,m, t € R, and from (3.1.1.7) we derive

Dyi(t) < —(ai — Nyi(t) + Z |bij| Fyy;(t)

+ Z|CZJ|G 6>\T”yy(t_7'zy +Z|dw|H/ Kij(s )e "y;(t — s)ds

Jj=1 Jj=1

for t > 0, t # ty. We define a Lyapunov functional V'(-) by

Z { )+ Z |cij| G €T / yi(s)ds (3.1.1.9)

i=1 t Tij

t
>l [ Kij<s>e“(/ o) do ds}, 1>0
j=1 0 t—s

> (0 for ¢ > 0 and that

It is easily seen that V(¢

—|—Z|CZJ|G6 T sup y;(s)

=

=

VAN

INNgE
/—/ﬁ ~

i=1 s€[—1,0]
Z di;|H; / Kij(s)eMsds- sup y;(s) ¢,
j=1 s€(—00,0]
where 7 = max{7;; : i,j = 1, m}, that is,
V(O) <MY sup |ai(s) — ]| (3.1.1.10)
i—1 S€(—00,0]

with

M = szli{l_l_G Z|Cﬂ|e’\7“+H Z|dﬂ|/ Kji(s e’\ssds}

This implies that V(0) < oo since [;° Kj;(s)es ds < oo for A < p.
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We can now calculate the rate of change of V(t) along the solutions of
(3.1.1.1):

DYV (t) < Z {_(“i = Nuilt) + ) ley Gie iy, (t)

j=1

+ ) |dy|H; (/0 Kij(s)e dS) yj(t)}
j=1
= — Z {ai — A= Gz Z |Cji|6>\7'ji — H; Z |dﬂ| / Kji(8)6>\s dS} yl(t)
— e = 0

=1
= @(Nwi(t) <0 for ¢ >0, t #ty,

i=1

by virtue of (3.1.1.6). This implies that V' (¢) is nonincreasing on every inter-
val (tk_l,tk], k € N, thus

V() < V(tp_y +0) for t€ (tr1.t], k € N. (3.1.1.11)

In particular,
V(te) < V(tee1 +0),  keN. (3.1.1.12)

Further on, making use of the equalities (3.1.1.2) and (3.1.1.4), for an arbi-
trary moment of impulse effect tx, k € N, we successively find

Avi(ty) = —Bulw(te) — 27) + / " (s (@i(s) — x7) ds,

tg
zi(te +0) — 27| < |1 — Bl |zi(te) — z7[ + / ik (s)] zi(s) — 27| ds,
tk—1

(7%
yi(tk +0) < [1— Bilyi(tr) +/ () yi(s) ds, i = T,m.
lp—1

Making use of (3.1.1.11) and (3.1.1.12), we obtain

7%
Vit +0) £ max 1= BulV(te) + max [ X ns) ds Vit +0)
tp—1

i=1m i=1m

tg
< <n@|1—Bik|+n@ / e“tk—s>|wik<s>|ds> V(ty_1 +0)
tk—1

i=1m i=1m
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and

i(0,t) t
vin < I] <n@|1 ~ Bul + max [ eA<fk—s>|wik<s>|ds> V()
k=1 b1

i=1m i=1m
(3.1.1.13)
for all t > 0. Finally, from (3.1.1.8) and (3.1.1.9) we have

Do la(t) —ail =Y wilt) < e NV (D).
i=1 =1

The last inequality combined with (3.1.1.13) and (3.1.1.10) yields (3.1.1.5).
UJ

Definition 3.1.1.1. The equilibrium point 2* = (23,25, ..., 2%)7 of system
(3.1.1.1), (3.1.1.2) is said to be globally exponentially stable (with Lyapunov
exponent A) if there exist constants A > 0 and M > 1 and any solution
z(t) = (21(t), 22(t), ..., 2m(t))T of system (3.1.1.1), (3.1.1.2) is defined for

all t > 0 and we have

Z |lzi(t) — xf| < Me™ Z sup |zi(s) — ;| forall t>0. (3.1.1.14)
i=1 i—1 S€(—00,0]

For three sets of additional assumptions on the impulse effects we will
show that inequality (3.1.1.5) implies global exponential stability of the equi-
librium point z* of the impulsive system (3.1.1.1), (3.1.1.2).

Corollary 3.1.1.1. Let all conditions of Theorem 3.1.1.1 hold. Let there
exist X € (0, \*) such that

tg

max |1 — By| + m%/ i (s) |9 ds < 1
i=1,m i=1m J¢

for all sufficiently large values of k € N. Then the equilibrium point x* of

the impulsive system (3.1.1.1), (3.1.1.2) is globally exponentially stable with

Lyapunov exponent \.

The proof of this corollary is obvious. The global exponential stability
is provided by the rather small magnitudes of the impulse effects. Further
we will show that we may have global exponential stability for quite large
and even unbounded magnitudes of the impulse effects provided that these
do not occur too often.
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Corollary 3.1.1.2. Let all conditions of Theorem 3.1.1.1 hold and
i(0,¢)
t

lim sup =p < 4o0. (3.1.1.15)

t—o00
Let there exist positive constants A € (0, \*) and B satisfying the inequalities

tg
max |1 — By| + m%/ ltbi(s)| M9 ds < B (3.1.1.16)
tk—1

i=1m i=1m

for all sufficiently large values of k € N, and pln B < A. Then for any
A € (0, A —plIn B) the equilibrium point x* of the impulsive system (3.1.1.1),
(3.1.1.2) is globally exponentially stable with Lyapunov exponent \.

Proof. Inequalities (3.1.1.5) and (3.1.1.16) yield

Z |zi(t) — 2] < Me B0 Z sup |zi(s) —xf| forall ¢t >0.
i=1 i—1 S€(—00,0]

Condition (3.1.1.15) means that for any € > 0 there exists T = T'(¢) > 0
such that the inequality

i(0,1)
r <p+te
is satisfied for all £ > T'. For such ¢ we have i(0,t) < (p + ¢)t and
Z |zi(t) — zf| < Me~ (A= (pre)nB)t Z sup |xi(s) — 7.
i=1 i=1 $€(=00,0]

It suffices to choose € > 0 such that (p+¢)In B < X and A=\A—(p+e)nB.
Then inequality (3.1.1.14) will be satisfied with A instead of A and a possibly
bigger constant M. O

Corollary 3.1.1.3. Let all conditions of Theorem 3.1.1.1 hold and there
ezist constants X\ € (0, \*) and k € (0, \) such that

tg
max |1 — By| + m%/ |1 (s) |9 ds < enltete-1) (3.1.1.17)
te—1

i=1m i=1m

for all sufficiently large values of k € N. Then the equilibrium point x* of
the impulsive system (3.1.1.1), (3.1.1.2) is globally exponentially stable with
Lyapunov exponent \ — K.
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Proof. By virtue of condition (2.1.1.17) for ¢t € (tg,tr+1] inequality
(3.1.1.5) implies

m

Z lzi(t) — at| < Me Mert Z sup |z(s) — ]|
i=1

i—1 S€(—00,0]

with a possibly larger constant M. Since t, < t, we have e Meth < e~ (A=)t
and inequality (3.1.1.14) will be satisfied with A — k instead of A. O
A similar condition was later introduced in the paper [97].
The results of the present subsection were essentially given in our paper
[4] where impulse conditions were provided for the continuous-time neural
networks considered in [95]. The exposition here follows the pattern of some
of our more recent papers.

3.1.2 Cohen-Grossberg neural networks with S-type
distributed delays

In the present subsection we study impulsive Cohen-Grossberg neural net-
works with finite S-type distributed delays. This type of delays in the pres-
ence of impulses is more general than the usual types of delays studied in
the literature. In fact, concentrated delays correspond to the points of dis-
continuity of the bounded variation functions. Neural networks with S-type
delays without impulses were considered, for instance, in [26, 66, 77, 111].

We consider the impulsive Cohen-Grossberg neural network with S-type
delays consisting of m elementary processing units (or neurons) whose state
variables z; (1 = 1,m) are governed by

LIV AP0) [—bmi(t» £ eufila() 3.12.)
+ idw /0 gj(:vj(t+9))d77ij(9)+li 5 t>t0:0, t%tk,
Al’z(tk) = —Bikl’i(tk) + /_0 l’i(tk + 9) de(Q) + Yik, (3.1.2.2)

i1=1m, keéeN,

with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
with discontinuities of the first kind for s € [—7,0]. In (3.1.2.1), a;(x;)
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denotes an amplification function; b;(z;) denotes an appropriate function
which supports the stabilizing (or negative) feedback term —a;(z;)b;(x;) of
the unit ¢; f;(x;), g;(x;) denote activation functions; the parameters ¢;;, d;;
are real numbers that represent the weights (or strengths) of the synaptic
connections between the j—th unit and the i—th unit; the real constant
I; represents an input signal introduced from outside the network to the
1—th unit; the past effect of the j—th unit on the :—th unit is given by the
Lebesgue-Stieltjes integral fi gj(x;(t + 0))dni;(0); Axi(ty) = xi(tx +0) —
x;(ty — 0) denote impulsive state displacements at fixed moments of time
tr, k € N, involving Lebesgue-Stieltjes integrals. Here it is assumed that the
sequence of times {t;}72, satisfies 0 = t9 < t1 < t2 < -+ < t — 00 as
k — oo.

The assumptions that accompany the impulsive network (3.1.2.1), (3.1.2.2)
are given as follows:

A3.1.2.1. The amplification functions a; : R — RT are continuous and
bounded in the sense that

0<a, <aizr)<a for zeR i=1m.

2y =

A3.1.2.2. The stabilizing functions b; : R — R are continuous and mono-
tone increasing, namely,

< bi(z) — bi(y)
=Y

for v £y, x,y eR, i =1,m.

A3.1.2.3. The activation functions f;,g; : R — R are Lipschitz continuous
in the sense of

fil@) — fi(y) ‘
x—y

= Fj, sup

TFY

sup
TFY

J

9i(x) — i (y) ‘ _
x—y

for z,y € R, j = 1, m, where F}, G; denote positive constants.

A3.1.2.4. n;;(0) (i, = 1,m), x(#) (k € N) are nondecreasing bounded
variation functions on [—7,0], ty41 — tx > 7 for £k € {0} UN and
fi dn;;(8) = 1 (without loss of generality), fi dCx(0) = Bg.

Under these assumptions and the given initial conditions, there is a unique
solution of the impulsive network (3.1.2.1), (3.1.2.2). The solution is a vector
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2(t) = (21(t), 22(¢), ..., 2 (t))T in which z;(t) are piecewise continuous for
t € (0,3), where 3 is some positive number, possibly oo, such that the limits
x;(ty + 0) and x;(tx — 0) exist and z;(t) are differentiable for ¢ € (tx_1,tx) C
(0,3). An equilibrium point of the impulsive network (3.1.2.1), (3.1.2.2) is

denoted by z* = (2%, 23, ..., 2% )T whereby the components z} are governed
by the algebraic system
j=1 j=1

and satisfy the linear equations
(—Bik + ﬁk)ZB: +7% =0, keN,i=1m. (3.1.2.4)
Definition 3.1.2.1. The equilibrium point z* = (z},3,...,2%)7 of the

impulsive network (3.1.2.1), (3.1.2.2) is said to be globally exponentially
stable with a Lyapunov exponent A if there exist constants M > 1 and A > 0
and any other solution x(t) = (z1(t), z2(t), ..., Tm(t))? of (3.1.2.1), (3.1.2.2)
is defined for all ¢ > 0 and satisfies the estimate

Z |lzi(t) — 2| < Me™ Z sup |xi(s) — zj|, t>0. (3.1.2.5)

i—1 i—1 s€[—1,0]

Our first task is to prove the existence and uniqueness of the solution
x* of the algebraic system (3.1.2.3). To this end we will need the following
lemma.

Lemma 3.1.2.1. [56] A locally invertible C° map ® : R™ — R™ is a
homeomorphism of R™ onto itself if and only if it is proper.

In fact, this assertion is due to Hadamard [68]. A mapping is proper if
the pre-image of every compact is compact. In the finite-dimensional case it
suffices to show that ||®(z)| — oo as ||z]| — oo.

Theorem 3.1.2.1. Let the assumptions A3.1.2.1-A3.1.2.4 hold. Suppose,
further, that the following inequalities are valid:

bi_FiZ|cji| —G12|dﬂ| > 0, 1= 1,m. (3126)
j=1 j=1

Then the system without impulses (3.1.2.1) has a unique equilibrium point
ot = (a], a5, an)T
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Proof. Let us define a mapping ® : R™ — R™ by ®(x) = ($1(z), P2(x),
oy @ (2))T for x € R™, where

Il
3

() = =bi(w:) + > cifi(z) + Y dijgi () + L, i
j=1 j=1

The space R™ is endowed with the norm |[|z|| = >_ |x;]. Under the assump-

tions A3.1.2.2, A3.1.2.3, ®(z) € C°. It is known that if d(z) € C° is a

*

homeomorphism of R™, then there is a unique point 2* = (27, 23, ..., 2%)7 €

R™ such that ®(z*) = 0, that is, ®;(z*) = 0, i = 1,m. The last equalities
are, in fact, (3.1.2.3), so z* = (z%,2%,...,2%)T is the equilibrium point we
are looking for.

To demonstrate the one-to-one property of ®(z), we take arbitrary vectors

x,y € R™ and assume that ®(z) = ®(y). From

bi(zi) — bi(y:) = Z cij (fi(z5) — fi(y;)) + Z dij (9;(x;) — 9;(y;)), i=1,m,

one obtains

bilaws =yl <D leilFylay —yil + D> 1diglGylay —yyl, i=Tm,

j=1 j=1

under the given assumptions. Adding together the above inequalities, we
derive

Z{|CZJ|F + |dij |G} [z — yyl

1

ZQJ% - ?/z| <
i=1

=1 j=1
= Z FZZ|cji|+GiZ|dji|}|55z'—?/z'|,
i=1 j=1 J=1

that is,
3= Rl -6l b <0
i=1 = j=1
Now the assertion z; = y;, 1 = 1, m, follows by virtue of inequalities (3.1.2.6).

Thus, ®(z) = ®(y) implies z = y.
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_ Next we show that [|®(z)| — oo as ||z| — oo. It suffices to show that
|®(z)]| — oo, where ®(r) = ®(x) —P(0). We have ®(x) = (P1(x), P2(), . . .,
®,,(2))T, where

m

&;(x) = —(bi(w:) — bi(0)) + Z cij(f5(x5) = £0)) + > dij(g;(x5) — ;(0)).

j=1

These equalities imply
|i()| = bils| =D lewl Fylas| =D Idig| Gy |-
j=1 j=1
As above we deduce
RIS {bi —F) el =G Y |djz'|} |4
i=1 j=1 j=1

By virtue of inequalities (3.1.2.6) there exists a number y > 0 such that

b= F Y el = GiY ldul = p,  i=Tm.
j=1 j=1

Then [|®(x)[| = pl|x]| and [|(z)]| — oo as ||z — oo.

According to Lemma 3.1.2.1, ®(z) € C° is a homeomorphism of R™.
Thus, there is a unique point z* € R™ such that ®(z*) = 0. The point
represents a unique solution of the algebraic system (3.1.2.3). O

Theorem 3.1.2.2. Let the assumptions A3.1.2.1-A3.1.2.4 hold. Suppose,
further, that the inequalities

Qibi - FZ Z |cji|6j — GZ Z |dji|6j > 0, 1= 1,m, (3127)
j=1 j=1

are valid and the system (3.1.2.1) has a unique equilibrium point x* whose
components xf, i = 1,m, satisfy the linear equations (3.1.2.4). Then there
exist constants M > 1 and A > 0 and any other solution x(t) = (z1(t), x2(t),
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sz of (3.1.2.1), (3.1.2.2) is defined for all t > 0 and satisfies the
estimate

m i(0,t) 0
S Jeit) - 2t < Me—”H(mgu—Bm / e—”dme))
i=1 P =T
X Y sup |wi(s)—af,  t>0. (3.1.2.8)
i—1 S€[-7,0]

Proof. Upon introducing the translations
ui(t) =zi(t) — i, pils) = ¢i(s) — ]

we derive the system

duéft) = i) [‘Bz(uz(t)) + 2 cifiu(t) (3.1.2.9)
+idw /0 gJ(uJ(t_l_e))dnm(e)] 5 t>t0:0, t?’étk,
Aui(ty) = —Biui(ty) + /0 wity +0)d¢(9), i =T, m, k € N, (3.1.2.10)
ui(s) = pi(s), s€[-7,0]
where

) ai(us) = ai(u; + 7)), bi(ws) = bi(wi + 7)) — bi(7),

filug) = filu; +23) = f3(@7),  gi(uy) = gj(u; + x7) — g;(x).
This system inherits the assumptions A3.1.2.1-A3.1.2.4 given before. It
suffices to examine the exponential stability characteristics of the trivial equi-
librium point u* = 0 of system (3.1.2.9), (3.1.2.10).

From equation (3.1.2.9) we derive an estimate for the upper right Dini
derivative

DHu(D)] < —aibilui()] + @i Y [eis] Fy Jus(2)] (3.1.2.11)

J=1

m 0
+ 5@'Z|dij|Gj/ u;(t +0)]dni;(0), i=1,
=1 -

E
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Next we define the following functions of A > 0:

m m 0
Hi(\) = by — A= F Y legila; — Gi Y |dyil aj/ e dn;(0), i=Tm.
j=1 j=1 -

By virtue of the inequalities (3.1.2.7) we find

H;(0) = a;b, — FZ|CJZ|aJ GZ|dﬂ|aj>0 i=1m.

By a lemma proved in [26] the integrals in H;(\) depend continuously on A.
Since H;(A) are a finite number of continuous functions, there is A* > 0 such
that H;(A) > 0 for A € [0, \*], that is,

m m 0
abl—)\—FiZ|cji|6j—Gi2|dﬂ|aj/ 6_>\9d77ji(9) >0, 7 = 1,m.
i=1 i=1 -

(3.1.2.12)
For any A € (0, \*] define y;(t) = e*|u;(¢)|. Then by virtue of (3.1.2.11) we
find

Dryi(t) < —(ab — Nyit) +@ > |eiy| Fy;(t) (3.1.2.13)

J=1

m 0
+ @y |dij|Gj/ e My (t+0) dny (0) i =T,m.
j=1 -

We consider a Lyapunov functional

m

V(t) = Z{ +a12|dw|G/ (/ yj(S)dS) dmj(Q)}-

t+0

>0 for ¢t > 0 and

(0
{y +a) |dw|G /(/y<>d) dmj(Q)}
{y )+ G, Zwﬂm G (/Goyxs)ds) dmi(Q)}

m 0
1+G; |dyz|ay/ e 9(—9)d?7ji(9)} sup  vi(s),

We note that V(¢

M =

V() =

i

INgE

i

INgE

i—1 -7 s€[—,0]

J=1
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thus

V(0) < MZ sup  yi(s) (3.1.2.14)
i—1 s€[—7,0]
with

i=1,m

M = max {1 + G; Z |dji| aj/ 2 (_g) dnji(e)} .

Calculating the rate of Change of V(t) along the solutions of (3.1.2.9), by
virtue of (3.1.2.13) and (3.1.2.7) we obtain

DTVt Z {D+yz Z dij| G / (i (8) — y;(t +0)) dm’j(e)}
< - Zab )‘yl ZGZ{Z|CZJ|FJ?/J +Z|dw|G / wdmy’(Q)yj(t)}
{ —A-h Z |cjil @ — Gi Z |dji| @; / M dnji(e)} yi(t) < 0.

This 1mp11es that V() is nonincreasing on every interval (tx_1,%x], k € N,
thus

|M3

V() < V(tpoy +0) for tey <t <t (3.1.2.15)

In particular,
V(te) < V(tee1 +0),  keN. (3.1.2.16)

Further on, we have

0

wi(ty +0) = (1 — Big)u;(tg) + / u(ty + 0) di(0)

—T

and
0

yilt +0) < |1 — Balyilts) + / N0 b+ 0) dC (6).

—T

Making use of (3.1.2.15) and (3.1.2.16), we obtain

0
V(ty +0) < max|l— By|V(t) +/ e d¢.(0) V (ty_1 +0)

i=1,m T

< (m% |1 - sz| + /0 e M de(e)) V(tk_l + 0)

i=1,m —r
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Combining the last estimate with (3.1.2.15), (3.1.2.16) and (3.1.2.14), we
derive (3.1.2.8). O
For three sets of additional assumptions we show that inequality (3.1.2.8)

implies global exponential stability of the equilibrium point z* of the impul-
sive system (3.1.2.1), (3.1.2.2).

Corollary 3.1.2.1. Let all conditions of Theorem 3.1.2.2 hold. Let there
exist A > 0 such that inequalities (3.1.2.12) are valid and

0
max |1 — B +/ e M d¢(0) <1 (3.1.2.17)

i=1,m —_r

for all sufficiently large values of k € N. Then the equilibrium point x* of
the impulsive system (3.1.2.1), (3.1.2.2) is globally exponentially stable with
Lyapunov exponent \.

Corollary 3.1.2.2. Let all conditions of Theorem 3.1.2.2 hold and
i(0,¢)
t

lim sup

t—o0

=p < +oo.
Let there exist positive constants A and B satisfying the inequalities (3.1.2.12),
0
max |1 — By —l—/ e Md¢.(0) < B
i=1m —r

Jor all sufficiently large values of k € N and pInB < X. Then for any
A € (0, A —pln B) the equilibrium point x* of the impulsive system (3.1.2.1),
(3.1.2.2) is globally exponentially stable with Lyapunov exponent .

Corollary 3.1.2.3. Let all conditions of Theorem 3.1.2.2 hold and there
exist constants A > k > 0 satisfying the inequalities (3.1.2.12) and

0
max |1 — Bj| + / e dg.(0) < erltite-) (3.1.2.18)
i=1m —r

for all sufficiently large values of k € N. Then the equilibrium point x* of
the impulsive system (3.1.2.1), (3.1.2.2) is globally exponentially stable with
Lyapunov exponent \ — K.
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The formulations of the above corollaries and their proofs are similar to
those of Corollaries 3.1.1.1-3.1.1.3.

Example. Consider the system

T1(t) = (2+sinx(t)) (—Qxl(t) + 0.1arctan x(t) + 0.15 arctan z5(t)

0

0
+0.1/ xl(t+9)d69+0.15/

1 -1

xo(t + 0) deg) ,
To(t) = (3+sinxa(t)) (—3x2(t) + 0.15arctan x;(t) — 0.2 arctan xo(t)

0 0
+ 0.1/ z1(t +6) de® — 0.2/ zo(t + 6) de") . (3.1.2.19)
-1 -1

For this system assumptions A3.1.2.1-A3.1.2.3 hold with a; =1, @1 = 3,
a, =2,a2=4,0, =2,b, =3, F} = Fy = G; = G5 = 1. Moreover, ¢;; = 0.1,
Clg = C91 = 015, Cog = —0.2, dip = dog = 01(1 — 6_1), dip = 015(1 — 6_1),
day = —0.2(1 — e71). Inequalities (3.1.2.7) reduce to

044 0.7e' >0 and 3.5+ 1.25¢7 1 > 0.

Further on,

1—eMt 1—eMt
H =11-A-07—— H. =475 -\ —120———.
1()\) A 0.7 - and 2()\) 75 A -\
Since H1(0.5) ~ 0.05 > 0 and H»(0.5) ~ 3.27 > 0, we can take A\* = 0.5.
Theorem 3.1.2.2 is valid for system (3.1.2.19) with any impulse conditions of
the form (3.1.2.2) such that v, =0, i=1,m, k € N.
Let us consider the impulse conditions

1 1/
A[L’l(tk) = —51’1(tk) + Z/ [L’l(tk + 9) d69,
-1
1 I )
-1
Now
0 3.1 [° Sl N#£1
_ R. =0 i - g0 _ )4 2(1-N)’ s
?;%{H sz|+/_Te dx(0) 4+4/_16 de N N



Obviously, inequalities (3.1.2.17) are valid for all £ € N and all A € (0, 1], in
particular, for A = 0.5. According to Corollary 3.1.3.1, the equilibrium point
(0,0)T of the impulsive system (3.1.2.19), (3.1.2.20) is globally exponentially
stable with Lyapunov exponent 0.5.

Next consider the impulse conditions

0
Azy(ty) = —100x(tg) +/ x1(ty + 0) de?,
-1
0
Azy(ty) = —50zo(tx) +/ zo(ty + 6) de?, (3.1.2.21)
-1
tr = 10k, k € N.
Now
0 0 99411 A £1
1—- B ~7d¢.(0) = 99 / A de’ = = ’
max| ’“|+/_T€ GO0) =99+ [ edem =10, A=1,

and we can take B = 100. Further on, p = 0.1, for A = 0.5 we have
A—plnB =~ 0.5 — 0.1 x 4.605 = 0.0395. According to Corollary 3.1.3.2,
the equilibrium point (0,0)7 of the impulsive system (3.1.2.19), (3.1.2.21) is
globally exponentially stable with Lyapunov exponent 0.039.

Finally, let us consider the impulse conditions

Az(ty) = —(k+ Day(tr) + & /0 x1(t, + 0) de?,

-1
0

Azy(ty) = —(k* 4+ Dao(ty) + k:2/ zo(ty +0)de’, (3.1.2.22)

-1

tk:k‘z, k € N.

Now for A = 0.5 inequality (3.1.2.18) becomes k?(3 — e*?) < ¥~V Obvi-
ously, for any x > 0 this inequality is valid for all natural k large enough. For
instance, for kK = 0.4 inequality (3.1.2.18) holds for £ > 6, while for kK = 0.1 it
holds for k > 41. Thus, according to Corollary 3.1.3.3, the equilibrium point
(0,0)T of the impulsive system (3.1.2.19), (3.1.2.22) is globally exponentially
stable with Lyapunov exponent any A € (0,0.5).

The results of the present subsection were reported at the Conference
on Differential and Difference Equations and Applications, Rajecké Teplice,
Slovakia, 2010, and published in [8].
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3.1.3 Cohen-Grossberg neural networks with S-type
distributed delays and reaction-diffusion terms

It is well known that diffusion effect cannot be avoided in the neural networks
when electrons are moving in asymmetric electromagnetic fields [86], so the
activations must be considered to vary in space as well as in time. The papers
[83, 84] are devoted to the exponential stability of impulsive Cohen-Grossberg
neural networks with, respectively, time-varying and distributed delays and
reaction-diffusion terms. In the above cited papers and many others as well
as in our recent paper [16] the stability conditions were independent of the
diffusion. On the other hand, in [98, 118, 119] the estimate of the exponential
convergence rate depends on the reaction-diffusion.

In the present subsection we consider an impulsive Cohen-Grossberg neu-
ral network with both time-varying and S-type distributed delays [26, 66, 77,
111] and reaction-diffusion terms as in [105, 118, 119] which are of a form
more general than in [83, 84], and zero Dirichlet boundary conditions. By us-
ing Hardy-Poincaré inequality as in [119], under suitable conditions in terms
of M —matrices which involve the reaction-diffusion coefficients and the di-
mension and size of the spatial domain, it is proved that for the system with
zero Dirichlet boundary conditions the equilibrium point is globally exponen-
tially stable. The estimate of the Lyapunov exponent is more precise than
those obtained by using Hardy-Sobolev inequality or just the nonpositivity
of the reaction-diffusion operators. Examples are given.

We consider the impulsive Cohen-Grossberg neural network with time-
varying and S-type distributed delays and reaction-diffusion terms, and zero
Dirichlet boundary conditions:

Oui(t, ) _ Z 4 (Diu(t,x,U)M)+Oéi(ui(t>93)) [_ﬁi(“i(t’z))

ot - al’y afu
+ > aifi(ui(t )+ big(u(t — (1), ) (3.1.3.1)
j=1 j=1
m 0
+ Zcij/ hj(uj(t+9,a:))dnij(9)+Ji , >0, tF#t,
J=1 -
0
Aui(tk, l’) = —Bikui(tk, l’) + / ui(tk + 9) ko(Q), k c N, (3.1.3.2)
tp—1—1lk
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Uilgg = 0, wi(s,x) = ¢i(s,x), s <0, 2 €, i=1m,

where m > 2 is the number of neurons in the network; €2 C R" is a bounded
open set containing the origin, with smooth boundary 02 and mes{2 > 0;
D;,(t, z,u) > 0 are smooth functions corresponding to the transmission dif-
fusion operator along the i—th neuron; «;(u;) represent amplification func-
tions; (;(u;) are appropriately behaving functions which support the stabi-
lizing feedback term —a;(u;)Bi(u;) of the i—th neuron; a;j, b, ¢;; denote
the connection weights (or strengths) of the synaptic connections between
the j—th neuron and the i—th neuron; f;(u;), g;(u;), h;(u;) denote the
activation functions of the j—th neuron; J; denotes external input to the
i—th neuron; 7;;(t) correspond to the transmission delays; the past effect
of the j—th neuron on the ¢—th neuron is given by the Lebesgue-Stieltjes
integral ffoo hj(uj(t +6,2))dn;;j(0); Aui(ty, z) = ui(ty + 0, 2) — u;(ty, — 0, )
denote impulsive state displacements at fixed moments (instants) of time ¢,
k € N, involving Lebesgue-Stieltjes integrals; B;; are real numbers. Here it
is assumed that w;(tx — 0,2) and wu;(tx + 0,2) denote respectively the left-
hand and right-hand limit at t;, and the sequence of times {#;}7°, satis-
fles 0 =tg < t1 <ty < -+ < t, — +00 as k — —+oo. The initial data
(s, x) = (d1(s,7),...,¢m(s,2))T is such that

m

supZ/ng?(s,at) dx < 0.

s<0 i—1

As usual in the theory of impulsive differential equations, at the points
of discontinuity ¢y of the solution t — wu(t,x) we assume that u;(tg, ) =
u;(ty, — 0,2) (while in [83, 84] continuity from the right is assumed). It is
clear that, in general, the derivatives aa“ti (tg, ) do not exist. On the other
hand, according to (3.1.3.1), there do exist the limits %(tk:FO, x). According
to the above convention, we assume aa“ti (tg,x) = aa“ti (tx — 0, ).

Throughout the subsection we assume that:

A3.1.3.1. n > 3 and the positive constants w and Rg are such that for
= (x1,...,7,)" € QCR"wehave |z|* =>"_ 22 <w?and mes{z €
R™: |z| < Rq} = mes().

A3.1.3.2. There exist constants D, > 0 (¢ = 1,m) such that D;,(t,xz,u) >
D, forv=1,n,t>0,zeQand uecR™.
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A3.1.3.3. The amplification functions «; : R — (0,400) are continuous
and bounded in the sense that 0 < o, < o;(u) < @; foru € R, i =1, m.

A3.1.3.4. The stabilizing functions 3; : R — R are continuous and mono-
Bi(u) — Bi(v)
v

u —

tone increasing, namely, 0 < . < for u,v € R, u # v,

1=1,m.

A3.1.3.5. For the activation functions f;(u), g;(u), h;(u) there exist positive
constants F}, G;, H; such that

Fi = SUPM’ GizsupM’
u#v u—v uFv u—v

Hi = sup M for all Uu,v ER, ’U,7£’U’ 1= 1’m.
uFv u—v

A3.1.3.6. Tij(t) satisfy 0< Tij(t) < Tijs 0< sz(t) < Hij < 1 (Z,] = 1,m)

A3.1.3.7. n;;(0) (4,5 = 1,m), Gk(#) (i = 1,m, k € N) are nondecreasing
bounded variation functions on (—oo, 0] and [tx—1 — tx, 0], respectively,
and o
/ e dpyj (0) = Ki;(M)
are continuous functions on [0, Ag) for some Ay > 0 and K;;(0) = 1
(without loss of generality).

Due to the zero Dirichlet boundary conditions system (3.1.3.1) can have just
one equilibrium point 0 = (0,0, ...,0)T. It is really an equilibrium point of
system (3.1.3.1) if and only if

—3i(0) +

s

(aij f;(0) + bijg; (0) + ci5h;(0)) + J; =0, i=T,m. (3.1.3.3)

J=1

From equations (3.1.3.1) and (3.1.3.3) we deduce
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P = 3 g (Pt ) o | Bt

+ Zawfy u;(t, ) —|—szng u;j(t —7i(t), x))
J=1
m 0 5
+ Zcij/ hj(’dj(t + 9,1’)) dnw(e)] , t>0, t#tg, (3134)
j=1

yvhere Bz(u) = [i(u) — 5:i(0), f(u) = fi(u) — fi(0), gi(u) = gi(u) — g:(0),
hi(u) = h;(u) — hi(0), i =1, m. Now conditions A3.1.3.4, A3.1.3.5 imply

Bi(uyu = ?, | fi(w)| < Filul, 1gi(w)| < Gilul,  |hi(u)| < Hilul

1

for all u € R and ¢ = 1, m.

Denote s
Jus(t, )| = ( [ o) dx) |

Definition 3.1.3.1. The equilibrium point © = 0 of system (3.1.3.1), (3.1.3.2)
is said to be globally exponentially stable (with Lyapunov exponent A) if
there exist constants A > 0 and M > 1 such that for any solution u(t,z) =
(ur(t, ), ..., um(t, )T of system (3.1.3.1), (3.1.3.2) we have

an I <Msup2||¢z e forall t>0, zeQ.
Definition 3.1.3.2. [27] A real matrix A = (a;j)mxm 1S said to be an

M —matrix if a;; < 0 for 4,j = 1,m, @ # j, and all successive principal
minors of A are positive.

Lemma 3.1.3.1. [27] Let A = (aij)mxm be a real matriz with non-positive
off-diagonal elements. Then A is an M —matriz if and only if one of the
following conditions holds:

(1) There exists a vector & = (&1,&s, ... ,Sm)T with & > 0 such that every

component of T A is positive — that is, Z &ai; >0, 5=1,m.
(2) There exists a vector & = (&1,&s, ... ,§m) with & > 0 such that every

component of A is positive — that is, Y a;;& >0, i=1,m.
j=1
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For more details about M —matrices the reader is referred to [55, 73].
Further on we will need the following lemma.

Lemma 3.1.3.2. (Hardy-Poincaré inequality [39]) Let Q@ C R™ (n > 3) be a
bounded open set containing the origin and u € H}(Q). Then

n—2 2 u2 A2
Vul?dr > )/—dx+— u? du,
fwetar= ("57) [ppe g )

where Ay = 5.783 ... is the first eigenvalue of the Dirichlet Laplacian of the
unit disc in R? and Rq is the radius of a ball in R™ having the same measure
as €.

Hardy-Poincaré inequality implies Hardy-Sobolev inequality [1]

/|Vu|2d:r> (n_2)2/ v da
) N 2 o |z|?

Now let us introduce the following matrices: D = diag (D,,...,D

a=diag(ay,...,q,), @=dag(@,...,@,), p=dag(3,....5 )
F:diag(Fl,...,Fm), G:diag(Gl,...,Gm), H:diag(Hl,...,

Hm)>
Al = (aiDmms 1B = (125) L 1C1= (eihmen.

—Hij

Theorem 3.1.3.1. Suppose that system (3.1.3.1), (3.1.3.2) satisfies assump-
tions A3.1.3.1-A3.1.3.7 and equalities (3.1.3.3) hold. If there exists a vector
E=(&,...,6&)T with & > 0 and a number X € (0, \g) such that

i { {A - ((n4;22)2 + 1%) D, — giﬁi] 5 (3.1.3.5)

i=1

ATij

_ e 4
+ @ {|%’|Fj + [bi|Gyj—— + |Cij|HjKij(/\)] }& <0, j=1m,

L — puij

where 6 = 1, §;; = 0 for j # i, then there exists a constant M > 1 such
that for any solution u(t,x) = (uy(t,x), ..., un(t,z))t of system (3.1.3.1),
(3.1.3.2) we have

m i((],t) 0
Dot < Me ] <m% |1 — Bi| + m%/ e ko@))
i=1 t

k=1 \=L™ =LmoJ g —ty,
xsup > (s, )|, t>0. (3.1.3.6)
50
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Remark 3.1.3.1. If in the subsequent proof we choose to use Hardy-Sobolev
inequality rather than Hardy-Poincaré inequality, the inequalities (3.1.3.5)
should be replaced by

i { [)\ - (n2;2)22i - Qiﬁi] 0ij (3.1.3.7)

)\Tij
+ [ i H A5 (A )} }& <0, 7=1m.

+ o {|aw|F + |bw|G

(]

Further on, if we use just the nonpositivity of the reaction-diffusion operators,
then inequalities (3.1.3.5) should be replaced by

m

Z{(A ﬁ)éw + oy {|aw|F + |bw|G

i=1

)\Tij

+wMHK¢<ﬂ}&<o

(3.1.3.8)
for j = 1, m. It is clear that if £ and \ satisfy inequalities (3.1.3.7) or (3.1.3.8),
they satisfy (3.1.3.5). On the other hand, we can find £ and A satisfying
inequalities (3.1.3.5) but not satisfying any of the sets of inequalities (3.1.3.7)
and (3.1.3.8). Thus by using Hardy-Poincaré inequality, we can prove global
exponential stability with a larger Lyapunov exponent than by using Hardy-
Sobolev inequality or the nonpositivity of the reaction-diffusion operators,
and in some cases when the last two methods do not work we can still prove
global exponential stability.

(]

Proof. Let us note that there exists a vector & = (&,...,&,)7 with
& > 0 and a number A € (0, \g) such that inequalities (3.1.3.5) hold if and
only if

4w?

A= (B2 2 Dvas-a(AF + BGIIG+ Ol

is an M —matrix. In fact, if A is an M —matrix, from Lemma 3.1.3.1 there
exists a vector £ > 0 such that every component of —¢7' A is negative. By
continuity, there exists a A € (0, \g) such that (3.1.3.5) hold. Conversely, if
(3.1.3.5) hold for some A* € (0, \g), then they still hold for all A € [0, \*].
For A =0, from Lemma 3.1.3.1 we deduce that A is an M —matrix.
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First we shall derive the estimate

DF |ui(t, )| < —K(TLS) +g—2) Qi+giﬁi] i (t, )| (3.1.3.9)
" ai;{mwnuy( I 105 G gt — 725 (6),

0
el [ ||uj<t+e,->||dmj<e>}, £50, 4t

where DT denotes the upper right Dini derivative.
Let ¢ be such that ||u;(t,-)|| # 0. We multiply the i—th differential equa-
tion in (3.1.3.4) by w;(t, ) and integrate over the domain (2

1d 9 B "0 ' Qu(t,z)\
5% Qui(t,x) d:v—/Q;axV (Dw(t,l',U) D, )ul(t,x) dx

_ /QOéi(ui(t,f))Bi(Ui(t,l’))ui(t7l») dx

+ / ci(wit, x))us(t, ) Y ai f(u;(t,x)) do

Q i

n /Q ai(ui(t,x))ui(t,x)Zbijgj(uj(t—Tij(t),x))dx

+ /ozl(uZ (t,z))u;(t, z ch/ i(uj(t+6,x))dn;(0) de.

By using Green’s formula, the zero Dirichlet boundary conditions, Lemma 3.1.3.2
and assumptions A3.1.4.1, A3.1.4.2 we have

/Q é aiy (Diy(t,x,u)aué(zt;x)) ui(t,x) da
/prmu (a“é(;gf) i < D/Z(aué;x)

—2\? [ ud(t,2) Ay
Z/Q|Vu (t,z)|"de < —D, [( 5 ) S dx —I——R2 ui(t, r) dv
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(n - 2)2 A2 2 (n - 2)2 A2 2
< — — . = 2 DAl (t. )2,
< ("2 ) o [ wtarae = - (U4 22 e

If we prefer to use Hardy-Sobolev inequality, we obtain

/Z ol U e LRI (”2—;2) e, )l

and we can complete the proof by using inequalities (3.1.3.7).
Finally, in the case of zero Dirichlet or Neumann boundary conditions
and no restrictions on the dimension of the spatial domain {2, we have

) Ou;(t, x)
/Q; Bz (Dw(t,z,u) B, )ul(t,x) dx
n 2
_/ ZDiu(taz>u) (aUZ(t’z)) dx <0
QL5 (9:8,,

and we can complete the proof by using inequalities (3.1.3.8).
Next, we have

[ astutta) ittt outt.a) de = g, [ wdea) do = afifue,

/Q ciui(t, 2))ui(t, ) Y ai fi(u;(t,x)) do

j=1

<3 lo |ttt 2)| B ) o

1/2 1/2
< ai2|aij|Fj (/ ui(t, x) d:v) (/ u?(t,x) d:v)
j=1 Q@ Q

m

Z i | F5 it ) T (2, )1

Similarly,

[ sttt aus(t ) S b st = 70),2)) d

j=1
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< Z bzy|G ||ul || Huj( Tij(t)>')||

and

[ astusttanu(t.n)Yocs [ Fytus(e+ 0,0)) dn(6) da

m 0
<a; Z Czj|Hj||ui(t>')||/ [ (t + 6, )| dni; (0).

Combining the above inequalities, we obtain

sl < - [(Co s 22) Dot e hute P
Y {Jasl B st )l -+ 0] 5 e = 70,

0
+ ICilej/ IIUj(tJr@w)lldmj(@)}IIUi(t,-)II,

which implies (3.1.3.9) in view of ||u;(¢, -)|| # 0.

Next, let us suppose that ¢ is such that [|u;(¢,-)|] = 0. If this equality
holds for all ¢ in some open interval, then < |u;(¢,-)|| = 0 in this interval, and
inequality (3.1.3.9) reduces to

m

Z{I%IFH% I+ o] Gy [l (t = 75(2), )|

0
+ |Cz’j|Hj/ ||uj(t+9>')||d77ij(9)}>

which is trivially satisfied. If this is not the case, we can find a sequence of
times {t;} such that t; — t and ||u;(¢],-)|| # 0. Then the validity of inequality
(3.1.3.9) for t}, I € N implies its validity for ¢.

If we introduce the notation y;(t) = e*||u;(t,-)||, then from inequality
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(3.1.3.9) which we just proved we find
n—2?% A
Dt = - (U ) D as)ue

m

T Z {|aij|ijj( ) + [bij|Gy;(t — 75(8)) e

b JeylH, / S(t+6) dnw(e)} (3.1.3.10)
We consider a Lyapunov functional
m )\q—” t
V() = > qult) +a@ Z 1bif|Gyr—— / y;(s) ds
i=1 - /”LZJ t—Tij(t)

+ @;MHHJ' /_oo e (/t+9yj(s) ds) dm’j(e)}&,

where A and &;, i = 1,m, are as in inequalities (3.1.3.5).
We note that V(¢) > 0 for ¢ > 0 and

V(0) < M . 3.1.3.11
(0) < ;i‘;ﬁy(s) ( )
with
T o
M = max {§Z+G Zw . 53 + H; ZICM%/ e (-0) dmi(Q)&}-

The above integral is convergent because of A < Ag.

Calculating the rate of change of V(¢) along the solutions of system
(3.1.3.1), by using successively inequalities (3.1.3.10), (3.1.3.5) and condi-
tion A3.1.3.6 we obtain

(n— 2)2 A2
DTVt Zyg Z {{ (7%}2 + R2 aﬁ
_ eMii
+ (673 {|aij|Fj + |bw|Gj1 _ + |Cw|H KZJ :| }
Hij
<0

m m 1 ,
> D b6t~ 7(0) ( ) _ g L= Ful0) )
i=1 j=1 L= pui
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This implies that V(¢) is nonincreasing on every interval (tx_1,tx], k € N,
thus
V(t) <Vt +0)  for  tpy <t <ty. (3.1.3.12)

In particular,
V(te) < V(tee1 +0),  keN. (3.1.3.13)

Further on, for £ € N we find successively

0
wi(ty +0,2) = (1 — Big)wi(t, ) + / wi(ty + 6, ) d(ix(0),
tp—1—1lk

0

|ui(te +0,°)[] <1 — Big| [Juilts, )| + / ity + 6, )| d¢ix(0)
tp—1—1lk
and 0
Yi(te +0) < |1 — Bilyi(te) + / e My;(ty + 0) d(0).
tp—1—1lk

Making use of (3.1.3.12) and (3.1.3.13), we obtain

0
V(tir+0) < max|l— Bi|V(tx) + m%/ e d¢n(0) V(tr—1 +0)
t

i=1,m =1m Jy_—t

0
< <mﬁ |1 — Bix| + m%/ e M d(lk(9)> V(ti—1 +0).
¢

i=1,m =1m J,_—t,

Combining the last estimate with (3.1.3.12) and (3.1.3.13), we derive

i(0,¢) 0
V(t) < H <mﬁ |1 — Bix| + m%/ e M d(ik(9)> V(0), t>0.
k=1 t

i=1m =1m J_—t

Finally, by using inequality (3.1.3.11) and the definitions of V' (¢) and y;(t),
we obtain estimate (3.1.3.6). O

It is clear that inequality (3.1.3.6) guarantees global exponential stability
of the equilibrium point 0 of the system without impulses (3.1.3.1). Further
on, for three sets of additional assumptions on the impulse effects we can show
that inequality (3.1.3.6) implies global exponential stability of the equilibrium
point 0 of the impulsive system (3.1.3.1), (3.1.3.2).
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Corollary 3.1.3.1. Let all conditions of Theorem 3.1.3.1 hold and

0
max |1 — Bi| + m%/ e Md¢n(0) <1 (3.1.3.14)
t

i=1,m i=1m Jy _ —ty

for all sufficiently large values of k € N. Then the equilibrium point 0 of
the impulsive system (3.1.3.1), (3.1.3.2) is globally exponentially stable with
Lyapunov exponent \.

Corollary 3.1.3.2. Let all conditions of Theorem 3.1.3.1 hold and
i(0,¢)
t

lim sup

t—o0

=p < +oo.
Let there exist a positive constant B satisfying the inequalities

0
max |1 — By| + m%/ e Md¢r(0) < B
¢

i=1,m i=1m Jy,  —ty

for all sufficiently large values of k € N, and pln B < A. Then for any
A € (0,\ — pIn B) the equilibrium point O of the impulsive system (3.1.3.1),
(3.1.3.2) is globally exponentially stable with Lyapunov exponent \.

Corollary 3.1.3.3. Let all conditions of Theorem 3.1.3.1 hold and there
exists a constant k € (0, \) satisfying the inequality

0
max |1 — By| + m%/ e M dCir(0) < ertete—) (3.1.3.15)
¢

i=1,m i=1m J,  —ty

for all sufficiently large values of k € N. Then the equilibrium point 0 of
the impulsive system (3.1.3.1), (3.1.3.2) is globally exponentially stable with
Lyapunov exponent \ — K.

The above corollaries are similar to those in §3.1.1 and §3.1.2.

Example. Denote ¢(t) = (|t + 1| — [t — 1])/2. Let € be the unit ball
in R Q = {x € R3||z|] < 1} and let V? denote the Laplacian in R>:

2, . 2, . 2. . .
Viu; = aam"{ + %m"g + %mug, 1 =1,2. Consider the system
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duit,x) _ 16V2us(t, @) + (2 + sinws (1)) { ~2ui(t, 2)

ot
+0.5 arctan uq (t, ) + 0.3p(us(t, x))
1 2
+0.1uy (t — 5 arctant, z) + 0.12 arctan us(t — ggp(t), x)
0 0
—|—0.1/ uy (t + 0, ) de’ + 0.15/ ux(t+ 0, ) dee},
Qua(t
% = 20V7us(t,z) + (3 + sinuaf(t, x)){—?)uz(t, x)
—0.6p(uy(t, ) + 0.5 arctan uy(t, x)
1 3
+0.16uy (t — 1 — ggp(t), x) — 0.3arctan ug(t — 2 — ng(t), x)
0 0
+0.1/ ui(t+ 6, z)de’ — 0.2/ uz(t + 0, x) de(’},
— 00 . —00
Aui(ty,r) = —DBiu(te, ) ‘|‘/ wi(ty +6,2)d¢r(0), k€N,
tp—1—1lk
uilag = 0, ui(s,z) = @i(s,z), s<0, z€Q, i=12  (3.1.3.16)

where the initial data ¢,(s, x), ¢a(s, x) satisfies

sup/Q (91(s, ) + ¢3(s,x)) da < oco.

s<0

This system has a unique equilibrium point (0,0)7 and assumptions
A3.1.3.1-A3.1.3.7hold withn =3, w =1, Rq = 1,

16 0 10 _ (30 (20
Q‘(o 20)’ g_(0 2)’ O‘_(o 4)’ @_(0 3)’
T11 =7T/4> T12 22/3, T21 24/3, Tog = 11/4> H11 = 1/2> H12 22/3, H21 = 1/3,

01
0.5 0.3 0.2 0.36 0.1 0.15
|A|_(0.6 0.5)’ |B(“)|_(0.24 1.2 ) |C|_(0.1 0.2 )

the matrix
A— 96.528 —2.43
—\ —3.76 119.06

o = 3/4, G50 = 1/(1=N), ij = 1.2 Mo =1, F = G = H = ( o1 )
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is an M —matrix. Further on, the vector ¢ = (1, 1)T is such that ¢7 A =
(92.768, 116.63) has positive components. Let us denote by ®;(A), j = 1,2,
the left-hand sides of inequalities (3.1.3.5) for the given vector . Then
0.7
d1(A) = A+ 0.6™ +0.96e™° + Ty 94628,

1.25
By(N) = A+ 1.08e*3 4 4.8V 4 Ty~ 12376,

Since ®1(0.975279) = —60.52221507 < 0 and $5(0.975279) = —0.00143964 <

0, we can take A = 0.975279. Theorem 3.1.3.1 is valid for system (3.1.3.16).
If we use Hardy-Sobolev inequality, then inequalities (3.1.3.7) are satisfied

with & = (6, 5)7 and A = 0.02849. Using just the nonpositivity of the

reaction-diffusion operators cannot provide an estimate of the form (3.1.3.6).
Let us consider the impulsive conditions

1 1 [
Auy(ty,z) = —§u1(tk,ff) + 1/ ui(ty + 0, 2) de?, (3.1.3.17)
—1
1 1/ )
Aus(tg,r) = —Zuz(tk,zc) + 1 us(ty, +0,z)de’, tp =k, ke N.
—1
Now

0 1— 6)\—1

e M dG(0) = §—I—E/O e M de? = §+7
' 4 4 ), 4 401 =N

max|1—Bik|—|—maX/

i=1,2 =1, I

A < 1. Obviously, inequalities (3.1.3.14) are valid for all £ € N and all

A € (0,1), in particular, for A = 0.975279. According to Corollary 3.1.3.1,

the equilibrium point (0,0)% of system (3.1.3.16) with impulsive conditions

(3.1.3.17) is globally exponentially stable with Lyapunov exponent 0.975279.
Next consider the impulsive conditions

0
Auy(tg,x) = —100u(tg, ) —I—/ uy (ty, + 0, 1) de?, (3.1.3.18)
~10
0
Aug(tg,x) = —50us(ty, ) +/ us(ty +0,2)de’, t, = 10k, k € N.
~10
Now
0 0 1 — elo0-1)
max |1—Bik|+maX/ e d¢ir(0) = 99+/ e Mdel =994 ———
i=1,2 =12 J, _10 1—A
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for A € (0,1) and we can take B = 107.8598086 which is the value of the
above expression for A = 0.975279. Further on, p = 0.1, for A = 0.975279
we have A — pln B =~ 0.975279 — 0.1 x 4.680832315 ~ 0.507196. According
to Corollary 3.1.3.2, the equilibrium point (0,0)” of system (3.1.3.16) with
impulsive conditions (3.1.3.18) is globally exponentially stable with Lyapunov
exponent any A € (0,0.507196), we can take A = 0.5.

Finally, let us consider the impulsive conditions

0
Auy(tg,x) = —(k + Duy(ty,z) + k / uy (t, + 0, 1) de?,
—2k+1
0
Aug(ty,x) = —(k* + Dug(ty, z) + k:2/ ug(ty + 6, 2) de?,
—2k+1
ty = k2, ke N. (3.1.3.19)

Now for A = 0.975279 inequality (3.1.3.15) becomes 42.45143805k% < e#(2k—1),
Obviously, for any x > 0 this inequality is valid for all natural k large enough.
For instance, for k = 0.1 inequality (3.1.3.15) holds for £ > 61. Thus, ac-
cording to Corollary 3.1.3.3, the equilibrium point (0,0)? of system (3.1.3.16)
with impulsive conditions (3.1.3.19) is globally exponentially stable with Lya-
punov exponent any A € (0,0.975279).

We first considered a similar problem with one-dimensional spatial do-
main and zero Neumann conditions. The reaction-diffusion terms were ap-
proximated by a difference operator. The results were reported at the 5th
International Conference: 2009 — Dynamical Systems and Applications,
Constanta, Romania, 2009, and were published in [11]. Next, the prob-
lem was studied for a spatial domain of arbitrary dimension using the non-
positivity of the reaction-diffusion operator. The results were reported at
the 6th International Conference: 2010 — Dynamical Systems and Appli-
cations, Antalya, Turkey, 2010, and were published in [16]. The problem
of the present subsection (with zero Dirichlet conditions) was first treated
using Hardy-Sobolev inequality. The results were reported at the 7th Euro-
pean Conference on Elliptic and Parabolic Problems, Gaeta, Italy, 2012, and
published in [6]. The results of the present subsection using Hardy-Poincaré
inequality were reported at the Conference on Differential and Difference
Equations and Applications, Terchova, Slovakia, 2012, and were published
in [15].
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3.1.4 Stability of neural networks with time-varying
delays via minimal Lipschitz constants and non-
linear measures

In the present subsection we consider a neural networks model described by

the following system of differential equations with time-varying delays and
impulses:

—ui(t) = —ai(u(t)) + Zwijfj(uj(t)) + Z?fijgj(uj(t —75(t))) + L,

t>ty, t#t, i=1,n, (3.1.4.1)
ui(tk + 0) = Jlk(ul(tk)), 1= 1,—71, k=1,2,3,...,
to<ti<ta<- -+ <ty —+o0 as k— 400,

where n > 2 is the number of neurons in the network; wu;(¢) is the state
potential of the i-th neuron at time t; f;(-) and g;(-) are the normal and
the delayed activation functions; w;; and v;; are the normal and the delayed
synaptic connection weights from the j-th neuron on the i-th neuron; I;
are constant external inputs from outside the network to the i-th neuron;
the functions a;(-) show how the neuron self-regulates or resets its potential
when isolated from other neurons and inputs; 7;;(¢) > 0 are the time-varying
transmission delays; t; (kK =1,2,3,...) are the instants of impulse effect.

The model (3.1.4.1) is a generalization of Cohen-Grossberg neural net-
works first proposed by Cohen and Grossberg [43]. Special cases of this
model are Hopfield-type neural networks with time-varying delays [101], cel-
lular neural networks with time-varying delays and bi-directional associative
memory neural networks with discrete delays.

Throughout the present subsection, we will use the following assumptions.

A3.1.4.1. The functions q; : R — R are continuous and there exist con-
stants A; > 0 such that

(1 — 9)[ai(x1) — ai(z2)] > Ni(z1 — 22)?

for all z1, 20 € Rand ¢ = 1,n.

A3.1.4.2. The transfer functions f; and g; are continuous and monotonically
increasing.
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A3.1.4.3. The delays 7;;(t) are bounded, that is, there exists a constant b
such that 0 < 7;; < b for all t # ¢4 and 4,5 = 1, n.

A3.1.4.4. The number i(to,t) of instants of impulse effect between t, and ¢
satisfies .
lim sup m =p < +o00,
t——+oo t

and the impulse functions J;;, are monotonically increasing.

The results of the present subsection were reported at the Sixth Interna-
tional Symposium on Neural Networks, Wuhan, China, 2009, and published
in its proceedings [12]. They generalize the results of our previous paper
2], where a;(u;) = a;u; with positive constants a; (i = 1,n), fi = 0, g; are
Lipschitz continuous and monotonically increasing. Here the Lipschitz con-
tinuity of f; and g; will be replaced by a weaker property. However, in [2]
we were able to obtain conditions for the existence of an equilibrium point
of (3.1.4.1). Here we have to assume the existence and uniqueness of the
solution of the initial value problem for (3.1.4.1), and the existence of an
equilibrium point for (3.1.4.1).

Here we follow [101, 108] adapting the approach expounded therein to
impulsive systems. In order to study the stability analysis of the general
time delay system we rewrite system (3.1.4.1) as

dz—f) = F(u(t)) + G(u-(t)), t>to, t#t,  (3.14.2)

u(tk—l—O) = Jk(u(tk)), k=1,2,3,..., (3143)

where Ji(u) = (Jix(u1), . .., Jur(u,))T and the operators Jy, satisfy the condi-
tion A3.1.4.4, u(t) = (uy(t),ua(t), ..., u,(t))? is the state vector of the neu-
ral network, both F' and GG are continuous mappings from an open subset 2
of R™ into R™, and G(u,(t)) is defined as G(u) = (G1(u), Go(u), ..., Gn(u))"
and

Gl(uT(t)) = Gz(ul(t — Til(t)), UQ(t — Tig(t)), ey un(t — Tzn(t))),

75 (1,7 = 1,n) are the delays which satisfy the condition A3.1.4.3. Also,
we suppose that the initial value problem for (3.1.4.2), (3.1.4.3) has a unique
solution.

Let R™ be the n-dimensional real vector space with vector norm || - ||

defined as follows: If x = (z1, 79, ...,2,)T € R", then |z|| = > |z
i=1
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Definition 3.1.4.1. Let Q C R", f : Q — R" and 2° € Q. The minimal
Lipschitz constant of f with respect to x° is defined by

Lo(f,2%) =inf{a>0: |f(z) = f(2°)] < allz —2°, z € Q}.
Definition 3.1.4.2. Let Q C R”, f: © — R” and 2 € Q. Then the

constant 0 0
mq(f,2°) = sup (f(x) = f(z ),Sgon(a:—;p )
2€Q\{20} |z — 20|

is called the relative nonlinear measure of f with respect to x° on Q. Here (-, -)

is the inner product in R™ and sgn (z) = (sgn (z1),sgn (x2), ..., sgn (x,))T.

Remark 3.1.4.1. If f(x) = (fi(x1), f2(x2),..., fu(zn))T and f; (i = 1,n) are

monotonically increasing, then

) — sy M@ =IO

zeQ\{z0} ||£E - IOH

We will also need the following simple assertion from calculus.

Lemma 3.1.4.1. [101] Ifa > ¢ > 0, then, for each nonnegative real number
b, the equation
A—a+ce? =0

has a unique positive solution.

In fact, the left-hand side of this equation is a strictly monotonic function
for A > 0, which is nonnegative at A = a and negative at A = 0.
If w* is an equilibrium point of system (3.1.4.2), then it satisfies the

equation
F(u")+ G(u") = 0. (3.1.4.4)

If * is an equilibrium point of the impulsive system (3.1.4.2), (3.1.4.3), then
it satisfies (3.1.4.4) and

u* = Ji(u"), k=1,2,3,...,

that is, u* is a fixed point of the impulse operators Jj.
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Definition 3.1.4.3. The time-delay impulsive system (3.1.4.2), (3.1.4.3) is
said to be exponentially stable on a neighbourhood €2 of an equilibrium point
u* if there are two positive constants o and M such that

lu(t) = u|| < Me=*C) sup Juo(s) —u*l, > to,
to—b<s<tog

where u(t) is the unique trajectory of the system initiated from ug(s) € €2
with s € [to — b, to].

Proposition 3.1.4.1. Let u* € § be an equilibrium point of system (3.1.4.2).
If mo(F + G,u*) <0, then u* is the unique equilibrium point in €.

Proof. Suppose that z* is another equilibrium point of system (3.1.4.2)
in . Then both «* and x* satisfy equation (3.1.4.4) and

(F'(u) + G(u) = F(u) — G(u*),sgn(u — u”))

0>mq(F+G,u*) = sup -
we\{u*} |lu — w*|
() +C) s’ —w))
- [ ’
which is a contradiction. O

Let us introduce some notation:

d = sup mq(Ji,u"),

keN
D = max {sup ma(Jtu*), 1} ,
keN
v = sup (i(to,t) —i(to,t — b)).
t>to

From condition A3.1.4.4 it follows that v < +o0.

Proposition 3.1.4.2. Let Q C R™ be a neighbourhood of an equilibrium
point u* of the system (3.1.4.2), (3.1.4.3). If D < +oo and for some matriz
A = diag(ay, as, . ..,a,) with a; > 0 we have

mAfl(Q)(FA, A_lu*) + DVLAfl(Q)(GA, A_lu*) < 0, (3145)
then by Lemma 3.1.4.1 the equation

A HIE a; + mAfl(Q)(FA, A_lu*) + DVLAfl(Q)(GA, A_lu*)ebA =0 (3146)

i=1n

181



has a unique positive solution \. If
d < e, (3.1.4.7)

that is, plnd < A, then system (3.1.4.2), (3.1.4.3) is exponentially stable on
Q. More precisely, for any A € (0,\ — plnd) there exists a constant M such
that

|u(t) —u*|| < Me2=10)  gqup |luo(s) —u*||  for all t >ty. (3.1.4.8)

to—b<s<tog

Proof. For any vector w € R™ we have [|w| = (w,sgn(w)) and [|w|| >
(w,sgn(z)) for all z € R™. Therefore for any s € R, s > 0 we have

utt) = w7l = !u(t —s) =l o §<u(t) —u(t — ), sgn(u(t) — u*)).

So, from system (3.1.4.2) we have

= (F(U(t))JrG(ur(t)) Sgn( (t) —u"))

= (F(u(t)) — F(u"),sgn(u(t) —u’))

+ (G(ur ()) G(u"),sgn(u ()—u*)>

= (FA(A™u(t)) — FA(A™ "), sgn(A™ u(t) — A™'"))
+ (GA(A'u (1) — GA(A ™), sgn(A M u(t) — A~ ™))
< mao)(FA AT W) A (u(t) — u?)|

+ La-10)(GA, A~y t_sbl<118)<t | A~ (u(s) — u®)|

< {ma@FA AW ult) - v

-1
+ La1g)(GA, A™"*) sup ||u(s)—u*||}<mgal) :

t—b<s<t i=1,n

By virtue of (3.1.4.5), by Halanay’s inequality [53] and taking into account
the presence of impulses, we have

Ju(t) — u*|| < e Mgt sup  lu(s) — u*]], (3.1.4.9)

to—b<s<tog

where A is the unique positive solution of equation (3.1.4.6).
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In fact, for t € [to, t1] by Halanay’s inequality we derive

lu(t) = w*| < e sup u(s) — .
to—b<s<tog

Now let t € (tg, tg11] for some k € N. In order to apply Halanay’s inequality,
we extend u(t) as a continuous function from (¢, tr+1] back to to — b as
follows:

U(t), le (tk>tk+1]>
v(t) = JeJy_1 - Jou(t), t€ (te,td, =2k,
JpJp—1 - Jlu(t), te [to — b, tl].

Htp 1 <t—0<tp_,<---<tp<t,then

sup [lu(s) —u'[| < D" sup [lo(s) — u”|
t—b<s<t t—b<s<t

and p < v. Thus we have

dl|v(t) — u* 1 s ,
w < {mAfl(Q)(FA,A L) o (t) — u*|

-1

+ D"Lp-10)(GA, A7 ) sup  |o(s) —u*||}<mi_nai) :
t—b<s<t i=1,n

Now from Halanay’s inequality we have

lo(t) = w*[l < e sup lo(s) —u"]).
to—b<s<to

To derive (3.1.4.9) it suffices to notice that
l(s) — | < d*[lu(s) — u”||

for s € [tg — b, o).

Let € > 0 be such that A — (p+¢)Ind > 0. Then i(to,t) < (p+¢)(t — to)
for all ¢ large enough and there exists a constant M > 1 such that i(t, ¢y) <
(p+e)(t—to)+1In M/Ind for all t > ty. Then

d't) < Mexp {[(p+¢)Ind] (t — o)}

and the desired estimate (3.1.4.8) follows with A = A — (p + ) Ind. O

Now, extending some results of [2, 101, 108], we present some sufficient
conditions for uniqueness and exponential stability of the equilibrium of

183



the impulsive network (3.1.4.1). In order to apply Propositions 3.1.4.1 and
3.1.4.2, we define F, G : R* — R" by Fi(u) = —a;(u;) + Z wy; fi(u;) and

j=
Gi(u) = Z v;;95(uj) + I;. For Q C R™ we denote by €2; the projection of €2

on the i- th axis of R™.

Theorem 3.1.4.1. Let 2 be a neighbourhood of an equilibrium point u* =

(i, us, .. ul)T of system (3.1.4.1), m; = mq,(fi,u}) and M; = mq,(gi, u).
If r; (i = 1,n) are positive real numbers such that
max — m-iﬁ|w»-|+D”M-iQ|v»-| <1 (3.1.4.10)
i—Tn )\Z i = T ji 7 = T ji 5 1.4,

then the equilibrium point u* of system (3.1.4.1) is unique in §).

Proof. For each i = 1,n the transfer functions f; and g; are increasing,
or equivalently

(fi(t) = fi(s))sen(t — s) = |fi(t) — fils)],
(9:(t) — gi(s))sgn(t — s) = |g:(t) — gi(s)] for all t,s € R.

Moreover, from condition A3.1.4.1 we have
(a;(t) — ai(s))sgn(t — s) = ‘ai(t) — ai(s)‘ > N\t — s|.

An equilibrium point u* of system (3.1.4.1) corresponds to a solution of the
equation (3.1.4.4). Let us suppose that u and u* are two distinct solutions
of (3.1.4.4) in Q. Then for R = diag(r,72,...,7r,) we have

0= (R(F(u) + G(u) — F(u) — G(u")),sgn(u — u*))

Zn{ a;(u;) — ai(uy)) + Zwij(fj(uj) — fi(uw}))
va gj uj ( ))}Sgn( i u:)
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IN

ri {—\ai(ui) — a;(uy) [wigl | £5(u;) = f3(u3)

n n n
S —ZT’Z)\Z|UZ - uf| + erl[|ww|mﬁ|uﬁ —uj| + |’Uij|Mj|Uj — U;H
i=1

j=1 i=1

n n n n
= — Zn)\i|ui —u| + Z m; Zﬁ|wij| + M; ZM%’A] |uj — u;|
i=1 =1 i=1

=1

1=

+ Jvigl|g; (uy) — g(u)

n

= —Z{n)\i—mizrﬂwﬂ Mzrj|vﬂ}|ul Z|

j=1
= _Zn z{l__i [mi;i|wﬂ|+Mj;T_§|vﬂ|l}|ui_u;'k| <0.

As in Proposition 3.1.4.1, the contradiction obtained proves the uniqueness
of the equilibrium point u* of system (3.1.4.1) in . O

Theorem 3.1.4.2. Let all assumptions of Theorem 3.1.4.1 hold. Suppose
further that the unique positive solution \ of the equation

1
Amin — — 1+ D"qe A —
i=1,n Pi
with .
T
pi=Xi—miy f|wji|
j=1 "
and
M,; & Tj
= max{ — Vis
o= 2320

satisfies (3.1.4.7). If u(t) is the trajectory of system (3.1.4.1) initiated from
uo(s) € Q with s € [ty — b, to], then
max r;

u(t) —u* <]\/[e_;\(t_t0)i su up(s) —u*|, 3.1.4.11
Ju(t) ~ ] < i S, o0~ 14
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where A € (0,\ — plnd).

Proof. We can first note that by virtue of Theorem 3.1.4.1 the equilib-
rium of system (3.1.4.1) is unique.
By the change © = Ru system (3.1.4.2), (3.1.4.3) takes the form

{%aj(t) = RF(R™'x(t)) + RG(R™a,(t)), t#t,

(3.1.4.12)
r(ty+) = RIL(R™t2(ty)), k=1,2,3,...

It is easy to see that #* = Ru* is an equilibrium point of system (3.1.4.12)
and mR(Q)(RJkR_l, Ru*) = mq(Jg,u*) <T.

Denote P = diag(p1, p2, - - ., pn). From inequality (3.1.4.10) it follows that
pi>0,i=1n.

As in Theorem 3.1.4.1, for all x € PR(f)) we have

(RF(R'P'2) — RF(u*),sgn(x — PRu*)>

< Zn{ |ai(r; p; tas) — ai (5 g ) = fi(u)) }
i=1
S Zri{— —pmuﬂ—I—Z|ww|:l—j‘atj—pjrju;‘}
i=1 =1 iPj
= — sz_l <)\Z — mlz ;—j|’wﬂ|> ‘l’z —pmuﬂ
i=1 j=1 "
= =) 'pilwi — piriug| = |l — PRu|
i=1
and thus
mpry(RFR™' P, PRu*) < —1. (3.1.4.13)

Further on, for all z € PR(Q2)

n

IRG(R™P~'z) — RG(u")| =Y [re > i (g0 pj ws) — g ()

n n - j:1n M. n r.
S ZT’Z'Z|’Z}Z'j|Mjrj_lpj_l‘l‘j—pj’f’ju;‘ :ZP—ZZT—J|U31HIZ_Z9@T{U:‘
Py = -1 Pi ST
M; Ty
< max —,Z ol > e~ piai| = gl PR

i=Ln pi j=1 i=1
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which implies that
Lpri)(RGR™P', PRu*) < q. (3.1.4.14)
From inequalities (3.1.4.13) and (3.1.4.14) we deduce

mpr)(RFR™'P™', PRu*) + D" Lpria)(RGR™'P~", PRu*) < —1+ D"q

v M; = 7 - vrr N T
=—1+D maX{—Z—J'h}jA}:g%{pil —pi+ D MZZT_”,%A]}

i=1,n Di =1 T; =1 3
n n
- ~1 i D' ST A 0
=maxqp;, |y = Jwyi| + i vl = Ai| p <
i=1,n — T — T
J=1 J=1

in view of inequality (3.1.4.10).

Thus we can apply Proposition 3.1.4.2 to system (3.1.4.12) with A = P~}
and deduce the estimate

|z(t) — Ru*|| < Me™0)  sup  ||zo(s) — Ru’|

to—b<s<t

for all t > t,. Since x = Ru, this yields estimate (3.1.4.11). O
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3.2 Global Exponential Stability of
Equilibrium Points and Periodic
Solutions of Discrete-Time Counterparts
of Continuous Neural Networks

We formulate a discrete-time analogue of the additive Hopfield-type neu-
ral network with impulses considered in §3.1.1 by the semi-discretization
method and investigate its global stability characteristics. An extension of
the method is used to formulate a discrete-time analogue of an impulsive
Cohen-Grossberg neural network with transmission delay. The convergence
estimates are obtained in the respective ¢,—norm.

Further on, for two different classes (respectively with constant and pe-
riodic rates at which the neurons reset their states when isolated from the
system) of Hopfield neural networks with periodic impulses and finite dis-
tributed delays discrete-time counterparts are introduced. Using different
methods, we find sufficient conditions for the existence and global exponen-
tial stability of a unique periodic solution of the discrete systems considered.
An example is given.

It is known from the literature on population dynamics [59] that time
delays in the stabilizing negative feedback terms have a tendency to desta-
bilize the system. Due to some theoretical and technical difficulties [58], so
far there have been very few existing works with time delay in leakage (or
“forgetting”) terms [79, 59, 58, 102, 85].

We introduce the discrete-time counterpart of a class of Hopfield neural
networks with impulses and concentrated and infinite distributed delays as
well as a small delay in the leakage terms. We obtain sufficient conditions for
the existence and global exponential stability of a unique equilibrium point
of the discrete-time system considered. Note that conditions of smallness of
the leakage delays have been introduced in [58, 85].

3.2.1 Equilibrium points of additive Hopfield-type
neural networks

Let us consider again the impulsive continuous-time neural network (3.1.1.1),
(3.1.1.2) satisfying the assumptions A3.1.1.1-A3.1.1.5. Recall that the

components z} of an equilibrium point z* = (], 25, ..., 25)T of (3.1.1.1),
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(3.1.1.2) are governed by the algebraic system (3.1.1.3) and satisfy the linear
equations (3.1.1.4). According to Lemma 3.1.1.1, if conditions A3.1.1.1-
A3.1.1.4 are satisfied, the system without impulses (3.1.1.1) has a unique
equilibrium point x*.

Following [95], we will obtain a discrete-time counterpart of system (3.1.1.1).
Let h > 0 denote a uniform discretization step size and [t/h] denote the
greatest integer in t/h. For convenience, we denote [t/h] =n, n € {0} UN,
and, by an abuse of notation, write x;(n) instead of x;(nh). Further on,
we denote k;; = [7;;/h], i,j = 1,m. Finally, we replace the integral terms

I Kij(s)zj(t — s)ds, i,j = 1,m, by sums of the form Y Ky;(p)z;(n — p),
=1

p_
where p = [s/h], K;j(p) stands for KC;;(ph) and x;(n — p) for x;((n — p)h),
and the discrete kernels K;;(+), 4,7 = 1, m, satisfy the following conditions:

A3.2.1.1. K;;(p) > 0 and is bounded for p € N.

p=1
A3.2.1.3. There exists a number v > 1 such that ) IC;;(p)r* < .
p=1

Now, on the interval [nh, (n+1)h) (n € {0} UN) we approximate system
(3.1.1.1) by

dx;(s) -
ds - _aiIi(S)+Zijfj Ij +chjgj IJ K'ij))

=1
(3.2.1.1)
+ Zdwhj <Z Kij(p)x;(n —p)) +1;, i=1m.
j=1 p=1

% (l’i(s)eais) = e%f <Z bwfj(l‘J(n)) + Z Cij9; (I’J(TL - Kij))




and integrate it over the interval [nh, (n + 1)h] to obtain

6ai(n+1)h _

a;(n a;n 6alnh -
zi(n + D)et D — g (n)enh = " > bisfila(n))
1 j=1

+ Y cgi(ri(n— k) + > dighy <Z Kij(p)a;(n — P)) +Iz'>
=1 =1 =1

or

zi(n+1) = e %", (n) + Lot <Z bij fi(x;(n)) + Zcijgj(%’(n — Kij))
! (3.2.1.2)

+Zdijhj <ZICij(p):Ej(n—p)> —|-IZ'> , ne {O}UN, 1=1,m.

j=1 p=1
This system is the discrete-time analogue of the system without impulses
(3.1.1.1). It is provided with initial values of the form xz;(—¢) = (—¥)
(¢ € {0} UN), where the sequences {¢(—)}22, are bounded for all i = 1, m.
The method used here is called semi-discretization [95].

An equilibrium z* = (27,23, ..., 2%)T of (3.2.1.2) satisfies the system

1-— 6 —aih - * - *
@ {azl’ — <Z bwfj —I— Z cijgj(:vj) + Zdwhj(lﬁ) + IZ> } = 0,
j=1 i=1

i=T,m. (3.2.1.3)

Obviously the quantities

1— —a;h
oi(h)=—S— i=T,m,

a;

satisfy ¢;(h) > 0, thus (3.2.1.3) implies (3.1.1.3), i.e., the equilibria of the
systems (3.1.1.1) and (3.2.1.2) coincide. We write the system (3.2.1.2) in the
form

l’l(n + 1) =€ —aih ‘l’ ¢Z <Z szfj IJ Zczjgj Ij K’Z]))
(3.2.1.4)

1, m.

+ idijhj <i’%(P)%(n—p)> +IZ-> . ne{0lUN, i=
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In [95] no restrictions were imposed on the step size h. Neither are such
restrictions required to obtain the stability result for system (3.2.1.4).

However, we are investigating the impulsive system (3.1.1.1), (3.1.1.2).
We find it appropriate to assume there is not more than one instant of impulse
effect in a step. To this end we suppose that

0= ligrellg(tk—i_l — tk) >0 (3.2.1.5)

and h > 0 satisfies
h < 0. (3.2.1.6)

We denote [tx/h] = ni, k € N, and obtain a sequence of positive integers
{ni 32, satisfying ny < ng < --- < np — oo. With each such integer ny
we associate two values of the solution x(n), namely, z(ny) which can be
regarded as the value of the solution before the impulse effect and whose
components are evaluated by equations (3.2.1.4), and x(n;) which can be
regarded as the value of the solution after the impulse effect and whose
components are evaluated by the equations

Nng
fz(n:) —xi(ng) = Z Bikexri(0) + ik, i=1m, keN, (3.2.1.7)
Z:nk,l—l-l

where, for convenience, ng = —1 and By are suitably chosen constants.

Further on we will call system (3.2.1.4), (3.2.1.7) the discrete-time ana-
logue of the system with impulses (3.1.1.1), (3.1.1.2). Whenever a value
z;(ng) appears in the right-hand side of (3.2.1.4), we mean x;(n;’).

The components of an equilibrium point z* = (2%, 2%, ..., 2% )7 of system
(3.2.1.4), (3.2.1.7) must satisfy the equations (3.1.1.3) and
Nk
> Biga] + s = 0. (3.2.1.8)

Z:nk,l—l—l

To ensure that systems (3.1.1.1), (3.1.1.2) and (3.2.1.4), (3.2.1.7) have the
same equilibrium points if any, we choose the constants B;s so that

ng tk
Z Bixe = — By, + / Yir(s)ds, 1=1,m, ke&N.
tp—1

Z:nk,l—l—l

Our main result in the present subsection is the following
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Theorem 3.2.1.1. Let system (3.2.1.4), (3.2.1.7) satisfy conditions A3.1.1.1,
A3.1.1.2, A3.2.1.1-A3.2.1.3 and the components of the unique equilib-

rium point x* = (z%, x5, ..., 2%)T of system (3.2.1.4) satisfy (3.2.1.8). Then

there exist constants M > 1 and X\ € (1,v) and any other solution x(n) =

(x1(n), z2(n), ..., 2m(n))T of system (3.2.1.4), (3.2.1.7) is defined for alln €

N and satisfies the estimate

max{k € N:np <n}, n>ny,

i(1,n) m
|ifz (=€) — 7]
< M B (A sup ———————, (3.2.1.9)
Z ,H ; tefoyon  9i(h)
0 <
where i(1,n) = { ’ =T g

N — 1
Bi(X) = max |1+ Bign, |+ Y max |BM|W . keN.
i=1m
{= M — 1—|—1

Proof. From the conditions of the theorem it follows that system (3.2.1.4),
(3.2.1.7) has a unique equilibrium point z* = (2%, 23, ..., 2% )7.
Let us consider the functions ®; : [1, 7] — R defined by

Di(N\) =1 — e "
FZ|bﬂ|+G Z|c ARt ZwZKﬂ AP“] yi=1

By virtue of conditions A3.2.1.2 and A3.1.1.2 we have

Eoy o lbul + Gy leql + Hi Y |dji|]
j=1 j=1 j=1
— FZZ |bﬂ| — GZ Z |Cji| — H; Z |dﬂ|] > 0.
j=1 j=1 j=1

Now, because of the assumptions A3.2.1.1 and A3.2.1.3 each ®;(-) is well
defined, continuous and decreasing on [1, v]. Thus there exists A} € (1, v] such
that @;(\) > 0 for A € [1,A}), i = 1,m. Choosing \* = min{\}, A}, ... A%},
we have

d(1) = 1—re P

O;(\) >0,  Ae(L,X), i=Tm (3.2.1.10)
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From (3.2.1.4) and (3.2.1.3) it follows that

[wi(n +1) — x| < e Mai(n) — a7| + ¢i(h) Y | byl E |a;(n) — ]
7=1
(3.2.1.11)
+ leij| G lwj(n — ki) — x| + |di; | H; Z’Cw )|zj(n —p) —z; |]
p=1
i =1,m. If for any A € (0, \*) we denote
|zi(n) — a7 :
yi(n) = \"——"—", 1=1,m, né€Z, 3.2.1.12
= 32112
then from (3.2.1.11) we have

yi(n +1) < e~ %y;(n) + Z o, (h) | |bi| Fyy;(n) (3.2.1.13)

+ eg|GiA Ty (n — ki) + |dig| H; Z Kij(p)N*y;(n — p)

p=1

for n € {0} UN and ¢ = 1, m. Next consider a Lyapunov functional V' (n) =
V(yi,y2,...,Ym)(n) defined by

m m n—1
V)=, {yi(”) + > i(h) [legl G Y y(0)
i=1 .7:1 Zzn—liij

-1

+ |dzj|Hj ilCij(p))\pH Z yj(r)] } , ne {0} U N. (32114)

r=n—p

3

It is easy to see that V(n) > 0 and V(0) < oo by A3.2.1.3. More precisely,

Vo)< MS sup O -l (3.2.1.15)
—eiopon i)

where

i=1m

]\/[:m%{l—l—gbZ

G Z|cﬂ ZA£+HZ|dﬂ|ZICﬂ )Zx]}.
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Further on, by virtue of (3.2.1.13) we obtain

Vint+1) < Z{/\e_aihyi(n)JrZ%(h) |bij| Fyy(n)

+ eyl GiNT y(n — ki) + |dig| H; Z Kij(p) X+ y;(n — P)]

p=1

+ ) 6i(h) |leglGax Tt Ny () + i [ Hy YKo D ()
j=1 l=n+1—kK;; p=1 r=n+1—p
= {/\e_aihyz’(n) + ) 65(h) | [bi| Fy;(n)
i=1 =1
+ e | GaATT "y (0) + di H Y Ky (o)A > yj(r)}}
l=n—r;j p=1 r=n—p
and

|bij | Fyy;(n)

m

ViD=V < 3 { (e 1) i) + 37 6(h)

1

2

+ eyl Gy (n) + | dig| H, Z’Cz’j(P))\pHyj(n)] }

p=1

= -3 {1 —Xe™ " — gi(h) | F > |bjil
i=1 j=1

+ G Z |ejel N+ Hy Y |dil Z ’Cji(p))‘p+1] } yi(n)
j=1 Jj=1 p=1

= - Z@(A)yi(n) <0

by virtue of (3.2.1.10). This implies V(n+1) < V(n) for n # ny and V (ng +
1) < V(n;), where V(n}) contains |z;(n; ) — | instead of |z;(ng) —z}|. The
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above inequalities yield

(3.2.1.16)

Vin) < Vint) for ngy <n < mng,
V(0) for 0<n<n.

Further on, making use of equalities (3.2.1.7) and (3.2.1.8), for any k£ € N we
find successively

nk—l
jwi(nf) = x| < |14 Biw | i) — 27|+ D | Buwel |2a(6) — 5],
Z:nk,l—l—l
nk—l
yind) < 11+ Binlyi(me) + D [Biwe N i),
Z:nk,l—l—l
N — 1
V() < max |1+ Bin V() + Y maX|Bkg|)\"k V(o),
=1,m i=1,m
’ {= M — 1—|—1

thus V(n}) < Be(A)V(n} ) for k > 2 and V(nf) < B1(A\)V(0), where the
quantities Bi(\) were introduced in the statement of Theorem 3.2.1.1.
Combining the last inequalites and (3.2.1.16), we derive the estimate

V(n) < I Be(WV(0). (3.2.1.17)

Finally, from the inequalities

Z'IZ 1< v,

(3.2.1.17) and (3.2.1.15) we deduce (3.2.1.9) for any A € (1, \*). O
Definition 3.2.1.4. The equilibrium point z* = (2%, 23, ..., 2% )7 of system

(3.2.1.4), (3.2.1.7) is said to be globally exponentially stable with multiplier
p if there exist constants M > 1 and p € (0,1) and any other solution
z(n) = (z1(n),xa(n), ..., zm(n))T of system (3.2.1.4), (3.2.1.7) is defined for

all n € N and satisfies the estimate

Zkﬂl <Mp Z sup W for all n € {0} UN.

— (€{0}UN
(3.2.1.18)
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For three sets of additional assumptions on the impulse effects we will
show that inequality (3.2.1.9) implies global exponential stability of the equi-
librium point z* of the system (3.2.1.4), (3.2.1.7).

Corollary 3.2.1.1. Let all conditions of Theorem 3.2.1.1 hold. Let there
exist X\ € (1,\*) such that Bp(\) < 1 for all sufficiently large values of
k € N. Then the equilibrium point x* of the discrete-time system (3.2.1.4),
(3.2.1.7) is globally exponentially stable with multiplier 1/\.

The proof of this corollary is obvious. The global exponential stability
is provided by the rather small magnitudes of the impulse effects. Further
we will show that we may have global exponential stability for quite large
and even unbounded magnitudes of the impulse effects provided that these
do not occur too often.

Corollary 3.2.1.2. Let all conditions of Theorem 3.2.1.1 hold and

(1
lim sup il,n) = p < 0. (3.2.1.19)
n

n—oQ

Let there exist positive constants X € (1, \*) and B satisfying the inequalities
Br(\) < B (3.2.1.20)

for all sufficiently large values of k € N, and B? < \. Then for any p €
(%, 1) the equilibrium point * of the discrete-time system (3.2.1.4), (3.2.1.7)
15 globally exponentially stable with multiplier p.

Proof. Inequalities (3.2.1.9) and (3.2.1.20) yield

|2 . |zi(=£) — 7]

m n) — 1’*| _ )
2 il < A i sup
; ¢i(h) ; tefoyon  9i(h)
Condition (3.2.1.19) means that for any € > 0 there exists N = N(g) > 0
such that the inequality

for all n € N.

i(1,n)
n
is satisfied for all n > N. For such n we have i(1,n) < (p + €)n and

<p+e

— |zi(n) — 7] (Bp+€)" S |wi(—0) — 7]
—— < M|(— sup ————-.
; ¢i(h) A ; tefoyon  Pi(h)
It suffices to choose € > 0 such that BP* < X and p = BTE. Then inequality
(3.2.1.18) will be satisfied with a possibly bigger constant M. OJ
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Corollary 3.2.1.3. Let all conditions of Theorem 3.2.1.1 hold and there
exist constants A € (1, \*) and p € (1, \) such that

By (X) < g (3.2.1.21)

for all sufficiently large values of k € N. Then the equilibrium point x* of the
discrete-time system (3.2.1.4), (3.2.1.7) is globally exponentially stable with
multiplier i/ .

Proof. By virtue of condition (2.2.1.21) for ny < n < ngy; inequality
(3.2.1.9) implies

m

- |zi(t) — 7] - |zi(=4) — 7]
e S M ™ sup ———1
; ¢i(h)  — : ;m{ofw\l ¢i(h)

with a possibly larger constant M. Since ni < n, we have \™"u™ < (%)n
and inequality (3.2.1.18) will be satisfied with p = p/A\. OJ

These results were first reported in a very concise form at the Conference
on Differential Equations and Applications, Zilina, Slovakia, 2003, and pub-
lished in [47]. The results of the present subsection were essentially given in
our paper [3] where impulse conditions were provided for the continuous-time
neural networks considered in [95]. The exposition here follows the pattern
of some of our more recent papers. In particular, the discretization of the
impulse conditions used here is different from the one used in [3]. For more
details, see the next subsection.

3.2.2 Equilibrium points of Cohen-Grossberg neural
networks with transmission delays
In the present subsection we consider an impulsive continuous-time neural

network consisting of m elementary processing units (or neurons) whose state
variables z; (i = 1,m) are governed by

+ idij /OoKij(s)gj(:Ej(t—s))ds—l—Ii , t>ty, t#ty,

A[L’Z(tk) = nk(xz(tk)% 1= 1,m, ke N,
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with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
which are bounded for s € (—o0,%o]. In (3.2.2.1), a;(z;), bi(x;), ¢ij, d;j and
I; are as in §3.1.2, 7;; are nonnegative real numbers whose presence indicates
the delayed transmission of signals at time ¢t — 7;; from the j—th unit to the
unit ¢; and the delay kernels K;; incorporate the fading past effects (or fading
memories) of the j—th unit on the i—th unit; Az;(ty) = z;(tx+0) — 2;(tr, — 0)
denote impulsive state displacements characterized by the nonlinear functions
ri(zi(tx)) at fixed moments of time tx, k € N. Here it is assumed that the
sequence of times {t;}72, satisfies tg < t; <to < --- <ty — ococas k — o0
and t; — tx_1 > 0, where # > 0 denotes the minimum time interval between
successive impulses. In other words, the value # > 0 means that the impulses
do not occur too often, but # = co means that the network (3.2.2.1) is free
of impulses.

The assumptions that accompany the impulsive network (3.2.2.1) are
A3.1.2.1-A3.1.2.3 as well as

A3.2.2.1. For the impulse functions r; : R — R there exist positive num-
bers 7, such that

Tik (u) — Tik ('U)

Yik = Sup foru,v e R, ke N, i=1m.

uFv

A3.2.2.2. The delay kernels K;; : [0,00) — [0, 00) are piecewise-continuous
functions that satisfy

/ Kij(s)ds = ki;  and / Kij(s)e”*ds < oo,
0 0

where k;; denote nonnegative constants and 1 is some positive number.

Under these assumptions and the given initial conditions, there is a unique
solution of the impulsive network (3.2.2.1). The solution is a vector z(t) =
(1(t), 22(t), ..., 2,())T in which z;(t) are piecewise continuous for ¢ €
(to, 3), where 3 > ty is some positive number, possibly oo, such that the
limits x;(tx + 0) and z;(tx — 0) exist and z;(¢t) are differentiable for t €
(tg—1,tx) C (to, ). An equilibrium point of the impulsive network (3.2.2.1)
is denoted by z* = (2%, 23, ..., 2% )T whereby the components z} are governed
by the algebraic system

j=1 j=1
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and satisfy the equalities

rie(z;) =0, keN, i=1m. (3.2.2.3)

Till 2008, the semi-discretization method [95] had not been exploited
for obtaining a discrete-time analogue of Cohen-Grossberg neural network
mainly due to the nonlinearity of the feedback terms —a;(z;)b;(x;). An ap-
propriate extension of the method is presented here. We begin by rewriting
the differential system in (3.2.2.1) as

dzréit) —Bii(t) + {ﬁza?z(t) + ai(z4(t)) [—bi(:vi(t)) + Z cii fi(z;(t —757))

(3.2.2.4)
}, i=1,m, t > to, t # ty,

+ Zd” /OOO Kij(s)gj(:vj(t—s))ds—l—li

J=1

where §; = a;b; > 0. Let the value h € (0,60) be fixed, and ny = [to/h],
n = [t/h], 0ij = [1;/h] and ¢ = [s/h], where [r] denotes the greatest integer
contained in the real number r. On any interval [nh, (n+1)h) not containing
a moment of impulse effect ¢, the equation (3.2.2.1) can be approximated by
equations with constant arguments of the form

Bl Bnte) + {ﬁizx[t/h]h) (3.2.2.5)

+ ay(wi([t/h)h)) |=bi(xi([t/h]R) +chfj (;([t/h]h = [73/h]h))

e}

+ > dy Y Ki([s/h] >gj<a:j<[t/h]h—[s/h]h»m} ,i=TLm,

j=1 [s/h]=1

with

[t/h]h:nh—>t, [’Tij/h]hZO'ijh—)’Tij, [S/hhth—)S,

]
S Ky ([s/h1)gs (w5 ([t /1A — s /h]h)) — / " Ky(s)gs (st — ) ds

[s/h]=1

for a fixed time t as h — 0. Moreover,
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A3.2.2.3. The delay kernels K;; : N — [0,00) (i, 7 = 1,m) satisfy

Z’Cij (f) = Kij and Z’Cij(f)dlgh < 00,
/=1

/=1

where the positive real number v = v(h) for a given h € (0, 6) is related
to the positive number 1y (cf. assumption A3.2.2.2) by v — vy (from
below) as h — 0.

For simplicity, we write system (3.2.2.5) as

dt

= —Bizi(t) + {ﬁziﬂz(n) + a;(z;(n)) [—bl(zl(n)) (3.2.2.6)

}

fori =1,m, t € [nh, (n+1)h), t # tx, n = ng,ng+1, ... wherein the notation
w(n) = w(nh) has been adopted. Upon integrating (3.2.2.6) over the interval
[nh, (n + 1)h), one obtains a discrete analogue of the differential system in
(3.2.2.1) given by

+ Z ciifi(ai(n— o) + D dis ¥ Kij(0)g;(wj(n —0) + I;

J=1

ri(n+1) = e Prr(n) +i(h) {ﬁlzvl(n) + a;(z;(n)) [—bl(zl(n)) (3.2.2.7)

- }

for i = 1,m, n > ng, n # ny, where ¥;(h) = Tﬁh denotes the associated

denominator function. Observe that 0 < ¥;(h) < f% for 0 < h < 6 and
Yi(h) ~ h + O(h?) for small h > 0.

The analogue (3.2.2.7) is supplemented with an initial vector sequence
d(0) = (p1(0), P2(£), ..., pm ()T for £ = ng,ng — 1,9 — 2,... and is subject
to impulsive state displacements characterized by the map

+ Z ciifi(ai(n — o)) + > dis Y Kij(0)gj(a;(n — 0) + I;

j=1

zi(nf) = xi(ng) + ri(zi(ng)), i=1,m, keN. (3.2.2.8)

The iterations involved in (3.2.2.7) and (3.2.2.8) are described as follows: The
values x;(ny) generated by system (3.2.2.7) at time n = n, — 1 are mapped
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impulsively by (3.2.2.8) to give the values z;(n}"). The mapped values z;(n;)
together with the past values z;(¢) for £ = ny— 1, —2, ... are then supplied
back to system (3.2.2.7) as initial values required for the next successive
iterations of z;(n + 1) for n = ng,nk + 1,...,ng1 — 1. The existence of a
unique solution z(n) = (z1(n), z2(n), ..., zn(n))? of the impulsive analogue
(3.2.2.7), (3.2.2.8) for n > ng is therefore justified.

The impulsive map (3.2.2.8) was introduced in [91] wherein the impulse
functions r;; were defined linearly by rix(x;(ng)) = —du(zi(ng) — xF) for
i =1,m, k € N with §;, denoting real numbers. An iteration scheme similar
to (3.2.2.7), (3.2.2.8) was introduced in [49]. This map, for a given h €
(0, 0), differs from the impulsive state displacements described by difference
equations of the form

xi(ng + 1) = xi(ng) + ri(zi(ng)), i1=1m, keN,

considered in [3, 47, 60]. However, in the limit A — 0, both characteriza-
tions operate in a similar manner in accordance with the continuous-time
characterization (3.2.2.1) at the impulse moment ¢ = t.

One can verify that an equilibrium point z* = (a%,23,...,2%,)7 of the
impulsive analogue (3.2.2.7), (3.2.2.8) satisfies the same algebraic system
(3.2.2.2) and (3.2.2.3) under the assumptions A3.1.2.1-A3.1.2.3, A3.2.2.1,
A3.2.2.3 for any given value h € (0,0). To prove the global exponential
stability of the point z* we will use Definition 3.1.3.2 and Lemmas 3.1.3.1
and 3.1.2.1.

Our first task is to prove the existence and uniqueness of the solution x*

of the algebraic system (3.2.2.2).

Theorem 3.2.2.1. Let p > 1 be a real number, the value h € (0,0) be
fixed and the assumptions A3.1.2.1-A3.1.2.3, A3.2.2.1, A3.2.2.3 hold.
Suppose the matriz

—1 1
o= By — pT(Cg; + Dj) — Z—)(COF + Do@) (3.2.2.9)
18 an M —matriz, where
By = diag(by,by,---,b,),  Co= ([cijl)mxm, Do = (|dijlFij)mxm,

Cy = diag <Z|01j|Fj>Z|02j|Fj>--->Z|ij|Fj>>
7=1 7=1 Jj=1
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Dy

diag <Z || h1y Gy > ldagl oy Gy, -, > |dmj|f€ijj> ,
j=1 j=1 j=1
F = diag(Fl,Fg,...,Fm), G = diag(Gl,Gg,...,Gm).

Then the algebraic system (3.2.2.2) has a unique solution x* = (x%, x5, ..., 2% )T.

Sketch of the proof. Define a mapping F : R™ — R™ by F(x) =
(Fi(z), Foz), ..., Fulx))T for x € R™, where

fz(l’) = —bz(l’z) + Z Cijfj(l’j) + Zdinijgj(l’j) +1I;, i1=1m.
j=1 j=1

m 1/p
The space R™ is endowed with the norm |z|, = (Z |:Ei|f”) . Under
i=1
the assumptions A3.1.2.2, A3.1.2.3, F(z) € C° It is known that if
F(x) € C° is a homeomorphism of R™, then there is a unique point z* =
(z%, 25, ..., 25)T € R™ such that F(x*) = 0, that is, Fi(z*) =0, i = 1, m.
To demonstrate the one-to-one property of F, we take two arbitrary vec-
tors z,y € R™ and assume that F(z) = F(y). From

bi(zi)—bi(yi) = Zcz’j (fi(5) = £+ digkg (95(5) = 95(yy)) » i = T,m,

j=1

one obtains

bilas —yil < leylFilay =yl + Y |diglrs Gl —ysl,  i=Tom,

j=1 j=1

under the given assumptions. Multiplying both sides of the last inequality
by |z; — ;|P~! and applying the inequality

_ p—1 1
e < —— b+ b, e >0, p>1,
p p
we derive

m
bl — yil” < e Fjla: — vl — vyl
j=1
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m

+ Y Nl Gl =yl s — sl

j=1
“ p—1 1
< > leslF (—livi —uil” + —|x; —yj|p)
= p p
- p—1 1 ,
+ ) ldylryG, (TW — il e - yj|p) , i=1m,
j=1

which can be expressed as
Eo(|lz1 — l?s |22 — 1ol - |m — yu|”)T <0

The assertion z; = y;, i = 1, m, follows by virtue of Zy being an M —matrix.
Thus, F(z) = F(y) implies z = y.

Finally, we show that ||F(z)||, — oo as |z|, — oo. According to
Lemma 3.1.2.1, F(z) € C° is a homeomorphism of R™. Thus, there is a
unique point z* € R™ such that F(z*) = 0. The point represents a unique
solution of the algebraic system (3.2.2.2). O

The next task is to investigate the global exponential stability character-
istics of the unique equilibrium point z* of the impulsive analogue (3.2.2.7),
(3.2.2.8) for a fixed time-step h € (0,60). Upon introducing the translations

ui(n) = xi(n) —x;, wi(l) =¢i(0) — 7, ai(ui(n)) = ai(ui(n) + 7),

biui(n)) = bi(ui(n) +27) = bi(a),  filuy(n)) = filu;(n) +23) = fi(a3),
95(ui(n)) = gj(u;(n)+23) —g;(x3),  Tar(ui(ny)) = ra(ui(ng) +7) +uilng ),

one obtains

ui(n+1) = e "Mu;(n) +¢;(h) {ﬁzuz(n) + ai(ui(n)) [—El(ul(n))
(3.2.2.10)

- Z ciifi(us(n — oi)) + Z dij Z Kij(0)g;(xi(n — f))] } )

J=1

1=1,m, n>ng, nFng,

ui(n) = Fir(ui(ng)), i=1,m, keN.
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This system inherits the assumptions A3.1.2.1-A3.1.2.3, A3.2.2.1, A3.2.2.3
given before. In particular, 7(0) = 0 for i = 1,m, k € N and

ITie(w)] < (1 +~u)|u|l for i =1,m, k€N, u R, (3.2.2.11)

where ~;. denote positive real numbers.

Due to the equivalence between the systems (3.2.2.10) and (3.2.2.7),
(3.2.2.8), it suffices to examine the exponential stability characteristics of
the trivial equilibrium point u* = 0 of the impulsive analogue (3.2.2.10).
The main result is given by the following theorem.

Theorem 3.2.2.2. Let p > 1 be a real number, the value h € (0,0) be
fixed and the assumptions A3.1.2.1-A3.1.2.3, A3.2.2.1, A3.2.2.3 hold.
Suppose the matriz

-1 1
=, =B — Z’T(C; +D) = (GiF + DiG) (3.2.2.12)
18 an M —matriz, where

B1=diag(glbl,ggbg>--- a,,b )>

» Zmim

C1 = (@ilcij ) mxm, Dy = (a;|d;j|Kij)mxm.

m m m
Cf = dlag <Zal|01j|Fj,Zag|02j|Fj,...,Zam|cmj|Fj>,
j=1 j=1 j=1

DT = dlag <Z 61|d1j|lﬂl1jGj, Zag|d2j|lﬂl2jGj, ey Zam|dmj|lﬂlijj> .
j=1

J=1 J=1

Suppose, further, that there exist positive numbers A > 1 and p satisfying
% < p < v for which
14+~ <A for i=1,m, keN. (3.2.2.13)

Then the impulsive analogue (3.2.2.10) s globally exponentially stable with a

Lyapunov exponent jn — %, namely,

m 1/p m 1/p
[Z |m<n>|ﬁ] < M (r ) [Z sup m-(w’] (3.2.2.14)
=1 =1 t=ho

forn > ng, where M > 1 denotes a constant.
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Sketch of the proof. The property of the M—matrix =; lends it-
self towards ascertaining that =g is an M —matrix. Thus the existence and
uniqueness of the equilibrium point z* is assured by Theorem 3.2.2.1.

On applying the given assumptions to (3.2.2.10), we obtain

n)| +¢i(h {ZQZ|CZJ|F|UJ — 1nij)|

(3.2.2.15)
> aldy| Y K (0)Glui(n — f)|} , i=1m, n>ng, n#F .
j=1 =1

lui(n+1)] <e —Pih

Recall that 3; = g;b, > 0 and ¢;(h) = l_eﬁi > 0. One has from the

M —matrix Z; and the property (1) of Lemma 3.1.3.1 that there is a positive
vector € = (&1, &, ..., &n)T for which

Zgzaz|Cm|F Zglal|dw|l{w

Z—)Z{ﬁﬂcﬂﬂ Z@aﬂdﬂmﬂG > 0 1= 1,m.
j=1

j 1

Let us introduce a perturbation p = u(h) for a fixed value h € (0,60) such
that 0 < pu < min{ min 3, 1/} and

i=1m

(=B _q 1 &
c e 3 ey | Fyet ot On (3.2.2.16)
j=1

m 1 m
Z a;|d;; |G, Z Kij 6u(£+1 - Z 5_ a; |CJZ|FZ.6H(Uji+1)h
j=1 =1 = &i

'E

1 m
Z—)Zi—ﬂdﬂm ZIC (O)er D <0 i =T,m.

Further on, let

X;(n) = ey (n)| for i=1,m, neZ, (3.2.2.17)
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into the system (3.2.2.15). We obtain

Xz(n_l_ 1) S 6(H—5i)hXi(n) ‘l’wz(h) {Zai|cij|Fj6H(crij+1)hXj(n . Uz’j)

J=1

+ ) a@ldiy| Y Ky(0)Ge X (n — f)} , i=1m, n>ng, n# g,

j=1 =1
which with AX;(n) = X;(n+ 1) — X;(n) can be rearranged as

AXZ(TL) < 6(/»‘_6i)h —_ 1

wl(h) > wz(h) Xz(n) + Zai|cij|Fjeu(0ij+1)hXj(n _ Uij)

J=1

N N (3.2.2.18)
+ Zdz|dw| Z ’Cij(g)Gj@u(Z—i_l)hXj(n — E), Z = 1,m, n 2 No, n 7é ng.
j=1 /=1

Define a Lyapunov sequence by

m m m n—1
V(n) = Zfiwi‘l(h)Xf’(n) + Zgi ZMCUIFje“(C’““)h Z X(0)
=1 i=1  j=1

{=n—oij
1 (3.2.2.19)
+ ZSZ Zaz|dw|Gj Z’Cij(g)e,u(ﬁ—i-l)h Z Xf(r), n € 7.
i=1 j=1 /=1 r=n—~{

One observes that the value

V(no) < max {&Wl(h)Jr E &ia;|cji Fyet @l
1=1,m
9 j:1

m

+3 gl G fcﬂw)e“(“”hf} S sup X2(r)
j=1 =1

is finite since . Kji(¢)et VM < 0o by virtue of the assumption A3.2.2.3
=1
in which 0 < p < v for a fixed h € (0,0) and sup X?(r) < oo due to the
r<ng
boundedness of the initial sequence (1) = ¢(r) — 2* for r = ng,ng — 1,19 —

2

PERIRER
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Now we estimate the forward difference AV (n) =V (n+1) — V(n) along

the solutions of inequality (3.2.2.18), thus
Z & (AXT (n)
+ ZSZ Zai|cij|Fje“(”“+1)h (X;D(TL) - X;D(TL - O'Z'j))

+ Z@Zaluwm ZIC (0)er D (XP(n) — XP(n — 0))

(n—Bi)h _ 1
, -1 € . PP AN C RS V1S
< ZQPX;'D (n) { bi(h) Xi(n) + ; ailcij| Fye' Xj(n —0ij)
- Zal|dw|G Z KCij (0)e" IR X (n — 5)}
+ Z& Zai|0ij|Fj€“(U”+l)h (X7 (n) — X7 (n — 045))
i=1  j=1
+ Z & Z ai|di;|G; Z KCij (00 (XP (n) — XP(n — )
: : —
<

6(u Bi)h _
Z@p{ )

-1 1
+ E ai|0ij|Fj6‘u(Uij+1)h (p—Xén(n) + —X;”(n — Uij))
, p p

J=1

+ @|diy |Gy Y Ka(0er T (fo(n) +=XP(n — E))
j=1 =1

p p
- w(oi+1)h Lo Lop
+ ) @iy | Fyet o =XP(n) — =XP(n — oy))
= p p
1 1
+ Zaz|dw|G Z iy (£) e+ (];Xf(n) ——Xj(n— f)) }
p
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i (n=Bi)h _ p—1&
Z&p { c ’l/) Zai|cij|Fje“(0m‘+1)h

=1 p j=1
1 1 m
+ p_ dw|G Z[Cw 6u(£+1 _Zg_ J|Cji|Fi6/J,(0'ji+1)h
p J=1 =1 L
1 m
S S s
j=1 >

for n > ng, n # ng. By virtue of the condition (3.2.2.16) we find that
AV (n) <0 for n > ng, n # ng. This means that

V(n) <V(nf ;) for ng_y <n <ny, keN. (3.2.2.20)

Next,
XP (1) < (1 + i) X7 (1) < APXP (1)

for k =1,2,3,..., which implies
Vnt ) < APV (ng-1) for keN (3.2.2.21)
From the statements (3.2.2.20) and (3.2.2.21) it follows that
Vin) < AR YPV(ng)  for ng<n<mng keN. (3.2.2.22)

Since
h(n —ng) > (k—1)0 for ng<n<ng k€N,

from (3.2.2.22) we derive
h(n— no)

V(n) < AP~7 V(ng) = P hin= "V (ng) for n > ng.

This estimate together with (3.2.2.17) and (3.2.2.19) leads to
-Gt ()] < V(n) < e FHOOV (ng)

for n > ng, from which

Z lui(n)|P < Mye(p="g" )hn=no) Z sup |¢;(€)

£<n0
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for n > ng, where the constant

M, = max {&Wl(h) + &l ety

i=1m =1

+ Y &aldiil G Ki()e” (MW} / min {&¢; " ()}
j=1 =1

i=1m
satisfies 1 < M; < co. The statement (3.2.2.14) will follow subsequently and
this completes the proof. O

Corollary 3.2.2.1. Suppose the assumptions and conditions in Theorem 3.2.2.2
are satisfied with (3.2.2.12) being an M—matriz replaced by

1 & 1<
Qibi - p— Zai|cij|Fj - p— Zai|dij|ijj (3.2.2.23)
p Jj=1 p Jj=1
1 e=_ I ,
- - Zaj|cji|Fi - = Zaj|dji|/£jiGi > 0, 1= 1,m.
P4 P4

Then the impulsive analogue (3.2.2.10) is globally exponentially stable in the
sense of (3.2.2.14).

In fact, the inequalities (3.2.2.23) imply that =; defined in (3.2.2.12) is
an M —matrix.

Different versions of the results of the present subsection were reported
at the Third International Conference on Mathematical Sciences, Al Ain,
UAE, 2008, and the Conference on Differential and Difference Equations and
Applications, Strecno, Slovakia, 2008. They were published in [92, 93, 94].

3.2.3 Periodic solutions of Hopfield neural networks

In [114], the authors consider a class of Hopfield neural networks with periodic
impulses and finite distributed delays, which are formulated in the form of a
system of impulsive delay differential equations

da:;it) = —axi(t) + Z bijgi(z;(t)) + Z /Ow cij(s)gj(xi(t —s))ds + d;i(t),

£>0, t%t, (3.2.3.1)
zi(tr +0) = Baxi(ty), i=1,m, keN,

209



accompanied by the assumptions:

A3.2.3.1. For j =1,m, g;(-) is globally Lipschitz continuous with Lipschitz
constant Lj;:

l9;(x) — g;(y)| < Ljlz -y for all z,y € R.

A3.2.3.2. Fori,j =1,m, ¢;(-) is absolutely integrable on [0, w].

A3.2.33. 0=t <ty < - <t, <w, thep = tp +w, Bikip = Bir for
1=1m, ke N.

A3.2.3.4. There exist positive numbers A, ..., A, such that

)\iai > I Z)\j (|bﬂ| —l—/ |Cji(8)| dS) , 1= 1,m.
j=1 0

Later in the paper [114] system (3.2.3.1) is assumed to be accompanied
by the initial condition

x(r) =(r), r € |[—w,0], (3.2.3.2)

where ¢ : [—w,0] — R™ is piecewise continuous with discontinuities of the
first kind at the points t;, —w, k = 2,p. Moreover, 9 is left-continuous at
each discontinuity point and satisfies

wl(tk_w_l_o) :ﬁlkwl(tk_w)> L= 1>m7 ]{5:2,]9

The solution of the initial value problem (3.2.3.1), (3.2.3.2) is denoted by
x(t,7). Under the assumption that |Bi| < 1 for all i« = 1,m and k = 1, p,
making use of the Contraction Mapping Principle in a suitable Banach space,
in [114] it is proved that system (3.2.3.1) is globally exponentially periodic,
that is, it possesses a periodic solution z(t,*) and there exist positive con-
stants a and 3 such that every solution x(¢,1) of (3.2.3.1) satisfies

|z(t, ) — z(t, "] < allv —¢*||le™  for all t > 0.
Here
[oll = sup  max [¢i(r)|, |lz(t, )] = max [x;(t, ).

—w<r<0 i=1,m i=1,m
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Now we shall formulate the discrete counterpart of problem (3.2.3.1),
(3.2.3.2). For N € N we choose the discretization step h = w/N. For the
moment we assume N so large that

h < miﬁ(tlﬁ_l — tk).
k=1,p

In this case each interval [nh, (n+1)h] contains at most one instant of impulse
effect ¢,.
For convenience we denote n = [t/h], the greatest integer in t/h, for
t > —w, ng = [tg/h]. Also by abuse of notation we write z;(nh) = z;(n).
Let n € N, n # nj. This means that the interval [nh, (n+1)h] contains no
instant of impulse effect ¢;. Following [95], we approximate the differential
equation in (3.2.3.1) on the interval [nh, (n + 1)h] by

% (i(t)e™!) = e {Z bijgi(z;(n)) + Z ZC” v)gj(zi(n —v)) + dl(n)} ,

7=1 v=1
= 1,m, where the quantities Cj;(v) are suitably chosen, say, C;;(v) =
f( , Cij(s)ds or Ci(v) = cij(v)h. We prefer the first choice, so that

Z Ozy fo ¢;j(s)ds is independent of h.
We integrate this differential equation over the interval [nh, (n + 1)h] to

obtain
(TL + 1) a;(n+1l)h a:i(n)e“mh

al(n—l—l

= {wagj l’] ‘l'zzczy gj ;L‘J(n—l/))—l—d( )}

j=1 v=1

If we denote by ¢;(h) the positive quantities

1— —a;h
¢Z(h) = 47 L= 1>m7

a;

we can rewrite the last equation in the form

zi(n+1) = e‘“iha:i(n) (3.2.3.3)
+ ¢i(h [Z bijgi(x;i(n)) + Z ZCZJ v)gj(zj(n —v)) + dl(n)] ,
=1 v=1
i =1,m, neN, n#ny.
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Next, for n = ny the interval [nh, (n + 1)h] contains the instant of impulse
effect t. On this interval we approximate the impulse condition in (3.2.3.1)
by

xi(ng + 1) = B (ng), i1=1m, keN. (3.2.3.4)

Such approximation was used in our paper [3].
Finally, the initial condition (3.2.3.2) is replaced by

x(n) =¥(n), n=-N,—N+1,...,0, (3.2.3.5)

where ¥ = (i, ..., ¥m) : {—=N,—N +1,...,0} — R™. We assume that ¢
satisfies ¥;(—N) = 1;(0) and

We can regard the initial functions 1) as elements of the vector space

C*={Yi(n)| i=1,m, n=—-N+1,...,0;
Yi(ng +1 = N) = Bubi(ng, — N), k =2,p,
Vi(=N +1) = 3a1pi(0), i =1,m} c R™

equipped with the norm

[l = max  max [¢(v)].

—N+1<v<0 i=T;m

The solution of the discrete initial value problem (3.2.3.3), (3.2.3.4), (3.2.3.5)
is denoted by x(n,v), n € Z, n > —N + 1. We shall use the norm

l2(n, )| = max [z;(n, ).

i=1,m

Conditions A3.2.3.3 and A3.2.3.4 are replaced respectively by

A3.235.0=n1 <ng < -+ <ny <N, npyp =1+ N, Bigyp = Bir for
i1=1m, ke N.

A3.2.3.6. There exist positive numbers Ay, ..., A, such that

m N
)\iai > I Z)\j <|bﬂ| + Z |Cﬂ(l/)|> , 1= 1,m.
j=1 v=1
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Our main result is the following

Theorem 3.2.3.1. Let system (3.2.3.3), (3.2.3.4) satisfy the conditions
A3.2.3.1, A3.3.3.5, A3.2.3.6. Then there exists a number Ny such that
for each integer N > Ny system (3.2.3.3), (3.2.3.4) is globally exponentially
periodic. That is, there exists an N-periodic solution x(n,v*) of system
(3.2.3.3), (3.2.3.4) and positive constants o and q < 1 such that every solution
x(n,v) of (3.2.3.3), (3.2.3.4) satisfies

|z(n,v) —x(n, )| < ol —¥*|¢"  for all n e N.
In order to prove Theorem 3.2.3.1, we need the following two lemmas.

Lemma 3.2.3.1. Let condition A3.2.3.6 hold. Then there exists a number
p > 1 such that for 1 < p < p andi=1,m we have

m N
Ai(L = pe=™) = Lig(h) > Ny | plbjsl + ) [Cia(w)|p"™| > 0. (3.2.3.6)
v=1

j=1

<.

In particular,

N
Ai— Liga(h) > N> 1Cs(v)]p" ™ > 0. (3.2.3.7)
v=1

Proof. Let us denote by G;(p), i = 1, m, the left-hand side of inequality
(3.2.3.6). The functions G;(p) are continuous for p > 1 and

m N
Gi(1) = MN(l—e™" Ligi(h) Y N | 1bsil + > 1Ciilw)
,7:1 v=1
m N
= ¢i(h) | Nai — L; Z Aj <|bji| + Z |Oji(’/)|>
j=1 v=1
by virtue of A3.2.3.6. There exist numbers p; > 1 such that G;(p) > 0 for
p € (1, pil.
Let p = min p;. Then for 1 < p < p we have Gy(p) >0, i = 1,m. O

i=1m

Lemma 3.2.3.2. Let 2(n, 1), z(n, 1)) be a pair of solutions of system (3.2.3.3),
(3.2.3.4). If conditions A3.2.3.1, A3.3.3.5, A3.2.3.6 are satisfied and p is
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given by Lemma 3.2.3.1, then for any p € (1, p] and all n € N we have

i(0,n—1)
lz(n, ) —x(n, )| < K(N,p) [ (A+pB)plv =4,  (3.23.8)
k=1
where
1 m 1 m N v
KN =——— S 2ad— 50,100 o
%= Gty o oD NCIE o
(3.2.3.9)
and
By, = max |G, i(0,n—1) =max{k: npy <n-—1}
i=1m

Proof. Let us denote

nlzi(n, ) — 2i(n, ¥)|

Then for n # ny we derive
yiln+1) < pe et ‘I‘PZ |bij| L (h)y;(n)
7=1
m N
+ D D 1G5 L (h)p T yi(n—v).

j=1 v=1

We define a Lyapunov functional

Z {yz +ZLJ¢J Z (V)P i yj(T’)}.

=1 r=n—v

We can now estimate the difference V' (n + 1) — V(n) along the solutions of
(3.2.3.3) for n # ny as follows:

Vin+1)— Z e " Dyi(n)

ZAiZngsj(h |bw|+Z|Cw ”“] 5(1).
i=1  j=1
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In the second term we change the order of summation with respect to ¢+ and
7, and then we replace ¢ by j and vice versa. Thus we obtain

Vin+1)— Z e~ — 1)y, (n)

+ Y  Lidi(h) Y\ yi(n)
i=1 j=1

plbji| + Z |Ci(v V+1

i | plbjil + Z |Cji(v VH] } yi(n)

=1 j:l
== Gi(pyin) <0 for pe(1,p],
=1

that is,
V(in+1) <V(n) for neN\{ny,ng,...}.

Next we find successively
i (a1, ) =i (41, )| = | Binl |3 (2, ) —i(ne, )| < Blas (i, ) =i, )]

yi(nk + 1) < pBryi(ng),

V(ng+1) < Z {kayi(nk)+2Lj¢j(h)2|0ij(’/)|ﬂ”+l > yj(r)}-

J=1 v=1 r=ni+1-v

Thus, by virtue of (3.2.3.7), we find

V(nk + 1) — (1 + ka)V(nk)

i=1
m m N nE—1
—pBi Z Ligi(h) Z Aj Z |Ci(w)|p" Z yi(ny —v)
=1 7=1 v=1 r=ni+1—-v

m N
—(1+ pBy) Z Ligi(h) > X Y 1C:() |0 (i — v) <0,
j=1 -1

=1
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that is,
V(ng +1) < (1+ pBg)V(ng) for keN.

Combining these estimates, we derive

i(0,n—1)

Vn) <Vv(©0) J[ (+pBx). (3.2.3.10)

k=1

Further we notice that

Vi) = g3 Sl ) (o)

v

pn Z )\Zal|xl(n, 'l/f) - zi(n> 'J})|
=1

> " min{Xa;} ) Jai(n,¢) - ai(n, 9)]
=hm i=1
> p" min{Aa;}la(n, ¢) = o(n, 9). (3:2:3.11)
On the other hand,
:ZAZ{ +ZLJ¢J Z ”+lzyj }
=1 r=—v
Y s 0i(0) +iL»i|€~<u>| S ) — )l
N =1 Z ) j:l ju:l v p r=—v ’ ’ p
< DA {— +ZL ZICZJ )|Zp“} 1 — 3]|. (3.2.3.12)
=1 v= r=1

From the inequalities (3.2.3.10), (3.2.3.11), and (3.2.3.12) we derive the as-
sertion of Lemma 3.2.3.2 with K(V, p) given by (3.2.3.9). O

Proof of Theorem 3.2.3.1. Let s € NU{0} and Ns+1 <n < N(s+1).
Then i(0,n — 1) < p(s+ 1) and from Lemma 3.2.3.2 we obtain

p NI+ pBe ] 1 — 9]|.
= (3.2.3.13)

p
l(n,¥) — 2(n, )| < K(N,p) [ [(1+ pBr)
k=1
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Let ¢ € (p~',1). Then we can find Ny such that for N > Ny we have
p
N H (1+pBy) <
k=1
Then (3.2.3.13) takes the form

|z (n, ¥) — 2(n, )| < K(N, p)g*~ ||l — || (3.2.3.14)

for Ns +1<n < N(s+1) and K(N, p) = K(N, p) H(l—l—ka)
k=1
Now we define an operator P : C* — C* as follows: for ¢ = {¢;(n —

N);i=1,m, n=1,N} we set

Pip =A{zi(n,v); i =1,m, n=1N}.

Then

Py = {ay(n, 0); i = T,m, n= Ns+ 1, N(s + 1)}
and according to (3.2.3.14) we have
[P+t = Pl < K(N, p)g™ || = 4.

If we choose s so large that K (N, p)¢*N < G < 1, then P51 is a contraction,
hence it has a unique fixed point ¥* : P$T1* = 4)*. On the other hand,
P (Py*) = P(PsTly*) = Po*, i.e., Pip* is also a fixed point for P+,
These two fixed points must coincide, so

Pyt =47
and 1" is a fixed point for the operator P. This means that
fz(n>w*) :wz(n_N) for n= 1>N

and z(n, 1) is a periodic solution of problem (3.2.3.3), (3.2.3.4).
Now applying inequality (3.2.3.14) to x(n,?*) and an arbitrary solution
x(n, 1) we have

|(n, ) — z(n, *)|| < K(N, p)g*™ v — ¢
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for Ns+1 < n < N(s+1). If we put Ky(N,p) = f((N,p)q_N, then

K(N,p)g* = Ki(N, p)g*tN < Ki(N, p)g" for Ns+1 <n < N(s + 1).
Thus we have

|z(n,¥) —x(n, ") < Ki(N,p)g"||¢p —*|| for all neN.

This shows that any solution x(n, ) exponentially tends to the periodic
solution z(n, ") as n — +o0. O

The illustrative example given here is a nontrivial modification of the
examples given in [114, 115].

Consider the impulsive Hopfield neural network with finite distributed
delays

d”””;t(t) — —ay(t) + 0.5 tanh (21 (£)) + 0.2 tanh(za(t))
+ /0 (1= ) [0.1 tanh(za(t — 5)) + 0.3 tanh(wa(t — 5))] ds + sin(2),
d”””;t(t) — —ao(t) + 0.3tanh (21 (£)) + 0.4 tanh(za(t))
+ /0 (1= ) 0.2 tanh(za(t — 5)) + 0.3 tanh(a(t — $))] ds + cos(2nt).
£>0, t#t,
L-(tk + 0) = ﬁiin(tk), 1=1,2, keN,
where

tskr1 =k, tspio =k +0.3, t3kiz=k+0.6, ke NU {0},
611 = 2, 612 = —01, 613 = 04, 621 = —15, 622 = 07, 623 = —05

Then w = 1, ap = ag = 1, bll = 05, blg = 02, bgl = 03, 622 = 04,
c11(s) = 0.1(1 =), c12(s) = 0.3(1 =), c21(s) = 0.2(1 =), c22(s) = 0.3(1—35),
91(+) = g2(+) = tanh(:), Ly = Lo = 1, dy(t) = sin(2nt), da(t) = cos(2nt),
By =2, B, =0.7, B3 =0.5.

For N > 4 the corresponding discrete-time system is
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zi(n+1) = e ay(n)+(1— e_h){O.Stanh(:El(n)) + 0.2 tanh (z5(n)) (3.2.3.15)
+ Z [Ci11(v) tanh(z1(n — v)) + Ci2(v) tanh(z2(n — v))] + sin(27mx)},
ra(n+1) = e lzy(n)+ (1— e_h){().?)tanh(:cl(n)) + 0.4 tanh (z5(n))

+ Z [Ca1(v) tanh(z1(n — v)) + Caa(v) tanh(zo(n — v))] + Cos(27mx)},

v=1

neN, n#ny,
fz(nk + 1) = ﬁzkfz(nk)> L= 1727 k € N>

where h = 1/N, 011(1/) = 01@(1]), 012(1/) = 03@(1]), 021(1/) = 02@(1]),
022(1/) = 03@(1]),

@(V):/(V (1—s)ds=h—h*(v—1/2).

v—1)h

We have
N

E:@@%:A(l—@ds:Oa

v=1

Since

v=1

= 05403+ (0.1+0.2)0.5=095<1=ay,

Ly {|511| + b + D [Cu ()] + |021(V)|]}

Ly {|512| + [baa] + ) [1Ca(v)] + |022(V)|]}

v=1

= 024044 (0.340.3)0.5=0.9<1=ay,

condition A3.2.3.6 is satisfied with A\; = A\ = 1 and Theorem 3.2.3.1 holds.
More precisely, if p € (1,p), where p is given by Lemma 3.2.3.1, and ¢ €
(p~1, 1), we can choose N so large that (pq) > (1+2p)(1+0.7p)(1+0.5p).
Thus system (3.2.3.15) has a unique N-periodic solution, which is globally
exponentially stable.
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Next we consider a class of Hopfield neural networks with periodic integral
impulsive conditions and finite distributed delays, which are formulated in
the form of a system of impulsive delay differential equations

dﬁf;t(t) = —a(B)ai(t) + Y by ( /0 " ()25t — 8) ds) L),

J=1

t £ ty, (3.2.3.16)

Al’z(tk) = —%kl’i(tk) + Z Bijkq)j (/ Cij(s)l’j(tk — S) ds) + Ok,
0

j=1

i=T,m, kez, (3.2.3.17)

where v (i = 1,m, k € Z) are positive constants, a;(t), b;;(t), 1;(t) are
w-periodic in t; tryp = th + W, Viksp = Viks Bijrip = Bijk, Qikyp = Qik.
Without loss of generality we can assume that

0<ti <te< - <tp <w.

The Hopfield neural network (3.2.3.16) is similar to the bidirectional asso-
ciative memory neural network considered in [120].

We can consider the system (3.2.3.16) for ¢ > 0, the impulse conditions
(3.2.3.17) for k > 0, with initial conditions

zi(s) = ¢i(s) for sé€[-w,0], i=1,m, (3.2.3.18)

where the initial functions ¢;(s), i = 1,m, are piecewise continuous with
points of discontinuity of the first kind at ¢t_,11, t_,10,..., t_1, . To find
an w-periodic solution of system (3.2.3.16), (3.2.3.17) means to determine
the initial functions ¢;(s) so that the solution of the initial value problem
(3.2.3.16), (3.2.3.17), (3.2.3.18) is w-periodic.

Combining some ideas of [95, 3, 120] we shall formulate the discrete coun-
terpart of system (3.2.3.16), (3.2.3.17). For a positive integer N we choose
the discretization step h = w/N. For the moment we assume N so large that
in (tk+1 - tk).

h <
k=1,p

Then each interval [nh, (n + 1)h] contains at most one instant of impulse
effect ¢,.
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For convenience we denote n = [t/h], the greatest integer in t/h, and
ng = [tr/h]. Clearly, we will have ngy, = nx + N for all k € Z.

Let n € Z, n # ny. This means that the interval [nh, (n + 1)h] contains
no instant of impulse effect t.

We approximate the integral term in (3.2.3.16) by a sum:

/0 T (st — s)ds = S g (h); (0 — OR) o (h),

where ¢(h) = h + O(h?).
Next we approximate the differential equation (3.2.3.16) on the interval
[nh, (n+ 1)h] by

m

cila: + ai(nh)xi(t) = Li(nh) + Y bij(nh) f; <Z gi; (¢h)z; (n — O)R) gp(h)) .

J=1

We multiply both sides of this equation by exp (a;(nh)t) and integrate over
the interval [nh, (n 4+ 1)h]. Thus we obtain

z; ((n+ 1)) — zi(nh) = — (1 — e~ ") 3,(nh) (3.2.3.19)
_ 6—ai(nh)h m N
W {fi(nh) + 2 bi(nh) f; <Z g (th)z; ((n — O)h) gp(h)) } .

Henceforth by abuse of notation we write z;(n) = x;(nh) and define Ax;(n) =
zi(n+1)—xin) (i =1,m, n € Z). For convenience we adopt the notations:

Ai(n) = 1-— eai(nh)h (t=1,m, n € Z\ {ng}rez),

I Lot =T Z
i(n) = W i(nh) (i=1,m, n € Z\ {ntrez),
1— 6—ai(nh)h o
bij(n) = Wbij(nh) (i, =1,m, n € Z\ {nx}rez),

Clearly, we have 0 < A;(n) < 1. In particular, if a;() < £, then A;(n) <
With the above notation equation (3.2.3.19) takes the form

1
N

Azi(n) = —Ai(n)zi(n) + Li(n) + Zbij(n)fj < i (O)z(n — f)) ,

j=1 =
it=1,m, n#n. (3.2.3.20)
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Next, for n = ny the interval [nh, (n + 1)h] contains the instant of impulse
effect t. On this interval we approximate the impulse condition (3.2.3.17)
by

m N
Azi(ng) = —yari(ne) + a + Y Bin®; <Z cij(O)zj(ne — f)) ,
j=1 =1

i=Tm, kez, (3.2.3.21)

where

Cij(g) = CZJ(Eh)QO(h) (%] =1,m, = 1, N)
For uniformity of notation we define
Ai(n) = Yk, Li(ng) = au (i=1,m, k €Z).

Now the difference system (3.2.3.20), (3.2.3.21) can be written in operator
form as

Az = Hz, (3.2.3.22)
where
(Hzx);(n) = —A;(n)z;(n) + I;(n) (3.2.3.23)
3608 (ou0stn =0 .

(=
m N
> Biji®; (Z_ZI cij(0)x; (g, — E)) . n=ny.

We can consider the system (3.2.3.22) for n > 0, with initial conditions
x;(0) = ¢;(¢) for ¢=0,—1,...,—N, i=1,m, (3.2.3.24)

where ¢(0) = (¢1(£), $2(0), ..., ¢m(0))T, £ =0,—1,...,—N, are given initial
vectors. To find an N-periodic solution of system (3.2.3.22) means to deter-
mine the initial vectors ¢(¢) so that the solution of the initial value problem
(3.2.3.22), (3.2.3.24) is N-periodic.

In order to formulate our assumptions, we need some more notation:

Iy=1{0,1,..., N—1},

Now we introduce the following conditions:
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A3.2.3.7. Ai(n+ N) = A;(n), (in+ N) = ILi(n) fori=1,m, n € Z;
ng € Z for all k € Z and ng4p, = ng + N; bij(n + N) = b;j(n) (n # ng),
Bij,k—l—p = Bijk (/{5 € Z) for 1,7 =1m.

A3.2.3.8. A, >0, A; <1fori=1m.

A3.2.3.9. The functions f;(-), ®,(-) (j = 1,m) are Lipschitz continuous on
R, that is, there exist positive constants M; and L; such that

[fi(x) = fiw)| < Mjlz —yl,  |®5(x) — @;(y)| < Ljlz —y|
for all z,y € R.

A3.2.3.10. ¢;;(¢) >0, ¢;j(¢) > 0for i,j=1,m, £ =1, N.

We again introduce some notation:

T=max|L(n),  i=Tm,
neIN
bij = sup |by;(n)|, By =max|Byl,  i,j=1m.
n#ny k=1,p
N-1
For an N-periodic sequence v(n) we denote o = - v(n); fori=1,m
n=0
A=T4 Y 0l =T+ Byle,0),  (32.3.25)
J=1 j=1

Next we denote

Mj = maX{Lj> Mj}> Jg=1m,
N N

Gy = g5(0), Cy=) ey), ]
/=1 /=1

Bi; = max{b;;, By}, Gij =max{Gy;, Cy;}, 1i,j

I
3

Il
3

We introduce the m x m matrices

A (1-4

Next we introduce the conditions
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A3.2.3.11. min </L—Mi28jigji> > 0,
i=1m
k) J:1

A3.2.3.12. A, > M; > B;Gji for i =1,m.

j=1
A3.2.3.13. The matrix A — B is an M-matrix.

Clearly, condition A3.2.3.12 implies A3.2.3.11 but the converse is not
true. Condition A3.2.3.13 implies that the matrix A — B is nonsingular and
its inverse has nonnegative entries only.

Now we can state our main results as two theorems.

Theorem 3.2.3.2. Suppose that conditions A3.2.3.7-A3.2.3.11, A3.2.3.13
hold. Then the equation (3.2.3.22) has at least one N-periodic solution.

Theorem 3.2.3.3. Suppose that conditions A3.2.3.7-A3.2.3.10, A3.2.3.12,
A3.2.3.13 hold. Then the N-periodic solution of (3.2.3.22) is unique and
globally exponentially stable.

Proof of the existence of a periodic solution. We shall prove The-
orem 3.2.3.2 using Mawhin’s continuation theorem [57, p. 40]. To state this
theorem we need some preliminaries:

Let X,Y be real Banach spaces, L : DomL C X — Y be a linear
mapping, and H : X — Y be a continuous mapping. The mapping L will be
called a Fredholm mapping of index zero if dim Ker L = codimIm L < 400
and Im L is closed in Y. If L is a Fredholm mapping of index zero and
there exist continuous projectors P : X — X and @) : Y — Y such that
ImP =KerL, Ker@Q =Im L = Im (/ — @), then the mapping L|pom roKer P :
(I — P)X — Im L is invertible. We denote the inverse of this mapping by
Kp. If Q is an open bounded subset of X, the mapping H will be called
L-compact on Q if QH(Q) is bounded and Kp(I — Q)H : Q — X is
compact. Since Im @ is isomorphic to Ker L, there exists an isomorphism
J:Im@ — Ker L.

Now Mawhin’s continuation theorem can be stated as follows.

Lemma 3.2.3.3. Let L be a Fredholm mapping of index zero, let 2 C X be
an open bounded set and let H : X — Y be a continuous operator which is
L-compact on 2. Assume that the following conditions hold:
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(a) for each X\ € (0, 1), x € 90N Dom L, Lx # \Hzx;

(b) for each x € 02N Ker L, QHx # 0;

(c) deg (JQH, QN Ker L, 0) # 0, where deg(-) is the Brouwer degree.
Then the equation Lx = Hx has at least one solution in QN Dom L.

It is much easier to apply this lemma to difference equations than to
differential equations since in the former case all spaces are finite dimensional.

Before we proceed further, we shall recall the definition of Brouwer degree
[90].

Suppose that M and N are two oriented differentiable manifolds of di-
mension n (without boundary) with M compact and N connected and sup-
pose that f : M — N is a differentiable mapping. Let Df(x) denote
the differential mapping at the point x € M, that is the linear mapping
Df(x) : To(M) — Ty)(N). Let signDf(x) denote the sign of the deter-
minant of Df(x). That is, the sign is positive if f preserves orientation and
negative if f reverses orientation.

Definition 3.2.3.1. Let y € N be a regular value, then we define the
Brouwer degree (or just degree) of f by

deg f := Z sign Df(x).

zef~(y)

It can be shown that the degree does not depend on the regular value y
that we pick so that deg f is well defined.

Note that this degree coincides with the degree as defined for maps of
spheres.

Let us choose X =Y = {z(n) = (z1(n), z2(n), ..., xm(n))’ : z(n+ N) =

x(n), n € Z}. If we define |z;| = mz}x|:vi(n)|, |z]| = > |xi|, then X is a
nely i—1

Banach space with the norm || -||. For z € X let Hx be defined by (3.2.3.23),
Lr = Ax and

Pr=Qr=%=(2,%2,...,%m)".
Then Ker L = {x € X: x = h € R™} (vectors with components independent
N-1
of n), ImL = {x € X: > z;n) =0,i = 1,m} is a closed set in X,
n=0

and codim L = m. Thus L is a Fredholm mapping of index zero. It is
easy to see that P and () are continuous projectors and Im P = Ker L,
ImL =Ker@ =1Im (] — @), and H is L-compact on {2 for any bounded set
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2 C X. Moreover, in condition (¢) of Lemma 3.2.3.3 the isomorphism J can
be taken as the identity operator I.

Now we will derive some estimates for the solutions x of the operator
equation Lr = AHzx for A € (0, 1), that is,

Azi(n) = ANHzx);(n), ne€ln, i=1m. (3.2.3.27)
First from (3.2.3.27) and (3.2.3.23) for n # n; we obtain

wa <Z 9i5(0)zj(n — f)) '

/=1
< Ai(n)lzil +TZ-+ZEUMJ» Zgij(fﬂ%(n— 25 |30
j=1 =1 j=1

< Aim)|a| + pf+ Y by MGyl

j=1

< Azl + g+ ) BiyM;Giglal,

j=1

[Azi(n)] < Ai(n)]zi(n)] + [L(n)] +

where p; was introduced in (3.2.3.25).
Similarly, for n = n; we have

[Azi(ng)| < As(n) | (n)| + [Li(n) | +

> Bijk(n)®; <Z cij(O)x;(ni, — f)) ‘

j—l
< Ai(ng)|zi| + T, +ZBZJL ch ) (g, — £ ZE
j=1 =1 =1
< Ailn)lwl + 0 + > By LiCijl|
=1
< Al + 0+ BiM;Gyl|.
=1

From the above inequalities we obtain

Z [Azi(n)| < Al + (N = p)p; +ppl + N Y BiyM;Gla|

j=1
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or

Z |Az;(n)| < Alx| + Np; + NZ Bi;jM;Gijlx;]. (3.2.3.28)
7=1
Adding together all equations of (3.2.3.27) for n € I, we obtain

Z_ Ai(n)xi(n) = Z Ii(n) + Z {Z/bij(n)fj <Z 9ij(O)zj(n — f))
+ > Bi®; <Z cij(O)z(ny — f)) } >

where by definition

, N-1 p
D v(n) =) v(n) = v(ng)
n=0 k=1
= v0)+---F+v(m—1)4+ovm+1)+-+vn,—1)+ovmn,+1)+ - +v(N-—-1).
Then as above we obtain
Z Ai(n < Np; + N Z BiiM;Gis|x]. (3.2.3.29)
7=1

Now we shall use the following lemma (see [54, 112]).

Lemma 3.2.3.4. Let v : Z — R be N-periodic, i.e., v(n + N) = v(n) for
any n € Z. Then for any fized v1,v5 € In and any n € Z we have

N-1 N-1
= ok +1) —v(k)| < v(n) <o) + Y [o(k+1) —o(k)].
k=0 k=0
According to Lemma 3.2.3.4 for arbitrary n, vy, v, € Iy we have
N-1
Z [Azi(n)| < @i(n) < zi(n) + Y |Ai(n)
n=0

We multiply these inequalities by A;(n) and sum up over Iy to obtain

N-1 N-1
Aizi(s) — A Z [Azi(n)] <Y Ai(n)zi(n) < Aai(vr) + 4 ) |Azi(n)
n=0 n=0
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From the last two inequalities we deduce

N-1

> Ai(n)zi(n)  n-1
—zi(n) < -1 T - nzzo |Azi(n)],
N-1
> Ai(n)zi(n)  n-1
2i(ry) < — + > |Azi(n)].
Ai n=0
Let |x;(vo)| = |zi| = max |z;(n)|. If z;(vy) > 0, we choose v5 = 1. Then
nely

A N-1 N-1
Ajlzil = Azi(n) < = Az’(“ﬁz’(”)) + A, [Azi(n)]
_I_

( n=0 n=0
LS N-1
< ¥ Ai(n)zi(n)| + 4; ) |Azi(n)]
n=0 n=0
If z;(1y) < 0, we choose vy = vy,
n N-1 N-1
Ajlzi| = —Axi(n) < = <— Az’(“ﬁz’(”)) + A, |Azi(n)]
i n=0 n=0
LS N-1
< 2 Ai(n)zi(n)| + 4; nZ:O |Azi(n)|
Thus in both cases we have
1|y N-1
1Til < — Ai(n)x; A; Az
AJII_N nZ:O (n)xi(n) +_ZHZ:0| zi(n)]

Making use of the estimates (3.2.3.28) and (3.2.3.29), we obtain

1 m
Ajlzi] < {sz' + NZBMMJQMIH}

J=1

+A4, {ZJIJ + Np;i + NZBiijgij|Ij|}

j=1
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= A Ailvi| + (1 4+ NA,) <Pi +)° Bz’ijgij|f'3j|>

=1
or B

AL-7)

W ZBZJM Gigls| < pi (3.2.3.30)
If we introduce the vectors |af:| = (|z1],. ., |zm|)t and p = (p1,...,pm)7,

then the system of inequalities (3.2.3.30) for i = 1,m can be written in a
matrix form

(A— B)|z| < p, (3.2.3.31)
where the matrices A and B were introduced in (3.2.3.26). By virtue of
condition A3.2.3.13 the inequality (3.2.3.31) implies

2] < (4-B)p.

If (A—=B)lp=(C;,C;,...,Cx)T, this means that the components of each
solution of Az = AHx satisfy |z;| < Cf. If we denote C* = Z C?, then each

solution of Ax = AHx satisfies ||z| < C*.

Now we take 2 = {z € X: ||z|| < C}, where C' > C* will be chosen later.
Obviously 2 satisfies condition (a) of Lemma 3.2.3.3.

Now let z € 00 NKer L = 9Q NR™, i.e., x is a constant vector in R™
with [|z|| = C. For such z,

(Hz)i(n) = —Ai(n)ﬂfﬂrfi(n)+sz’j(n)fj(GijIj)> n # n,
(Hz)i(ng) = —Ai(nk)zﬂrﬂ(nk)+ZBijk®j(Ciﬂj)-

Then

(QHz); = — A + I + — Z {Z bi;(n) f;(Gijx;) + ZBM@ owxj)}

k=1

and
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(QHz);| > Ajlai| — | L] —

Z {Z |bi;(n)| M; Gy + Z | Bijil L ow} |z
{Z |bij ()] - | f5(0)] + Z | Biji| |<1>j(0)|}

(N = p)bi; M;Gij + pBi; L;Ci5] ;]

=~

|
=]~
INgER

1

J

> Ajlail = 1]~

==

<
Il
-

|
INNgE
=

(N = p)bi;|£i(0)] + pBi;|®;(0)]]

1

> Ajlzil =) ByM;Gyyles| — { i

J=1

_|_

L Z )by f5( )|+P§ij|‘1>j(0)|]}

J=1

= |37z ZBZJM gw|%| Pi-

Thus,

m

(QHz)i| > A m—ZZBmM%m Zpl

=1 =1 =1 j=1

<A - M Z@%) i - sz

NE

|QHz| =

-
I

NE

1

.
I

2 :l_n <A M ZB]Zg]Z> |I|| - sz
= b ll?n <A M ZB]Zg]Z> C sz

By condition A3.3.3.11

l_n <A M ZB]Zg]Z>

7=1
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Then we can choose C' > C* so large that

min <A - M,; Zlgﬂgﬂ> C > Zpl

i=1,m

Hence for z € 02 N Ker L we have ||QHz| > 0 and QHz # 0, that is,
condition (b) of Lemma 3.2.3.3 is satisfied.

To prove (c), we define the mapping (QH), : Dom L x [0,1] — X by
(QH), = —pA+ (1 — p)QH, where Az = (Ayx,, /Igl’g, o AT

For z € 092N Ker L we have

(QH)ux), = —Asw;
.1 &
+ (1—p) {Ii + N Z <Z bi(n) f3(Gijx;) + ZBwk@ C@J%)) }
j=1 k=1
As above, we obtain

|(@H)y] > min <A - M, Z&%) o Zpl - 0.

z—m jl

This means that (QH),z # 0 for x € 0Q N Ker L and p € [0,1]. From the
homotopy invariance of the Brouwer degree, it follows that

deg (QH, QN KerL, 0) = deg (—A, QNKer L, 0) = (—1)™ # 0.
According to Lemma 3.2.3.3 the equation (3.2.3.22) has at least one N-

periodic solution. This completes the proof of Theorem 3.2.3.2. O

Proof of the global exponential stability of the periodic solution.
Let g,;;(¢) = max{g;;({), ci;(€)}, 4,5 =1,m, L =1,N. Clearly,

Zgw =Gy, Gj=TLm

Eemma 3.2.3.5. Assume that condition A3.2.3.12 h_olds. Then there exists
A > 1 such that for any i =1,m, n € Iy and X € (1, \] we have

AL = Ai(n)) + M; Zsﬂzwlgﬂ )—1<0.
7=1
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Proof. Let us introduce the functions

Fip(A) = M1 = 4i(n)) + M; i Biiy AX*g(0) —1

j=1

for A € [1,400). It is easily seen that Fj, are continuous and increasing on
[1,4+00). From condition A3.2.3.12 we have

Fin(1) = —=A;(n) + M, Z B;iGji < — <Ai - M; ZBjigji> < 0.
j=1 j=1

Since lim Fj,()\) = +o0, there exist constants A\;, > 1 such that Fy,(Ay,) =

A—4-00
0 and Fj,(A\) <0 on (1,Xm]. If we set

A= min A,
i=1,m, n€ln

then for any ¢ = 1,m, n € Iy we have Fj,(\) < 0 for \ € (1,X]. This

completes the proof of the lemma. O
Now let us suppose that x*(n) = (z}(n),x5(n),..., 2% (n))T is an N-
periodic solution of equation (3.2.3.22), and x(n) = (x1(n), xo(n), ..., xm(n))T"

is any solution of (3.2.3.22) for n > 0, defined at least for n > — .
From (3.2.3.22) and (3.2.3.23) for n € NU {0}, n # ny we derive

zi(n+1) —zj(n+1) = (1 - Ai(n))(zi(n) — zj(n))
+ Zbij(n) {fj <Z 9ij(O)x;(n — f)) — [ <Z 9ij(O)x(n — f)) } ,

and hence,

lzi(n+1) — 2z (n+1)]
< (1= Al)laitn) = 2]+ 3205 D gu(Ole(n — 0 — 50— 0],

whereas for n = n; we have

|z (ng + 1) — 2] (ng + 1)
N

< (1= Ai(m))|wi(ne) — 27 ()| + ZE’ij > cii(0)|x(ng — €) — x5 (ng, = 0]

/=1
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Now we introduce the quantities

yi(n) = N"zi(n) —xi(n)], Ae(l,A], i=1,m, n>-—N.

Then for n € NU {0}, n # n;, we have

yi(n+1) = XNai(n+1) = 2f(n+ 1) < X1 = Ai(n))|2i(n) — 27 (n)]

m N
+ NN b M g (0)]ai(n — €) — 2 (n — 0)|
j=1 =1
mo N
= )\(1 - Al(n))yl(n) _l_ szMj Z )\£+1gw (E)yj (’)’L J— f)’
j=1 =1

whereas for n = ng,

yi(me +1) < M1 = Ai(ni))yi(ne) + Y BigLy > A i (O (i, — 0).

j=1 =1

From the last two inequalities we obtain

yiln+1) ML= Am)yi(n) + 3 ByMy Y A gy (0)y,(n—0), (3.2.3.32)

j=1 =1

Ae(1,)], i=1,m, neNU{0}.

Now we consider a Lyapunov functional V' (n) = V(y1, 92, ..., ym)(n) de-
fined by

V() =Z{yi<n>+ > BM Y N0 Y yj<s>}, n e NU{0}.

Taking into account (3.2.3.32), we estimate the difference AV (n) = V(n +
1) = V(n) forn e NU {0}:

AV(n) <> {A(l — Ai(m)ya(n) + 3 BuM; Y AT gy (O (n = 0)

j=1 =1

233



n

m N
+ ByM; Y Mg () Dy
j=1 =1

s=n+1—/¢

m N
— Y BiM; > X *gi(0)
7=1 /=1
m N

- Z { J + Z BZJMJ Z )\Z—ng E)yj(
J=1 {=1

=1

- Z{ ' +M@ZBJZZ)\Z+193'¢(£) _1}yi

=1 jzl /=1

s

s) — yi(n)

) <s>}

n—1
> i

) = yz(n)}

(n).

By virtue of Lemma 3.2.3.5 we have AV(n) < 0 for all n € NU {0}, which

implies that

V(n) < V(0), n € NU{0}. (3.2.3.33)
On the other hand, we have
> wiln) =) N'li(n) — 2} (n)
i=1 =
and
m -1
Vo) = ) {y +ZBZJM Zyﬂgm 0y yj(s)}
=1 s=—{
m -1
= Z {yl + M, ZBﬂZ)\Mlgﬂ 0) Z yl(s)}
i=1 J=1 s=—{
< Z{1+MZZB}ZZN“9)Z } sup. yi(s)
i—1 =1 sel_
m m N .
<> {1 MBS gm} ma [z(s) — o (5)],
i=1 j=1 =1
where I_y = {~N,—~N+1,...,—1,0}. Here we used the fact that 1 < A < \.
Thus from inequality (3.2.3.33) we obtain
Z |2i(n n)| < MAX™ Z max |z;(s) — z*(s)], ne NU{0},

sel_n
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where

m N
M = max <1 +MiZBjiZ€XZ+lgji(€)> -
=1

i=1m
k) J:l
This completes the proof of Theorem 3.2.3.3. 0J

Different versions of results of the present subsection were reported at the
International Symposium on Neural Networks and Soft Computing in Struc-
tural Engineering, Cracow, Poland, 2005, the Eighth UAE University Re-
search Conference, Al Ain, UAE, 2007, and the Sixth ISAAC (International
Society for Analysis, its Applications and Computation) Congress, Ankara,
Turkey, 2007. They were published in [5, 7, 17, 18, 51]. The exposition here
follows closely [5] and [18].

3.2.4 Equilibrium points of Hopfield neural networks
with leakage delay

Consider the impulsive continuous-time neural network consists of m ele-
mentary processing units (or neurons) whose state variables x; (i = 1, m) are
governed by the system

dx;t(t) _ —ai:m(t—a)+Zbijfj(:cj(t))+Zcijgj(;gj(t_7-ij))

j=1
- (3.2.4.1)
+ Zdwhy (/0 Kij(s)l’j(t — S) dS) + IZ', t> 0, t 7é tk,
j=1

ti
Az;(ty) = Bigzi(ty) + / Yir(s)xi(s)ds + vk, i=1,m, keN,
e (3.2.4.2)

with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
which are bounded for s € (—o00,0]. System (3.2.4.1) differs from (3.1.1.1)
only by the delay ¢ > 0 in the stabilizing (or negative) feedback term
—a;(x;—0), also called leakage or forgetting term of the unit i. The impulsive
conditions (3.2.4.2) are similar to (3.1.1.2). The sequence of times {t;}32;
satisfies 0 < t] <ty < -+ <t — oo as k — oo and At =t — tp_1 > 0,
where 6 > 0 denotes the minimum time interval between successive impulses.
In other words, the value § > 0 means that the impulses do not occur too
often.
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The assumptions that accompany the impulsive network (3.2.4.1), (3.2.4.1)
are given as follows:

A3.24.1. 0<a; < 1/o,i=1m.

A3.2.4.2. The activation functions f;, gj, h; : R — R are Lipschitz contin-
uous in the sense of

F; = sup }, G, =sup gj(:E)—gj(y)}’
zy rT—=Y zy r—y
h —h;
H; = sup () ’(y)‘ for z,yeR, j=1m,
THy r—=y

where Fj, G, H; denote positive constants.

A3.2.4.3. a; — F; Z |bﬂ| — GZ Z |Cji| — H; Z |dﬂ| > 0, 1= 1,m.
j=1 j=1 j=1

A3.2.4.4. K;; : [0,00) — [0,00) are bounded and piecewise continuous
(27] = 1>m)

A3.2.4.5. [T Ki(s)ds=1(i,j =1,m).

A3.2.4.6. There exists a positive number  such that [° Kj;(s)e* ds < oo
(27] = 1>m)

Assumptions A3.2.4.2-A3.2.4.6 are identical respectively to A3.1.1.1-
A3.1.1.5.

An equilibrium point of the impulsive network (3.2.4.1), (3.2.4.2) is de-
noted by x* = (23, 2%, ..., 2" )T whereby the components x} are governed by
the algebraic system

j=1 j=1 j=1

and satisfy the linear equations

23
(Bik + / ’(/Jlk(s) ds) ZE: + Yik = 0, k e N, 1= 1,m. (3.2.4.4)
tk—cr
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The algebraic system (3.2.4.3) is identical to (3.1.1.3). From Lemma 3.1.1.1
it follows that if conditions A3.2.4.2-A3.2.4.5 are satisfied, the system

without impulses (3.2.4.1) has a unique equilibrium point z* = (z%, 23, ..., 2% )T.

Our next goal is to introduce a discrete-time counterpart of system (3.2.4.1),
(3.2.4.2) without essentially changing its stability characteristics. The leak-
age terms —a;z;(t — o) in the right-hand side of (3.2.4.1) make difficult the
application of the semi-discretization procedure described in [95, 60] and in
§3.2.1. Instead, we will discretize all terms in the right-hand side of (3.2.4.1).

Suppose that o < 6. Let the positive integer N be sufficiently large, in
particular, such that

1 1
(1 + N) aoc <1, i1=1m, (1 + N) o <@. (3.2.4.5)

We choose a discretization step h = o /N and denote by n = [ﬂ the greatest

integer in t/h, k;; = [T} and, for brevity, x;(n) = z;(nh), n € Z. We further
replace the integral term [ Kj;(s)x;(t — s)ds (i,j = 1,m) by a sum of the

form ) IC;j(p)z;(n—p), where n = [t/h], p = [s/h], by an abuse of notation
p=1

ICij(p) stands for KC;;(ph) and z;(n — p) for x;((n — p)h), and the discrete
kernels KC;;(+), 4,j = 1, m, satisty the following conditions:

A3.2.4.7. K;;(p) € [0,00) and is bounded for p € N (i,5 = 1,m).

A3.2.4.8. S Kii(p) =1 (i,j = T, m).

p=1
A3.2.4.9. There exists a number v > 1 such that ) IC;;(p)r? < oo (4,) =
p=1

1,m).

Thus we obtain the following discretization of the right-hand side of (3.2.4.1):

—a;zi(n— N) + Z bij fi(x;(n)) + Z cijgj(@i(n — Kij))

e}

+ Zdwhj <Z ICij(p):Ej(n —p)) + I; neN =
j=1 p=1

1,m.
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The negative sign of the first term makes difficult the use of Lyapunov’s
functionals as in [95, 60] or §3.2.1. To overcome this difficulty, we eliminate
this term by using a suitable approximation of the value of the derivative
dfti in the left-hand side of the equation (3.2.4.1) at the point nh for o small

enough by the expression

1—Nhai _1—(N+1)hal
h h
Let us recall that Nha; = oa; < 1 by condition A3.2.4.1 and (N + 1)ha; =

(14 %) 0a; < 1 by virtue of (3.2.4.5). Thus we obtain the following discrete-
time analogue of the system without impulses (3.2.4.1):

xi(n+1) xi(n) — a;x;(n — N).

(1 = Nha;)zi(n+1) = (1= (N + 1)ha;)x;(n) + h <Z bij fi(z(n))

+ Z cijgi(wj(n — ki) + Z dijh; <Z Kij(p)z;(n — P)> + Ii) ;

neN, i=1m, (3.2.4.6)

with initial values of the form z;(—¢) = ¢;(—¢) (¢ € {0} UN), where the
sequences {¢;(—¢)}2, are bounded for all i =1, m.

Next we discretize the impulse conditions (3.2.4.2). If we denote nj =
[%}, k € N, we obtain a sequence of positive integers {n}%2, satisfying 0 <
ng<ng<---<np—o0ask— ooand Angp =np — np_1 > [%} — 1. With
each such integer nj we associate two values of the solution z(n), namely,
x(ng) which can be regarded as the value of the solution before the impulse
effect and whose components are evaluated by equations (3.2.4.6), and z(ny,)
which can be regarded as the value of the solution after the impulse effect
and whose components are evaluated by the equations

ng
i (ne) —zi(m) = > Buewi(0) + v, i=1Lm, keN, (3.24.7)
Z:nk—N

where B, are suitably chosen constants.

From condition (3.2.4.5) it follows that none of the values of z(n) in
the right-hand side of (3.2.4.7) are evaluated at members of the sequence
{ni}ren. On the other hand, if a value of x(n) in the right-hand side of
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(3.2.4.6) must be evaluated at a member of the sequence {ny}ren, we take
xt(ny) evaluated from (3.2.4.7). If we want to give a formal description of
the discrete-time analogue of the impulsive system (3.2.4.1), (3.2.4.2), we
should write

(1 — Nhay)z; (n+1) = (1 — (N + D)ha;)x; (n)

+ h <Z bijfj(i’f;r(n)) + Zcijgj(fj(n — Kij))

+ Y dihy <Z Kij(p)zj (n —P)> ‘I’Ii) , neN,
j=1 p=1

z; (n) for n # ny,

x; (n)+ >, Bigex; (0) +7vi for n=nyg,
f=n—N

ri(n) = i=1,m.

A similar discretization of the impulse condition was given in §3.2.1.
Further on we will call system (3.2.4.6), (3.2.4.7) the discrete-time ana-
logue of the system with impulses (3.2.4.1), (3.2.4.2).

The components of an equilibrium point z* = (2%, 2%, ..., 2% )7 of system
(3.2.4.6), (3.2.4.7) must satisfy the equations (3.2.4.3) and
Nk
> Binx} + 7y = 0. (3.2.4.8)
Z:nk—N

Systems (3.2.4.1), (3.2.4.2) and (3.2.4.6), (3.2.4.7) have the same equilibrium
points if any. To ensure this we choose the constants B;xs so that

ng th
Z Bixe = By +/ Yir(s) ds, i=1m, keN.
t=nj,—N ty—0o

o5 )T of system
(3.2.4.6), (3.2.4.7) is said to be globally exponentially stable with a multiplier
p if there exist constants M > 1 and p € (0,1) and any other solution
z(n) = (z1(n),xa(n), ..., zm(n))T of system (3.2.4.6), (3.2.4.7) is defined for
all n € N and satisfies the estimate

Definition 3.2.4.1. The equilibrium point z* = (zf,23,...,

m

Z |zi(n) — x| < Mp" Z sup |zi(—0) — x| (3.2.4.9)

— =7 (e{0}UN
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Our main result in the present subsection is the following

Theorem 3.2.4.1. Let system (3.2.4.6), (3.2.4.7) satisfy conditions A3.2.4.1—
A3.2.4.3, A3.2.4.7-A3.2.4.9, (3.2.4.5) and the components of the unique
equilibrium point x* = (2%, 25, ..., 25T of system (3.2.4.6) satisfy (3.2.4.8).
Then there exist constants M’ > 1 and X € (1,v] such that any other solution
z(n) = (x1(n),xa(n), ..., 2m(n))T of system (3.2.4.6), (3.2.4.7) is defined for
all n € N and satisfies the estimate

i(1,n)

Y lwi(n) — @i < MIAT H Bkz sup |zi(—0) —a}|,  (3.2.4.10)
=1

“— te{ojuN
0 <
i(l,n) =<3 "~ = B, = By (1 + o max (1 — aai)_l)
max{k € N:np <n}, n>n, i=T,m

and Bk:m%max{H—I—Biknkb max |Bikg|}, k e N.
i=1,m np—N<t<np—1

Proof. From the conditions of the theorem it follows that system (3.2.4.6),

(3.2.4.7) has a unique equilibrium point z* = (x},23,...,2% ). For any

n € NU {0}, from equations (3.2.4.6) and (3.2.4.3), by virtue of condition
A3.2.4.2 we obtain the inequalities

(1 — Nha;)|zi(n+1) —x;| < (1 = (N + 1)ha;)|x;(n) — z}|

+ hy {|bij| Fylaj(n) — 23| + |ei]| G |2 (n — ki) — 5]

J=1

1, m.

+ |di;| H; Z’Cw )|zj(n —p) —z; |} P =

p=1

For A € [1,v] let us denote y;(n) = A*|z;(n) — z}|, n € Z. Then

(1 = Nhay)yi(n+1) < (1 — (N + 1)ha;) \yi(n)

+ b {|bz’j| Fj Ayj(n) + leij] Gy X9 y(n — riig)

J=1

+ |dig| Hy Y Ky (p) Ny (n — p)} , i=1Lm.

p=1
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From here,

(1 =oa) (yi(n+1) = yi(n)) <[(A =11 = 0a;) — haiA] yi(n)

+ hz {|bw| Fj )\yj(n) + |Cij| Gj )\“”’Hyj(n — K,Z’j) (32411)
j=1
+ |dij| H; Z’Cij(p))‘p+lyj(n —P)} , t=1m.
p=1
We define a Lyapunov functional V(-) by

m m n—1
> 4 (1= oa)yi(n Z el Gy " y(0)
i=1 j=1 l=n—r;j

p=1 l=n—p

It is easy to see that V(n) > 0 for n € NU {0} and V' (0) < oo by A3.2.4.9.
More precisely,

m m Kij
= > { (1 - oa;)y(0 Z jeif | GAE Y (L
i=1 j=1 /=1

+ |di;j| H; Z’Cm(P)/\pH Zyj(—f)] }

p=1

LeNU{0}

gi{l—aal—l—h
i=1

If we denote

G, Z|c A H, ZWZK Ap“]} sup  yi(—0).

i=1m

M—max{l—aal—l-h

G Z el N+ H, Z |dji] Z/cﬂ Ap“] }

Jj=1 j=1 p=1

then we have

V(0) <MZ sup yi(—¢ MZ sup A |zi(—0) — 27|

i—1 teNuU{0} =1 teNu{0}
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and, finally,

V() <MY sup |ai(—0) — ], (3.2.4.13)
=1 teNu{0}

Further on, using (3.2.4.11) and (3.2.4.12), we obtain

V(n+1) i { (1 —oa;) — ha;Nyi(n) (3.2.4.14)

INgE

+ h

bij | FjA + i |Gy A% + |dyj | H; /cl ALy (n)
J J J J

p=1

{ <al F; Z|bﬂ| Gi Z|cﬂ |\t
- sz |dji Z’Cy’i(P)AP> —(A-1a- Uaz')} yi(n).

1

J

Ms

=1

If we denote

\Ifz()\) = hA <ai — FZ Z |bﬂ| — GZ Z |Cji|)\ﬁji
j=1 j=1
- H; Z |dji ZICji(p)X”> —(AN=1(1 - o0a;),
j=1 p=1

then inequality (3.2.4.14) can be written as

m

Vin+1) = V(n) < =Y W(Nyi(n).

i=1

By condition A3.2.4.9 the functions ¥;(\) (i = 1, m) are well-defined and
continuous for A € [1,v]. Moreover,

\Ifl(l) =h <ai — FZZ |bﬂ| — GZ Z |Cji| — H; Z |dﬂ|> > 0, 1= 1,m,
j=1 j=1 j=1

by virtue of A3.2.4.8 and A3.2.4.3. By continuity, for each ¢ = 1, m there
exists a number \; € (1,v] such that ¥;(\) > 0 for A € (1, \;]. If we denote
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Ao = min \;, then \g > 1 and ¥;(\) > 0 for A € (1, ] and i = 1,m. This

i=1m
implies V(n+1) < V(n) for n # ny and V(ni +1) < VT (ng), where V' (ny)
contains |z, (ny) — x| instead of |z;(ny) — z7|. The above inequalities yield

Vv f <
(n) < { (i) for mi <n < i, (3.2.4.15)

V(0) for 0 <n <n;.

From equalities (3.2.4.7) and (3.2.4.8) we find successively

nk—l

o () = 23] < 1 Bipn | a(me) =21+ Y [Bikel J2i(6) — 2]
Z:nk—N

ng

< B Z |lz:(¢) — 27,
Z:nk—N
where the constants B, were introduced in the statement of Theorem 3.2.4.1,

ng

v () < By ) gi(OAT™

Z:nk -N

and, finally,

N — 1
VT(ng) < By <V(nk) + hmax (1 —ca;)” Z V(0N "’“)

Tm
i=1m anN

BV (ng_1) |1+ hmax(1 — oa;)” Z)\ ]

<

- i= lm

< B.WT(ng_1) |1+ Nhmax(1— aai)_l]
i=1m

= ByVT(np_1) |1+ o max(1l — aai)_l} = B, V" (n_1)

i=1m

for k > 2 and, similarly, V*(n;) < B{V(0).
Combining the last inequalities and (3.2.4.15), we derive the estimate

i(1,n)

) < H B,V (3.2.4.16)
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Finally, from the inequalities

S lauln) — 2] < max(1 = 0a) A"V (),
=1

i=1m

(3.2.4.16) and (3.2.4.13) we deduce (3.2.4.10) with M’ = M max (1 — oa;)!

i=1m
and any A\ € (1, A\o]. O
For three sets of additional assumptions we will show that inequality
(3.2.4.10) implies global exponential stability of the equilibrium point z* of
the discrete-time system (3.2.4.6), (3.2.4.7).

Corollary 3.2.4.1. Let all conditions of Theorem 3.2.4.1 hold. Suppose that
By;. <1 for all sufficiently large values of k € N. Then the equilibrium point
x* of the discrete-time system (3.2.4.6), (3.2.4.7) is globally exponentially
stable with multiplier 1/ ).

Corollary 3.2.4.2. Let all conditions of Theorem 3.2.4.1 hold and
i(1,n)

limsup ———= =p < +o0.

n—oo n
Let there exist a positive constant B such that B, < B for all sufficiently large
values of k € N and BP? < A\g. Then for any p € (?—5, 1) the equilibrium point

x* of the discrete-time system (3.2.4.6), (3.2.4.7) is globally exponentially
stable with multiplier p.

Corollary 3.2.4.3. Let all conditions of Theorem 3.2.4.1 hold. Suppose that
there exists a constant p € (1, \g) such that

Bllc S ,unk —Np_1

for all sufficiently large values of k € N. Then the equilibrium point x* of the
discrete-time system (3.2.4.6), (3.2.4.7) is globally exponentially stable with
multiplier /.

The results of the present subsection was reported at the International
Conference on Differential & Difference Equations and Applications, Ponta
Delgada, Portugal, 2011, and appeared in its proceedings [13].
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3.3 Asymptotic Stability of Equilibrium Points
of Cohen-Grossberg Neural Networks of
Neutral Type

Sufficient conditions for the existence and global asymptotic stability of a
unique equilibrium point of a continuous-time impulsive Cohen-Grossberg
neural network of neutral type and its discrete-time counterpart are obtained.
Examples are given.

3.3.1 Continuous-time neural networks of neutral type

We consider a Cohen-Grossberg neural network of neutral type consisting
of m > 2 elementary processing units (or neurons) whose state variables x;
(1 = 1,m) are governed by the system

ii(t) + Zeijzj(t—fj)zai(xi(t)) [—bi(xi(t))

+ Zcijfj(%(t))+Zdij9j(ifj(t—7j))+fi , (3.3.1.1)

i=Tm, t>0,

with initial values prescribed by continuous functions x;(s) = ¢;(s) for s €

[—7,0], 7 = max {7;}. In (3.3.1.1), a;(x;) denotes an amplification function;
ji=1,m

bi(x;) denotes an appropriate function which supports the stabilizing (or
negative) feedback term —a;(z;)b;(x;) of the unit ¢; f;(z;), g;(x;) denote
activation functions; the parameters ¢;;, d;; are real numbers that represent
the weights (or strengths) of the synaptic connections between the j—th unit
and the i—th unit, respectively without and with time delays 7;; the real
numbers e;; show how the state velocities of the neurons are delay feed-
forward connected in the network; the real constant I; represents an input
signal introduced from outside the network to the :—th unit.

Let E be the unit (m x m)-matrix. Denote by £ and || the (m x m)-
matrices with entries e;; and |e;;|, respectively.

The assumptions that accompany system (3.3.1.1) are given as follows:
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A3.3.1.1. The amplification functions a; : R — RT are continuous and
bounded in the sense that

0<a, <aizr)<a for xR, i=1m,
for some constants q;, @;.

A3.3.1.2. The stabilizing functions b; : R — R are Lipschitz continuous
and monotone increasing, namely,

bi(x) — bi(y)
T —y

0<b < <b; for x#y, z,yeR, i=1m,

for some constants b;, b;.

A3.3.1.3. The activation functions f;,g; : R — R are Lipschitz continuous
in the sense of

fi(x) = f;(y)

F; = sup Ty

TFY

for z,y € R, j = 1, m, where F}, GG; denote positive constants.
A3.3.1.4. |€|| < 1, where || - || is the spectral matrix norm.
A3.3.1.5. F — |€] is an M-matrix.

The “stability condition” [|£|| < 1 guarantees the existence and uniqueness
of the solution of the Cauchy problem. Since F — || is an M-matrix, it is
nonsingular and its inverse has nonnegative entries only.

Under these assumptions and the given initial conditions, there is a unique
solution of system (3.3.1.1). The solution is a vector z(t) = (x1(t), z2(1),. . .,
2, (t))T in which z;(¢) are continuously differentiable for ¢ € (0, 3), where 3 is
some positive number, possibly co. An equilibrium point of system (3.3.1.1)
is denoted by z* = (2}, 3%,...,2%)T where the components x} are governed
by the algebraic system

bz(l’:) = chfj(l’;) + Zdng(l’;) + IZ', 1= 1,m. (3.3.1.2)
j=1 j=1
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Definition 3.3.1.1. The equilibrium point z* = (23,25, ...,2%)7 of system
(3.3.1.1) is said to be globally asymptotically stable if any other solution
z(t) = (21(t), 22(t), ..., xm(t))T of system (3.3.1.1) is defined for all ¢ > 0
and satisfies

tlirglo x(t) =a".

Our first task is to prove the existence and uniqueness of the solution z*
of the algebraic system (3.3.1.2).

Theorem 3.3.1.1. Let the assumptions A3.3.1.2, A3.3.1.3 hold. Suppose,
further, that the following inequalities are valid:

1 1 ,
~5 > (e | Fy + lejsl Fi) — 5 > (ldilGj + 1dji|Gi) >0, i=Tm.
J=1 7=1
(3.3.1.3)
Then system (3.3.1.1) has a unique equilibrium point z* = (23, x5, ..., x5)7T.

Proof. Let us define a mapping ® : R™ — R™ by ®(z) = (®y(z), (), ...
®,, ()T for x € R™, where

O, (x) = bi(x;) — Z cijfi(z;) — Zdng (xj) —1;, i=1,m.
j=1

=
We denote by (-,-) the respective inner product. Under the assumptions

A3.3.1.2, A3.3.1.3, ®(z) € C°. It is known that if ®(z) € C° is a homeo-

" 1/2
The space R™ is endowed with the Fuclidean norm ||z| = (Z 1’2) :

morphism of R™, then there is a unique point z* = (a3, 23,..., 25 )7 € R™
such that ®(z*) = 0, that is, ®;(z*) = 0, ¢ = 1, m. The last equalities are,
in fact, (3.3.1.2), so z* = (x},23,...,2)7 is the equilibrium point we are

looking for.
To demonstrate the one-to-one property of ®(z), we take arbitrary vectors
x,y € R™ and assume that ®(z) = ®(y). We multiply the equalities

bi(zi) — bi(yi) = Z cij (fi(zg) — fi(y;)) + Z dij (9; () — 9;(y;)), i=1,m,
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respectively by z; — y; and add them together to obtain

D bilw) = bi) (wi =) = DD ey (i) = f(w) (@i — i)

i=1 i=1 j=1

+ > dy(g5(5) = g5(y5)) (@i — i) -

i=1 j=1

According to the assumptions A3.3.1.2, A3.3.1.3 we derive
PG
i=1
< Z > el Byl =yl s — vil + > 1dis| Gy g — w5 [ — wil
—1 i=1 j=1

yi)? + (2 — u:)?]

s
Il
-

<.

IA
N | —
INgE
INgE
=
kS

=1 j=1
1 m m
+ 522 |dij| Gj [(25 = y)* + (i — 4i)°]
i=1 j=1
= 2{52 |ij | F5 =+ |5l F3) +§Z |dz’j|Gj+|dji|Gz')}(fEi—yi)2,
=1 J=1 7=1
that is,
> Qi—52(|%|F + [¢;il F3) 52 |dij|G; + [djs| Gi) ¢ (wi — yi)” < 0.
=1 7=1 7=1

Now the assertion z; = y;, 1 = 1, m, follows by virtue of inequalities (3.3.1.3).
Thus, ®(z) = ®(y) implies z = y.

Next we show that ||®(z)|| — oo as ||z|| — oo. It suffices to show that
|l (z)|| — oo, where ®(z) = ®(z) — ®(0). We have ®(x) = (P1(z), Py(), . . .,
D, ()7, Where

Bi(a) = (i) = (0)) = D s (i) = £,0)) = D sl e) = 95(0):
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Then

from which by virtue of the assumptions A3.3.1.2, A3.3.1.3 we derive

(&(2), 2)] > Z{bw—Dcmmmxz Z|dij|Gj|a:j||a:i|}

=1

22{ bz .——Z|CM|F z3 + ) Z|dw|G T —I—:B)}

=1
=> b - §Z(|CZJ|F + |ejil Fi) 52 |dij |G + |dji|Gi) ¢ @
i=1 j=1

According to inequalities (3.3.1.3) there exists a number p > 0 such that

—_

1, m.

\)

1 m m
b; 52 |cij| F + |ejil F7) — —Z (Idij| Gy + [djilGi) 2 p, i =
J=1 J=1

Then [|[®(2)] - [l]| > [(D(x),2)] > pllz|® and [|@(z)| > pllz]| — oo as
]| — oo.

According to Lemma 3.1.2.1, ®(z) € C° is a homeomorphism of R™.
Thus, there is a unique point z* € R™ such that ®(z*) = 0. The point
represents a unique solution of the algebraic system (3.3.1.2). O

Theorem 3.3.1.2. Let the assumptions A3.3.1.1-A3.3.1.5 hold. Suppose,
further, that the inequalities

1 & 1 & B
sz_iz (@i|cs; | Fj + @jlcji| Fr) 52 (@i di;|G; + @;]d;s| Gi)
=1 j=1
1 m - s 1 m m
= 32 @bilesl +@bilesl) = 5 DT > (el lel Fi+ leg] lesil Fi)
i=1 j=1 k=1

J

@ > (djil lejil Gi + |djxl leji| Gx) >0, i=Tm,  (33.1.4)

k=1

<
Il
-

I
N
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are valid and system (3.3.1.1) has an equilibrium point x* = (x%, x5, ..., 2%)T
whose components satisfy (3.3.1.2). Then the equilibrium point x* is globally

asymptotically stable.
Remark 3.3.1.1. Inequalities (3.3.1.3) can be deduced from (3.3.1.4) for a, =

a; =1, e;; =0 for i,j = 1,m. However, in general inequalities (3.3.1.4) do
not imply (3.3.1.3).

Remark 3.3.1.2. In [42] it is assumed that g; = f;, the functions b;(x;) and
b; ' (x;) are assumed to be continuosly differentiable and b}(z;) are bounded
both below and above by positive constants. Instead of the m inequalities
(3.3.1.4) a single inequality is presented, which in our notation can be written
as

in (a;b,)— max (@5, | €] - max @, (mﬁmnon ; n@GinDn) A+l > o.
,m i=1m ; i=1m i=1m

=1 i=1m
(3.3.1.5)

where C' and D are (m x m)-matrices with entries ¢;; and d,;, respectively.

Though condition (3.3.1.5) seems much simpler than (3.3.1.4), in our
opinion it is much less precise since the individual lower and upper bounds,
Lipschitz constants, and matrix entries are replaced by their minima or max-
ima, and matrix norms. Below we shall give an example of a system satisfying
conditions (3.3.1.4) but not (3.3.1.5).

Proof. Upon introducing the translations

ui(t) =xi(t) — i, pils) = ¢il(s) — ]
we derive the system

+ Zcijfj(uj(t)) + Zdijgj(uj(t - Tj))] , t>0,

u;i(s) = pi(s), se[-T1,0], i=1m,
where

i ai(us) = ay(u; +a7), bi(wi) = by + af) — bi(x}),
filug) = filu; +237) — f3(x3),  gi(uy) = g;(u; + x3) — g;(x7).
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This system inherits the assumptions A3.3.1.1-A3.3.1.5 given before. It
suffices to examine the stability characteristics of the trivial equilibrium point
u* = 0 of system (3.3.1.6).

We define a Lyapunov functional V () by

Vi =5

i=1

2

¢
—I—wi/ u?(s)ds p ,
t—7;

t)+ Y eyu(t — 1))
j=1

where the positive constants w;, ¢« = 1, m, will be determined later. First we
notice that the value

V(0) = %Z [%’(0) +Z€ij%’(—7j) +wi/_ .90?(5) ds

is completely determined from the initial values of the system. Then, calcu-
lating the rate of change of V(t) along the solutions of (3.3.1.6), we succes-
sively find

WOsz{u@

+ Z eiju;(t — Tj)] t) + Z €ijt;(t — Tj)]

+ﬂ@mwmm—mﬁ

2
)+ Z eiju;(t — 7 ] a;(ui(t)) [—Bi(ui(t)) + Z cij fi(u; (1))

+%@mwmm—mﬁ

+ Zdijgj(uj(t - 7))
— Z{ — (i ()b (wi ()i (t)

=1
+az Uz [ZCZJfJ uy ‘|‘Zdwgy uJ ))]
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IN

IN

M

) Z eiju;(t — 75) [—Ei(ui(t)) + Z cij fi(u;(t))

+ Z dijgi(u;(t — 75))

N CHORLHC —n))}

> { agbu (t) +ailuq(t) [Z il By lui(0)] + > Idis| Gy Jug(t — Tj)|]
i=1 Jj=1 Jj=1

+; ) |es] |u(t —7)] [@- i)+ leis| F uy (2)]

j=1 j=1

+Z |dij| G [u;(t — )] | + % (uf(t) — ui(t — Ti))}

(2

{_azbzuz ¢ Z |CZJ| F + u? (t))
1 j=1
2

a
5 dw|G —l—u St~ J))
aE - T 5
leij] (i (t) +uj(t —75) +§ZZ|€ZJ||Czk|Fk (ui(t) + w3 (t —75))
j=1 j=1 k=1
T~ 2 Wi o 9 2
DS lewl Ml G (200 = 7,) + (¢ — 7)) + 2 (2 (0) — et — 7))
J=1 k=1
Z{ 5 < |cij| Fy + Fi Z|Cﬂ|aj> - EZM@'HGJ'
i=1 J=1 J=1 J=1
azgz - i — Wi
53 el - 5353 - 5
j=1 j=1 k=1
1 m
‘I’E GZZ|dJZ|aJ +Z|6ﬂ|ajb +ZZ|6’J@| |cjla; Fr
=1 j=1 k=1
+ ) ) (legil [dsila; G + lexs| diil@nGh) _Wi] u?(t—n)}.
j=1 k=1
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Choose

m

Wi = GZZ|dJZ|aJ+Z|6JZ|an +ZZ|€J1||CJk|aJFk

j=1 Jj=1 k=1

+ (lejil [djkla; Gr + lex;| |drilarGi) > 0

1

<.
Il

Ms
1M

then after some simplifications we obtain

V() < -

b3|P4

I

{Qibz > @l Fy + @il )
1 7=1

(2

m

1 — 1 -

§Z(az|dw|G +@;ld;i| Gi) 52 (@bilei| +a;bjlejil)
7=1 7=1

1 m

—5 20 > (leil lesul Fi + lejel lesil Fi)

1

<
Il
-

k=
@ Y (Idjil lejel Gi + |djx] lejil Gk)} g (t).

1 k=1

BJ|P4
,tvjs

J

According to inequalities (3.3.1.4) there exists i > 0 such that

> (@ldy|G; +a;ld;i|Gi)

J=1

BJ|P4

i=1m

N 1
i = mln{ b, —§;(al|cw|F L4 T Fy) —

1 — - lem &
= 52 @biles| + @bsleal) — 5 > @ D> (el legel i+ lesul lesil F)
j=1 =1 k=1
1 m m
— 52T yZudm|ejk|Gi+|djk||eﬂ|Gk>},
j=1 k=1

then ‘
V(t) < —pllu@®)|? t>0. (3.3.1.7)

Inequality (3.3.1.7) shows that for any solution u(t) of system (3.3.1.6) the
function V(¢) is monotone decreasing and it is bounded below by 0. Thus
there exists the limit L = tlim V(t) > 0.
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Let us integrate inequality (3.3.1.7) from 0 to ¢:

V() — V(0) < / ()| ds

for all t > 0, that is,

/0 ()12 ds < (V(0) - V(1))

The last inequality and L = tlim V(t) > 0 show that

/OOO |w(t)]]? dt < oo. (3.3.1.8)

Below we show that the zero solution of system (3.3.1.6) is stable and (3.3.1.8)
implies tlim |lu(t)]] = 0, that is, tlim |z(t) — 2*|| = 0. This means that the
equilibrium point z* of system (3.3.1.1) is globally asymptotically stable.
We complete the proof by arguments using fragments from the proofs
of Theorems 1.1, 1.3 and 1.4 in [81, Chapter 8]. In the sequel for a vector
v=(v1,v2,...,0,)T € R™ we shall also use the norm
|| = max [v;].

i=1m

First we shall prove that for any € > 0 there exists §; > 0 such that if

lu; () Zewuj — 1) <d1fort >0, i=1,m, and sup |p(s)| <6,
s€[—7,0]

then |u(t)| < e for t > 0.
Let T" be an arbitrary positive number. For 0 <t < T we have

lui(t)] < Jui(t) + Zewuy —Tij)| + | Zewuy — Tij)]

< 51+Z|€ij||uj 7@9)|<51+Z|6w| SUP |u; (t)]
i i=1 -
< 51+Z|ew|(sup O+ sl >|)

IN

Z les;| sup [u;(t)] + o1 <1 +> |6’z'j|> >
— 0<t<T Py
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thus
sup |u(t)] < €; sup U +6 |1+ €;
0<t£T| )| Z| J| | i(®)] 1< ;| J|>
or

sup |u;(t |_Z|€”| sup |u3( )| < oy <1+Z|6”|> for i=1,m.

0<t<T i—1 i—1

If we introduce the vectors
T
U(T) = ( sup |ui(t)],..., sup |um(t)|) and e=(1,1,...,1)7,
0<t<T 0<I<T

we can write the last inequalities in a matrix form as
(B —[ENU(T) < 01(E + |€])e,

meaning inequalities between the respective components of the vectors. Since
by condition A3.3.1.5 £ — |£| is an M-matrix, we obtain

U(T) < 6:1(E — €))7 (E + [€])e.
We have

sup [u(t)] = sup max [u;(t)| = max sup |u,(t)]

0<t<T 0<t<Ti=1,m i=1,m 0<t<T
= UM)| <&I(E-IE)(E+]E]el.

If we choose §; > 0 so small that 6, |(E —|&])"H(E+|&])e| < ¢, then |u(t)| < e
for 0 <t < T, where T was an arbitrary positive number. Thus, |u(t)| < &
for t > 0.

Next we shall show that the zero solution of system (3.3.1.6) is stable,

that is, for any € > 0 there exists § > 0 such that if sup |¢(s)| < d, then
s€[—1,0]

lu(t)| < e for t > 0. For any ¢ > 0 we have

uZ + Z ewuj
[%(0) + ) e (—T5)
j=1

N —

N | —

M= i

s
Il
—_

m 2
1+Z|6”| + w;iT;

j=1

IA
|

s
Il
—_
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If we choose § € (0, d1) so small that

2

52i 1+i|6ij| +wiT; p <67,
i=1 j=1

then
)

i=1

m 2
wi(t) + > esjuy(t — Tj)] <47,

which implies that

|ui(t —I—Zewuj —7)] <0 for t>0, i=1m,

and, consequently, |u(t)| < e for t > 0.
Because of the stability of the zero solution of system (3.3.1.6) we can

assume that |u(t)| < h for some positive constant h when sup |p(s)] < 9.
s€[—1,0]
Suppose that tlim u(t) = 0 is not true. In this case there exists a number

v > 0 and an increasing sequence {t;} such that t; — oo and |z(t)| > v for
k € N. For the sake of brevity we write system (3.3.1.6) in the form

it <ui(t) +Zeijuj(t—fj)> = Fi(ult),u(t—1)), i

1,m, t>0,

(3.3.1.9)
where

1,m.

Fi(u,u) = a;(u;) [—éi(ui) + Z cij fi(ug) + Z dij g (uj)] ;1=

We denote

C; = sup |F, i=1,m.
lul,|ul<h

For ¢t > 0 and A > 0 integrate equation (3.3.1.9) from ¢ to t + A to obtain
w;i(t+A)—u;(t Zew uj(t+A—T;)—u;(t—15)) / Fi(u(s),u(s—))ds,
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hence

jui(t + A) = wi(t)]

m t+A
< S Jeylluglt+ A = 7) — u(t— )| + / Filuls), uls — 7)) ds
j 1 t
< Zwsup uj(t+ A) — ui(H)] + CA
7=1
< el <sup|uy<t+A> )] s s+ A) = >|> L e,
J 1 se|—T
thus
sup [us(t + A) — w (1)
t>0
< el <sup|ug<t+A> )] s s+ A) = >|> oA
J 1 se|—T
or
sup Jus(t + A) = w(t)] — 3 less | sup [us (¢ + A) — (1)
>0 = >0
Dem sup Juy(s + A) —uy(s)| + GA, i =Tm.

s€[—1,0]

If we introduce the vectors

p(A) = (sup|u1(t+A)—ul(t)|,...,sup|um(t—l—A)—um(t)|) ,

£>0 >0
T
o(A) = < sup |ui(s 4+ A) —ui(s)],,..., sup |um(s+A)— um(s)|>
se[—7,0] s€[-7,0]
and C = (C1,Cy,...,Cp)T, we can write the last inequalities in a matrix

form as
(E—E)p(A) < [Elo(A) + AC.

From here as above we obtain

p(A) < (E—[E)(IElo(A) + AC)
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and

sup [u(t + A) —u(®)| < [(E — |E])"H(|€]o(A) + AC)]. (3.3.1.10)
>0
Let n > 0 and A < 7. Since u(t) is uniformly continuous on the interval
[—7, 7], the right-hand side of (3.3.1.10) can be made arbitrarily small for
sufficiently small values of A. Thus we can choose > 0 so that |u(t + A) —
u(t)] <wv/2 forallt >0 and A € [0,n]. In particular,
v

lu(ty) + A > |u(ty)] — Ju(ty + A) —u(ty)| > v — % =3
or

lu(t)] > 2 and ||u(t)||2z”Z for t€ [ty ty+n), keN.

N R

Without loss of generality we can assume that the intervals [tx,t; + 7] are
disjoint (otherwise we choose a subsequence). Then

| o |dt>2/ It > 30’ = o,
0 k=1

which contradicts (3.3.1.8). Thus lim u(t) = 0 is true and the proof is

t—o0

complete. 0
Example. Consider the system

#1(t) + 0131 (t — 71) + 0.15d2(t — ) (3.3.1.11)
= (24 0.0lsinz;(t)) [—2x1(t) + 0.1 arctan x4 (t) + 0.15 arctan x»(t)

+ 0.1arctan z1(t — 7 ) + 0.15arctan zo(t — 72) + 1],

To(t) — 0.201(t — 11) + 0.122(t — 72)
= (3 —0.02sinz5(t)) [-3x2(t) + 0.15 arctan z1(t) — 0.2 arctan z5(t)

+ 0.larctanz1(t — 7)) — 0.2arctan xo(t — 72) + 1], ¢t >0,

with arbitrary delays 7,7 and initial conditions z;(s) = ¢(s), i = 1,2,
s € [—max{r,m},0].

System (3.3.1.11) has the form (3.3.1.1). It satisfies assumptions A3.3.1.1-
A3.3.1.5 with ¢, = 1.99, @ = 2.01, a, = 2.98, @ = 3.02, b, = by = 2,
by=by =3, Fi=F,=G1 =G =1, |€] = 0.2863903109 and

0.9 —0.15
_|5|_{—0.2 0.8 ]
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is an M-matrix.

It is easy to see that system (3.3.1.11) satisfies inequalities (3.3.1.3). In
fact, the left-hand sides of these inequalities are equal respectively to 1.525
and 2.325 for i = 1 and 2. Thus system (3.3.1.11) has a unique equilibrium
point z*. We can find that z* = (0.6027869379, 0.3353919007)%".

Further on, system (3.3.1.11) satisfies the assumptions of Theorem 3.3.1.2.
In fact, the left-hand sides of inequalities (3.3.1.4) are equal respectively to
0.5415 and 4.449 for ¢ = 1 and 2. Thus the equilibrium point z* of system
(3.3.1.11) is globally asymptotically stable.

On the other side, system (3.3.1.11) does not satisfy condition (3.3.1.5)
since the left-hand side of the inequality equals —0.608775797.

The results of the present subsection were reported at the International
Conference: Mathematical Science and Applications, Abu Dhabi, UAE, 2012,
and the Bogolyubov Readings DIF-2013: Differential Equations, Theory of
Functions and Their Applications, Sevastopol, Ukraine, 2013. They were
accepted for publication as [14].

3.3.2 Discrete-time impulsive neural networks of
neutral type

Now let us consider again the continuous-time Cohen-Grossberg neural net-
work (3.3.1.1) for t > ty = 0, t # ty, satisfying the assumptions A3.3.1.1-
A3.3.1.4 and provided with the impulse conditions

Al’z(tk) = YirX; tk Z ijkTj tk —TJ ‘|‘Czk, (3.3.2.1)

z'zl,m, ke N,

and with initial values prescribed by piecewise-continuous functions x;(s) =
¢i(s) with discontinuities of the first kind for s € [—7,0]. In (3.3.2.1) Ax;(tx)
denote impulsive state displacements at fixed moments of time ¢, k € N,
involving time delays 7;. Here it is assumed that the sequence of times
{tp}52, satisfies 0 =ty < t1 <ta < --- <t — 00 as k — oo.
Recall that the components x} of an equilibrium point z* = (27, z3, .. .,

x: )T of system (3.3.1.1), (3.3.2.1) are governed by the algebraic system
(3.3.1.2). Theorem 3.3.1.1 provides a sufficient condition for the system with-

out impulses (3.3.1.1) to have a unique equilibrium point z*. In order for
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,...,25 )T to be an equilibrium point of the impulsive system
3.3.1.1), (3.3.2.1), its components must also satisfy the linear equations

Yur; + Y Oigpa + Gr =0, kEN, i=Tm. (3.3.2.2)
j=1

Till recently, the semi-discretization model had not been exploited for ob-
taining a discrete-time analogue of Cohen-Grossberg neural network mainly
due to the nonlinearity of the feedback terms —a;(x;)b;(x;). An appropriate
extension of the method was presented in [93] (see §3.2.2). Exploiting the
same idea, we start by rewriting the differential system (3.3.1.1) as

ii(t) 4+ Bt —I—Zew i;(t —75) + Bix;(t — 17)) (3.3.2.3)

= Biwi(t) + Z eiiBix;(t )+ ai(xi(t)) | —bi(zi(t))

+ chfj x;(t +Zgj xj(t —15)) + 1;

i=1m, t>0,t7étk,

where (3; = a,b; > 0. Let the value h > 0 of the discretization step be fixed,
and n = [t/h], o; = [1j/h], where [r] denotes the greatest integer contained
in the real number 7. On any interval [nh, (n+1)h) not containing a moment
of impulse effect t;, we multiply equation (3.3.2.3) by e’ and approximate
it by an equation with constant arguments of the form

d e .
% <l’i(t)€6lt + Z 6Z'jl’j(t — O'jh)662t> (3324)

J=1

= B <Iz’(nh) + Z eijr;((n — Uj)h)>

+ eﬁitai(a:i(nh)) i(zi(nh)) chfj xj(nh))

7,&:17m7

+ Z dijgi(z;((n —o;)h) + I
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with [t/hlh =nh — t, [1;/hlh = o;h — 7} for a fixed time ¢t as h — 0. Upon
integrating (3.3.2.4) over the interval [nh, (n + 1)h), one obtains a discrete
analogue of the differential system (3.3.1.1) given by

zi(n + 1)65i(n+1)h — zi(n)ebmnh

+ Z ei; (zj(n +1— 0;)e D — g5(n — g;)e™)

_ (6ﬁi(n+1)h — eﬁi"h) <xl(n) + Z eijzj(n — Uj))
j=1

ﬁi(n—l—l)h o ﬁinh
(& (&
+ a;(zi(n))

3, —bi(wi(n))

+ chfj (xj(n)) + Zdng (xj(n—05))+1;

for i = 1,m, n € {0} UN, wherein the notation w(n) = w(nh) has been
adopted for simplicity. We multiply the i-th equation of this system by
e P+ Dh and obtain the difference system

zi(n+1) =zi(n +26” zj(n—o0;) —zj(n+1—0j))

+ i(h)ai(xi(n)) [—bi(iﬂi(n)) + Zcijfj(l“j(n)) (3.3.2.5)

i=1,m, ne{0}UN,

+ Y dygi(a(n —0y) + 1
=1

where we have denoted ;(h) = l_eﬁi Observe that 0 < ¥;(h) < % for
h > 0 and ;(h) = h + O(h?) for small h > 0.

The analogue (3.3.2.5) is supplemented with an initial vector sequence
dl) = (p1(0), d2(0), ..., pm())T for £ = —0,0, 0 = max 0;. Next we dis-

j=1m
cretize the impulse conditions (3.3.2.1). If we denote ny = [%}, we obtain a
sequence of positive integers {n;} satisfying 0 < ny < ng < --- < np — o0
as k — oo. With each such integer n;, we associate two values of the solu-
tion x(n), namely, z(n;) which can be regarded as the value of the solution

261



before the impulse effect and whose components are evaluated by equations
(3.3.2.5), and ™ (ny) which can be regarded as the value of the solution after
the impulse effect and whose components are evaluated by the equations

wf(ni) = (L4 y)zi(m) +Zéwkxj ;) + Gk, (3.3.2.6)
J=1

1=1m, keN.

If a value of z(n) in the right-hand side of (3.3.2.5) or (3.3.2.6) must be eval-
uated at a member of the sequence {ny}ren, we take 27 (ny) evaluated from
(3.3.2.6). The existence of a unique solution x(n) = (x1(n), xa(n), ..., zm(n))"
of the impulsive analogue (3.3.2.5), (3.3.2.6) for n € {0} UN is therefore jus-
tified.

If we want to give a formal description of the discrete-time analogue of
the impulsive system (3.3.1.1), (3.3.2.1), we should write

x;(n+1) = +Z€” (n—o0j) —a;(n+1-0y))

+ di(h)ai(z (n)) [—bi(ﬁ(n)) + Zcijfj(% (n))

+ Zdng (n—o0j))+1; n € {0} UN,
I’Z_ (n) for n 7é ng,
+ o m
z; (n) = (L4 yin)z; () + 3 Gijex; (ne — 03) + G for no=ny,

7=1

i = 1,m. Systems (3.3.1.1), (3.3.2.1) and (3.3.2.5), (3.3.2.6) have the same
equilibrium points if any. Their components must satisfy (3.3.1.2), (3.3.2.2).

Definition 3.3.2.1. The equilibrium point z* = (2%, 23, ..., 2% )7 of system
(3.3.2.5), (3.3.2.6) is said to be globally asymptotically stable if any other
solution x(n) = (x1(n),ze(n),...,xm(n))T of system (3.3.2.5), (3.3.2.6) is

defined for all n € N and satisfies

lim x(n) = x™.

n—oQ
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Our main result in the present subsection is the following

Theorem 3.3.2.1. Let the assumptions A3.3.1.1-A3.3.1.4 hold. Suppose,
further, that the inequalities (3.3.1.4) and the conditions

dijk = Yik€ij, —2 < Yk <0, i,j=1,m, keN, (3.3.2.7)

are valid and the system (3.3.2.5), (3.3.2.6) has an equilibrium point x* =
(2%, 235,..., 2%)T whose components satisfy (3.3.1.2), (3.3.2.2). Then the

equilibrium point x* is globally asymptotically stable for all sufficiently small
values of h > 0.

Proof. Upon introducing the translations

ui(n) = x(n) — 7, wi(l) = ¢i(l) —

we derive the system

ui(n+1) Z eiju;(n+1—0;) =ui(n Z eiju;(n —oj) (3.3.2.8)
7=1

+ Yi(h)di(ui(n)) | —bi(ui(n)) + Z cij fi(ui(n)) + Z dijgi(uj(n — o)) |,

1=1,m, né€eN,

u (ni) = (14 yin)ui(ng) + Z5ijkuj(nk —0j), (3.3.2.9)
j=1
=1m, keN,
( () 'é:1>m> 62_0707

where

. Gi(us) = ai(w; +27),  bi(ui) = bi(u; + x7) — bi(]),
filug) = filuy +23) = f(25),  g5(uy) = g;(uy + 3) — g (23).
This system inherits the assumptions A3.3.1.1-A3.3.1.4 given before. It
suffices to examine the stability characteristics of the trivial equilibrium point
u* = 0 of system (3.3.2.8), (3.3.2.9).
We define a Lyapunov sequence {V'(n)}>2, by

m m n—1
%Z +Zewu, +h2wi Z u(f)
i=1 = =1 l=n—o;
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where w;, i = 1, m, will be determined later. First we notice that the value
V(0) is completely determined from the initial values of the system. Then

we successively find

ui(n+1)+ Z eiju;(n+1—o0;j)

j=1

1 m m
= 3 Z { luz(n) + Z%Uj(n — ;)

Vin+1) = %Z

+ Z cij fi(ui(n)) + Z dijgi(uj(n — 0;))

}

i=1

+ i(h)ai(ui(n)) [—

2 m
—l—thi Z U

=1

l=n+1—0;

n

l=n+1—0;

V(n+1) = V(n) =Y ¢i(h)as(ui(n)) lui(n) + Z eijit(n — Uj)]

i=1

x [—Bi(ui(n)) + Y eifiui(n) + Z dig;(u;(n — Uj))]

j=1

+ Z dijgi(uj(n — o;))

=1y {axui(n)) [w(n) + el = ov>]

3 2 U () [—Bxui(n)) +3 elluy(n)

+ thi (ui (n) —ui(n—0y))

X [—Bi(ui(n)) + Z cij fi(ui(n)) + Z di;gj(uj(n — Uj))]

+(Ci(h) + wi) ui(n) + (Di(h) — wi) ui(n — Ui)} :

where C;(h), D;(h) = O(h) for i = 1, m. For the sake of brevity we do not

write in details the terms of order O(h?). Then
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2 m n
—l—thi Z u;

bi(ui(n))

2
%

(

9

(0),



IN

IN

V(n+1) =h Z {—az i (1)) bi(us (1) )us (1)
) [Z cifylus(m) + Z (s — oj»]
i eyt () + i cisfy s ()
Z B (5 — 7)) + (Cl) + i) ) + (Dy(h) — ) w2 — a»}
hZ{ a;byu? (n) + @lui(n))| [g|cij|pj |uj(n)|
OSG [b us(n)
+ i il F () + Z 141G s — aj>|]

+ (Ci(h) + wi) ui (n) + (Di(h) — w;) ui(n — oy) }

3

+ Z |dij| Gj [uj(n —
j=1

m 1 m
h Z { a;buZ(n ai, Z leii| Fj ( u?(n))
i=1 j=1

1 & -
+aig Z |dij| Gy (uF(n) +uj(n — o;)) +abiz > el (ui(n) +ui(n — 0y))

J=1
+a;— ZZ|61J||Clk|Fk ui(n) + ( a))
3—1 =1
1 non
i 22 2 el G (5 = )+ = )

4+ (Ci(h) + wy) u(n) + (Di(h) — wi) u2(n — ;) }
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S0 N PORE (O SMERRE IFY LS ol
i=1 j=1 j=1 J=1
N BT S el e — Culh) — | w2()
2 ' J 2 ' ] I3
]:1 jzl k=1
+ ?Z|dﬂ|aj Z|6ﬂ|ajb +5 ZZ|6J1| |cjla; Fr
j=1 7=1 k=1

1 m m B B
+ 3 Z > (lejil e @Gy + lexs| |di|arG:) + Di(h) — w;

ui(n — ai)} :

7=1 k=1
Choose
G &
Wi = 72|dﬂ|% Z|€ﬂ|aﬂb 3 ZZ'eﬂHcﬂ’f'%F’“
j=1 j=1 k=1
1 m m _ .
3 ;; |ejil [dji|a@; G + lexs| |dii[arGi) + Di(h),

then after some simplifications we obtain

m 1 m B B
Vin+1)=V(n) < —hz {Qiéi ~5 Z (@i|ci| Fy + ajlcji| )

1™ 1 -
— 5> (@ildy|G; +a5ld;l Gi) — 5 D (@ibiles| +abjlel)
j=1 J=1

m

Zay Z |cjil lejul Fi + [l lejil Fr)

1 1

N —
.

DS

j= k=1

N —

(
(Idjil leju] Gi + |djnl lejil Gr) = Ci(h) — Di(h)} ui (n).

[y

According to inequalities (3.3.1.4) there exists i > 0 such that

[\3|H

=1

fi = mi _n{ Z (@il | Fy + @5leql ) — 5 (@l dis |G+ a51djil Ga)

Jj=1
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I, - - I &
-3 > (@biles| +a;b;le;i) ~3 > @ > (el legl Fr + |ejel lejil Fr)
j=1 j=1 k=1
1 m B m
- 5Zaj2<|dﬂ||ejk|Gi+|djk||eﬂ|Gk>}.
j=1 k=1

Further on, we can choose the discretization step h so small that |C;(h) +
D;(h)| < fi/2, then

Vin+1)—-V(n) < —f;—MHu(n)Hz, n € {0} UN. (3.3.2.10)

In case n = ng, in the above inequality instead of V' (n) we should take the
value VT (n) evaluated for u; (ny) given by (3.3.2.9). Thus

m 2
Vi (ng) = Vi) = (1 +y)ua(n) + Y (eis + Sije)u;(ny, — aj)]

J=1

N
iNgE

m 2
wilng) + D eqju(ng — Uj)]
j=1
Z [’yzkuz nk + ijuj )]
7=1

i=1

N | —

(2 + yir )ui(ng) + Z 2e;5 + Oijn)uj(ng — Uj)] .
7=1

According to conditions (3.3.2.7) we have

m 2
wi(ng) + Y eqjug(ng — Uj)] <0,
=1

which implies the validity of (3.3.2.10) also for n = ny and V(ny) evaluated
for w;(nyg).

The inequalities (3.3.2.10) show that for any solution u(n) of system
(3.3.2.8), (3.3.2.9) the sequence {V(n)}>°, is monotone decreasing and it
is bounded below by 0. Thus there exists the limit nlggl() V(n) > 0. Passing

to the limit as n — oo in (3.3.2.10), we find that lim [|u(n)|| = 0, that is,

V) = Vi) = 3 D2 + )
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lim ||z(n) —«*|| = 0. This means that the equilibrium point z* of system
(3.3.2.5), (3.3.2.6) is globally asymptotically stable. O

Example. Consider the system (3.3.1.11) for ¢ > 0, t # ¢, provided
with the impulse conditions

Azyi(ty) = —1.1z1(t;) — 0.1z, (t) — 71) — 0.16525(t, — 72) + 0.7847118585,
(3.3.2.11)
Al’g(tk) = —Ogl’g(tk) + 0181’1 (tk — ’7'1) —0.18 l’g(tk - ’7'2) + 0253721604,

k € N, and with arbitarary initial conditions z;(s) = ¢(s), i = 1,2, s €
[— max{7y, 72}, 0]. Its discrete-time counterpart is

ri(n+1)=x21(n) +0.1[x1(n —01) —x1(n+ 1 — 01)] (3.3.2.12)
+ 0.15[z2(n —02) —x2(n+ 1 —09)] + % (24 0.01sinz1(n))

X [—2x1(n) 4+ 0.1arctan z1(n) + 0.15 arctan z2(n)
+ 0.larctan z1(n — o1) + 0.15 arctan zo(n — 09) + 1],
xo(n+1) =23(n) —0.2[x1(n —01) —x1(n+ 1 — 01)]

_ 894k

+ 02[zx(n —02) —wa(n+1—0n)]+ —o 0 —

X [=3x2(n) 4+ 0.15arctan 21(n) — 0.2 arctan x2(n)
+ 0.larctanz1(n — 01) — 0.2arctan za(n — o2) + 1], n € {0} UN,

(3 — 0.02sin z5(n))

i (ng) = —0.121(ng) — 0.112 (ng — o1) (3.3.2.13)
— 0.16525 (g — 072) + 0.7847118585,

x5 (ng) = 0.1z2(ty) + 0.1871 (ng — 01)
— 0.18z2(ng — 09) + 0.253721604, k € N,

with initial conditions x;(¢) = ¢(¢), { = —0,0, 0 = max{oy, 02} and o; =
[7:/h],i=1,2.

The unique equilibrium point 2* = (0.6027869379, 0.3353919007)% of the
continuous-time system (3.3.1.11) is also the unique equilibrium point of its
discrete-time impulsive analogue (3.3.2.12), (3.3.2.13).

Further on, system (3.3.2.12), (3.3.2.13) satisfies the assumptions of The-
orem 3.3.2.1. Thus, its equilibrium point x* is globally asymptotically stable
for sufficiently small values of the discretization step A > 0.
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The results of the present subsection was reported at the International
Conference on Differential & Difference Equations and Applications, Ponta
Delgada, Portugal, 2011. They were published in a complete form (without
references to the continuous-time case) in [48].
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CONCLUSION

In the thesis we have presented the following results:

For an impulsive system with a constant delay it is proved that if the
corresponding system without delay has an isolated w—periodic solu-
tion, then in any neighbourhood of this orbit the system considered
also has an w—periodic solution if the delay is small enough.

For a neutral impulsive system with a constant delay it is proved that
if the corresponding system without delay has an isolated w—periodic
solution, then in any neighbourhood of this orbit the system considered
also has an w—periodic solution if the delay is small enough.

For an impulsive differential-difference system such that the corre-
sponding system without delay is linear and has an r—parametric fam-
ily of w—periodic solutions an equation for the generating amplitudes (a
necessary condition for the existence of w—periodic solutions) is derived,
and sufficient conditions are obtained for the existence of w—periodic
solutions in the critical cases of first (simple root of the equation for
the generating amplitudes) and second order.

For an age-dependent model with a dominant age class the problem of
existence of a periodic regime in the presence of impulsive perturbations
is reduced to operator systems solvable by a convergent simple iteration
method for both noncritical case and critical case of first order.

For a nonlinear boundary value problem for an impulsive system of
ordinary differential equations with concentrated delays in the general
case when the number of the boundary conditions does not coincide
with the order of the system, under the assumption that the corre-
sponding boundary value problem without delay is linear and has an
r—parametric family of solutions, the equation for the generating am-
plitudes is derived, and sufficient conditions for the existence and an
iteration algorithm for the construction of a solution of the initial prob-
lem are obtained in the critical case of first order if the delays are
sufficiently small.

For an impulsive system with delay which differs from a constant by a
small-amplitude w—periodic perturbation such that the corresponding
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system with constant delay has an isolated w—periodic solution, under
a nondegeneracy assumption it is proved that in any sufficiently small
neighbourhood of this orbit the perturbed system also has a unique
w—periodic solution.

For an impulsive system with delay which differs from a constant by
a small-amplitude periodic perturbation such that the corresponding
system with constant delay has an isolated w—periodic solution, if the
period of the delay is rationally independent with w, under a nondegen-
eracy assumption it is proved that in any sufficiently small neighbour-
hood of this orbit the perturbed system has a unique almost periodic
solution.

The last two results are extended to the case of a neutral impulsive
system with a small delay of the argument of the derivative and an-
other delay which differs from a constant by a small-amplitude periodic
perturbation.

For impulsive continuous-time neural networks of Hopfield type with
both constant and infinite distributed delays sufficient conditions are
found for the existence of a unique equilibrium point and its global
exponential stability.

For impulsive continuous-time Cohen-Grossberg neural networks with
finite S-type distributed delays (given by Lebesgue-Stieltjes integrals)
sufficient conditions are found for the existence of a unique equilibrium
point and its global exponential stability.

For impulsive continuous-time Cohen-Grossberg neural networks with
time-varying and infinite S-type distributed delays and reaction-diffusion
terms of spatial dimension n > 3, by using Hardy-Poincaré inequal-
ity improved stability estimates are obtained for the system with zero
Dirichlet boundary conditions.

Sufficient conditions in terms of minimal Lipschitz constants and non-
linear measures are obtained for the existence of a unique equilibrium
point and its exponential stability for impulsive neural networks which
are generalizations of Cohen-Grossberg neural networks, with time-
varying delays.
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For impulsive continuous-time neural networks of Hopfield type with
both constant and infinite distributed delays discrete-time counterparts
are formulated by the semi-discretization method, and sufficient condi-
tions are found for the global exponential stability of the unique equi-
librium point.

For impulsive continuous-time Cohen-Grossberg neural networks with
constant and infinite distributed delays discrete-time counterparts are
formulated by an extension of the semi-discretization method, and suf-
ficient conditions are found for the global exponential stability of the
unique equilibrium point.

For two different classes of Hopfield-type with periodic impulses and
finite distributed delays discrete-time counterparts are introduced. Us-
ing different methods, sufficient conditions for the existence and global
exponential stability of a unique periodic solution of the discrete sys-
tems considered are found.

A discrete-time counterpart of a class of Hopfield neural networks with
impulses and concentrated and infinite distributed delays as well as a
small delay in the leakage terms is introduced. Sufficient conditions for
the existence and global exponential stability of a unique equilibrium
point of the discrete-time system considered are found.

For a Cohen-Grossberg neural network of neutral type sufficient con-
ditions for the existence and global asymptotic stability of a unique
equilibrium point are obtained.

For an impulsive Cohen-Grossberg neural network of neutral type a
discrete-time counterpart is obtained by an extension of the semi-
discretization method. For sufficiently small values of the discretization
step it is shown that the sufficient conditions for the global asymptotic
stability of the unique equilibrium point of the continuous-time system
are such for the discrete-time counterpart too.
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