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Abstract

The weighted approximation errors of Meyer-Kénig and Zeller operator is characterized
for weights of the form w(z) = z7(1 — )", where 59 € [~1,0],7; € R. Direct inequalities
and strong converse inequalities of type A are proved in terms of the weighted K-functional.
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1 Introduction

The Meyer-Konig and Zeller (MKZ) operator is defined for functions f € C[0,1) by the
formula

M(f,z)=) f

(%) Mox(z) where My ()= ("+ k):rk(l L T )
k=0

n+ k

Right after their appearance, the MKZ operators became a subject of serious investigations.
The reason for this is the fact, that they allow approximating of functions unbounded at the point
1 (which is different, comparing with Bernstein polynomials). But the values of the function are
taken at the points ﬁlé’ which creates additional difficulties working with these operators.

In this paper we investigate the weighted approximation of functions by the classical variant
of MKZ operator in uniform norm .| 1), i.e. we want to characterize the weighted error of
approximation sup,¢(o,1) |w () f(z)|, where

w(z) =2P(1 —-z)MN. (1.2)

are the Jacobi weights.

In the unweighted case (w(z) = 1) the direct theorem is proved in [4], and the strong converse
inequality of type A (in terminology of [3]) is proved in [6]. Regarding the weighted case, the
first results are obtained by Becker and Nessel in [2], where they proved the direct theorems for
some symmetrical weights w(z) = ¢®(z) where p(z) = z(1 — z)? is the weight function which
is naturally connected with the second derivative of MKZ operators.

In [10] Totik established, that for 0 < a < 1 and ¢(z) = z(1 — z)? the condition

¢*|AL(f,2)| < Kh*

is equivalent to

Mnf—f=0(n_°’).



In [9] the authors proved that for 0 < A <1 and 0 < a < 2 the condition

. S BV
isto)- s =0 ( (£22) )

wgm(f, t) = O(t%).

Here wi)‘ ,2(f,t) are the modulus of Ditzian-Totik

is equivalent to

w ,t) = su su A2 x)|.
,\/2(f ) 0<hgtx:khtp’\/2(.€)e[01)| hnp’\/z(z)f( )I

In [7] Holhos proved the next direct inequality for weights v = 0,7, > 0:

i < L=ty it T 1C( ’71)
s = Dl <20 (0= et 22 ) + g 2520

Before stating our main result, let us introduce some notations and definitions. The first
derivative operator is denoted by D = —dI-. Thus, Dg(z) = ¢'(z) and D?%g(z) = ¢"(z).

By C[0,1) we denote the space of all continuous on [0,1) functions. The functions from
C[0,1) are not expected to be continuous or bounded at 1. By Lo[0,1) we denote the space of
all Lebesgue measurable and essentially bounded in [0,1) functions equipped with the uniform
norm || - [|o,1)- For a weight function w we set -

’LU)[O, 1) — {g € C[O’ 1); wg € LOO[Ov 1)}a
W2(w90)[0) 1) = {g,Dg € ACi,c(0, 1) w<pD2g € Loo[O’ 1)} s

where AC),.(0,1) consists of the functions which are absolutely continuous in [a,b] for every
[a,b] C (0,1).

The weighted approximation error ||w(f— M, f)||jo,1) Will be compared with the K-functional
between the weighted spaces C(w)[0,1) and W2(w)[0, 1), which for every

f € Cw)[0,1) + W2 (we)[0,1) = {fi + fa: f € C(w)[0,1), fo € W(wp)[0,1)}

and t > 0 is defined by

Ku(f,t)p,1) = {llw(f = 9)lljo,1) + tlweD?glljo,1)} - (1.3)

inf
geEW?(wy), f—g€C(w)

Our main result is the following theorem, establishing a full equivalence between the K-

functional K, (f, %)[o ;) and the weighted error [lw(Mf = f)ljo,)-

Theorem 1.1. For w defined by (1.2), where vy € [—1,0],71 € R, there exzist positive constants
Cy, Cy and L such that for every natural n > L and for all

f € Cw)[0,1) + W2(wy)[0,1)
there holds ]
Cilu(af = Dllon < Ko (£3) < Collwlda = Nl (1.4)

(0,1)

The proof is based on the method, used for the first time in [8]. Shortly, the idea is this:
by making an appropriate transformation we go to Baskakov operators for which we have the
needed estimations and go back by the inverse transformation.
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2 A connection between Baskakov and MKZ operators

Following [8] we introduce a transformation 7' mapping functions defined on [0,00) into
functions defined on [0,1). And we make the agreement that from now on we shall denote
variables, functions and operators, defined in [0,1) the usual way, and their analogs, defined in
[0,00), with tilde.

Now we give some notations and definitions.

The uniform norm on the interval [0, co) we will denote | -|[jp o) and we define the next function
spaces.

C(w)[0,00) = {g € C[0,00); WG € Loo[0,0)},
W2(5@)[0, 00) = {g,Dg € AC10e(0,00) and w@D%j € Loo[O,oo)} :

The weighted error by Baskakov operators will be characterized by the next K-functional, defined
for every function f € C(@)[0,00) + W2(@)[0,00) and for every ¢ > 0 by the formula

Ka(f,)jo.00) = inf {nw‘ = Dlloeo) + ¢ [96D%]| w)} : (2.1)

where the infimum is taken over functions § € W2(1@)[0, 00) such that f — § € C(@)[0, o).
We start with the change of variable o : [0,1) — [0,00) (used for the first time by V.Totik
in [10]) given by
T
o s = . 22
& = olz) = T (22)

Then the inverse change of variable 0~! : [0,00) — [0,1) is

T
1+%°

r=0"1(%) =

The transformation operator 7', transforming a function f defined on [0,00) to a function f
defined on [0, 1) is defined by

f(@) =T(f)(@) = M@)(foo)(z), AMz)=1-u. (2.3)
Then the inverse operator T}, transforming a function f defined on [0, 1) to a function f defined
on [0, 00) is :
Fray _ m—1 =\ ~1\(x
@ =T(0@ = frammnm Voo )@,
We want to estimate the weighted error by MKZ, so we define a new transformation operator
S by

w(z) = S(15)(z) = ﬁ(a ol (2.4)

and its inverse S~! is
5(3) = 57 (W)(&) = (Moo (@) (wo o) (3)
Obviously we have:

wf = S@)T(f) = (woo)(foa),

of = S W) = (woo=1)(f 0 071). (25)

For the next lemmas, which are easily verified (see [8]), w is a weight in [0, 1) and @ = S~ (w)

is the according weight in [0, 00).
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Lemma 2.1. The operators T and its inverse T~' are linear positive operators and the next
equalities are true:

T(¢D?f) = oD*(T),
T-\(pD2f) = pDXT"'f). (2.6)
Lemma 2.2. The operator T : C(1)[0,00) = C(w)[0,1) is an one-to-one correspondence with
lwT(Fllo,1) = 1@ Fllo,00)  1ET(Flljo,00) = I llo,)-

Lemma 2.3. The operator T : W2(w@)[0, 00) — W2(wg)[0,1) is an one-to-one correspondence
with

lweD*(T(H)lp.1) = 18ED* fllpec)s 1BED* T (/)jo,00) = lwe D fllfo,1)-
Lemma 2.4. For every f € C(w)[0,1) + W2(wg)[0,1), f = T~1f and t > 0 we have
Ku(f,t)0,1) = Ka(f,t)[0,00)-

The next lemma gives the connection between the MKZ operators M, and the classical
Baskakov operators [1].

Lemma 2.5. For every f such that one of the series below is convergent and for every n € N
we have

Mo (f)(z) = T(Va(T7H(f)))(2), z€[0,1). (2.7)
Proof. From the definition of T' we get

TOI ) = Xa) AT 0™
= = (LT (D@ = Yl 9)

=1iji(n+k—1> 1+~;)n+kf g)
i(n”_l e )\00}1)( e <D=

(5
Since
-1k _ k
(;{) 1+k/n n+k
we have
B k k _n e k
o ()3 ()=t e () =1().
Also
7k B s Fas k n+1
(1+5:)n+k+1_(1+.’1‘:‘> (1+i)"+1:m(1—$) .
Consequently
> k-1 k k
T(VaT (@) = n+k )n: (1) S <n+k>

-3

=0
=0

00
k

(
(" Z ’“)J(l —g)ntf (;%;) =M. (f,z).



Lemma 2.6. For every f € C(w)[0,1) and for every n € N we have

(M f = Do,y = [|@Va - 7|

0,00)

3 Proof of Theorem 1.1 and some other results for MKZ
First, we note that for a weight w, defined by (1.2), the according weight @ (%) is
W(E) = S~Hw) (&) = 21 + F)"1-0n, (3.1)

Then the Theorem 1.1 follows from Lemma 2.6, Lemma 2.5 and Theorem 1 in [5].
From Lemma 2.6, Lemma 2.3 and Lemma 5 in [5] we obtain the next Jackson-type inequality.

Theorem 3.1. For w, defined by (1.2) there exists a constant C' such that for every natural
n > |1+ 50 + 1| we have

C
lw(nf = £llgy < 5 lweD* o,

for every function f € W2(wy)[0,1).

From the definition of 7', Lemma 2.3, Lemma 2.5 and Lemma 7 in [5] we obtain the next
Bernstein-type inequality.

Theorem 3.2. For w, defined by (1.2) there exists a constant C' such that for every natural
n 2> |14~ + 71| we have

”’UJ(PD2A/Inf”[O’1) < Cn”wf”[(),l)

for every function f € C(w)[0,1).
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