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STRONG CONVERSE RESULT

FOR BASKAKOV OPERATOR

Ivan Gadjev

Communicated by P. Petrushev

Abstract. We give a strong converse inequality of type A in terms of
K-functional Kψ(f, t) for classical Baskakov operator. In order to establish
it, we use the iterated Baskakov operator and, in particular, we prove the
Voronovskaya and Bernstein-type inequalities for it.

1. Introduction. The approximation by positive linear operators has
been a widely discussed topic. To deal with this operators, it is useful to employ
K-functionals, which in many cases are equivalent to the appropriate modulus of
smoothness.

For the most important operators the direct theorems can be found in [3].
For the converse theorems, Ditzian and Ivanov suggested in [2] a classification
and defined four types of strong converse inequalities. The strongest are the
inequalities of type A.
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For the Bernstein operator (see [6]), given by

Bn(f, x) =
n
∑

k=0

f

(

k

n

)(

n

k

)

xk(1 − x)n−k,

where x ∈ [0, 1] and f is a continuous on [0, 1] function, they proved a strong
converse inequality of type B [2, Theorem 8.1] or more precisely, that there exist
constants C and R ≥ 19 such that for n ≥ 12 and k ≥ Rn

K2
ϕ

(

f,
1

n

)

≤ C
k

n

(

‖Bn(f) − f‖+ ‖Bk(f) − f‖
)

,

where ϕ2(x) = x(1 − x), ‖f‖ = sup
x∈[0,1]

|f(x)|, and

Kr
ϕ(f, tr) = inf

g∈C2[0,1]

{

‖f − g‖ + tr‖ϕrg(r)‖
}

.

Totik [8] extended this result to a large family of operators. Guo and Qi
[4] gave a strong converse inequality of type B using a K-functional for Baskakov
operators. Regarding strong converse inequalities of type A for the Bernstein
operator, Totik [7] and independently Knoop and Zhou [5] proved that there
exists an absolute constant C, such that

K2
ϕ

(

f,
1

n

)

≤ C‖Bn(f) − f‖.

Combining this result with the direct theorem we have a full equivalence

K2
ϕ

(

f,
1

n

)

∼ ‖Bn(f) − f‖, i.e. there exist absolute constants C∗, C∗ such that

C∗‖Bn(f) − f‖ ≤ K2
ϕ

(

f,
1

n

)

≤ C∗‖Bn(f) − f‖.

Also, in [7] Totik proved the strong converse inequality of type A for the
Szasz-Mirakjan operator and stated that the method could be used to prove the
strong converse inequality of type A for the Baskakov operator [7, Theorem 3.2].
But, to our knowledge, the strong converse inequality of type A for the Baskakov
operator has not been proven yet, and we were unable to prove it by the method
of [7].

Our goal in this paper is establishing in Theorem 1.1 an equivalence theo-
rem about classical Baskakov operator, similar to the ones for the Bernstein and
Szasz-Mirakjan operators.
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For functions f ∈ C[0;∞) the Baskakov operator is given by (see [1])

(1.1) Vnf(x) = (Vnf, x) = Vn(f, x) =
∞
∑

k=0

f

(

k

n

)

Vn,k(x) for 0 ≤ x <∞,

where

(1.2) Vn,k(x) =

(

n+ k − 1

k

)

xk(1 + x)−n−k.

We formulate our main result as Theorem 1.1. It consists of a direct
inequality (the first inequality in Theorem 1.1) and a strong converse inequality
of type A in the terminology in [2] (the second inequality in Theorem 1.1).

Before stating it we will introduce some notations. The first derivative

operator is denoted by D =
d

dx
. Thus, Dg(x) = g′(x) and D2g(x) = g′′(x). By

ψ2(x) = x(1 + x) we denote the weight which is naturally connected with the
second derivative of Baskakov operator (1.1).

By C[0,∞) we denote the space of all continuous on [0,∞) functions, by
L∞[0,∞) the space of all Lebesgue measurable and essentially bounded in [0,∞)
functions equipped with the uniform norm ‖.‖ and by

CB[0,∞) = C[0,∞) ∩ L∞[0,∞)

the space of all continuous and bounded in [0,∞) functions.
Also, we define

W r
∞(ψ) = {g : Dr−1g ∈ ACloc(0,∞) and ψrDrg ∈ L∞[0,∞)}

where ACloc(0,∞) consists of the functions which are absolutely continuous in
[a, b] for every interval [a, b] ⊂ (0,∞).

Finally, we denote F = CB[0,∞) + W 2
∞(ψ), i.e. all functions f which

can be represented as f = f1 + f2 where f1 ∈ CB[0,∞) and f2 ∈W 2
∞(ψ).

To estimate the approximation f ≈ Vn(f) we will use the K-functional,
defined by

Kψ(f, t) = inf
{

‖f − g‖ + t‖ψ2D2g‖ : g ∈W 2
∞(ψ), f − g ∈ CB[0,∞)

}

for every function f ∈ F .
Our main result is the following theorem, establishing a full equivalence

between the K-functional Kψ

(

f,
1

n

)

and ‖Vnf − f‖.
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Theorem 1.1. For Vn defined by (1.1) there exist absolute constants

L,C1, C2 > 0 such that for every n > L

C1‖Vnf − f‖ ≤ Kψ

(

f,
1

n

)

≤ C2‖Vnf − f‖

holds for all f ∈ F .

The left inequality can be found in [3, Theorem 9.3.2, page 117]. We will
prove the right inequality in Section 3.

Although Theorem 1.1 is formulated and proved for integer n it also holds
true if n is assumed to be a continuous positive parameter. In this case

Vn,k(x) =
Γ(n+ k)

k!Γ(n)
xk(1 + x)−n−k,

where Γ stands for the Gamma function, Vn is defined again by (1.1).
The paper is organized as follows. Some auxiliary results are proved in

Section 2. We prove the main result in Section 3. In order to prove it, we will
need an estimation, formulated as Theorem 2.2, which is proved in Section 4. And
the proof of Theorem 2.2 is based on two lemmas, which are proved in Sections 5
and 6.

For the rest of this paper we will use some notations and conventions.
The constants C,C1, C2, . . . will always be absolute constants which in this case
means that they do not depend on n,N and the function f . They are not the
best possible constants by any means. Also, the indexed constants C1, C2, . . . will
always be the same while the constant C may be different on each occurrence.
By A,B we will denote expressions defined in the proofs of some statements with
no meaning outside them.

2. Auxiliary results. We will mention some properties of Baskakov
operator, which can be found in [1]

(2.1) Vn is a linear, positive operator with ‖Vnf‖ ≤ ‖f‖

(2.2) Vn(1, x) = 1, Vn
(

(t− x), x
)

= 0, Vn
(

(t− x)2, x
)

=
1

n
ψ2(x).

For k ≥ 0 we have the next easily verified identities [3]

(2.3) (DVn,k)(x) = n
(

Vn+1,k−1(x) − Vn+1,k(x)
)

,
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(2.4) (DVn,k)(x) =
n

ψ2(x)

(

k

n
− x

)

Vn,k(x)

where Vn,−1(x) = 0.

We will need the second derivative of Baskakov operator as well.

For f ∈ CB[0,∞) we have

(D2Vnf)(x) = n(n+ 1)
∞
∑

k=0

∆2
1
n

f

(

k

n

)

Vn+2,k(x),

where, as usual,

∆r
hf

(

k

n

)

=

r
∑

k=0

(−1)k
(

r

k

)

f
(

x+ (r − k)h
)

.

D2Vn is well defined because

∞
∑

k=0

∆2
1
n

f

(

k

n

)

Vn+2,k(x) ≤ 4‖f‖
∞
∑

k=0

Vn+2,k(x) = 4‖f‖ <∞.

For f ∈W 2
∞(ψ) we will use the representation

(2.5) (D2Vnf)(x) =

∞
∑

k=0

n(n+1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k

n
+ u+ v

)

dudv ·Vn+2,k(x).

It is also well defined. Indeed,

∣

∣

∣

∣

∣

∞
∑

k=0

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k

n
+ u+ v

)

dudv · Vn+2,k(x)

∣

∣

∣

∣

∣

≤
∞
∑

k=0

∫ 1/n

0

∫ 1/n

0

∣

∣

∣

∣

(ψ2D2f)

(

k

n
+ u+ v

)∣

∣

∣

∣

ψ−2

(

k

n
+ u+ v

)

dudv · Vn+2,k(x)

≤ ‖ψ2D2f‖
∞
∑

k=0

∫ 1/n

0

∫ 1/n

0
ψ−2

(

k

n
+ u+ v

)

dudv · Vn+2,k(x).

But

∫ 1/n

0

∫ 1/n

0
ψ−2

(

k

n
+ u+ v

)

dudv ≤
∫ 1/n

0

∫ 1/n

0

dudv

u+ v
=

∫ 1/n

0

∫ 1/n

0

dudv√
u+ v

√
u+ v
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≤
∫ 1/n

0

∫ 1/n

0

dudv√
u
√
v

=

(

∫ 1/n

0

du√
u

)2

=
4

n

i.e.

∣

∣

∣

∣

∣

∞
∑

k=0

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k

n
+ u+ v

)

dudv · Vn+2,k(x)

∣

∣

∣

∣

∣

≤ 4‖ψ2D2f‖
n

∞
∑

k=0

Vn+2,k(x) =
4‖ψ2D2f‖

n
.

From all this it follows (D2Vnf)(x) is well defined for all f ∈ F and consequently
D2(V N

n f)(x) where as usual we set V 0
n f = f , V 1

n = Vn and recurrently V k+1
n =

Vn(V
k
n ).

We also need several additional results.

We will use a Bernstein type inequality for the Baskakov operator [3,
Theorem 9.4.1, page 125]

(2.6) ‖ψ2D2(Vnf)‖ ≤ C3n‖f‖

and the next two computational results from [5, Lemma 4.1, page 324]:

(2.7)

∫ 1

0

∫ 1

0

∫ 1

0
e(u2+u3−1)2/(1+u1) du1du2du3

− e

4
(1 − e−1)(1 − e−2)2 + (1 − e−1)4 ≤ 1,

(2.8)

∫ 1

0

∫ 1

0

∫ 1

0

(j + u1 + u2)

(j + u1 + u2 + u3)2
eu

2
3/(j+u1+u2) du1du2du3 ≤ 1

j + 1
, j ≥ 1.

The proof of Theorem 1.1 is based on two additional theorems.

Theorem 2.1. There exists an absolute constant C4 > 0 such that for

all functions f ∈W 3
∞(ψ) the estimation

‖Vnf − f − 1

2n
ψ2D2f‖ ≤ C4n

−3/2‖ψ3D3f‖

holds true.
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P r o o f. Applying Taylor’s formula we have

f

(

k

n

)

= f(x)+

(

k

n
− x

)

f ′(x)+
1

2

(

k

n
− x

)2

f ′′(x)+
1

2

∫ k/n

x

(

k

n
− v

)2

f ′′′(v) dv.

Multiplying both sides by Vn,k(x), summing with respect to k and using the
identities (2.2) we obtain

∣

∣

∣
Vn(f, x) − f(x) − 1

2n
ψ2(x)f ′′(x)

∣

∣

∣
=
∣

∣

∣

1

2

∞
∑

k=0

Vn,k(x)

∫ k/n

x

(

k

n
− v

)2

f ′′′(v) dv
∣

∣

∣

≤ 1

2
‖ψ3f ′′′‖

∣

∣

∣

∞
∑

k=0

Vn,k(x)

∫ k/n

x

(

k

n
− v

)2

ψ−3(v) dv
∣

∣

∣
.

We will show that

An(x) :=
∣

∣

∣

∞
∑

k=0

Vn,k(x)

∫ k/n

x

(

k

n
− v

)2

ψ−3(v) dv
∣

∣

∣ ≤ Cn−3/2.

For x ≥ 1

n
the above inequality is a part of the proof of Lemma 2.5, [4,

(2.13), page 226].

Now let us consider the case x <
1

n
. Analogously to [2, Lemma 8.3], we

will estimate terms in the sum of An(x) separately for k = 0, 1, 2 and k ≥ 3. We
have

Vn,0(x)

∫ x

0
v2ψ−3(v) dv =

1

(1 + x)n

∫ x

0

v2 dv
(

v(1 + v)
)3/2

≤
∫ x

0
v1/2 dv

=
2

3
x3/2 ≤ 2

3
n−3/2,

Vn,1(x)

∫ 1/n

x

(

1

n
− v

)2

ψ−3(v) dv =
nx

(1 + x)n+1

∫ 1/n

x

(

1
n − v

)2
dv

(

v(1 + v)
)3/2

≤ x

n

∫ ∞

x
v−3/2 dv =

2x1/2

n
≤ 2n−3/2,

Vn,2(x)

∫ 2/n

x

(

2

n
− v

)2

ψ−3(v) dv =
(n + 1)nx2

2(1 + x)n+2

∫ 2/n

x

(

2
n − v

)2
dv

(

v(1 + v)
)3/2
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≤ 4(n + 1)nx2

2n2

∫ ∞

x
v−3/2 dv =

4(n+ 1)

n
x3/2

≤ 8n−3/2,

∣

∣

∣

∞
∑

k=3

Vn,k(x)

∫ k/n

x

(

k

n
− v

)2

ψ−3(v) dv
∣

∣

∣ ≤
∞
∑

k=3

Vn,k(x)

∫ k/n

x

(

k

n
− v

)2

ψ−3(x) dv

=
1

3
ψ−3(x)

∞
∑

k=3

Vn,k(x)

(

k

n
− x

)3

≤ 1

3
ψ−3(x)

∞
∑

k=3

(

n+ k − 1

k

)

k3xk

n3(1 + x)n+k

≤ 3

2

(n+ 1)(n + 2)x3

n2ψ3(x)

∞
∑

k=3

(

n+ k − 1

k − 3

)

xk−3

(1 + x)n+k

≤ 9x3/2Vn+3(1, x) ≤ 9n−3/2.

Therefore in the case of x <
1

n
we obtain An(x) ≤ 59

3
n−3/2 and Theorem 2.1

follows. �

Theorem 2.2. Let 2 ≤ N ≤ n− 2

2
, n ≥ 10. There exists an absolute

constant C such that for all functions f ∈W 2
∞(ψ)

‖ψ3D3(V N
n f)‖ ≤ K(N)

√
n‖ψ2D2f‖ where K(N) ≤ CN−1/4 lnN.

Complete proof of this theorem is given in Section 4.

Now we will prove several lemmas, which we will need in the last two
sections. In the next two lemmas we collect some inequalities about Baskakov
polynomials Vn,k.

Lemma 2.1. For Vn,k defined by (1.2) and for every real numbers

n ≥ 3, z > 0, 0 ≤ a ≤ 1 we have

∞
∑

k=0

Vn+3,k(z)

(k + 1)(n + k + 2)
≤ 1

n2z(1 + z)
,(2.9)

∞
∑

k=0

ak
(

1 + k
n

)4Vn+2,k(z) ≤
n3

(n+ 1)(n − 1)(n − 2)

(1 + z − az)−(n−2)

(1 + z)4
,(2.10)
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∞
∑

k=0

ak
(

1 + k
n

)4Vn+3,k(z) ≤
n2

(n− 1)(n + 1)

(1 + z − az)−(n−1)

(1 + z)4
.(2.11)

P r o o f. Inequality (2.9) is evident as

Vn+3,k(z)

(k + 1)(n + k + 2)
=

Vn+1,k+1(z)

(n+ 1)(n + 2)z(1 + z)
≤ Vn+1,k+1(z)

n2z(1 + z)

and
∞
∑

k=0

Vn+1,k+1(z) =

∞
∑

k=1

Vn+1,k(z) ≤
∞
∑

k=0

Vn+1,k(z) = 1.

For the second one we have

∞
∑

k=0

ak

(n+ k)4
Vn+2,k(z) =

1

(1 + z)n+2

∞
∑

k=0

(n+ k + 1) · · · (k + 1)

(n+ 1)!

1

(n+ k)4

(

az

1 + z

)k

≤ 1

(1 + z)n+2

∞
∑

k=0

(n+ k − 3) · · · (k + 1)

(n+ 1)!

(

az

1 + z

)k

=
1

(n+ 1)n(n− 1)(n − 2)

1

(1 + z)n+2

∞
∑

k=0

(

n+ k − 3

k

)(

az

1 + z

)k

.

But
∞
∑

k=0

(

n+ k − 3

k

)(

az

1 + z

)k

=

(

1 + z

1 + z − az

)n−2

and consequently (2.10) follows. Analogously for (2.11). �

Later in the paper we will apply (2.11) only for n ≥ 10. In that case

n2

(n− 1)(n + 1)
≤ 1 +

4

n
,

so
∞
∑

k=0

ak
(

1 + k
n

)4Vn+3,k(z) ≤
(

1 +
4

n

)

(1 + z − az)−(n−1)

(1 + z)4
.

Setting a = 1 we obtain

(2.12)

∞
∑

k=0

Vn+3,k(z)
(

1 + k
n

)4 ≤ 1 + 4
n

(1 + z)4
.
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Lemma 2.2. For Vn,k defined by (1.2) and n ≥ 10, j = 0, 1, 2, . . . there

exists an absolute constant C5 such that

∞
∑

k=0

[

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (DVn+2,k)

(

j
n + u1 + u2 + u3

)

du1du2du3

]2

∫ 1/n
0

∫ 1/n
0 Vn+2,k

(

j
n + u1 + u2

)

du1du2

≤ C5

n3
ψ−2

(

j + 1

n+ 1

)

.

P r o o f. Let us denote

I =

∞
∑

k=0

Ik,

Ik =

[

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (DVn+2,k)

(

j
n + u1 + u2 + u3

)

du1du2du3

]2

∫ 1/n
0

∫ 1/n
0 Vn+2,k

(

j
n + u1 + u2

)

du1du2

, k = 0, 1, . . . .

We consider two cases.

Case 1. j = 0.

For k = 0 we have

I0 =

[

(n+ 2)
∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2 + u3)

−(n+3)du1du2du3

]2

∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2)−(n+2)du1du2

≤
(n + 2)2

(

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 du1du2du3

)2

∫ 1/n
0

∫ 1/n
0

(

1 + 2
n

)−(n+2)
du1du2

=
(n+ 2)2

n4

(

1 +
2

n

)n+2

≤ C

n2
.

For k ≥ 1 we apply (2.3) for (n+ 2) to obtain

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)(u1 + u2 + u3) du1du2du3

≤ n+ 2

n3

[

(

n+ k + 1

k − 1

)(

3

n

)k−1

+

(

n+ k + 2

k

)(

3

n

)k
]

.

For the denominator we have
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∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 +u2) du1du2 ≥

(

n+ k + 1

k

)∫ 1/n

0

∫ 1/n

0

(u1 + u2)
kdu1du2

(

1 + u1 + 1
n

)n+k+2

=

(

n+ k + 1

k

)
∫ 1/n

0

(u1 + 1
n)k+1 − uk+1

1

(k + 1)
(

1 + u1 + 1
n

)n+k+2
du1.

But
(

u1 +
1

n

)k+1

− uk+1
1 = u1

(

u1 +
1

n

)k

+
1

n

(

u1 +
1

n

)k

− uk+1
1 ≥ 1

n

(

u1 +
1

n

)k

.

Consequently,

∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 + u2) du1du2

≥
(

n+ k + 1

k

)

1

(k + 1)n

∫ 1/n

0

(

u1 + 1
n

1 + u1 + 1
n

)k
du1

(

1 + u1 + 1
n

)n+2 .

And because of
(

1 + u1 +
1

n

)n+2

≤
(

1 +
2

n

)n+2

≤ C

we have
∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 + u2) du1du2 ≥ C

(k + 1)n

(

n+ k + 1

k

)
∫ 1/n

0

(

u1 + 1
n

1 + u1 + 1
n

)k

du1

=
C

(k + 1)n

(

n+ k + 1

k

)∫ 2/n

1/n

(

u

1 + u

)k

du.

The function
u

1 + u
is monotonically increasing, so

u

1 + u
≥

1
n

1 + 1
n

=
1

n+ 1
for

u ≥ 1

n
, which yields

∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 + u2) du1du2 ≥ C

(k + 1)n2

(

n+ k + 1

k

)

1

(n+ 1)k
.

Then
(2.13)
∞
∑

k=1

Ik ≤
C(n+ 2)2

n4





∞
∑

k=1

(k + 1)
(n+k+1
k−1

)2 ( 3
n

)2k−2

(n+k+1
k

)

1
(n+1)k

+

∞
∑

k=1

(k + 1)
(n+k+2

k

)2 ( 3
n

)2k

(n+k+1
k

)

1
(n+1)k



.

Next we estimate each of the sums in (2.13). For the first one we have
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∞
∑

k=1

(k + 1)
(n+k+1
k−1

)2 ( 3
n

)2k−2

(n+k+1
k

)

1
(n+1)k

=
∞
∑

k=1

k(k + 1)(n + 1)

n+ 2

(

n+ k + 1

k − 1

)(

9n+ 9

n2

)k−1

≤
∞
∑

k=1

k(k + 1)

(

n+ k + 1

k − 1

)(

9n + 9

n2

)k−1

.

Computing the last sum we get

∞
∑

k=0

(k + 1)(k + 2)

(

n+ k + 2

k

)

xk =
2

(1 − x)n+3
+

4(n + 3)x

(1 − x)n+4
+

(n+ 3)(n + 4)x2

(1 − x)n+5
.

Now, for n ≥ 10 we have x =
9n+ 9

n2
< 1 and from (1− x)−(n+i) ≤ C, i = 3, 4, 5,

it follows
∞
∑

k=1

(k + 1)
(n+k+1
k−1

)2 ( 3
n

)2k−2

(n+k+1
k

)

1
(n+1)k

≤ C.

We estimate the second sum in (2.13) in a similar way.
Consequently,

I ≤ C

n2
≤ C

n3ψ2
(

1
n+1

) .

Case 2. j ≥ 1.
We will use the second representation (2.4) of the first derivative of Vn+2,k.

To shorten the following expressions we denote

ξ =
j

n
+ u1 + u2 + u3, η =

j

n
+ u1 + u2.

Now, by using Cauchy’s inequality two times, we obtain
(

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)

(

ξ
)

du1du2du3

)2

=

[

∫ 1/n

0

(

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)

(

ξ
)

du1du2

)

du3

]2

≤ 1

n

∫ 1/n

0

(

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)

(

ξ
)

du1du2

)2

du3

=
1

n

∫ 1/n

0

(

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)

(

ξ
)

√

Vn+2,k (η)
√

Vn+2,k (η)
du1du2

)2

du3
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≤ 1

n

∫ 1/n

0







∫ 1/n

0

∫ 1/n

0

(

(DVn+2,k)
(

ξ
)

)2
du1du2

Vn+2,k (η)

∫ 1/n

0

∫ 1/n

0
Vn+2,k (η) du1du2






du3

=
1

n

∫ 1/n

0

∫ 1/n

0
Vn+2,k (η) du1du2 ·

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(

(DVn+2,k)
(

ξ
)

)2
du1du2du3

Vn+2,k (η)
.

Then

Ik ≤
1

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(

(DVn+2,k)
(

ξ
)

)2
du1du2du3

Vn+2,k (η)

=
1

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(n + 2)2

ψ4(ξ)

(

k

n+ 2
− ξ

)2 V 2
n+2,k(ξ) du1du2du3

Vn+2,k (η)
.

We have

ψ2(ξ) =

(

j

n
+ u1 + u2 + u3

)(

1 +
j

n
+ u1 + u2 + u3

)

≥ j

n

(

1 +
j

n

)

≥ j + 1

2(n + 1)

(

1 +
j + 1

2(n + 1)

)

≥ j + 1

4(n+ 1)

(

1 +
j + 1

n+ 1

)

=
1

4
ψ2

(

j + 1

n+ 1

)

and also

∣

∣

∣

k

n+ 2
− ξ
∣

∣

∣
≤
∣

∣

∣

k

n+ 2
− j

n

∣

∣

∣
+
∣

∣

∣
ξ − j

n

∣

∣

∣
≤ 3

(

∣

∣

∣

k

n+ 2
− j

n

∣

∣

∣
+

1

n

)

.

Let us denote

A =
ξ2

η
, B =

(1 + ξ)2

1 + η
.

Then

Ik ≤
144(n + 2)2

nψ4
(

j+1
n+1

)

(

∣

∣

∣

k

n+ 2
− j

n

∣

∣

∣
+

1

n

)2 ∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

V 2
n+2,k (ξ)

Vn+2,k (η)
du1du2du3

≤ Cn

ψ4
(

j+1
n+1

)

(

∣

∣

∣

k

n+ 2
− j

n

∣

∣

∣
+

1

n

)2

×
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(

n+ k + 1

k

)

AkB−(n+k+2) du1du2du3.
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Now,

B −A = 1 − u2
3

ψ2
(

j
n + u1 + u2

) ≥ 1 −
1
n2

j
n

(

1 + j
n

) = 1 − 1

j(n + j)
≥ 1 − 1

n+ 1
,

i.e.

1 +A−B ≤ 1

n+ 1
<

1

n
.

Further,

(

k

n+ 2
− j

n

)2

≤ 2

[

(

k

n+ 2
−A

)2

+

(

A− j

n

)2
]

≤ C

[

(

k

n+ 2
−A

)2

+
1

n2

]

The last inequality is true because from the definition of A we have

j2

(j + 2)n
≤ A ≤ (j + 3)2

jn
.

Then

(

A− j

n

)2

≤ max

{

(

j

n
− j2

(j + 2)n

)2

,

(

(j + 3)2

jn
− j

n

)2
}

= max

{

4j2

(j + 2)2n2
,
(6j + 9)2

j2n2

}

≤ max

{

4

n2
,
225

n2

}

≤ 225

n2
.

In order to estimate I in this case we have

I ≤ Cn

ψ4( j+1
n+1 )

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

∞
∑

k=0

[

(

k

n+ 2
−A

)2

+
1

n2

]

×
(

n+ k + 1

k

)

AkB−(n+k+2)du1du2du3

=
Cn

ψ4( j+1
n+1 )

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
B−n−2

[

1

(n+ 2)2

∞
∑

k=0

k2

(

n+ k + 1

k

)(

A

B

)k

− 2A

n+ 2

∞
∑

k=0

k

(

n+ k + 1

k

)(

A

B

)k

+

(

A2 +
1

n2

) ∞
∑

k=0

(

n+ k + 1

k

)(

A

B

)k
]

du1du2du3.
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Since, for |x| < 1,

∞
∑

k=0

ki
(

n+ k + 1

k

)

xk =



























(1 − x)−n−2, i = 0,

(n+ 2)x

(1 − x)n+3
, i = 1,

(n+ 2)x

(1 − x)n+3
+

(n+ 2)(n + 3)x2

(1 − x)n+4
, i = 2,

and A/B < 1, we obtain

I ≤ Cn

ψ4( j+1
n+1 )

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
B−n−2

[

AB−1

(n+ 2)(1 −AB−1)n+3

+
(n+ 3)A2B−2

(n+ 2)(1 −AB−1)n+4
− 2A

AB−1

(1 −AB−1)n+3
+

A2 + 1
n2

(1 −AB−1)n+2

]

du1du2du3

=
Cn

ψ4( j+1
n+1 )

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
(B −A)−n−4

[

(A−B + 1)2A2 +
AB

n+ 2

+
(A−B)2

n2

]

du1du2du3.

From B −A ≥ 1 − 1

n+ 1
it follows

1

(B −A)n+4
≤ C. Moreover,

A =

(

j
n + u1 + u2 + u3

)2

j
n + u1 + u2

≤

(

j
n + 3

n

)2

j
n

=
(j + 3)2

jn
≤ C

j + 1

n+ 1
,

B =

(

1 + j
n + u1 + u2 + u3

)2

1 + j
n + u1 + u2

≤

(

1 + j
n + 3

n

)2

1 + j
n

≤ C

(

1 +
j + 1

n+ 1

)

B −A = 1 − u2
3

ψ2
(

j
n + u1 + u2

) ≤ 1,

A−B + 1 ≤ 1

n+ 1
.

Therefore

1

(B −A)n+4

[

(A−B + 1)2A2 +
AB

n+ 2
+

(A−B)2

n2

]

≤
Cψ2

(

j+1
n+1

)

n
,
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and

I ≤ Cn

ψ4
(

j+1
n+1

) ·
Cψ2

(

j+1
n+1

)

n
· 1

n3
=

C

n3ψ2
(

j+1
n+1

) .

The proof of Lemma 2.2 is complete. �

The next lemma is a very important technical result, which we will need
later.

Lemma 2.3. There exists an absolute constant C6 such that for all real

numbers z ≥ 0, α ≥ 1 there holds

(2.14)
1

(1 + z)α
≤ e−αz(1+

3
4

ln α
α )

−1

+ C6(α+ 2)−9/4.

P r o o f. We have for |t| < 1,

ln (1 + t) =

∞
∑

k=1

(−1)k+1tk

k
, − ln (1 − t) =

∞
∑

k=1

tk

k
.

Adding them we get

ln
1 + t

1 − t
= 2t

∞
∑

k=0

t2k

2k + 1
≥ 2t.

Let
1 + t

1 − t
= 1 + z. Then we have t =

z

z + 2
and ln(1 + z) ≥ 2z

z + 2
.

1) 0 ≤ z ≤ 3

2

lnα

α

1

(1 + z)α
= e−α ln(1+z) ≤ e−

2αz
z+2 = e−αz(1+

z
2)

−1

≤ e−αz(1+
3
4

ln α
α )

−1

.

2)
3

2

lnα

α
≤ z ≤ 3 lnα

α

1

(1 + z)α
− e−αz(1+

3
4

ln α
α )

−1

≤ e
−α
�
z− z2

2

�
− e−αz = e−αz

(

e
αz2

2 − 1

)

.

But in this interval
1

2
αz2 ≤ 9

2

ln2 α

α
.
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Then

e
αz2

2 − 1 =
αz2

2

(

1 +
1

2

αz2

2
+ · · ·

)

≤ C
αz2

2
≤ C

ln2 α

α
.

And from

e−αz ≤ e−α
3
2

ln α
α = α− 3

2

it follows

1

(1 + z)α
− e−αz(1+

3
4

ln α
α )

−1

≤ Cα−5/2 ln2 α ≤ C(α+ 2)−9/4.

3) z ≥ 3 lnα

α

1

(1 + z)α
≤
(

1 +
3 lnα

α

)−α

= e−α ln (1+ 3 ln α
α ) ≤ e

−α
�

3 ln α
α

− 9
2

ln2 α

α2

�
= α−3e

9
2

ln2 α
α ≤ C(α+ 2)−9/4.

This completes the proof. �

We remark here, that it is not difficult to prove, for instance, that the
constant C6 < 2, but for our purposes it is enough that C6 is an absolute constant.
Now, let us denote

(2.15)

(

1 +
3

4

ln(n− 2)

n− 2

)−1

= b.

Then the inequality (2.14) can be written as

(2.16)
1

(1 + z)n−2
≤ e−(n−2)bz + C6n

−9/4.

For the next two lemmas we introduce the following notations:

(2.17) T2,k(x) = n(n+ 1)

∫ 1/n

0

∫ 1/n

0
Vn+2,k(x+ t1 + t2) dt1dt2,

and

(2.18) T3,k(x) = n(n+1)(n+2)

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
Vn+3,k(x+ t1 + t2 + t3) dt1dt2dt3.
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Lemma 2.4. For function T2,k defined by (2.17), b by (2.15) and for

every real numbers n ≥ 10, x ≥ 0, 0 ≤ a ≤ 1 the next inequalities hold

(2.19)
∞
∑

k=0

akT2,k(x)
(

1 + k
n

)4

≤ 1 + 4
n

(1 + x)4

(

n

b(n− 2)

)2

e−(n−2)b(1−a)x

(

1 − e−
(n−2)

n
b(1−a)

1 − a

)2

+

(

1 + 4
n

)

C6

n9/4(1 + x)4
,

(2.20)

∞
∑

k=0

T2,k(x)
(

1 + k+1
n

)4 ≤
∞
∑

k=0

T2,k(x)
(

1 + k
n

)4 ≤ 1 + 4
n

(1 + x)4
.

P r o o f. By Lemma 2.1 we have

∞
∑

k=0

akT2,k(x)
(

1 + k
n

)4 = n5(n+ 1)

∫ 1/n

0

∫ 1/n

0

∞
∑

k=0

ak

(n+ k)4
Vn+2,k(x+ t1 + t2)dt1dt2

≤ n4

(n − 1)(n− 2)

∫ 1/n

0

∫ 1/n

0

1
(

1 + x+ t1 + t2
)4

1
[

1 + (1 − a)(x+ t1 + t2)
]n−2 dt1dt2

≤ n4

(n − 1)(n− 2)

1

(1 + x)4

∫ 1/n

0

∫ 1/n

0

dt1dt2
[

1 + (1 − a)(x+ t1 + t2)
]n−2 ,

and by (2.16)

∞
∑

k=0

akT2,k(x)
(

1 + k
n

)4

≤ n4

(n− 1)(n − 2)

1

(1 + x)4

∫ 1/n

0

∫ 1/n

0

(

e−(n−2)b(1−a)(x+t1+t2) +
C6

n9/4

)

dt1dt2

=
n4

(n− 1)(n − 2)

1

(1 + x)4
e−(n−2)b(1−a)x

(

∫ 1/n

0
e−(n−2)b(1−a)tdt

)2

+
n2

(n− 1)(n − 2)

C6

n9/4(1 + x)4
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=
n2

(n− 1)(n − 2)

1

(1 + x)4

(

n

b(n− 2)

)2

e−(n−2)b(1−a)x

(

1 − e−
(n−2)

n
b(1−a)

1 − a

)2

+
n2

(n− 1)(n − 2)

C6

n9/4(1 + x)4
.

But for n ≥ 10

n2

(n− 1)(n − 2)
≤ 1 +

4

n
and (2.19) follows.

Setting a = 1 in (2.10) gives us

∞
∑

k=0

Vn+2,k(x+ t1 + t2)
(

1 + k+1
n

)4 ≤
∞
∑

k=0

Vn+2,k(x+ t1 + t2)
(

1 + k
n

)4

≤ n3

(n+ 1)(n − 1)(n − 2)

1

(1 + x+ t1 + t2)4
,

and because of

∫ 1/n

0

∫ 1/n

0

dt1dt2
(1 + x+ t1 + t2)4

≤ 1

n2(1 + x)4

we obtain

∞
∑

k=0

T2,k(x)
(

1 + k+1
n

)4 ≤ n2

(n− 1)(n − 2)

1

(1 + x)4
≤ 1 + 4

n

(1 + x)4
. 2

Lemma 2.5. For T2,k defined by (2.17), T3,k by (2.18) and n ≥ 1,
j = 0, 1, 2, . . . there exists an absolute constant C7 such that

(2.21)

∞
∑

k=0

T 2
3,k

(

j
n

)

(k + 1)(n+ k + 2)T2,k

(

j
n

) ≤ 1 + C7
n

(j + 1)(n + j + 2)
.

P r o o f. Let us denote the left side in (2.21) with I and the terms in it
with Ik.
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Case 1. j = 0
Now

Ik =

[

n(n+ 1)(n + 2)
∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 Vn+3,k(u1 + u2 + u3)du1du2du3

]2

(k + 1)(n + k + 2)n(n + 1)
∫ 1/n
0

∫ 1/n
0 Vn+2,k(u1 + u2)du1du2

=
n(n+ 1)(n + 2)2

(k + 1)(n+ k + 2)

[

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 Vn+3,k(u1 + u2 + u3)du1du2du3

]2

∫ 1/n
0

∫ 1/n
0 Vn+2,k(u1 + u2)du1du2

.

By using two times Cauchy’s inequality we get

[

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
Vn+3,k(u1 + u2 + u3)du1du2du3

]2

≤ 1

n2

∫ 1/n

0

∫ 1/n

0

[

∫ 1/n

0
Vn+3,k(u1 + u2 + u3)du1

]2

du2du3

=
1

n2

∫ 1/n

0

∫ 1/n

0





∫ 1/n

0

Vn+3,k(u1 + u2 + u3)
√

Vn+2,k

(

u1 + 1
n

)

√

Vn+2,k

(

u1 +
1

n

)

du1





2

du2du3

≤ 1

n2

∫ 1/n

0

∫ 1/n

0

[

∫ 1/n

0

V 2
n+3,k(u1 + u2 + u3)

Vn+2,k

(

u1 + 1
n

) du1

×
∫ 1/n

0
Vn+2,k

(

u1 +
1

n

)

du1

]

du2du3.

But

∫ 1/n

0
Vn+2,k

(

u1 +
1

n

)

du1 ≤ n(k + 1)

∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 + u2)du1du2.

Indeed, this is true because

∫ 1/n

0
Vn+2,k(u1 + u2)du2

≥
(

n+ k + 1

k

)∫ 1/n

0
(u1 + u2)

k

(

1 + u1 +
1

n

)−(n+k+2)

du2

=

(

n+ k + 1

k

)(

1 + u1 +
1

n

)−(n+k+2)
(

u1 + 1
n

)k+1 − uk+1
1

k + 1
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and it follows from
(

u1 +
1

n

)k+1

− uk+1
1 ≥ 1

n

(

u1 +
1

n

)k

.

Then
[

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
Vn+3,k(u1 + u2 + u3)du1du2du3

]2

≤ k + 1

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

V 2
n+3,k(u1 + u2 + u3)

Vn+2,k

(

u1 + 1
n

) du1du2du3

×
∫ 1/n

0

∫ 1/n

0
Vn+2,k(u1 + u2)du1du2

and consequently

Ik ≤
n(n+ 1)(n + 2)2

(k + 1)(n + k + 2)

k + 1

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

V 2
n+3,k(u1 + u2 + u3)

Vn+2,k

(

1
n + u1

) du1du2du3

= (n+ 1)(n + 2)2
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

V 2
n+3,k(u1 + u2 + u3)

(n + k + 2)Vn+2,k

(

1
n + u1

)du1du2du3.

Let

A =
(u1 + u2 + u3)

2

1
n + u1

, B =
(1 + u1 + u2 + u3)

2

1 + 1
n + u1

.

Then

V 2
n+3,k(u1 + u2 + u3)

(n + k + 2)Vn+2,k

(

1
n + u1

)

=

(n+k+2
k

)2
(u1 + u2 + u3)

2k (1 + u1 + u2 + u3)
−2(n+k+3)

(n + k + 2)
(n+k+1

k

) (

1
n + u1

)k (
1 + 1

n + u1

)−(n+k+2)

=
1

n+ 2

(

n+ k + 2

k

)

AkB−(n+k+3) 1

1 + 1
n + u1

≤ n

(n+ 1)(n + 2)

(

n+ k + 2

k

)

AkB−(n+k+3),

and

∞
∑

k=0

Ik ≤ n(n+ 2)

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

∞
∑

k=0

(

n+ k + 2

k

)

AkB−(n+k+3)du1du2du3.
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We have

∞
∑

k=1

(

n+ k + 2

k

)

AkB−(n+k+3) = (B −A)−n−3 −B−n−3

and

B −A = 1 −
(

u2 + u3 − 1
n

)2

(

1
n + u1

) (

1 + 1
n + u1

) ≥ 1 −
(

u2 + u3 − 1
n

)2

u1 + 1
n + 1

n2

.

Then

(B −A)−n−3 ≤
[

1 −
(

u2 + u3 − 1
n

)2

u1 + 1
n + 1

n2

]−n−3

=

[

u1 + 1
n + 1

n2

u1 + 1
n + 1

n2 −
(

u2 + u3 − 1
n

)2

]n+3

=

[

1 +
(u2 + u3 − 1

n)2

u1 + 1
n + 1

n2 −
(

u2 + u3 − 1
n

)2

]n+3

≤
[

1 +

(

u2 + u3 − 1
n

)2

u1 + 1
n

]n+3

≤ e

(n+3)(u2+u3−
1
n)

2

u1+ 1
n .

These inequalities are true for 0 ≤ ui ≤
1

n
.

Now

B = 1 + u1 +
1

n
+ 2

(

u2 + u3 −
1

n

)

+

(

u2 + u3 − 1
n

)2

1 + u1 + 1
n

,

and from
(

u2 + u3 −
1

n

)2

≤ 1

n2
, 1 + u1 +

1

n
≥ 1 +

1

n

it follows

B ≤ 1 − 1

n+ 1
+ u1 + 2u2 + 2u3.

Then

B−n−3 ≥
(

1 − 1

n+ 1
+ u1 + 2u2 + 2u3

)−n−3

≥ e(n+3)( 1
n+1

−u1−2u2−2u3),
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and consequently

∞
∑

k=1

Ik

≤ n(n+2)

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0



e

(n+3)(u2+u3−
1
n )

2

u1+ 1
n − e(n+3)( 1

n+1
−u1−2u2−2u3)



du1du2du3.

From

0 ≤
(

u2 + u3 − 1
n

)2

u1 + 1
n

≤ 1

n
and − 5

n
≤ −u1 − 2u2 − 2u3 ≤ 0

it follows

e

(n+3)(u2+u3−
1
n)

2

u1+ 1
n ≤e

n(u2+u3−
1
n )

2

u1+ 1
n e3/n≤

(

1 +
C

n

)

e

n(u2+u3−
1
n)

2

u1+ 1
n ≤e

n(u2+u3−
1
n)

2

u1+ 1
n +

C

n
,

and

e(n+3)( 1
n+1

−u1−2u2−2u3) ≥ en(
1
n
−u1−2u2−2u3)e−15/n ≥

(

1 − 15

n

)

en(
1
n
−u1−2u2−2u3)

≥ en(
1
n
−u1−2u2−2u3) − C

n
.

So,

∞
∑

k=1

Ik

≤ n(n+ 2)

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0



e

n(u2+u3−
1
n)

2

u1+ 1
n − en(

1
n
−u1−2u2−2u3)



du1du2du3 +
C

n2

=
n+ 2

n2

∫ 1

0

∫ 1

0

∫ 1

0

(

e
(t2+t3−1)2

t1+1 − e1−t1−2t2−2t3

)

dt1dt2dt3 +
C

n2

≤ 1

n

∫ 1

0

∫ 1

0

∫ 1

0

(

e
(t2+t3−1)2

t1+1 − e1−t1−2t2−2t3

)

dt1dt2dt3 +
C

n2

=
1

n

[∫ 1

0

∫ 1

0

∫ 1

0
e

(t2+t3−1)2

t1+1 dt1dt2dt3 −
e

4
(1 − e−1)(1 − e−2)2

]

+
C

n2
.
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Using the inequality (2.7) we get

∞
∑

k=1

Ik ≤
(

1 −
(

1 − e−1
)4
) 1

n
+
C

n2
.

Now we will estimate I0.

I0 =

[

n(n+ 1)(n + 2)
∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2 + u3)

−n−3du1du2du3

]2

(n+ 2)n(n+ 1)
∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2)−n−2du1du2

= n(n+ 1)(n + 2)

[

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2 + u3)

−n−3du1du2du3

]2

∫ 1/n
0

∫ 1/n
0 (1 + u1 + u2)−n−2du1du2

.

From the simple inequality

1

(1 + u1 + u2 + u3)n+3
=

(

1 − u1 + u2 + u3

1 + u1 + u2 + u3

)n+3

≤ e
−(n+3)

u1+u2+u3
1+u1+u2+u3 ,

we get the next estimation

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

du1du2du3

(1 + u1 + u2 + u3)n+3
≤
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
e
−(n+3)

u1+u2+u3
1+u1+u2+u3 du1du2du3

≤
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
e
−(n+3)

u1+u2+u3
1+ 3

n du1du2du3

=

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
e−n(u1+u2+u3)du1du2du3

=
1

n3

(

1 − e−1
)3
.

We have as well
∫ 1/n

0

∫ 1/n

0

du1du2

(1 + u1 + u2)n+2
≥
∫ 1/n

0

∫ 1/n

0
e−(n+2)(u1+u2)du1du2

=

(

1 − e−
n+2

n

)2

(n + 2)2
≥
(

1 − e−1
)2

(n+ 2)2
.

Then

I0 ≤ n(n+ 1)(n + 2)

(

n−3
(

1 − e−1
)3
)2

(1 − e−1)2 (n+ 2)−2
=

(n + 1)(n+ 2)3

n5

(

1 − e−1
)4
.



Strong converse result for Baskakov operator 297

But

(n+ 1)(n + 2)3

n5
≤ 1

n
+
C

n2
and then I0 ≤ 1

n

(

1 − e−1
)4

+
C

n2
.

From this and the above for

∞
∑

k=1

it follows that

I ≤ 1

n

(

1 +
C

n

)

≤ 1

n+ 2

(

1 +
C

n

)

.

Case 2. 1 ≤ j.

Again, by using two two times Cauchy’s inequality we have

T 2
3,k

(

j
n

)

T2,k

(

j
n

) ≤
(

1 +
C

n

)

n3

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

V 2
n+3,k

(

j
n + u1 + u2 + u3

)

Vn+2,k

(

j
n + u1 + u2

) du1du2du3

Let

A =

(

j
n + u1 + u2 + u3

)2

j
n + u1 + u2

, B =

(

1 + j
n + u1 + u2 + u3

)2

1 + j
n + u1 + u2

.

From the above it follows that

Ik ≤
(

1 + C
n

)

n3

(k + 1)(n + k + 2)

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(

n+k+2
k

)2
AkB−(n+k+3)

(n+k+1
k

)

(

1 + j
n + u1 + u2

)du1du2du3

≤
(

1 +
C

n

)

n2

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

(n+k+2
k

)

AkB−(n+k+3)

(k + 1)
(

1 + j
n + u1 + u2

)du1du2du3

and

I ≤
(

1 +
C

n

)

n2

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

B−n−3

1 + j
n + u1 + u2

∞
∑

k=0

(n+k+2
k

)

k + 1

(

A

B

)k

du1du2du3.

But

∞
∑

k=0

(n+k+2
k

)

k + 1

(

A

B

)k

=
Bn+3(B −A)−n−2

(n+ 2)A
− B

(n+ 2)A
≤ Bn+3(B −A)−n−2

(n+ 2)A
.
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Consequently

I ≤
(

1 +
C

n

)

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
A−1

(

1 +
j

n
+ u1 + u2

)−1

(B−A)−n−2du1du2du3.

Now we will prove that

(2.22) (B −A)−n−2 ≤
(

1 +
C

n

)

e
n2u2

3
j+nu1+nu2 .

Indeed,

B −A = 1 − u2
3

ψ2
(

j
n + u1 + u2

) = 1 − u2
3

(

j
n + u1 + u2

)(

1 + j
n + u1 + u2

)

= 1 − u2
3

z(1 + z)
,

where z =
j

n
+ u1 + u2. Then

(B −A)−n−2 =

[

1 +
u2

3

z(1 + z) − u2
3

]n+2

≤ e
(n+2)u2

3
z(1+z)−u2

3 .

Now for 0 ≤ u3 ≤ 1

n
we have

z(1 + z) − u2
3 ≥

(

j

n
+ u1 + u2

)(

1 +
j

n
+ u1 + u2

)

− 1

n2

=
j

n
+ u1 + u2 +

(

j

n
+ u1 + u2

)2

− 1

n2
≥ j

n
+ u1 + u2,

and consequently

(B −A)−n−2 ≤ e
n(n+2)u2

3
j+nu1+nu2 .

But from
u2

3

j + nu1 + nu2
≤ 1

n2
,

it follows that
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e
2nu2

3
j+nu1+nu2 ≤ e

2
n ≤ 1 +

C

n
and e

n(n+2)u2
3

j+nu1+nu2 ≤
(

1 +
C

n

)

e
n2u2

3
j+nu1+nu2 ,

and (2.22) is proved.
Putting (2.22) in the above we get

I ≤
(

1 +
C

n

)

n

∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
e

n2u2
3

j+nu1+nu2

j
n + u1 + u2

(

j
n + u1 + u2 + u3

)2

du1du2du3
(

1 + j
n + u1 + u2

)

≤ 1 + C
n

n
(

1 + j
n

)

∫ 1

0

∫ 1

0

∫ 1

0

j + t1 + t2
(j + t1 + t2 + t3)2

e
t23

j+t1+t2 dt1dt2dt3,

and using the inequality (2.8) we have

I ≤ 1 + C
n

(j + 1)(n + j + 2)
.

With this (2.21) is proved and Lemma 2.5 as well. �

3. Proof of Theorem 1.1. The method to prove Theorem 1.1 is based
on the idea of Ivanov and Ditzian [2] by using g = V N

n (f) in the K-functional.
We have

Kψ

(

f,
1

n

)

= inf

{

‖f − g‖ +
1

n
‖ψ2D2g‖

}

≤ ‖f − Vnf‖+
1

n
‖ψ2D2(Vnf)‖

which means that it is sufficient to show that, for some constant C,

(3.1)
1

n
‖ψ2D2(Vnf)‖ ≤ C‖f − Vnf‖.

We have

1

n
‖ψ2D2

(

Vnf
)

‖ =
1

n
‖ψ2D2

(

Vnf − V N+1
n f + V N+1

n f
)

‖

≤ 1

n
‖ψ2D2Vn(f − V N

n f)‖ +
1

n
‖ψ2D2

(

V N+1
n f

)

‖.

Applying (2.6) and (2.1) we obtain

1

n
‖ψ2D2Vn(f−V N

n f)‖ ≤ C3‖f−V N
n f‖ ≤ C3

N−1
∑

i=0

‖V i
nf−V i+1

n f‖ ≤ C3N‖f−Vnf‖.

For the second term, using Theorem 2.1, Theorem 2.2 and (2.1) we have
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1

2n
‖ψ2D2

(

V N+1
n f

)

‖

≤ ‖V N+2
n f − V N+1

n f − 1

2n
ψ2D2

(

V N+1
n f

)

‖ + ‖V N+2
n f − V N+1

n f‖

≤ C4n
−3/2‖ψ3D3

(

V N+1
n f

)

‖ + ‖f − Vnf‖

≤ C4
K(N)

n
‖ψ2D2(Vnf)‖ + ‖f − Vnf‖

or
1

n
‖ψ2D2(Vnf)‖ ≤ (C3N + 2)‖f − Vnf‖ + 2C4

K(N)

n
‖ψ2D2(Vnf)‖.

Because of lim
N→∞

K(N) = 0, we can choose N such that 2C4K(N) ≤ 1

2
which is

possible since C4 is an absolute constant and then fixing this, say
L− 2

2
, we have

(3.1) for all n ≥ L with constant C3(L− 2) + 4.
This completes the proof of Theorem 1.1.

4. Proof of Theorem 2.2. We will prove Theorem 2.2 following the
method of Knoop and Zhou [5]. In order to prove it we will need some additional
lemmas. For the first one we need a representation of the third derivative of V N

n f .
Let us first compute the second derivative. Using (2.5),

(

D2(V 2
n f)

)

(x)

=
(

D2Vn(Vnf)
)

(x)

=

∞
∑

k2=0

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2Vnf)

(

k2

n
+ u2 + v2

)

du2dv2 · Vn+2,k2(x)

=
∞
∑

k2=0

n(n+ 1)

∫ 1/n

0

∫ 1/n

0

∞
∑

k1=0

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× Vn+2,k1

(

k2

n
+ u2 + v2

)

du2dv2 · Vn+2,k2(x),

and inductively
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(

D2(V N
n f)

)

(x)

=
∞
∑

k1=0

· · ·
∞
∑

kN=0

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1 · Vn+2,kN
(x)

×
N−1
∏

j=1

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
Vn+2,kj

(

kj+1

n
+ uj+1 + vj+1

)

duj+1dvj+1.

Before continuing we will introduce some notations, which will be very useful
later.

(4.1)
∑

N

=
∞
∑

k1=0

· · ·
∞
∑

kN=0

,

(4.2) P (k1, . . . , kN ;n) =

N−1
∏

j=1

T2,kj

(

kj+1

n

)

,

(4.3) lj = lj(kj , kj+1;n) =
T3,kj

(

kj+1

n

)

T2,kj

(

kj+1

n

) ,

(4.4) l∗j = l∗j (kj , kj+1;n) =
(n+ 2)

∫ 1/n
0 (DT2,kj

)
(

kj+1

n + tj+1

)

dtj+1

T2,kj

(

kj+1

n

) ,

1 ≤ j ≤ N − 2,

(4.5) Qj = Qj (kj , . . . , kN ;n) = l∗j lj+1 · · · lN−1, 1 ≤ j ≤ N − 2,

(4.6) l∗N−1 = l∗N−1(kN−1, kN ;n) = QN−1

=
(n+ 2)

∫ 1/n
0 (DT2,kN−1

)
(

kN

n + tN

)

dtN

T2,kN−1

(

kN

n

) ,

and

(4.7) Q =
N−1
∑

i=1

Qi.
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We note that all of the quantities above are well defined. In this notations the
second derivative can be written as

(4.8)
(

D2(V N
n f)

)

(x) =
∑

N

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× Vn+2,kN
(x)P (k1, . . . , kN ;n) .

For the third derivative we prove an analogous expression in the next lemma.

Lemma 4.1. In notations (4.1), (4.2), (4.5) the next identity is true

(4.9)
(

D3(V N
n f)

)

(x) =
∑

N

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× Vn+3,kN
(x)P (k1, . . . , kN ;n)Qj

for all 1 ≤ j ≤ N − 1.

P r o o f. We will prove this identity by induction.
Differentiating (4.8) we obtain for the third derivative

(4.10)
(

D3(V N
n f)

)

(x) =
∑

N

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× (DVn+2,kN
)(x)P (k1, . . . , kN ;n) .

Let us first prove (4.9) for j = N − 1. Using (2.3) we have

∞
∑

kN=0

(DVn+2,kN
)(x)P (k1, . . . , kN ;n)

=
∞
∑

kN=0

(n+ 2) [Vn+3,kN−1(x) − Vn+3,kN
(x)]T2,kN−1

(

kN
n

)

P (k1, . . . , kN−1;n)

= (n+ 2)P (k1, . . . , kN−1;n)

×





∞
∑

kN=0

Vn+3,kN−1(x)T2,kN−1

(

kN
n

)

−
∞
∑

kN=0

Vn+3,kN
(x)T2,kN−1

(

kN
n

)




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= (n + 2)P (k1, . . . , kN−1;n)

×
∞
∑

kN=0

[

Vn+3,kN
(x)T2,kN−1

(

kN + 1

n

)

− Vn+3,kN
(x)T2,kN−1

(kN
n

)

]

= (n + 2)P (k1, . . . , kN−1;n)

×
∞
∑

kN=0

[

T2,kN−1

(

kN + 1

n

)

− T2,kN−1

(

kN
n

)]

Vn+3,kN
(x)

= (n + 2)P (k1, . . . , kN−1;n)

∞
∑

kN=0

∫ 1/n

0
(DT2,kN−1

)

(

kN
n

+ tN

)

dtN · Vn+3,kN
(x).

Putting this in (4.10) we get

(

D3(V N
n f)

)

(x)

=
∑

N

n(n+ 1)(n + 2)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

×
P (k1, . . . , kN ;n)

∫ 1/n
0 (DT2,kN−1

)
(

kN

n + tN

)

dtN

T2,kN−1

(

kN

n

) Vn+3,kN
(x)

=
∑

N

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× Vn+3,kN
(x)P (k1, . . . , kN ;n)QN−1.

This proves (4.9) for j = N − 1.

Now, let us suppose (4.9) is true for j = m. Then we have

(4.11)

∞
∑

k=0

g

(

k

n

)

(n+ 2)

∫ 1/n

0
(DT2,k)(x+ t) dt

=

∞
∑

k=0

(n+ 2)

∫ 1/n

0
(Dg)

(

k

n
+ t

)

dt · T3,k(x).

Indeed,

∞
∑

k=0

(n+ 2)

∫ 1/n

0
(Dg)

(

k

n
+ t

)

dt · T3,k(x)
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= n(n+ 1)(n + 2)2
∞
∑

k=0

∫ 1/n

0
(Dg)

(

k

n
+ t

)

dt

×
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0
Vn+3,k(x+ t1 + t2 + t3) dt1dt2dt3

= n(n+ 1)(n + 2)2
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

∞
∑

k=0

[

g

(

k + 1

n

)

− g

(

k

n

)]

× Vn+3,k(x+ t1 + t2 + t3)dt1dt2dt3

= n(n+ 1)(n + 2)2
∫ 1/n

0

∫ 1/n

0

∫ 1/n

0

∞
∑

k=0

g

(

k

n

)

× (Vn+3,k−1 − Vn+3,k) (x+ t1 + t2 + t3) dt1dt2dt3

=

∞
∑

k=0

g

(

k

n

)

(n + 2)

∫ 1/n

0
n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(DVn+2,k)(x+ t1 + t2 + t3) dt1dt2dt3

=

∞
∑

k=0

g

(

k

n

)

(n + 2)

∫ 1/n

0
(DT2,k)(x+ t) dt.

Obviously, we can replace in the left side of (4.11)

g

(

k

n

)

with (n+ 2)

∫ 1/n

0
(Dg)

(

k

n
+ t

)

dt

and

(n+ 2)

∫ 1/n

0
(DT2,k)(x+ t)dt with T3,k(x)

and consequently (4.11) is proved.

Therefore using (4.11) and summing with respect to indeces km we can
replace

T2,km−1

(

km
n

)

with (n+ 2)

∫ 1/n

0
(DT2,km−1)

(

km
n

+ t

)

dt,

(n+ 2)

∫ 1/n

0
(DT2,km

)

(

km+1

n
+ t

)

dt with T3,km

(

km+1

n

)

,

T2,km−1

(

km
n

)

T2,km

(

km+1

n

)

l∗m with T2,km−1

(

km
n

)

T2,km

(

km+1

n

)

l∗m−1lm.
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That means P (k1, . . . , kN ;n)Qm changes to P (k1, . . . , kN ;n)Qm−1 and (4.9) is
true for j = m− 1 and, consequently for all 1 ≤ j ≤ N − 1. �

The next two lemmas are proved in sections 5 and 6.

Lemma 4.2. For Vn,k defined by (1.2), P (k1, . . . , kN ;n) by (4.2), Q by

(4.7), n ≥ 10

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2 ≤ CnNψ−2(x)

is true for 2 ≤ N ≤ n.

Lemma 4.3. For Vn,k defined by (1.2), P (k1, . . . , kN ;n) by (4.2), n ≥ 10

∑

N

ψ−4

(

k1 + 1

n

)

Vn+3,kN
(x)P (k1, . . . , kN ;n) ≤ CN3/4 lnNψ−4(x)

is true for 2 ≤ N ≤ n− 2

2
.

P r o o f o f T h e o r e m 2.2. Summing up (4.9) with respect to j, 1 ≤
j ≤ N − 1, we obtain

(

D3(V N
n f)

)

(x) =
1

N − 1

∑

N

n(n+ 1)

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

× Vn+3,kN
(x)P (k1, . . . , kN ;n)Q.

By Cauchy’s inequality we have

(4.12)
∣

∣

∣

(

D3(V N
n f)

)

(x)
∣

∣

∣ ≤ n(n+ 1)

N − 1

√

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

×

√

√

√

√

∑

N

[

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

]2

Vn+3,kN
(x)P (k1, . . . , kN ;n).

But

∣

∣

∣

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

∣

∣

∣

≤ ‖ψ2D2f‖
∫ 1/n

0

∫ 1/n

0
ψ−2

(

k1

n
+ u1 + v1

)

du1dv1
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and
∫ 1/n

0

∫ 1/n

0
ψ−2

(

k1

n
+ u1 + v1

)

du1dv1 ≤ 1

1 + k1
n

∫ 1/n

0

du1
√

k1
n + u1

∫ 1/n

0

dv1
√

k1
n + v1

≤ 8

1 + k1+1
n

(
√

k1 + 1

n
−
√

k1

n

)2

.

Because of
√

k1 + 1

n
−
√

k1

n
=

1

n
(

√

k1+1
n +

√

k1
n

)

≤ 1

n
√

k1+1
n

,

we obtain
∫ 1/n

0

∫ 1/n

0
ψ−2

(

k1

n
+ u1 + v1

)

du1dv1 ≤ 8

n2ψ2
(

k1+1
n

) ,

which means

∑

N

[

∫ 1/n

0

∫ 1/n

0
(D2f)

(

k1

n
+ u1 + v1

)

du1dv1

]2

Vn+3,kN
(x)P (k1, . . . , kN ;n)

≤ 64

n4
‖ψ2D2f‖2

∑

N

ψ−4

(

k1 + 1

n

)

Vn+3,kN
(x)P (k1, . . . , kN ;n)(4.13)

Observe that from (4.12), (4.13), Lemma 4.2 and Lemma 4.3 we obtain

∣

∣

∣

(

D3(V N
n f)

)

(x)
∣

∣

∣
≤ n(n+ 1)

N − 1

√

CnNψ−2(x)
8

n2
‖ψ2D2f‖

√

ψ−4(x)CN3/4 lnN

≤ C
√
n ‖ψ2D2f‖ψ−3(x)

√

N−1/4 lnN

and Theorem 2.2 follows immediately if we set C
√

N−1/4 lnN = K(N). �

5. Proof of Lemma 4.2. First, we will prove an identity for the

numbers Qi, which will allow us to replace Q2 by
∑

i

Q2
i in some sence.

Lemma 5.1. For Vn,k defined by (1.2), P (k1, . . . , kN ;n) by (4.2), Qi by

(4.5) and (4.6), and x ∈ (0,∞),
∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)QiQj = 0, i 6= j.
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P r o o f. We have
∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)QiQj

=
∞
∑

k1=0

T2,k1

(

k2

n

) ∞
∑

k2=0

· · ·
∞
∑

kN=0

Vn+3,kN
(x)QiQj

N−1
∏

ν=2

T2,kν

(

kν+1

n

)

.

Let i < j. Observe that Qi does not depend on km, m = 1, 2, . . . , i − 1, so we
may sum with respect to all km, m = 1, 2, . . . , i− 1. And using the equality

∞
∑

km=0

T2,km

(

km+1

n

)

= n(n+ 1)

∫ 1/n

0

∫ 1/n

0

∞
∑

km=0

Vn+2,km

(

km+1

n
+ t1 + t2

)

dt1dt2

=
n+ 1

n

we obtain
∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)QiQj

=

∞
∑

k1=0

T2,k1

(

k2

n

)

· · ·
∞
∑

ki−1=0

T2,ki−1

(

ki
n

)

×
∞
∑

ki=0

· · ·
∞
∑

kN=0

Vn+3,kN
(x)QiQj

N−1
∏

ν=i

T2,kν

(

kν+1

n

)

=

(

n+ 1

n

)i−1 ∞
∑

ki=0

· · ·
∞
∑

kN=0

Vn+3,kN
(x)QiQj

N−1
∏

ν=i

T2,kν

(

kν+1

n

)

=

(

n+ 1

n

)i−1 ∞
∑

kN=0

· · ·
∞
∑

ki+1=0

H(ki+1, . . . , kN )
∞
∑

ki=0

QiT2,ki

(

ki+1

n

)

where H(ki+1, . . . , kN ) does not depend on ki.
Now by using the notations (4.3) and (4.4) we get Lemma 5.1 from

∞
∑

ki=0

QiT2,ki

(

ki+1

n

)

=
∞
∑

ki=0

l∗i li+1 · · · lN−1T2,ki

(

ki+1

n

)

=





∞
∑

ki=0

(n + 2)

∫ 1/n

0
(DT2,ki

)

(

ki+1

n
+ ti+1

)

dti+1



 li+1 · · · lN−1
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= (n+ 2)li+1 · · · lN−1

∫ 1/n

0

∞
∑

ki=0

(DT2,ki
)

(

ki+1

n
+ ti+1

)

dti+1 = 0

because
∞
∑

ki=0

(DT2,ki
)

(

ki+1

n
+ ti+1

)

= 0. 2

P r o o f o f L e m m a 4.2. By Lemma 5.1 we have

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

=

N−1
∑

i=1

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

i

+
∑

i6=j

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)QiQj

=

N−1
∑

i=1

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

i .

Consequently, it is enough to show

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

i ≤ Cnψ−2(x), i = 1, 2, . . . , n− 1.

The left side is

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

m

=
∑

N

Vn+3,kN
(x)

N−1
∏

j=1

T2,kj

(

kj+1

n

)

(

l∗mlm+1 · · · lN−1

)2

=
∞
∑

kN=0

Vn+3,kN
(x)

∞
∑

kN−1=0

T2,kN−1

(

kN
n

)

l2N−1 · · ·
∞
∑

km+1=0

T2,km+1

(

km+2

n

)

l2m+1

×
∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2
∞
∑

km−1=0

T2,km−1

(

km
n

)

· · ·
∞
∑

k1=0

T2,k1

(

k2

n

)
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=

(

n+ 1

n

)m−1 ∞
∑

kN=0

Vn+3,kN
(x)

∞
∑

kN−1=0

T2,kN−1

(

kN
n

)

l2N−1

· · ·
∞
∑

km+1=0

T2,km+1

(

km+2

n

)

l2m+1

∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2.

Now

∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2

=

∞
∑

km=0

T2,km

(

km+1

n

)





(n+ 2)
∫ 1/n
0 (DT2,km

)
(

km+1

n + tm+1

)

dtm+1

T2,km

(

km+1

n

)





2

= n(n+ 1)(n + 2)2

×
∞
∑

km=0

[

∫ 1/n
0

∫ 1/n
0

∫ 1/n
0 (DVn+2,k)

(

km+1

n + t1 + t2 + t3

)

dt1dt2dt3

]2

∫ 1/n
0

∫ 1/n
0 Vn+2,k

(

km+1

n + t1 + t2

)

dt1dt2
.

And by Lemma 2.2

∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2 ≤ n(n+ 1)(n + 2)2
C5

n3
ψ−2

(

km+1 + 1

n+ 1

)

≤ C8n
3

(km+1 + 1)(n + km+1 + 2)
.

Then

∞
∑

km+1=0

T2,km+1

(

km+2

n

)

l2m+1

∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2

≤
∞
∑

km+1=0

T 2
3,km+1

(

km+2

n

)

T2,km+1

(

km+2

n

)

C8n
3

(km+1 + 1) (n+ km+1 + 2)
,

and by Lemma 2.5
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∞
∑

km+1=0

T2,km+1

(

km+2

n

)

l2m+1

∞
∑

km=0

T2,km

(

km+1

n

)

(l∗m)2

≤ C8

(

1 + C7
n

)

n3

(km+2 + 1)(n + km+2 + 2)
.

Recurrently, for N ≤ n, we obtain

∑

N

Vn+3,kN
(x)P (k1, . . . , kN ;n)Q2

m ≤
(

n+ 1

n

)m−1 C8n
3
(

1 + C7
n

)N−m

n2x(1 + x)
≤ Cn

ψ2(x)
.

The proof of Lemma 4.2 is complete. 2

6. Proof of Lemma 4.3. The equivalence

(6.1)
1

2
ψ−4(x) ≤ 1

x2(1 + x)4
+

1

(1 + x)4
≤ ψ−4(x)

implies

∞
∑

k1=0

ψ−4

(

k1 + 1

n

)

T2,k1

(

k2

n

)

≤ 2

∞
∑

k1=0

T2,k1

(

k2
n

)

(

k1+1
n

)2 (

1 + k1+1
n

)4 + 2

∞
∑

k1=0

T2,k1

(

k2
n

)

(

1 + k1+1
n

)4 .

Using the simple equality

1

(k + 1)2
=

∫ 1

0

∫ 1

0
(w1w2)

kdw1dw2,

we obtain for the first sum on the right side

∞
∑

k1=0

T2,k1

(

k2
n

)

(

k1+1
n

)2 (

1 + k1+1
n

)4 = n2

∫ 1

0

∫ 1

0

∞
∑

k1=0

(w1w2)
k1T2,k1

(

k2
n

)

dw1dw2

(

1 + k1+1
n

)4

≤ n2

∫ 1

0

∫ 1

0

∞
∑

k1=0

(w1w2)
k1T2,k1

(

k2
n

)

dw1dw2

(

1 + k1
n

)4 .
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Now, by (2.19) we get

∞
∑

k1=0

T2,k1

(

k2
n

)

(

k1+1
n

)2 (

1 + k1+1
n

)4 ≤
(

1 + 4
n

)

n2

(

1 + k2
n

)4

(

n

b(n− 2)

)2

×
∫ 1

0

∫ 1

0

(

1 − e−
(n−2)

n
b(1−w1w2)

1 − w1w2

)2

e−
(n−2)

n
b(1−w1w2)k2dw1dw2 +

C6

(

1 + 4
n

)

n1/4(1 + k2
n )4

,

and consequently by (6.1) and (2.20),

∞
∑

k1=0

ψ−4

(

k1 + 1

n

)

T2,k1

(

k2

n

)

≤ 2
∞
∑

k1=0

T2,k1

(

k2
n

)

(

k1+1
n

)2 (

1 + k1+1
n

)4 + 2
∞
∑

k1=0

T2,k1

(

k2
n

)

(

1 + k1+1
n

)4

≤ 2
(

1 + 4
n

)

n2

(

1 + k2
n

)4

(

n

b(n− 2)

)2

×
∫ 1

0

∫ 1

0

(

1 − e−
(n−2)

n
b(1−w1w2)

1 − w1w2

)2

e−
(n−2)

n
b(1−w1w2)k2dw1dw2

+
2
(

1 + 4
n

) (

1 + C6n
−1/4

)

(

1 + k2
n

)4 .(6.2)

Now we define two sequences of functions, which we will need later.
For 0 ≤ t ≤ 1, n = 3, 4, . . . , N = 1, 2, . . . and b given by (2.15), we define

Hj(t) and hj(t) in the following way.

(6.3) H0(t) = 1 − t, Hj+1(t) = 1 − e−
n−2

n
bHj(t), j = 0, 1, . . . , N − 2

and

(6.4) hj(t) = Hj(1 − t), j = 0, 1, . . . , N − 2.

It is clear that

(6.5) h0(t) = t, hj+1(t) = 1 − e−
n−2

n
bhj(t), j = 0, 1, . . . , N − 2.

Using the sequence Hj(t), (6.2) can be rewritten as
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∞
∑

k1=0

ψ−4

(

k1 + 1

n

)

T2,k1

(

k2

n

)

≤ 2
(

1 + 4
n

)

n2

b2
(

1 + k2
n

)4

(

n

n− 2

)2 ∫ 1

0

∫ 1

0

H2
1 (w1w2)

H2
0 (w1w2)

e−
n−2

n
bH0(w1w2)k2dw1dw2

+
2
(

1 + 4
n

) (

1 + C6n
−1/4

)

(

1 + k2
n

)4 .

Multiplying by T2,k2

(

k3

n

)

and summing with respect to k2, using (2.19) and

(2.20) with a = exp

(

−n− 2

n
bH0

)

∞
∑

k2=0

∞
∑

k1=0

ψ−4

(

k1 + 1

n

)

T2,k1

(

k2

n

)

T2,k2

(

k3

n

)

≤ 2
(

1 + 4
n

)2
n2

b4
(

1 + k3
n

)4

(

n

n− 2

)4∫ 1

0

∫ 1

0

H2
2 (w1w2)

H2
0 (w1w2)

e−
n−2

n
bH1(w1w2)k3dw1dw2

+
2
(

1 + 4
n

)2 (
1+2C6n

−1/4
)

(

1 + k3
n

)4 ,

because

H1(w1w2) = 1 − e−
n−2

n
bH0(w1w2) ≤ n− 2

n
bH0(w1w2)

or

H2
1 (w1w2)

H2
0 (w1w2)

≤
(

n− 2

n
b

)2

.

Inductively we have

Hj(w1w2) ≤
(n− 2

n
b
)j
H0(w1w2) and

H2
j (w1w2)

H2
0 (w1w2)

≤
(n− 2

n
b
)2j

.

So, after N times and using (2.11), (2.20), (2.12) we obtain
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(6.6)
∑

N

ψ−4

(

k1 + 1

n

)

Vn+3,kN
(x)P (k1, . . . , kN ;n)

≤ 2
(

1 + 4
n

)N
n2

b2N (1 + x)4

(

n

n− 2

)2N∫ 1

0

∫ 1

0

H2
N−1(w1w2)

H2
0 (w1w2)

e−(n−1)bHN−1(w1w2)xdw1dw2

+
2
(

1 + 4
n

)N(
1 +NC6n

−1/4
)

(1 + x)4
.

We need to estimate the double integral in (6.6). We will do it in Lemma 6.2 and
will use the sequence hj(t), defined by (6.4).

Lemma 6.1. For the sequence hj(t), defined by (6.4) or (6.5)

(6.7)

(

n− 2

n
b

)N (

t− Nt2

2

)

≤ hN−1(t) ≤
(

n− 2

n
b

)N

t.

P r o o f. From Taylor’s formula

hN−1(t) = hN−1(0) + h′N−1(0)t+
1

2
h′′N−1(0)t

2 +
1

6
h′′′N−1(θt), 0 < θ < 1.

h′j+1(t) =
n− 2

n
bh′j(t)e

−n−2
n
bhj(t) = · · · =

(n− 2

n
b
)j+1

e−
n−2

n
b
Pj

i=0 hi(t),

and consequently

h′N−1(t) =
(n− 2

n
b
)N−1

e−
n−2

n
b
PN−2

i=0 hi(t).

From
h0(0) = 0 we get h1(0) = 1 − e−

n−2
n
bh0(0) = 0,

and inductively

hj(0) = 0 and h′N−1(0) =

(

n− 2

n
b

)N−1

.

Also

h′′j (t) = −
(

n− 2

n
b

)j+1

e−
n−2

n
b
Pj−1

i=0 hi(t)
j−1
∑

i=0

h′i(t).

From

h′j(0) =
(n− 2

n
b
)j

≤ 1
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we have

N−2
∑

i=0

h′i(0) ≤ N − 1 < N and |h′′N−1(0)| ≤
(n− 2

n
b
)N

N.

h′′′N−1(t) =
(n− 2

n
b
)N+1

e−
n−2

n
b
PN−2

i=0 hi(t)
(

N−2
∑

i=0

h′i(t)
)2

−
(n− 2

n
b
)N

e−
n−2

n
b
PN−2

i=0 hi(t)
N−2
∑

i=0

h′′i (t).

Since h′i(t) ≥ 0 we get h′′j (t) ≤ 0 and consequently h′′′N−1(t) ≥ 0. Then the left
inequality in (6.7) follows immediately.

hN−1(t) ≥
(n− 2

n
b
)N−1

t−
(n− 2

n
b
)NNt2

2

≥
(n− 2

n
b
)N

t−
(n− 2

n
b
)NNt2

2
=
(n− 2

n
b
)N
(

t− Nt2

2

)

.

At the same time

hj+1(t) = 1 − e−
n−2

n
bhj(t) ≤ n− 2

n
bhj(t), h0(t) = t

and inductively

hj(t) ≤
(n− 2

n
b
)j
t.

Combining we have

(

n− 2

n
b

)N (

t− Nt2

2

)

≤ hN−1(t) ≤
(

n− 2

n
b

)N

t. 2

Lemma 6.2. For the sequence Hj(t), defined by (6.3) there exists an

absolute constant C9 such that

∫ 1

0

∫ 1

0

H2
N−1(w1w2)

H2
0 (w1w2)

e−(n−1)bHN−1(w1w2)xdw1dw2 ≤ C9 lnN

(nx)2
.
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P r o o f. First,

H2
N−1(t)e

−(n−1)bHN−1(t)x ≤ C

(nx)2

because of the fact that for

a ≥ 0, y2e−ay ≤ 2a−2

and consequently

H2
N−1(t)e

−(n−1)bHN−1(t)x ≤ 2

((n− 1) bx)2
≤ C

(nx)2
.

Now,

H0(t) = 1 − t ≥ 1

2
if t ≤ 1

2
and H0(w1w2) ≥

1

2
if w1 ≤ 1

2
or w2 ≤ 1

2
,

so
∫ 1

0

∫ 1

0

H2
N−1(w1w2)

H2
0 (w1w2)

e−(n−1)bHN−1(w1w2)xdw1dw2

≤
∫ 1

1/2

∫ 1

1/2

H2
N−1(w1w2)

H2
0 (w1w2)

e−(n−1)bHN−1(w1w2)xdw1dw2 +
C

(nx)2
.

If we make the substitute w1w2 = u,w1 = s in the integral, we obtain
∫ 1

1/2

∫ 1

1/2

H2
N−1(w1w2)

H2
0 (w1w2)

e−(n−1)bHN−1(w1w2)xdw1dw2

=

∫ 1

1/2

1

s

∫ s

s/2

H2
N−1(u)

H2
0 (u)

e−(n−1)bHN−1(u)xduds

≤ 2

∫ 1

1/2

∫ s

s/2

H2
N−1(u)

H2
0 (u)

e−(n−1)bHN−1(u)xduds

≤ 2

∫ 1

1/2

∫ s

1/2

H2
N−1(u)

H2
0 (u)

e−(n−1)bHN−1(u)xduds+
C

(nx)2

= 2

∫ 1

1/2

∫ 1

u

H2
N−1(u)

H2
0 (u)

e−(n−1)bHN−1(u)xdsdu+
C

(nx)2

= 2

∫ 1

1/2

H2
N−1(u)

1 − u
e−(n−1)bHN−1(u)xdu+

C

(nx)2
.
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Obviously, it is sufficient to show that

(6.8)

∫ 1

1/2

H2
N−1(u)

1 − u
e−(n−1)bHN−1(u)xdu ≤ C lnN

(nx)2
.

Let 1 − u = t. Then

∫ 1

1/2

H2
N−1(u)

1 − u
e−(n−1)bHN−1(u)xdu =

∫ 1/2

0

h2
N−1(t)

t
e−(n−1)bhN−1(t)xdt

=

∫ 2/(3N)

0
+

∫ 1/2

2/(3N)
.

For the first one, using Lemma 6.1, we have

∫ 2/(3N)

0

h2
N−1(t)

t
e−(n−1)bhN−1(t)xdt

≤
∫ 2/(3N)

0

(n− 2

n
b
)2N

te
−(n−1)

(

n−2
n
b
)N�

t−Nt2

2

�
bx
dt

≤
(n− 2

n
b
)2N

∫ 2/(3N)

0
te−

2
3
(n−1)t

(

n−2
n
b
)N

bxdt.

Computing

∫ 2/(3N)

0
te−atdt = − 2

3aN
e−

2
3N

a − 1

a2
e−

2
3N

a +
1

a2
≤ 1

a2
,

we obtain

(n− 2

n
b
)2N

∫ 2/(3N)

0
te−

2
3
(n−1)t

(

n−2
n
b
)N

bxdt

≤
(n− 2

n
b
)2N

[

2

3
(n− 1)

(

n− 2

n
b

)N

bx

]−2

=
9

4(n − 1)2(bx)2
≤ C

(nx)2
.

For the second one we use again

h2
N−1(t)e

−(n−1)bhN−1(t)x ≤ C
(

(n− 1)bx
)2 ≤ C

(nx)2
.
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Then

∫ 1/2

2/(3N)

h2
N−1(t)

t
e−(n−1)bhN−1(t)xdt ≤ C

(nx)2

∫ 1/2

2/(3N)

dt

t
≤ C lnN

(nx)2
.

This completes the proof of (6.8) and Lemma 6.2 as well. �

So, by using Lemma 6.2, we obtain from (6.6)

∑

N

ψ−4

(

k1 + 1

n

)

Vn+3,kN
(x)P (k1, . . . , kN ;n)

≤
(

1 + 4
n

)N
n2

b2N (1 + x)4

(

n

n− 2

)2N C9 lnN

(nx)2
+

2
(

1 + 4
n

)N (
1 +NC6n

−1/4
)

(1 + x)4

≤ C lnN

b2Nx2(1 + x)2
+

CNn−1/4

x2(1 + x)2
= C

(

lnN

b2N
+Nn−1/4

)

ψ−4(x).

But

b−2N =

(

1 +
3

4

ln(n− 2)

n− 2

)2N

≤
(

1 +
3

4

ln(2N)

2N

)2N

≤ (2N)3/4,

because
ln(n− 2)

n− 2
≤ ln(2N)

2N
for N ≤ n− 2

2
.

Then

∑

N

ψ−4

(

k1 + 1

n

)

Vn+3,kN
(x)P (k1, . . . , kN ;n) ≤ C

(

N3/4 lnN +N3/4
)

ψ−4(x)

≤ CN3/4 lnNψ−4(x),

which proves Lemma 4.3. �
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