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ABSTRACT. We give a strong converse inequality of type A in terms of
K-functional K (f,t) for classical Baskakov operator. In order to establish
it, we use the iterated Baskakov operator and, in particular, we prove the
Voronovskaya and Bernstein-type inequalities for it.

1. Introduction. The approximation by positive linear operators has
been a widely discussed topic. To deal with this operators, it is useful to employ
K-functionals, which in many cases are equivalent to the appropriate modulus of
smoothness.

For the most important operators the direct theorems can be found in [3].
For the converse theorems, Ditzian and Ivanov suggested in [2] a classification
and defined four types of strong converse inequalities. The strongest are the
inequalities of type A.

2010 Mathematics Subject Classification: 41A36, 41A25, 41A27, 41A17.
Key words: Baskakov operator, K-functional, Strong converse inequality.



274 Ivan Gadjev

For the Bernstein operator (see [6]), given by

Bu(f,2) = kznjof <S> <Z> 21—z F,

where x € [0,1] and f is a continuous on [0, 1] function, they proved a strong
converse inequality of type B [2, Theorem 8.1] or more precisely, that there exist
constants C and R > 19 such that for n > 12 and &k > Rn

K2 (1.5) < 2 (1u0) - 71+ 18u0) - 1),

where ©*(z) = 2(1 — ), |f| = sup |f(z)], and
z€[0,1]

Ko(f,t") = inf - t"lle" g b
sy =t {17 gl + et}

Totik [8] extended this result to a large family of operators. Guo and Qi
[4] gave a strong converse inequality of type B using a K-functional for Baskakov
operators. Regarding strong converse inequalities of type A for the Bernstein
operator, Totik [7] and independently Knoop and Zhou [5] proved that there
exists an absolute constant C, such that

2
K(‘D (f7
Combining this result with the direct theorem we have a full equivalence

1
Kfj (f, —) ~ |[Bn(f) — fll, i-e. there exist absolute constants C*, C, such that
n

1

n

) < CIBu(f) — 11|

ClBuD) ~ 111 < K2 (1,3 ) < CBulr) - I

Also, in [7] Totik proved the strong converse inequality of type A for the
Szasz-Mirakjan operator and stated that the method could be used to prove the
strong converse inequality of type A for the Baskakov operator [7, Theorem 3.2].
But, to our knowledge, the strong converse inequality of type A for the Baskakov
operator has not been proven yet, and we were unable to prove it by the method
of [7].

Our goal in this paper is establishing in Theorem 1.1 an equivalence theo-
rem about classical Baskakov operator, similar to the ones for the Bernstein and
Szasz-Mirakjan operators.
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For functions f € C[0;00) the Baskakov operator is given by (see [1])

(1.1)  Vif(x)=(Vof,x) =V, (f,z) = Zf (%) Vor(z) for 0<z < oo,
k=0

where

(1.2) Vor(x) = (n +I]: B 1)90"”(1 + )"k

We formulate our main result as Theorem 1.1. It consists of a direct
inequality (the first inequality in Theorem 1.1) and a strong converse inequality
of type A in the terminology in [2] (the second inequality in Theorem 1.1).

Before stating it we will introduce some notations. The first derivative
operator is denoted by D = % Thus, Dg(z) = ¢'(z) and D?g(z) = ¢"(x). By
Y*(z) = (1 + z) we denote the weight which is naturally connected with the
second derivative of Baskakov operator (1.1).

By (0, 00) we denote the space of all continuous on [0, 00) functions, by
L [0,00) the space of all Lebesgue measurable and essentially bounded in [0, c0)
functions equipped with the uniform norm ||.|| and by

CBJ0,00) = C[0,00) N L0, 00)

the space of all continuous and bounded in [0, c0) functions.
Also, we define

Wi () ={g: D" 'g € ACioc(0,00) and ¢"D"g € Log[0,00)}

where ACj,.(0,00) consists of the functions which are absolutely continuous in
[a, b] for every interval [a,b] C (0, 00).

Finally, we denote F = CB[0,00) + W2 (1), i.e. all functions f which
can be represented as f = f; + f where f; € CB[0,00) and fo € W2 (¥).

To estimate the approximation f & V,,(f) we will use the K-functional,
defined by

Ky(f,t) =inf{||f — gll + t|v*D?g|| : g € WL (¥), f — g € CB[0,00)}

for every function f € F.
Our main result is the following theorem, establishing a full equivalence

1
between the K-functional K, (f, —> and ||V, f — flI-
n
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Theorem 1.1. For V, defined by (1.1) there exist absolute constants
L,C1,Cy > 0 such that for everyn > L

1
vt = I < Ko (13 ) < Calvd = 1)
holds for all f € F.
The left inequality can be found in [3, Theorem 9.3.2, page 117]. We will
prove the right inequality in Section 3.

Although Theorem 1.1 is formulated and proved for integer n it also holds
true if n is assumed to be a continuous positive parameter. In this case

I'(n+k)

k 1 —n—k
WGy~ e

Vn’k(l') =
where I stands for the Gamma function, V;, is defined again by (1.1).

The paper is organized as follows. Some auxiliary results are proved in
Section 2. We prove the main result in Section 3. In order to prove it, we will
need an estimation, formulated as Theorem 2.2, which is proved in Section 4. And
the proof of Theorem 2.2 is based on two lemmas, which are proved in Sections 5
and 6.

For the rest of this paper we will use some notations and conventions.
The constants C,Cy,Cs, ... will always be absolute constants which in this case
means that they do not depend on n, N and the function f. They are not the
best possible constants by any means. Also, the indexed constants C1, Cs, ... will
always be the same while the constant C' may be different on each occurrence.
By A, B we will denote expressions defined in the proofs of some statements with
no meaning outside them.

2. Auxiliary results. We will mention some properties of Baskakov
operator, which can be found in [1]

(2.1) V, is a linear, positive operator with ||V, f|| < || f]l

(2.2) Vo(l,2) =1, Vn((t — ac),x) =0, Vn((t — $)2,x) = wQ(ac).
For k > 0 we have the next easily verified identities [3]

(2.3) (DVai) (@) = 1 (Var1hm1(@) = Var1a(a) ).
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(DVes)(o) = o (£ =) Vaat)

We will need the second derivative of Baskakov operator as well
For f € C'B[0,00) we have

n(n+1 i 2% (—) Vit2,k(2),

277
(2.4)

where V,, _1(z) = 0.

(D*Vaf) ()

where, as usual,

i (%) — i(—l)k@)f(x + (r = k)h).

D?V, is well defined because

52837 () Verar) <411 Y Vs
=0

k=0

) = 4| f[| < oo.

For f € W2 (1)) we will use the representation

(2.5) (D*V,f)(x :innﬂ/l/n/l/n

( +u+ v) dudv - V19 ().
=0
It is also well defined. Indeed,

1/n p1/n
D2 ( +u -+ U) dudv - V1o ()

1/n 1/n
e e

1/n rl/n k
< |[4*D? fHZ/ p? <E +u+v> dudv - Vi o1()

dudv
VUu+vyvu+v

1/n 1/n Ln r1/n g0, do 1/n pl1/n
/ / < +u+v> dudv S/ / —/
0 0 0

utv 0
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/1/n 1/n dudv B /1/nd—u 2_%
o Vu) n

i.e.

1/n r1/n
/ (D?f) < —|—u+v>dudv Vatok(2)

4|92 D? f|| 4llp* DA f||
< AEPIS Vagoate) = AL

From all this it follows (D?V;,f)(z) is well defined for all f € F and consequently
D?(VN £)(z) where as usual we set VOf = f, VI =V, and recurrently Vi1 =
Vi (VE.

We also need several additional results.

We will use a Bernstein type inequality for the Baskakov operator [3,
Theorem 9.4.1, page 125]

(2.6) 12 D*(Va )]l < Canl| £

and the next two computational results from [5, Lemma 4.1, page 324]:

1,1 gl
(2.7) / / / e(u2tus=1)*/(14u1) goy, duyodug
0o Jo JO

e R e L)

28) / / / (J + w1+ ug) eus/Urwmtuz) go duodus < L Jj=1
(7 + w1 + ug + ugz)? jt+1

The proof of Theorem 1.1 is based on two additional theorems.

Theorem 2.1. There exists an absolute constant Cy > 0 such that for
all functions f € Wgo(w) the estimation

1
[Vaf = f = - w*D*f|| < Can™*[0* D¥f |

holds true.
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Proof. Applying Taylor’s formula we have

f<%>:f@H«%—m>f@Hé(%—m)?%m+%len<%—éYfNMdu

Multiplying both sides by V,, x(x), summing with respect to k and using the
identities (2.2) we obtain

k=0 z "
1 " - Kk —
< 3197713 Vaste) | (5-0) o)

We will show that
o0 k/n k 2
= }vak(l‘)/ <E — U> 1/}73(1)) dv ~
k=0 z

1
For © > — the above inequality is a part of the proof of Lemma 2.5, [4,
n
(2.13), page 226].

Now let us consider the case x < —. Analogously to [2, Lemma 8.3], w

will estimate terms in the sum of A, (x) separately for k=0,1,2 and k > 3. We
have

T 5 3 B 1 T 1)2d’l) T 1/2
Vn,o(x)/o v7Y T (v) dv = (1+x)”/0 (v(1+v))3/2 §/0 v/ 2 dv

0o 1/2
< E/ v 2 dy = 2z < 2n_3/2,
X

2 g \2 (it Dna? A (2-0) dv
Vo) [ (5 =0) v = | (01 + )"
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2 0o
< 4(n + 1)”1‘ / U73/2 dv — 4(n + 1)1:3/2
T n

k=3
1 = (n+k-1 k3ak
< 243
_31/) ()§< k >n3(1-|-:c)"HC
<§(n+1)(n+2)$3i n+k—1 xk=3
-2 n2y3 () —~\ k-3 )1+ x)nth
< 923/%V, 1 5(1,2) < 9n =32,

1 99
Therefore in the case of x < — we obtain A, (z) < gnfg/ 2 and Theorem 2.1

n
follows. 0O

Theorem 2.2. Let 2 < N < n- ,n > 10. There exists an absolute
constant C such that for all functions f € WOQO(w)

12 D3(VN )| < K(N)Vn|w?D?*f||  where K(N)<CN~Y*InN.

Complete proof of this theorem is given in Section 4.

Now we will prove several lemmas, which we will need in the last two
sections. In the next two lemmas we collect some inequalities about Baskakov
polynomials V/, .

Lemma 2.1. For V, defined by (1.2) and for every real numbers
n>3,2>0,0<a<1 we have

Vn+3,k(z) < 1
(k+1)(n+k+2) = n22(1+2)

[e.o]

(2.9)
k=0
n3 (1+2z—az)~ ("2
(n+1)(n—1)(n—2) (14 2)4 ’

o k
(2100 > Via(z) <
=1+ k)



Strong converse result for Baskakov operator 281

> n? (1+2z—az)~ b
(2.11) kz;) 4 Vatap(2) < (n—1)(n +1) (14 2)* '

Proof. Inequality (2.9) is evident as

Vi3 k(2) _ Vi1 ks1(2) Vat1,k41(2)
E+Dn+k+2) m+Dn+2)z(1+2) ~ n2z(1+2)

and
o0

Z Vot1,k+1(2 Z Va1, (2 Z 1,k (2

For the second one we have

o0 k

a m+k+1)---(k+1) 1 az \"
I
kzzo(n—i—k)4 +2(2) = 1—&—2””Z n+1 (n+ k)4 <1+z>
Z n+k—3) - (k+1) [ az \*
1+z"+2 (n+1)! 1+z2

T+ 1)n(n1— D(n—2)(1 +1z)n+2 gg (MZ ) 3) <1sz)k'

i n+k—3 az k_ 1+2 n=2
k 1+z2 \14+z—az

k=0

But

and consequently (2.10) follows. Analogously for (2.11). O
Later in the paper we will apply (2.11) only for n > 10. In that case
n? <14 4
(n—1)(n+1) — n’

SO

MS

n

2z —az)" (1
4n+3k()<<1+é)(1+(1+254 :

Setting a = 1 we obtain

00 . 144
St < ik
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Lemma 2.2. For V,, defined by (1.2) andn > 10, j =0,1,2,... there
exists an absolute constant Cs such that

i |:f01/n Ol/n ol/n(DVn+2’k) <% +up + ug + u3> duldu2du3}2

k=0 fol/n Ol/n Vatok (% +ur + uz) duydus

Proof. Let us denote

o0
I=> I
k=0

i 2
fol/n 01/n Ol/n(DVn+2,k) (% +ur +u2 + u3> duldquug}

Ik = |: )
fol/n fol/n Vn+2,k‘ (% +u1 +U2> du1du2

We consider two cases.
Case 1. j =0.
For k£ = 0 we have

2
{(n +2) L/ (1/n Ol/n(l +uy +ug + Ug)_(n+3)dU1dU2dU3i|

0 0
0 =
fol/n Ol/n(l + up + ug) = (2 duydus
2
(n—|—2)2< Ol/n Ol/n fol/n duldugdu;z,) B (TL+2)2 <1 N 2>n+2 _ C
fl/n Ol/n (1 + %)*(n+2) duy dus n4 n — n?’

0

For k > 1 we apply (2.3) for (n + 2) to obtain

1/n rl/n pl/n
/ / / (DVppok)(u1 + ug + u3) duydusdug
o Jo Jo

CEET )]

For the denominator we have

n—+2
n3
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1/n rl/n n+k+1 1/n 1/n u T kdu du
/ / Vigok(u1 +uz) duydug > < ) / / L) n1+k+22
o Jo (1+u + 1)

<n+k+1> /1/” (ug + L)1 — s "
= 1‘
k 0 (k+ )(1+U1+%)n+k+2
But

k+1 k k k
1 1 1 1 1 1
<u1+—> —ulf+1:u1<u1+—> +—<u1+—> —ulf+12—<u1+—> .
n n n n n n
Consequently,
1/npl/n
/ / Vn+27k(’u,1 + UQ) duydus
o Jo

1/ 1 \*
><n+kz+1) 1 / "ourt g duy
= k (k+1)n 0 1+U1—|—% (1+u1+%)n+2.

And because of
1 n+2 2 n+2
<1+u1+—> S(l—i-—) <C
n n
we have

k
Ln pi/n C  (n+k+1\ [ w+g
v, + u2) durd / d
/0 /0 sarlun ) dundr 2 G ( ) Ttum+21)

-1 (mkﬂ)/m(wu) -

1
is monotonically increasing, so > e = for
+u 1+u 1+ - n+1

The function

1
u > —, which yields
n

1/n rl/n C n+k+1 1
Vi duidug > ——— —_— .
/o /0 +2,k(u1+U2) ujau > (k—i—l)n?( k )(n—i—l)’f

Then
(2.13)
S < St 2 S8 DO ()77 5 (e DO ()

n (nJrZH) (n+11)k k=1 (n+1]§+1) (n+11)k

k=1

Next we estimate each of the sums in (2.13). For the first one we have
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< (k4 1)("R) T ()
> o

k=1 k) mrDF

M T

k(k+1)(n+1) (n+k+1\ (9n+9\""
n+2 kE—1 n?

n+k+1\ /9n+9\"!
k(k+1)( . )(T )

<

T

1

Computing the last sum we get

= n+k+2 2 4(n + 3)x n+3)(n + 4)z?
kzzo(k“‘ 1)(k +2)< +k N )xk = (1— 2)nt3 + (1(_—;)71)4-4 + ( —(i_l —)(x):%)
In+9

< 1 and from (1 — :U)_(”‘”) <C,i=3,4,5,

Now, for n > 10 we have x = 5

n
2 _

< DCEY ()7

Z (n+k+1) 1 -

k=1 ko) mt)F

it follows

We estimate the second sum in (2.13) in a similar way.

Consequently,
C C

I< S <———.
1
n 7131/)2 <n_+1>

Case 2. j > 1.
We will use the second representation (2.4) of the first derivative of V42 .
To shorten the following expressions we denote

§=l+u1+uQ+U3, n:l+u1+u2.
n n

Now, by using Cauchy’s inequality two times, we obtain

1/n rl/n pl/n 9
/0 /0 o (DVn+27k)(€) duy dusdus
1/n 1/n r1/n 9
— [/ (/ (DVn+2,k)(€) duldu2> du3]
0 0 0
1/n 1/n 1/n 9
_/ (/ DVn+2 k)(é) duldu2> dU3

2
1 1/n 1/n pl/n v,
= H/ (/ DVn+2 k {) +2k (77) duldug dU3

| A

Vitak (77)
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1/n 1/n rl/n _DV;H_QJC duldu2 1/n rl/n
/ / / / Vn+2]§ ) duldu2 dU3

n+2 k

2
)(g)) duy dusdus

1 /1/n/1/nv ( ) durd /1/n/1/n/1/n<(DVn+27k
= - n+2,k \1]) au10U2 -
nJo Jo i o Jo Jo Vot (1)

Then

2
; 1 1/n rl/n 1/n DVn+2k (f)) duydugdus
<L
nJo 0 0 n+2k(77)
l/1/71/1/71/1/71 (n +2)? ( k _§>2 Vfwk({)duldugdu?,
n Jo 0 0 n+ 2 Vn+2,k (77) .
We have

P2 () = (1+U1+u2+u3) (1+i+u1+u2+u3) Zi<1+i)
n n n n
J

)+ 1 )+ 1 )+ 1 )+ 1 1 )+ 1
e e Ay A e -2 s
2(n+1) 2(n +1) 4(n+1) n+1 4 n+1

Y

and also

- dslet-dlvle-dl <o (- 23)

Let us denote

¢ 5 019
n I+n

2 1/n pl/n p1/n 172
144(n—f2) (’ " = ) / / / 2k 2o ) du1duzdu3
n¢4<%11) n+2 n Viarok (1)

< Cn (‘ k _l+1>
w4(g+1) n+2 nl n

1/n pl/n rl/n
X / / / <n + k + 1) AkB_(n+k+2) duld’LLQdU:),.
0 0 0 k

Then

1,

IN




286 Ivan Gadjev

Now,
2 1
B-A=1- 43 S P A RUNIE S B
¢2<%+u1+u2> %<1+%) j(n+7) n+1
l.e. 1
1+A-B< — < —.
+1 n
Further,

(i) = | () + (a2

The last inequality is true because from the definition of A we have

Then

= max - J ,(6‘7,+9) < max i ﬁ §225.
G+ 222 j2n?

In order to estimate I in this case we have

On 1/n pl/n pl/n k 2 1
I < — —A —
—¢aLﬁyA A [; g%<n+2 >‘+W

n+1
" n+k+1
k

e [ [ () ()
w‘%%) 0 0 0 (n+2)2 =0 k B
24 X n+k+1) (A"
et () (B)

() 2 (G

) AkBi (nt+k+2) d’LL1 dUQdU:),

d’LL1 dU2 d’LL3 .
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Since, for |z| < 1,

(1—x) "2 i =0,
< (ntk+l (n+2)a -
Zk1<n+k+ )xk: (1 — )™+ b
k=0 (n+2)x (n+2)(n + 3)z? _ 9

(1 — )3 T R

and A/B < 1, we obtain

/l/n/l/n l/nB o |: AB™!
IVYFESE _ —-1\n+3
ﬁl m+mu AB )

(n+3)A2B~2 AB~ A? +

n +2)1—AB R Ty yw3+(1—AB e

1/n rl/n rl/n
/ / / (B—A) n4[(A B+ 1)%?A% + AB
n+2

L(A-BP

n2

] d’LL1 d’LL2 dU3

:| duld’LLQdU:),.

1
it follows —— < C. Moreover,

F B-—A>1-
o S (B— Ay

. 2
(%+U1+U2+U3>

2
3
(48 gosr i
It ur+u

in n+1’

A:

<

. 2 . 2
<1+%+u1+uz+u;),> (14—%4-%) j+1
| < . gCO+ )
L+ 2 +up +up 1+ 4 n+1
uj
12 <%+u1+u2>
1
n+1

B =

B-A=1-

<1

)

A-B+1<

Therefore

_
(B _ A)n+4

(A—B+1)%4% + +

n+ 2 n? n

AB (Af-BF}<:C¢2(§%)
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and

o ¥ (E) 1 ¢

1

< . . - -
- j+1 3 j+1
SE T weE
The proof of Lemma 2.2 is complete. 0
The next lemma is a very important technical result, which we will need
later.

Lemma 2.3. There exists an absolute constant Cg such that for all real
numbers z > 0, > 1 there holds

(2.14) (l—i-;z)o‘ < efaz(1+%ln7a)*1 n Cﬁ(a n 2)—9/4.

Proof. We have for [¢| < 1,

o0 o
(_1)k+1tk’ tk
In(l1+1¢t) = — —In(1—-¢)= —.
k=1 k=1
Adding them we get
1 +t oo 2k
it gy
—t — 2k +
1+¢ 2
Letizl—i—z.Thenvvehavet:L and In(l142) > =
1—1 | z+2 z+2
2 «
1 _ efaln(1+z) < 6_% — e—az(1+%)_1 < €_az(1+%%)_l
(1+2) - -
%) §hr1_a < 3lnao
2 Q
_ 42
1 _ —ocz(l—l-%%) ! < 670[(277) o efaz — efaz €a§2 -1
(1+ 2)e
But in this interval
1 5 9ln%a
—azt < —
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Th
o a;Q 1 - az? . 1 az? < Ca22 < Clnza
c ) 272 =Y =T,
And from
e ¥ < 670‘%% = OZ*%

it follows

1 _ gmos(1+3me)™ <Ca?m?a< Cla+ 2)_9/4.

(14 2) . .
31
3) 2 > no
o

Y 2
(1—: )a < <1 + 31IIO£> — efaln(1+3l%) < e_a(gl%_%lr;—;‘)
z (0%

This completes the proof. O

We remark here, that it is not difficult to prove, for instance, that the
constant Cg < 2, but for our purposes it is enough that Cg is an absolute constant.
Now, let us denote

(2.15) (1 + %%)1 =b.

Then the inequality (2.14) can be written as

1 < =Dz 4 o =9/4,

(2.16) W <

For the next two lemmas we introduce the following notations:

1/n rl/n
(2.17) TQ’k(x) = n(n + 1)/ / Vn+2,k($ + 1t + t2) dtdto,
0 0

and

1/n r1/n rl/n
(218) T37k(13) = TL(TL + 1)(n + 2) / / / Vn+3,k($ +t1+ta+ tg) dt1dtadts.
0 0 0
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Lemma 2.4. For function Ty, defined by (2.17), b by (2.15) and for
every real numbers n > 10, x > 0, 0 < a < 1 the next inequalities hold

(2.19) ZGTQ’“)

k

n9/4(1 + x)’

1 _e—@bu—a)y (1+2) G

00 o] 4

Tg k(ac Tg k(l‘) 1 + =
(2.20) P e ) Db < n_,
S+ T st T G

Proof. By Lemma 2.1 we have

© KT (o 1/n pl/n k
2k () = nP(n + 1)/ / (naﬁvnﬁyk(x—&-h + tg)dt dty

2ty +B)

nt 1/n p1l/n 1 1
ST 4 i
(n=Dn=2)Jo Jo 1+a+ti+t) [1+1-a)(z+t+t2)]

n4 1 I/n pl/n dtydtsy
S(71_1)(77,—2)(1+gc)4/0 /0 [1+(1—a)(w+t1+t2)]n727

and by (2.16)
i akTgyk(l')
=L

nt 1 1/n rl/n C
—(n—2)b(1—a)(z+t1+t2) 6
< (n—1)(n—2) (1+$)4/ / (6 + 9/4>dt1dt2

4 1/n
- n L -t-2p(1-a) / " gy
(n=1)(n—2) (1+a)* 0

n? Cs
T oD —2) A1+ 2)

2
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_=2)p 1\ 2
(n—1)(n—2)1+xz)* \ bn—2) 1—a

n? Cs
(n—1)(n—2)n%4(1 4+ x)*

+

But for n > 10

7’L2

4
— <14 - 2.19) follows.
CENCES) + - and (2.19) follows

Setting a = 1 in (2.10) gives us

i Vo k(x4 t1 + t2) < i Vitok(z +t1 + t2)
7} S 1
k=0 (1+EH) k=0 (1+%)
< n3 1
T (n+l)(n—1)(n—-2) 1+z+t;+t)"

/1/” /1/” dtydty _ 1
o Jo (A4z+ti+t)* = n2(1+x)4

and because of

we obtain

> 2 () n2 1 1+%
Z(H BT S - D(n -9 (Lt o)~ (o) ”

Lemma 2.5. For Ty, defined by (2.17), Tzy by (2.18) and n > 1,
7=0,1,2,... there exists an absolute constant C7 such that

, [
13, (%) _ 1+

2.21 .
220 k=0 k+1(n+k+2)T2,k(%)_(j+1)(n+j+2)

Mg

Proof. Let us denote the left side in (2.21) with I and the terms in it
with I



292 Ivan Gadjev

Case 1. 7 =0
Now
1/n 1/n 1/n 2
n(n+1)(n+2) J, o Varsk(ur +uz + U3)du1du2dU3}

Iy = 1/n rl/n
(E+1D)(n+Ek+2)n(n+1) [;"" Jo7 Varer(ur + uz)durdus
1/n rl/n rl/n
n(n +1)(n + 2)? [ o Jo Jo

B (k + 1)(” + k + 2) fol/n Ol/n Vn+27k(ul + UQ)dUldUQ

2
Vs e(ur +ug + U3)du1du2du;),}

By using two times Cauchy’s inequality we get

1/n p1/n p1/n 2
/ / Vn+3,k(u1 + ug + uz)duydusdus
0
1/n pl/n [ p1/n 2
/ / Vs i (ur + ug + ug)duy
0
Un pi/n | 1/ 2
1 n n n n 1
=— / / ta.k(ur + ug + ug) \/Vn+27k <U1 + —)du1 dusdus
oo \/Vn+2k (w1 + 1) "
1/n rl/n 1/n VY Uy 4+ uy +u
< %/ / / e p(un +ug : 3)du1
n=Jo 0 0 Vn+2,k (Ul + ﬁ)

1/n 1
X / Vn+2,k (U1 + —) dU1 dUQd’u?,.
0 n
But

1/n 1 1/n pl/n
/ Vn+2,k <u1 + E) dup < n(k + 1)/ / Vn+27k(’u,1 + UQ)dUldUQ.
0 0 0

Indeed, this is true because

dUQd’LL3

1/n
Votok(u1 + ug)dus

Fh41\ [ 1) (k2
> (n ) / (u + ug)k (1 4+ u + —) duo
k’ 0 n

_ k+1
() (e 1) s
n

0

k kE+1
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and it follows from

Then

1/n p1/n p1/n 2
/ / / Vs (w1 + ug + ug)duy dusdug
o Jo Jo

Vat2,k U1 + n)

1/n rl/n
X / / Vn+27k(u1 + U2)dU1dU2
0 0

du1 dUQdU3

and consequently

;< D +2)° k+1/1/71/71/nv+3kU1+U2+U3)
P2+ D+ k+2) Viiok (2 )

=n+1)(n+2) / / / +3k ! 2 2 duydugdus.
(n+k+2)Vosok (2 +u)

dU1 d’LL2 dU3

Let
u1+u2+u3)2 B_(1+U1+UQ+U3)2

A:( 1 ) = 1
E“rul 1“!‘5“!‘“1

Then
V2 p(un +uz + ug)
(n+k+2)Vosok (5 +u)
_ (n+ll§+2)2 (uy + ug + u3)?F (1 4 up + ug + ug) ~200Hk+3)
B (n+k+2) (" (L4 ul)’f (1+21+ ul)—(n+k+2)

_ 1 [(nt+k+2 Ak g (ntk+3) 11
n+ 2 k I+ & +w

< n <n +k+ 2) AR (n+kt3)
(n+1)(n+2) k

and

1/n p1/n l/n oo
Z I <n(n+2) / / / (n TR 2) AFB=FRE3) gy dug dus.
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We have
> k
Z<n+ +2)AkB(n+k+3):(B_A)n3_Bn3
k=1 k
and ) )
Boa_q__ (wtu—3) (w2 tus— )
1 1 = 1, 1
(n+u1)(1+n+u1) u1+n+n2
Then
r 99 —n—3
e (u2+u3—l)
(B Ayt < 1o 2T
i Ul‘f‘ﬁ"ﬁ‘p
r n+3
_ U1+%+n—12 ]
- 2
w1+ 5tz (w2t us = )

(u2 + ug — %)2 ]n+3
)

= |1+
2
up++ + 5 — (ug+uz — &
2
r 1\2 n+3 (n+3)( ug+u 7%
(uz+u3 — 1) e ferteah)
< |1 T <e 1w
Ul"i‘ﬁ
1

These inequalities are true for 0 < u; < —.

Now

2
1 1 Uy +ug — +
B:Huﬁﬁg(uﬁug_ﬁwu

T+u+ 4
and from
1\? 1 1 1
uptuz—— | <—, l+u+—-—=>21+4—
n n n n
it follows 1
B<1- 2 2us.
S n—|—1+u1+ U + 2us
Then

—n—3
B3 > (1 — —TL i 1 + uy + 2us + QU3> > 6(n+3)(#_1—u1—2u2—2u3)
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and consequently

>,

2
(n+3)(ug+ug—1)

1/n r1/n rl/n
TL+2 / / / up+ L (n+3)(n—+1—u1—2u2—2u3) duyduadus.
From
1\2
Uz +u3z — 1 )
ngg— and — — < —u; —2ug —2u3 <0
Ul + n n n
it follows
(n+3)(u2+u37%)2 n(u2+u37%)2 C n(u2+u37%)2 n(u2+u37%)2
e utE <e wtn B (14L)e wmtr <e  witw + 2,
o o n o n
and

6(n+3)(n+,_1—u1—2u2—2u3) > en(%—ul—ng—ng)e—L’)/n <1 o E) n(%—ul—ng—ng)
- n

> en(%7u1721m72'ug) _ g

—
So,

oo
S
k=1

2
1/n p1/n p1/n n(”2+u37%) C
< n(n+ 2)/ / / e upt _ en(%,m,gw,%g) duy dusdus + =

2
=B (e v
n
(tgt+tz—1)2 2 _
/ [ (8 e g +
n
(to+t3—1)3 <
_ |:/ / / 2t13-1 dt,dtadts — 2(1 —671)(1 —62)2:| + 2"
n

| /\
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Using the inequality (2.7) we get
1 C
(-1 8
Z e < )t

Now we will estimate Ij.

2
n(n+1)(n+ 2 fl/" 1/n 1/n(l +uy +ug + ug)*”*ij’duldugdug}

I = 1/n rl/n n—2
(n+2)n(n+1) [ [o7 (1 +u1 + ug) duidus

2
01/n ol/n ol/n(l +ur +uz + ug)*”*gduldugdug}

=n(n+1)(n+2) {
fol/n Ol/n(l +ur + uQ)*”*2du1du2

From the simple inequality
3
1 _(__wmtustug mr < e—(n+3)%
(14 uy 4 ug + ug)™t3 1+wu +ug+us o 7

we get the next estimation

l/n l/n l/n 1/71 1/” 1/” uq+ug+u
/ / / duldUZdUS / / / +3) 1+11L:—+12L;—+23 du1du2du3
1+U1+U2+U3 n+3

uq +u2+u3

/1/71/1/”/1/” "N Gy dusdus
1/n pl/n rl/n
/// /// nU1+“2+“3)dU1dU2du3

1—6
n3

We have as well

1/n p1/n L/n pl/n
/ // / dU1dU2 _ > / // / 6_(n+2)(u1+u2)duldUQ
o Jo (Q+ur+u)™ = Jy Jo

n+2 2
— e Tn _1\2
(™) e

T 42?2 T (n+2)?

(1))’ (n+1)(n +2)?
Ip <n(n+ 1)(n+2)(1<—e—1)2(n+2)>_2 5 (1 _6—1)4.
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But
1 2 1 C 1 C
(n + )(5n+ ) e and then IOS—(1—6_1)4+—2.
n n o on n n
o0
From this and the above for Z it follows that
k=1
1 1
I§—<1+g> g—<1+9).
n n n+2 n
Case 2. 1 < 5.
Again, by using two two times Cauchy’s inequality we have
T32,k: (%) 1/n r1/n £1/n V+3k: +U1+U2+U3)
% < ) / / / duld’LLQdU3
Ts g (%) Vita, k L4y + u2)
Let
4 2 . 2
(%+U1+U2+U3) (l—i-%—l—m—&-ug—&-ug)
A= A , B= - .
Z 4 uy + up L+ 2 4 up + up

From the above it follows that

( /1/71/71/n n+l<:+2 Aka(n+k+3)
] duld’LLQdU:),
(k—i—l n+k+2 n+k+1 1+%+u1+u2>

1/n pl/n pl/n n+k:+2 Ak’B (n+k+3)
( ) / / / duldugdug
(k+1) 1 + 4 L tug + u2)

and
C 1/n p1/n pr1/n B3 o0 (n+k+2 A k

I < <1 + —) 712/ / / - Z ( k ) (—) duldUQdU3.
n o Jo Jo 14+Li4wutupiz k+1 \B

o0 (n+ll§+2) <A>k B Bn+3(B_A)—n—2 B _ Bn+3(B_A)—n—2

(n+2)A nt+2A°-" (n12)4
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Consequently

1/n rl/n l/n 1
IS( ) L) (+ +U1+U2) (B—A)~"2dusdusdus,

Now we will prove that

C nZug
(2.22) (B - 4)"2 < (1 + _> T
n
Indeed,
BoA—1- % 1 uj
wQ(%+u1+u2> (%+u1+u2> (1+%+u1+u2>
R
z(1+ 2)
where z = J 4+ u1 + ug. Then
n
2 n+2 (n+2)u
(B—A)™2=|14+— 3 < o g
2(1+ z) — u} -

1
Now for 0 < uz < — we have
n

. , .
2(1+2) —u3 > (%+U1+U2) <1+%+U1+U2) Y]

. . 2 .
_J J 1 J
==Futurt+|(=+utu) ——=5==+u +ug
n n n n

and consequently
n(n+2)u3
(B - A) n—2 < eitnurtnug

But from
u% 1
3 <
j+nup +nuy — n?

it follows that
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2nu? C n(n+2)u3 C 2.2
edtnurtnuy < en <14 — and edtnurtnug < |14 — | eitnurtnug,
n n

and (2.22) is proved.
Putting (2.22) in the above we get

I S ( ) / / / 6J+nu1+3nu2 n + u1 + u2 5 d’l{ﬂi’dgd'dg

t+t 3
1 j /// jtj_+1tj+2t3)2€j+tl+t2dtldt2dt3’
+

and using the inequality (2.8) we have

14 €
< n .
T+ +i+2)
With this (2.21) is proved and Lemma 2.5 as well. O

3. Proof of Theorem 1.1. The method to prove Theorem 1.1 is based
on the idea of Ivanov and Ditzian [2] by using g = V,V(f) in the K-functional.
We have

Ko (13) =it {17 = ol + H2D%1} < 15 = Vasll+ £ 02020 )]
which means that it is sufficient to show that, for some constant C,
(31) DXV ) < OIS~ Vil
We have
LD (Vaf) | =~ D (Vaf = Vi V)|
< WPDV(f ~ VN DI+ = [92DA (V)

Applying (2.6) and (2.1) we obtain

N-1

1 , .

| D2V f =V DI < Coll f=VUFI < Cs Y IVaf =Vt fIl < CaN || f=Vaf|.
1=0

For the second term, using Theorem 2.1, Theorem 2.2 and (2.1) we have
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1
%HwQD2(VnN+1f)H
1
< ”VnN-‘er — VnN-‘rlf n %wQDQ(VnN—Hf)H + ”VnN—i-Qf . VnN+1f||
< Can™ WD (V) [+ 11 = Vad|

< 022, )l 41 - Vi

or

Y02l < (@68 + 2)1f — vasl + 20 K e p2v ).

_

Because of lim K(N) = 0, we can choose N such that 2C4K(N) < - which is

N—oo

NJ[\D

I —
possible since Cy is an absolute constant and then fixing this, say —5 we have

(3.1) for all n > L with constant C5(L — 2) + 4.
This completes the proof of Theorem 1.1.

4. Proof of Theorem 2.2. We will prove Theorem 2.2 following the
method of Knoop and Zhou [5]. In order to prove it we will need some additional
lemmas. For the first one we need a representation of the third derivative of V, f.
Let us first compute the second derivative. Using (2.5),

(D*(V,2 1)) (x)
= (D*Vu(Vaf)) (z)

0o /n
:Z n+1/1

ko=0

o0 1/n 1/71OO 1/n 1/n
Z (n+1 // n(n+ 1 // ( +u1+v1)du1dv1

k
X Vn+2,k1 (f “+ ug + 1)2) du2d1)2 . Vn+2,k2 (fL‘),

1/n
(D*V,, f) ( + ug + Uz) dugdvy - Vipgo py (1)

and inductively
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(D*(V' D)) (=

)

00 1/n p1/n

Z n+1 / D f ( +U1+U1> duidvy - Vn+2kN( )
kn=

1/n rl/n k‘—&—l
n + 1)/ / Vn+2,kj (]T + Uj4-1 + Uj+1) de+1d’Uj_|_1.
0 0

Before continuing we will introduce some notations, which will be very useful
later.

(4.1) Z:i“'i»

N k1=0 kn=0

N-1 k
. — J+1
(42) P(kl,...,kN,n) = T2’k-j (T) y
j=1
Tsk; <k]+1)
g n
(4'3) l =1 (kjvkj—i-lv <k]+1>

-+ ta+1) dtjtr

(n+2) [/ (DT,
(44) 15 =15 (kj, kjyisn) = ,g

Ty i (J )
1<j<N-2,

(45) QJ:QJ(]CJ,,I{ZN,TL):Z;Z]+1ZN,1, 1§j§N—2,
(4.6) IN_q1=1IN_1(kNn-1,kN;n) = QnN-1

(n+2) [/ (DTy ey 1)( )dtN

Toky <k7)

and

N—1
(4.7) Q=> Qi
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We note that all of the quantities above are well defined. In this notations the
second derivative can be written as

1/n rl/n
48) (D*VYH) ()= nn+1 / (D?f) ( +ug + vl) duydvy
X Vn+2,kN($)P(k17 . ,kN; n) .

For the third derivative we prove an analogous expression in the next lemma.

Lemma 4.1. In notations (4.1), (4.2), (4.5) the next identity is true

1/n rl/n
49) (D*VYH) (@) =) n(n+1) / (D?f) ( +u1+vl> duydvy
X Vn+3,kN(l‘) (k:l,...,k:N;n) Qj

forall1<j < N-—1.

Proof. We will prove this identity by induction.
Differentiating (4.8) we obtain for the third derivative

1/n rl/n
(4.10) (D?’(Van))(x) n+ 1/ (D?f) ( +uy +vl>du1dvl
X (DVptokn ) (@)P(k1, ..., knin).

Let us first prove (4.9) for j = N — 1. Using (2.3) we have

> (DViyay)(@) Pk, ..., knin)
kn=0
kn
=3 (0 2) Wity 1)~ Vassin @) T (25) Pl i
kn=0

= (n+2)P(k;177k;N71,n)

k
Z Vn+3 kn— 1 T2 kN—1 <_> Z Vn+3 kN T2 kvt (%)
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=(n+2)P(ki,...,kn—1;n)

X Z Vn+3,kN($)T27kN1<

k‘NZO B
=(n+2)P(ki,....,kn—1;n)

=T kn +1 k
X Z T2J€N_1 < Nn > - T2,kN_1 <7N>:| Vn+3,kN($)

kn=0

kN—i-l

) — Vatsson () Doy, (%N)]

l/n k
=(n+2)Pki,...,kn-1;n Z (DT ey ) <7N+tN> dtn - Vigs oy ().
kn=0

Putting this in (4.10) we get
(D*(V ) (@)
1/n rl/n
:Zn(n+1)(n+2)/ (D?f) <%+u1+v1> duidvy
0o Jo

N
P(kl, e ,kN;n) fol/n(DngkN_l) <k7N + tN) dtN

Toky <kTN>

1/n rl/n
= Z n -+ 1/ (D?f) ( +uy + v1>duldv1
N

X Vn+3,kN (l‘)P(k:l, . ,k:N; n)QNfl.

Vn+37k’N (fL‘)

This proves (4.9) for j = N — 1.
Now, let us suppose (4.9) is true for j = m. Then we have

(4.11) Zg( ) /()l/n(DT27k)(1:+t) dt
i n+2) /Un (Dg) (% +t) dt - Tz ().
k=0

Indeed,

i +2/1/n g)@”) dt - Ts ()

k=0
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=n(n+1)(n+2) ki)/ol/rzDg) (% + t> dt

1/n rl/n rl/n
X / / / Vn+3,k(x +t1 +t2 + t3) dt1dtodts
0 0

> D)

k
X Vn+37k(l‘ + t1 + to + t3)dt1dtadts

:n(n+1)(n+2)2/01/n/01/n/01/n§g (%)

(Vn+3 k—1— Vn+3 k) (l‘ + 11+t + t3) dtydtodts

00 1/n 1/n rl/n
= Z <—> (n+2) / (n+1) / (DViygo k)@ 4 t1 + to + t3) dt1dtadls
prd 0

:g: ( ) (n+2) /Ol/n(DTg,k)(ert)dt.

Obviously, we can replace in the left side of (4.11)
k ln k
g (—) with (n+ 2)/ (Dg) (— + t) dt
n 0 n

1/n
(n + 2) /0 (DTQ}k)(m + t)dt with Tg}k(l')

and

and consequently (4.11) is proved.
Therefore using (4.11) and summing with respect to indeces k,, we can
replace

km 1/n km
T2,km,1 <7> with (n—|— 2)/ (DTka,l) (7 +t> dt,

0

1/n karl km+1
(n+2)/ (DT k,,) ( " +t> dt with T3y, ( - ) ,
0

Em o . km K, .
T I <7> T27km ( n+1> lm with T2,km,1 <7> TQVkm< n+1> lm—llm'




Strong converse result for Baskakov operator 305

That means P(ki,...,kn;n) Q. changes to P(ky,...,kn;n) Qm—1 and (4.9) is
true for j = m — 1 and, consequently forall 1 <j < N —-1. O

The next two lemmas are proved in sections 5 and 6.

Lemma 4.2. For V,, ;. defined by (1.2), P(ki,...,kn;n) by (4.2), Q by
(4.7), n>10

Z Vot sy (2)P(k1, . ki) @ < CnNy ()

is true for 2 < N <n.

Lemma 4.3. ForV,,;, defined by (1.2), P(k1,...,kn;n) by (4.2), n > 10

Z@Z) (k1+1) Vigson (@) P(ki, ... knin) < ON3/4In Ny~ ()

n—2

Proof of Theorem 2.2. Summing up (4.9) with respect to j, 1 <
j < N — 1, we obtain

1/n rl/n
n + 1 / D2 ( + uqp + ’1)1) duydvy

X Vn+3,kN($)P(k17 - ,kN; n) Q

(D*(VN$)) (@) =

By Cauchy’s inequality we have

@12) | ) @] < Mot ¢vam Plky,..., ki) Q2

1/nprl/n 2
/ / D2f< +U1+U1> duidvy

Vn+37kN(l‘)P(k21, ceey k?N;TL).

But
1/n pl/n k
’ / (D2f) (—1 + up + Ul> du1d1)1’
0 0 n

1/n l/n
< ”Q/)2D f”/ / ( —+ uq -|—1)1> duiduy
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1/n 1/n 1 1/n d 1/n d
/ / ( +U1+U1) dUld’UlS—kl/ “ / il
TS Jo (Jh gy Jo ’“+v1
< 8 k1+1_ ﬁ
s (Ve Y

[k +1 \/171 1
n Vo \/ﬁ \/’ \/ﬁ

/1/n/1/" ( +u +U)dudv <78
1+ 01 1av1 < )
20A(EE)

which means

1/n rl/n 2
/ l)2 ( + uyp + ’1)1) duiduy

(4.13) < Bwep2pe Y u (’“n* 1) Viys o () P (1, b )
N

Because of

we obtain

Visgy () Pk, ... kysn)

Observe that from (4.12), (4.13), Lemma 4.2 and Lemma 4.3 we obtain

(D ) )] < D

< CVn|* D fll¢~>(z) V N4 In N

and Theorem 2.2 follows immediately if we set CV N~1/4In N = K(N). O

CnNG2(x) 5 |02 D[~ () N34 I N

5. Proof of Lemma 4.2. First, we will prove an identity for the
numbers Q;, which will allow us to replace Q? by Z Q? in some sence.

Lemma 5.1. For V,j defined by (1.2), P(ki,...,kn;n) by (4.2), Q; by
(4.5) and (4.6), and = € (0, 00),

ZVH+3]€N klakavn)QZQj:07 Z%]
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Proof. We have

ZVn—H’) kn ()P (K1, ... kvin) QiQ;

—i ru(B)S - Sewieaifne ()

= kn=0

Let ¢ < j. Observe that @); does not depend on k,,, m = 1,2,...,i — 1, so we
may sum with respect to all k,,, m =1,2,...,7— 1. And using the equality
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where H(kit1,...,kn) does not depend on k;.
Now by using the notations (4.3) and (4.4) we get Lemma 5.1 from
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Proof of Lemma 4.2. By Lemma 5.1 we have
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Consequently, it is enough to show
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The left side is
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And by Lemma 2.2
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> Do (22) 200 3 1o, (B2
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Recurrently, for N < n, we obtain
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. 2
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n

The proof of Lemma 4.2 is complete. O

6. Proof of Lemma 4.3. The equivalence

1 1
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Using the simple equality
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we obtain for the first sum on the right side
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Now, by (2.19) we get
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Now we define two sequences of functions, which we will need later.

For0<t<1,mn=3,4,..., N=1,2,... and b given by (2.15), we define
H;(t) and hj(t) in the following way.

(6.2) +

(6.3)  Ho(t)=1—t, Hj(t)=1—e PO j=01, . N-2

(6.4) hi(t) = Hy(1—t), j=0,1,...,N—2.

It is clear that

6.5 ho(t) =t, hjp(t)=1—e " th® 501, N—2
J+

Using the sequence H;(t), (6.2) can be rewritten as
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n
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Multiplying by 1%k, (—3) and summing with respect to ko, using (2.19) and
n
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Inductively we have
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So, after N times and using (2.11), (2.20), (2.12) we obtain
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21/1 <k1+1> Vatshy (@) P(k1, ... knin)
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We need to estimate the double integral in (6.6). We will do it in Lemma 6.2 and
will use the sequence h;(t), defined by (6.4).

Lemma 6.1. For the sequence h;(t), defined by (6.4) or (6.5)

(6.7) <n; 2b>N <t— N7ﬂ> < hy_1(t) < (n;2b>Nt.

Proof. From Taylor’s formula

1
h—1(t) = hy—1(0) + hiy_; (0)t + =R

1
5 1(0)t2+6 No6t), 0<6<1.
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and consequently
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From .
ho(0) =0 weget hi(0)=1—e "= 200 =

and inductively

Also

From
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we have
STHO)SN-1<N and |W}_,(0)] < (”;%)NN.
1) = (P20) o (3 )’
n =0
_(n—2b> e QbZN Qh()NZ2h/-/(t)
" =0 l '

Since h;(t) > 0 we get hj(t) < 0 and consequently hiy_;(t) > 0. Then the left
inequality in (6.7) follows immediately.

R I G

- () () A (55 (- ).

At the same time

hipa(t) = 1— e "5t < &

and inductively

Combining we have

(2 () erms ()

Lemma 6.2. For the sequence H;(t), defined by (6.3) there exists an
absolute constant Cg such that

1 2
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S (wiws) = (nx)?
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Proof. First,

s <
because of the fact that for
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Obviously, it is sufficient to show that

L a2 (u) Cln N
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For the first one, using Lemma 6.1, we have
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For the second one we use again
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Then

2
/1/2 My 1)~ -typhy 2 gy « _C /1/2 dt _ClnN
2/(3]\/) t - (TL.T)Q 2/(3]\/) t = (nx)

This completes the proof of (6.8) and Lemma 6.2 as well. O
So, by using Lemma 6.2, we obtain from (6.6)
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which proves Lemma 4.3. O
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