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ABSTRACT. In this paper, we use summability methods on the approxi-
mation to derivatives of functions by a family of linear operators acting on
weighted spaces. This point of view enables us to overcome the lack of or-
dinary convergence in the approximation. To support this idea, at the end
of the paper, we will give a sequence of positive linear operators obeying
the arithmetic mean approximation (or, approximation with respect to the
Cesaro method) although it is impossible in the usual sense. Some graphical
illustrations are also provided.

Introduction. Approximation to functions and their derivatives by a
family of linear operators acting on weighted spaces was studied by Efendiev
[10], whose results improve the classical Korovkin theory (see [2, 15]) based on
positive linear operators defined on the space of all continuous and real-valued
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functions on a compact subset of the real line. In this paper, we investigate
Efendiev’s results in the framework of summability theory. More precisely, we
obtain various weighted approximation theorems in the sense of summability
process. This point of view enables us to overcome the lack of the ordinary
convergence of approximating operators. For example, by using our results it is
possible to construct a class of linear operators approximating in the Cesaro sense
a given function and its derivatives (but not in the usual sense). We mainly use
the A-summability method (process) introduced by Bell [8].

Let a sequence A = {AY} = {[a;,]} (k,n,v € N) be a non-negative
regular summability method, that is, if

oo
: v : .
(1.1) nhﬁnolo kzlank:z:k = L, uniformly in v € N,
for any sequence x = {x}} converging to a number L. Recall that a sequence x is
called A-summable to L if (1.1) holds. A characterization on the regularity of A is
similar to the well-known Silverman-Toeplitz conditions. We should note that this
general summability method A contains many well-known (regular) convergence
methods. For example, the case of A = {A"} = {I}, the identity matrix, for
each v € N, coincides with the ordinary convergence in Cauchy’s sense. Another
interesting method is the almost convergence introduced by Lorentz [16], which
is the case of A =F = {[c},]} defined by

, fv<k<n+uv-1

S

(1.2) Coe i=
0, otherwise,

Furthermore, the Cesaro convergence method (or, the arithmetic mean conver-
gence), which is the case of A = {C1} = {[c};]} is easily obtained from (1.2) by
taking v = 1. Bell’s summability method also includes the order summability
introduced by Jurkat and Peyerimhoff [13, 14].

So far, Bell’s summability method has been used in several papers (see,
for instance, [1, 5, 6, 12, 17, 18, 19, 20]). In the present paper we use it in the
approximation to derivatives of functions by a family of linear operators acting
on weighted spaces.

2. Weighted approximation theorems via summability meth-
ods. In this section, we approximate (in the sense of summability process) a func-
tion and its derivatives by using sequences of linear operators acting on weighted
spaces.
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We mainly consider the following class of functions as in the paper by
Efendiev [10]. Let r be a non-negative integer. As usual, the space of all functions
with 7-th continuous derivatives on R is denoted by C™)(R). Let p : R — [1, +00)
be a weight function, that, it satisfies the following conditions: (a) p(0) = 1; (b)
it is increasing on (0,+o00) and decreasing on (—o0,0); (c) xll}riloo p(x) = +o0.

Then, the corresponding weighted spaces are given as follows:

CHIR) = {f € COR) s |fD(@)| < mpp(a), 3ms >0, vae R},

r—+o00

CR) = {f €CPIR): lim f)(x)/p(x) = hy, 3 kf} )

r—rFoo

CO® = {recp®: i @)/ -0},
B,(R)={g:R—=R: [g(z)] < mgp(x), Imy >0, Vo € R}.

Also, by M) (R) we denote the class of linear operators L acting on the above
weighted spaces such that L (f) > 0 whenever f) >0 on R. Observe that the
case of r = 0 coincides with the family of positive linear operators. If r = 0, we
just write C,(R), C’,,(R), CP(R), M(R). The weighted norm on B,(R) is defined
by llgll, = Sup lg(x)| /p(x) for g € By(R).

We now recall the next definition.

Definition 2.1 ([15]). We say that the system of continuous functions

{fo, fr.o fa}

on an interval [a,b] is T-system provided that any polynomial P(x) = agfo(x) +
ai fi(z) + -+ + anfu(x) has not more than n zeros in this interval for which the
coefficients a; (0 <1i <n) are not all equal to zero.

Let A = {[ay;]} (k,n,v € N) be a non-negative regular summability
method, and let the {Lx} be a sequence of operators acting on weighted spaces.
Throughout the paper we say that, for a given function f in an appropriate
weighted space, the sequence {Lg(f)} is (uniformly) A-summable to f with re-
spect to the weighted norm if the following limit holds:

(2.1) lim

n—oo

= 0, uniformly in v € N.

Z anpLi (f) = f
k=1

p
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(o]
Throughout the paper we assume that A is regular and the series Z ayiLi (f)
k=1
in (2.1) converges for each n,v € N.

It is well-known that the test functions e;(z) = z° (i = 0,1,2) of the
classical Korovkin theorem can be replaced with the T-system { fo, f1, f2} on an
interval [a, b] (see Theorem 8 of [15]). The statistical analog of this result may be
found in [9]. Furthermore, Swetits [20] improved the classical Korovkin theorem
on the interval [a,b] via summability methods in (2.1). The T-system version of
Swetits’ result has recently been obtained by Atlihan and Tas [7] as follows:

Theorem 2.2. ([7]) Let A= {[a;i]} (k,n,v € N) be a non-negative reg-
ular summability method, and let {Ly} be a sequence of positive linear opera-
tors from Cla,b] into itself. If, for each i = 0,1,2, {Ly (fi)} is (uniformly)
A-summable to f; on [a,b], where {fo. fi, fa} is T-system on [a,b], then, for all
f € Cla,b], the sequence {Lr(f)} is (uniformly) A-summable to f with respect to
the classical sup-norm on C|a,b].

Now, we are ready to give our approximation results on weighted spaces.
We begin with the case of r = 0.

Theorem 2.3. Let A = {[a,]} (k,n,v € N) be a non-negative regular
summability method, and let the operators Ly, : C,(R) — B,(R) belong the class
M (R), that is, the class of positive linear operators. Assume that {fo, f1} and
{fo, f1, f2} are T-systems on R. Assume further that the following conditions

(2.2) xgglw% =0 (i=0,1),
(2.3) r—>3o00 J;z((xx)) M 7é 0

hold. If, for each i = 0,1,2, {Ly (f;)} is (uniformly) A-summable to f; with
respect to the weighted norm on B,(R), then, for all f € C,(R), the sequence

{Lx(f)} is (uniformly) A-summable to f with respect to the weighted norm on
B,(R).

Proof. By the proof of Theorem 1 in the paper by Efendiev [10] (see
also Theorem 2.2 in [3]), for a given function f € C'p(R), the function g on R
defined by g(y) := my, f(y) — ks f2(y) belongs to C’p(R), where the constants kj
and my, are the same as in the definitions of corresponding weighted spaces. Now,
following Lemma 2 in [10], we get from (2.2), (2.3) and {fo, f1} being T-system
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that, for a given € > 0 and a fixed positive constant sy, there exists a positive
constant ug such that

M
(2.4) lg(y)| < m—%(.@) + spefa(y) for all y € R,

where @, (a being a fixed real number satisfying f;(a) # 0, i = 0, 1) is a function
such that ®,(a) = 0 and ®,(y) > 0 for y < a and that ®,(y) = vo(a)fo(y)+

v1(a) f1(y), where |yo(a)| = |fi(a)/f2(a)| and |y1(a)| = 1. In (2.4), the constants

M and m, are given, respectively, by M := sup |g(y)| and m, := min Pa(y).
ly|<uo ly|<uo

Then, using (2.4) we observe that

nkLr(g; )

<Y anLi(lgw)l ;)
k=1

> M
< ans {—Lk(‘ba;iﬂ) +€50Lk(f2;$)}

Mg

{ ZankLk: fO, +’Yl ZankLk fi;z }

+ e50 Zaszk(fQ;x)

k=1

S\:ﬁ

holds for each n,v € N. Using the last inequality, we get

> anLi(giv)| < — !70 Za rLi(fo;z) — fo(x)
k=1
+— ZankLkz (fi;2) = fi(2)
h=1
+ €sg Zazkl/k(f%x) — fa(z)
k=1

42 0 (0)] + 50 | fo(o)]

On the other hand, we have

Z an,Li(9)
k=1

< sup ——

|z|<uo P T

kL (g;7) — g(x)




360 Nisa Kiiciik, Oktay Duman

|9(z)|
Li(g;x)| + sup .
\x\>uo P nk: lz|>uo p(IL‘)
Then, combining the above inequalities, we see that
oo oo
> anLi(g) - Zaszkw) -
k=1 p [—uo0,u0]
+—|70 Za wLi(fo) —
p
nie Lk (f1) —
(25) )
oo
+eso || Y anpLi(f2) = fo
k=1 p
P
T e I TAC T}
Ma |z[>u,  P(T) jz[>up P(T)
4 o 190
lz|>uo p(CL')
where ||-[[_,, ., denotes the usual sup-norm on C[—uo, uo]. Since, for i = 0,1,2,
kL (fi) = fi nelr(fi) = fil|
[—uo0,u0] p
where K := HpH[_uo,uo] , the hypothesis implies that the sequence {Ly (f;)} (i =

0,1,2) is (uniformly) A-summable to f; with respect to the sup-norm on C[—uy, ug].
Hence, from Theorem 2.2, we obtain that {Lj (¢)} (i =0,1,2) is (uniformly) A-
summable to g with respect to the sup-norm since g € C[—ug, ug]. Therefore, all
terms of the left hand-side of (2.5) tends to zero as n — oo, uniformly in v € N,
which implies that

(2.6) = 0, uniformly in v € N.

Z aniLr(g) —
k=1

Now, by the regularity of A and the linearity of Ly, it follows from the definition
of g that

lim
n—oo
p
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which implies, for each n,v € N, that

Z ankLk

weLe(f) — neLi(f2) —

mfz

p p p

Taking limit as n — oo (uniformly in v € N) and also considering (2.6) and the
hypothesis, the proof is completed. O

Notice that if mys, = 0 in (2.3), then we can approximate to functions in
C,(R) instead of the ones in C),(R).

Now, for » = 1,2,..., we approximate to the r-th order derivative of a
function f in C’},”) (R).

Theorem 2.4. Let A = {[a, ]} (k,n,v € N) be a non-negative regular
summability method, and let the operators Ly, : C’l(f) (R) = B,(R) belong the class
MO)(R). Assume that fo, f1,f2 € CF(,T)(]R) and that {fér), fl(r)} , {fér), fl(r),

fz(r)} are T-systems on R. Assume further that the following conditions

(r)
(2.7) T /i C) B A
z—doo | 4 fz(r)(HT)‘
28) i @) 0 g

hold. 1If, for each i = 0,1,2, {Ly (f;)} is (uniformly) A-summable to fi(r) with
respect to the weighted norm on B,(R), then, for all f € C'/(f) (R), the sequence
{Li(f)} is (uniformly) A-summable to f) with respect to the weighted norm on
B,(R).

Proof.  As in the proof of Theorem 1 in [10] (see also [3]), if we
consider the operators Lj := Ly o D™ where D™" denotes the r-th inverse
derivative operator, then it follows from the hypothesis on L that, for each
k € N, Lj is a positive linear operator mapping C,(R) into B,(R) such that
Li(f™)) = LD (f) for f € C{)(R). Since, for each i = 0,1,2, {Ly (fi)}
is (uniformly) A-summable to fi(r), we may write that {Lj(¢;)} is (uniformly)
A-summable to v; with respect to the weighted norm on B,(R), where ¢; := fi(r)

(1 = 0,1,2). In this case, from (2.7), (2.8), we immediately see that conditions
(2.2) and (2.3) are valid for the T-systems {¢, ¥1} and {1, 11, ¥2}. Thus,
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Theorem 2.3 implies that, for all ¢ € C,(R), the sequence {Lj},(¢)} is (uniformly)
A-summable to 1 with respect to the weighted norm on B,(R). For a given
fe C’l(f) (R), taking ¢ = f ("), the proof follows immediately. O

In general, the concept of A-statistical convergence (see [11]) and A-sum-
mability method cannot be comparable. So, our results are completely different
the ones in [3, 4]. However, the next result provides an interesting connection
between them.

Corollary 2.5. Let, for each v € N, A = {A"} = {[ank]} be a non-
negative reqular summability matriz, let {Ly} be a uniformly bounded sequence of
operators from CIST) (R) into B,(R) belonging to the class M)(R). Assume that

fér), fl(r), fQ(T) satisfy the conditions of Theorem 2.4. If, for each i =0,1,2,

:(j)7
p

)

(2.9) sta—lim | Lu(f) = £

where sty — lim denotes the A-statistical limit, then, for all f € CN’;(,T)(]R), the

sequence {Lj(f)} is (uniformly) A-summable to f) with respect to the weighted
norm on B,(R).

Proof. From (2.9) we may write that, for a given ¢ > 0, lim Z ank =

n—oo

0, where K;(¢) := {k: eN: HLk(fz) - fi(T)H > 5} (1=0,1,2). Also, by the uni-
p
form boundedness of {L;} we get, for each n € N, that

o)
Zank < Z Qnk
k=1 r

Z(h) — £

L(fi) — £

kEK;(e) r
> aw |t - £
kEN\K; () r
(MD; + E;) > ank+52ank,

keK;( )

r)

where M := | Lll¢, (r)—B,(r) = ‘ sup ([ Lx(f)ll,, Di := ||fill, and E; :=

(i = 0,1,2). Then, the regularity of A implies that

oo
lim Z Ank
n—oo

k=1

=0.

(s = 57
P
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Now using the fact that

+ C;
P

)

> amLi(fi) = £
k=1

S IR
k=1

00
D a1
k=1

p

where C; :=

fi(r) H , we immediately see that
p

=0 foreachi=0,1,2,

p

lim
n—oo

> awLi(fi) = £
k=1

which means the sequence {Lj (f;)} is (uniformly) A-summable to f; for each
i =0, 1,2 with respect to the weighted norm on B,(R). Hence, the proof follows
from Theorem 2.4. O

In order to get an approximation on the space Cl(f) (R) we need a new
weight function as follows:

Theorem 2.6. Let A = {[a, ]} (k,n,v € N) be a non-negative regular
summability method, and let the operators Ly, : C’,(f) (R) = By, (R) belong the class

M) (R). Assume that fér), fl(r), fQ(T) satisfy the conditions of Theorem 2.4. Let
p1: R —[1,00) be a weight function. Assume further that

. pl)
2.10 lim =
( ) x—+o0 pl(:z,‘)
and
N L
(2.11) Jm e =my, £0

holds. If, for each i = 0,1,2, {Lg (fi)} is (uniformly) A-summable to fi(r) with
respect to the weighted norm on B,(R), then, for all f € C’l(f) (R), the sequence

{Li(f)} is (uniformly) A-summable to f) with respect to the weighted norm on
By, (R).

Proof. It is easy to check that CIST) (R) C C’l(]l') (R) C C’l(]l') (R). Also, we
get from (2.10) and (2.11) that all conditions of Theorem 2.4 are valid for the
weight function p;. Thus, the proof is a direct consequence of Theorem 2.4. O

Specializing Theorem 2.6 (consider the case of r = 0), it is also possible
to obtain a modification of Theorem 3 presented by Atlihan and Orhan [6].

Now, we can summarize some important conclusions of our weighted ap-
proximation results via summability process.



364 Nisa Kiiciik, Oktay Duman

e Theorems 2.3 and 2.4 improve Efendiev’s results in [10]. Indeed, for each
v € N, it is enough to take A = {AY} = {I}, the identity matrix.

o If we take A = F, the almost convergence method, then we get an almost
approximation result in Lorentz’s sense [16].

o If we take A = {C4}, the Cesaro method, we obtain an arithmetic mean
approximation in Cesaro’s sense. In order to verify it we give the following
application.

Define the functions uy : [0, +00) — R (k € N) by

1+sinz, if kis odd,
1 —sinz, ifkis even.

(2.12) w(@) = {

Then, taking p(z) =1+ 22 and also considering the test functions

_ $i+1p($) _ xz‘+1 o
@)=+ - Gaep O 0LY

the following positive linear operators on C)[0, 400)

(2.13) Li(f;2) = ug(x "”Zf() (ja? ™' — ka?)

satisfy all conditions of Theorem 2.4 for » = 1. In this case, observe that

(2.14) Li(f;x) = ug(2) Sy, (f;2),

where, for each k € N, Si.(f;2) denotes the classical Szdsz-Mirakjan operator [21]
(see also [2]) and S;.(f;x) denotes its derivative with respect to z. If we use the
Cesaro matrix A = {C1} = {[cnr]} (k,n € N), then it follows from (2.12) that

RS .
(2.15) nl;rgo -~ ’;uk(x) =1, uniformly on = € [0,b] (b > 0).

We also know that

(2.16) lim Si(f;x) = f'(x), uniformly on z € [0, ],

k—o00
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4
3 La(fix)
ng(f;X)
B (1+sinx)f(x)
ng(f,‘x)
1 v
1 2 3 5
-1

Fig. 1. Log41(f;2) in (2.13) approaches to (1 + sin (x))f/(x) on [0, 5] for sufficiently
large k, where f(x) = 2z + cosx + xsinx

2 (1-sinx)f'(x)
Lyo(f;x) Lso(f5x)
i \ Lso{-’x)
1 =N

[

Fig. 2. Lok(f;x) in (2.13) approaches to (1 —sin (z))f’(z) on [0,5] for sufficiently large
k, where f(x) =2z + cosz + zsinz

-1+

Fig. 3. T,(f;2) in (2.20), which is the arithmetic mean of Ly (f;x), approaches to f’(x)
on [0, 5] for sufficiently large n
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forall f € C’l()l) [0, +00). By the regularity of the Cesaro method, (2.16) guarantees
that

(2.17) lim — Z |5%(f) = f'(z)| =0, uniformly on z € [0,b].

n—oo n
On the other hand, one can write from (2.14) that

Li(f;2) = f'(z) = (up(z) = 1) (Si(fi2) = f'(2)) + (@) (ug(z) - 1))
+ Si(fi2) = f(@),

which implies

k:l

' ) (ﬁ Zuk(iﬂ) )
k=1

Since |ug(z) — 1| <1 for all K € N and z > 0, we obtain that
(2. 18)
1 n
k=1

Now using (2.15), (2.17) and (2.18), we conclude that

3|'—‘

3|'—‘

k:l

(2.19) ILm T.(f;x) = f'(x), uniformly on = € [0, b],

where

Li(f;x) + Lo(fy) + ... + Ln(f;x).

n

(2.20) To(f; ) =

Thus, this arithmetic mean approximation in (2.19) by the operators Ly
verifies Theorem 2.4 on the compact intervals of [0,+00). However, it is impos-
sible to approximate f’ by the operators L (f) in (2.13) except for the constant
functions since the function sequence (ug(x)) given by (2.12) is non-convergent
(pointwisely) on [0, +00)\{(2k — 1)7/2 : k = 1,2, ...}. Furthermore, observe that,
for any non-negative regular matrix A, the A-statistical limit of (uy(z)) does not
exist. Therefore, it is also impossible to approximate statistically to f’ by the
operators Lg(f).
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Now we use the function f(z) = 2z + cosx + xsinz and its derivative

f'(x) = 2+ wcosz. Then, we see from Figure 1 that Loy, 1(f;x) approaches
to (1 + sinz)f'(z) on the compact interval [0,5] while, according to Figure 2,
Lok (f;x) goes to the function (1 — sinz)f’(x) on [0,5] for sufficiently large k.
This means that it is impossible to approximate f’ by Li(f) on [0,5]. However,
Figure 3 indicates that T),(f), which is the arithmetic mean of Ly, approaches
uniformly to f’ on [0, 5] for sufficiently large n.

1]
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