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ON THE REGULARITY PROPERTIES OF THE PRESSURE
FIELD ASSOCIATED TO A HOPF WEAK SOLUTION TO
THE NAVIER-STOKES EQUATIONS

Jmmy Alfonso Mauro

ABSTRACT. We give some new a priori estimates for the pressure field
associated to a Hopf weak solution, under the minimal assumption that
the initial data v is in L?(2). Then, such estimates are applied to obtain
an existence theorem of suitable weak solutions on a bounded or exterior
domain Q C R3, with the minimal assumption vy € L*(Q).

1. Introduction

We consider the non-stationary Navier-Stokes equations with unit viscosity and

zero body force
W vy — Av+ (v-V)v=—-V7 Vo (z,t) € Qx(0,7),
V-uo=0 Vo (z,t) € Qx(0,T),

where v and 7 represent the unknown velocity and pressure, respectively. In our

notation (v-V)v = (Vv)wv.

In addition to (1) we require the following initial and boundary conditions
v(z,t) =0 vV (z,t) € 002 x (0,T),

2
@ v(z,0) = vo(x) vV x e,
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If n = 3, the system (1)-(2) describes the motion of a Newtonian fluid with a
nonslip boundary condition.

The initial data vy should satisfy the compatibility conditions V-vy = 0 in €
and vg - V), = 0, with v(x) the outward pointing unit normal vector at x € 94,
at least in weak form. Moreover, if the domain 2 is unbounded, we also assume
the following condition at infinity

lim v(z,t)=0 V te[0,T).
|z| =00

For the Cauchy problem, the existence of weak solutions for the initial-bound-
ary value problem (1)—(2) was proved by J. Leray in [10]; in particular, he intro-
duced the first notion of weak solution for the Navier-Stokes system (cf. Defini-
tion 1).

In [8] E. Hopf proved the existence of weak solutions on any smooth enough
domain €2 C R"™, with n > 2; nevertheless, such solutions are slightly different to
Leray’s ones (cf. Definition 2).

Ever since, much effort has been made to establish results on the uniqueness
and regularity of weak solutions; however, such questions remain mostly open so
far. In particular, we are interested in regularity properties of the pressure field
7 associated to a Hopf weak solution. These properties are very important in
studying the partial regularity theory of suitable weak solutions (cf. Definition 3)
and they were deeply investigated (cf. e.g. [3, 21, 7]). Nevertheless, in case
) C R" is a bounded or an exterior domain, the initial data vg is required to be
in a suitable fractional Sobolev or Besov space.

In this paper we give some new a priori estimates for the pressure field associ-

ated to a Hopf weak solution, under the minimal assumption that the initial data
vg is in L?(Q2). Then, such estimates are applied to obtain an existence theorem
of suitable weak solutions on a bounded or exterior domain  C R?, with the
minimal assumption vy € L?(2).
Thus, as far as we know, if O C R? is a bounded or an exterior domain, thanks
to Theorem 2, J(Q) is the largest class of initial data for which we can give an
existence theorem of weak solutions which are both suitable weak solutions in
2 x (0,00), and Leray weak solutions.

Weakening the hypotheses on the initial data isn’t the main question about
the Navier-Stokes system (1); nevertheless, the matter itself is interesting as it
implies that the presence of the boundary doesn’t upset the nature of the problem
compared to the Cauchy one. Moreover, from Theorem 2 and [24, Theorem 2.1]
there follows that suitable weak solutions are obtained for the same class of the
initial data as Hopf weak ones.
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The results presented in this paper are based on the Ph.D. Thesis [16] that the
author defended at the University of Pisa, under the supervision of Prof. Vladimir
Georgiev.

The author expresses his gratitude to Prof. Vladimir Georgiev and to Prof. Paolo
Maremonti for their useful discussions during the preparation of this work.

1.1. Notations
Throughout this paper, we assume that 2 is a domain in R"™, with n > 2, which
satisfies one of the following conditions:

Assumption 1.
(D1) Q =R";
(D2) Q is a bounded domain in R™;
(D3) Q is an exterior domain in R™.

Moreover, if Q satisfies condition (D2) or (D3), its bounded boundary OS2 is re-
quired to be (at least) of class C™, where m is an even positive integer such that
2m > n.

For 1 < p < oo, let LP(Q2) be the Lebesgue space of vector valued func-
tions on Q. The norm in LP(€) is indicated by || - ||, and we use the notation
(u,v) = [u-vdz for any vector fields u,v for which the right hand side makes
sense.

For 1 < p < oo and m € N, let W"P(Q) be the Sobolev space of functions
u: Q — R" in LP(Q) with distributional derivatives in LP(€2) up to order m
included; the norm in W™"(Q) is denoted by || - [|;ym.n g, -

By C§°(€2) we denote the space of all infinitely differentiable vector valued func-

tions with compact support in Q and, for 1 < p < oo and m € N, I/?/m’p(Q) is the
completion of C3°(€2) with respect to the norm || - ||y m.r g,

By %5 (€2) we denote the class of all solenoidal vector fields p(x) € C§°(Q); for
1 < p < oo, JA(Q) and J'P(Q) are the closure of (Q) in LP(2) and WHP(Q),
respectively. If Q satisfies condition (D2) or (D3), we can give the following
characterization of the spaces J(Q) = J*(Q) and J'*(Q) (see theorems 1.4 and
1.6 in [25])

JQ) ={uel?*Q) : V.u=0, 7(u)=0}
(3) o
JPQ) ={uew'(Q) : V.u=0, (u)=0},
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where 7g is the trace operator from W12(Q) into W%’2(8Q), whereas v, is a
linear continuous operator from E(2) = {u € L*(Q) : V-uc LQ(Q)} Linto
Wfé’Z(OQ), such that v, (u) = u - v, for every vector field u € C*(f), with
v(z) the outward pointing unit normal vector at x € Jf).

If @ C R™ is a domain satisfying condition (D2) or (D3), for s € (0,1) and
p € [1,00), W*P(Q) denotes the Slobodeckil space of functions v € LP(Q2) for
which the following norm

1
_ P >
- vM//dedy}
|| ||W () {H Hp oo |x_y|n+sp

is finite. Similarly, by W*P(02) we denote the space of functions v € LP(952) for
which the norm

1
_ () = v(y)I” ;
||v||WS.p(am_{anm) /m /m s lofe) = 9@ 45, g5,

For T € (0,00) and for a given Banach space X, with associated norm
|-l LP(0,T;X) is the linear space of functions f : (0,7) — X such that
fOTHu(T)||§ dr < 00, if 1 < p < oo, or ess(sg)p lu(T)]], < o0, if p=o00.

T€(0,

If I is a real interval, we denote by C’(I ; X) the class of continuous functions
from I to X; for k a positive integer, we denote by C¥ (I ; X) the class of functions
f I — X endowed with continuous derivatives (as functions into X), up to the
order k included.

For every T € (0,00), we set Q7 = Qx[0,7T) and we define

is finite.

%0(Qr) ={¢ € CF(Qr;R™) : Voo =0 in Qp}.

By C(Q7) we denote the class of vector fields ¢ € C'([0,T]; J"*(©2)) endowed with
distributional partial derivative ¢, € L?(0,T;J(€2)) and such that ¢(z,T) =0
for a.e. x € Q.

In this work, we use the same symbol to denote functional spaces of scalar
or vector valued functions. Moreover, the symbol ¢ denotes a generic positive
constant whose numerical value is not essential to our aims. It may assume
several different values in a single computation.

1E(Q) is a Hilbert space with respect to the inner product (u, v) sy = (u,v) +(V -,V - v).
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2. Weak solutions: definitions and properties

We give three different definitions of weak solutions of the initial-boundary value
problem (1)—(2) and we collect some their properties which will be used after-
wards.

Definition 1. Let vy € J(2). A wvector field v : Q x (0,00) — R"™ is said
a Leray weak solution of problem (1) —(2) with initial data vg, if it satisfies the
following conditions for all T € (0, 00)

1. ve L™(0,T;J(Q) NL*(0,T; 7)) ;
2. YVype %@(QT)

T
@ [ e = (V06— (0900 di =~
3. there holds the following energy inequality
¢
() lo(®)1l3 +2/ IVo(m)l3 dr < [[o(s)]13

fors=0,ae s>0andVt>s.

Definition 2. Let vy € J(2). A wector field v : Q x (0,00) — R™ is said a
Hopf weak solution of problem (1) —(2) with initial data vy, if it satisfies, for all
T € (0,00), conditions 1,2 of Definition 1 and if the energy inequality (5) holds
only for s =0 and for allt > 0.

If @ is a domain in R™ (with n = 2,3,4) satisfying Assumption 1, for any
initial data vy € J(2) there exists at least a Leray weak solution of problem (1) -
(2). Whereas, if 2 is an arbitrary domain in R™ (with n > 2), for any initial data
v € J(€) there exists at least a Hopf weak solution (cf. [10, 8, 6, 17], see also [5,
Section 3]).

Obviously, every Leray weak solution is a Hopf weak one too.

Remark. If v is a Hopf weak solution, by the energy inequality (5) we have
(6) ||v||L°°(O,oo;J(Q)) < HUOHQ ) HVUHH(O,OQ;L?(Q)) < % HUOHQ;

moreover, by Gagliardo-Nirenberg interpolation inequality, v € LP (0,00;Lq(Q))
for every pair of exponents (p,q) such that

i {qE[Q,q*],withq%:%—%, if n >3

n n
(7) 4 + 5

2
p
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and there holds the following estimate

(8) [Py I I

where the positive constant ¢ does not depend on v.

The following result due to Hopf ([8]) is relevant for our purposes (for its
proof, see Lemma 1 in [18], Theorem 4 in [19] or Lemma 2.1 in [5]).

Lemma 1. Let v be a Hopf weak solution of initial-boundary value problem
(1) =(2), with initial data vo € J(Q). Then, for every T € (0,00), v can be
redefined on a subset of [0,T] having zero Lebesgue measure, in such a way that

1. v(-,t) € J(Q) vV tel0,T];

2. there holds the following relation

(9) /OS [(v, 1) = (VU, Vo) = {(v-V) v, )] dt = (v(s), ¢(s)) = (vo, v0)

for every s € [0,T] and for every ¢ € €o(Qr).

Remark. The so redefined Hopf weak solution v is weakly continuous in J(£2) as
a function of time; thus, from the energy inequality (5) (with s = 0) we deduce

I t) — voll, = 0.
S [o(t) = vl

In what follows we will regularly assume that all Hopf weak solutions (and
then Leray weak ones too) under discussion have been redefined according to the
previous Lemma.

The following Proposition, originally presented in [9], is proved in [13, Sec-
tion 2.2] (see also [16]).

Proposition 1. Let @ C R", with n > 2, be a domain satisfying As-
sumption 1; let T € (0,00) and ¢(x,t) € C(Qr), then, V ¢ > 0 there exists
o(z,t) € 6o(Qr) such that

T

~ ~ 2
A ORI ey R ETORTO



On the pressure of a Hopf weak solution 101

Remark. Concerning the space to which test functions ¢ belong, in case {2
is a domain in R™ with n = 2, 3,4, using Proposition 1 and a limit process, we
can extend the weak formulation of the Navier-Stokes equations (4) or (9) to “less
regular” test functions ¢ € C(Qr).

If n > 4, we should consider test functions ¢ € C(Qr) N C([0,T]; J*(2)). We
need this further property to assure the summability and the convergence of the
nonlinear term.

Definition 3. Let vg € J(Q) and T € (0,00]. A pair (v,7), having as first
component a vector field v : Q x (0,T) — R"™ and as second component a scalar
function w: Q x (0,T) — R, is said a suitable weak solution of problem (1) —(2),
in Q x (0,T), with initial data vo, if the following conditions are satisfied

1. ve L>(0,T;J(Q) NL*(0,T;J*(Q));
2. the energy inequality (5) holds, at least, for s =0 and for all t € (0,T);
3. V¢eCle(QmRY)

T

T
(11) /O [(0, 1) — (Vo, V) — (0 V )0, )] dt = — /O (7,7 -6) dt — (v, o) ;

4. for every non-negative, scalar valued function o € C§° (QT;]R) there holds
the following generalized energy inequality

/Q\v(t)|20(t) d:z:+2/:/ﬂ\Vv\20 drdr < /Q\v(s)|20(s) dz

t t
—I—//\U\Q(JT—I—AU) da:d7—|—//(|’u|2+27r)v-VodxdT
5J8Q 548

fors=0, a.e. s€(0,T) andVte (s,T).

(12)

Definition 4. A point (z,t) € Q x (0,T) is called singular for a solution v of
system (1) iff the vector field v is not essentially bounded [i.e. v & L>(1,.,) [ on
any neighborhood I, ., of (z,t).

Let 2! denote a measure on R3 x R; analogous to one-dimensional Hausdorff
measure 1, but defined using parabolic cylinders instead of Euclidean balls (cf.
[3, Section 2D]). For a suitable weak solution (v, 7), there holds the following local
partial regularity result (cf. [3, Theorem B] and [11]).
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Theorem. Let Q be an arbitrary domain in R and let 7' € (0,00]; for
any suitable weak solution (v,m) of problem (1)-(2) in ©Q x (0,7), with 7 €
L3 (2x(0,T)), the associated set 8 of possible singular points satisfies 221(8) = 0.

In the previous theorem, the hypothesis m € L> (Q x (0, T)) can be weakened

5
1

to 7€ L3 (O,T; LIOC(Q)) (cf. [3, Section 2C| and [24]).

3. The nonstationary Stokes problem

This section is concerned with the following initial-boundary value problem

ve(x,t) — Av(x,t) = =Vr(z,t) + f(x,t) Vo (z,t) € Qx(0,T),

(13a)
Veu(z,t) =0 YV (2,t) € Qx (0,T),
(13b) v(z,t) =0 YV (z,t) € 9Q x (0,T),
v(z,0) = vo() vV xeQ,

with T € (0,00] and 2 C R" a domain satisfying Assumption 1.

As for problem (1)—(2), the initial data vy should satisfy the compatibility
conditions V-vg = 0 in Q and vg - v|,, = 0, with v(z) the outward pointing unit
normal vector at x € €, at least in weak form. Furthermore, if the domain €2 in
unbounded, we also assume the condition at infinity

lim v(z,t)=0 V¢t €[0,T).
|z| =00
Remark 1. If © € R™, with n > 2, is a domain satisfying Assumption 1,
by Theorem 1.1 in [25, Ch. 3| (see also [9, Ch. 4 Theorem 3|), for any initial
data vo(z) € J(Q2), the Stokes problem (13) with f(z,¢) = 0 has a unique “weak”
solution v such that, for every T' € (0, 00),

ve C([0,T);J(Q) NL*(0,T; ()

(14) /Os [(’U, 90t> - <VU, V@)} dt = (’U(s)7 (,0(8)> _ <U0, 900>

for every s € [0, 7] and for every ¢ € 6o(Qr).

The following Proposition concerns some properties of the pressure field 7
associated to the weak solution of problem (13); they will turn out useful to our
purposes.
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Proposition 2. Let Q C R™, n > 3, be a domain satisfying Assumption 1.
Let v be the unique “weak” solution of the Stokes problem (13) with f(x,t) = 0
and initial data vo(x) € J(2); then there exists a distribution 7 : Q x (0,00) — R
such that

1. for every T € (0,00) and for every n € (0,T),
(15a) Vr € LP(0,T; LY(Q)) N L (n, T; LY())

for every pair (p,q) such that 1 < ¢ <2 and 1 <p< %,

4
(15b) TeL"(0,T; L*(Y))NL>®(n,T; L*(Y)) V 1<r< 3
where

Q' C Q is an arbitrary bounded domain, if there holds con-
dition (D1); Q' C Q is a bounded domain such that dist(€2\
Q, 89) > 0, if Q satisfies condition (D3), while Q' = Q if
there holds condition (D2);

(16)

2. for every T € (0, 00),

/ [, ) — (Vo V)] dt = - / [r. - )] dt
0 0
(17) + (v(s), &(s)) — (v0, 60)
for every s € [0,T] and for every ¢ € C3°(Qr; R™);

Proof. By density of 6,(€2) in J(€2), there exists a sequence {v{} C 6,(Q2)
converging to vg in J(2). From |7, Theorem 2.8|, [14, Theorem 1.4] and Section 2
in [9, Chapter 4]) it follows that for every n € N there exists a unique solution
(v™, V7'™) of problem (13) with f(x,t) = 0 and initial data vy € €p(2), satisfying
the following properties

ve C([0,T); W»() N JM2(Q)) N LP(0,T; () N W>1(Q))
ov

5 €C(0. 7)) N L7(0,T3.7%())

Vr e C([0,T]; L*(Q)) N LP(0,T; L(R))

for every T' € (0,00) and for all p,q € (1, 00).
For any T' € (0,00), we can multiply both sides of (13a); by an arbitrary
¢ € C§°(Qr; R™) and integrate the product over € x (0,s). Then, integrating by
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parts with respect to x and ¢, we obtain the following relation

(18) /Os[<7)”’ ¢t> - (Vq)”’ V(b>] dt = _/Os[<7'rn’ V. ¢>]dt+ <Un(5), ¢(8)> _ <v8’ ¢0>
for every s € [0,T].

By the linearity property of system (13a), for every m, m € N the difference
(v =™, V7" — Vx'™) is the unique solution of problem (13) with f(x,t) = 0 and
initial data vy — vg*. Considering the summability properties of (v —v™, V" —
Vr'™), for every s € (0,00), we can multiply both sides of (13a); by v™ — v™ in
L? (Q x (0, 5)) Integrating by parts with respect to x and t and reminding that
the vector field v — v™ is solenoidal, we obtain the following identity

19) lo™ (s) = o™ (s)II5 + 2/05 IV (" () = o™(7))ll3 d7 = ||og — oF'll2,

for every s € [0, 00),

from which we derive that {v"} is a Cauchy sequence in C([0,T7;J(Q2)) N
L? (0, T; Jl’Z(Q)), for every T € (0,00). Then, there exists its limit o €
C([O, T J(Q)) NL? (0, T, J1’2(Q)), for every T' € (0, 00), which is a “weak” solution
of problem (13) with f(z,t) = 0 and initial data vy. By the uniqueness of the
“weak” solution of the Stokes problem, it follows that o = v a.e. in Q x (0, 00)
and, then, for every T € (0, 00)

v™(x,t) = v(x,t) in J(Q2), uniformly in [0, 7]

(20) n ; 2 2
Vo (z,t) = Vo(z,t)  in L*(0,T;L*(Q)) .

Now, let us apply the divergence operator to (13a);, in the distribution sense,
and let us multiply both sides of (13a); by v(x), the outward pointing unit normal
vector at x € 01, in W7%’2(8§2). As v™ — o™ is a solenoidal vector field which
satisfies homogeneous boundary conditions, we have that, for every n, m € N, for
all £ € (0,00), the function 7" (z,t) — 7™ (x,t) is a weak solution of the following
Neumann problem

A(r"™(x,t) — 7™ (z, 1)) =0 VoreQ,
(21) 9
3 (7"(z,t) — 7™(z, 1)) = v(z) - A(V"(z,E) — 0" (x,1)) ¥V z € 0N,

If Q C R" is an exterior domain, we also assume the following condition at infinity

lim (7"(z,t) — 7" (z,t)) =0

|z|—o00
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For every t € (0,00), let a0 (z) = (v"(z,1) — v™(z,1)); as a™™ is a
divergence free vector field, we have

v(z) - A(v"(w,f) — vm(m,f)) =v(x) - (Aa(”’m’a () = V(V- q(mmt) (:L‘)))

galnmD gD
_Z 8x]< Oz (@) - ox; (m)>

1,7=1
2\ (0D oalm
2 szl ( ‘($)5—%> ( Iz @)= Iz (93)>

By virtue of estimate (2.18) in [14, Lemma 2.3| (see also [22, Lemma 2.1]), using
the trace embedding theorem and an interpolation inequality, we obtain that for
every g € (1,2) and € € (0, % — %)

8 (n m t) 8(1(-’”’"1’{) q
V(=0 - 7 @), < Z// ol oo Y
—7'(' & (o} [ox
i,5=1 80/ o0 y|n Zra o
<elVa®m I Ly, <ele) [Var T s
1_
o) IVa™™ D s 41 < &) [Tamm D3 ratnm ) d e

1_1_, 3_1.4.
e(e) (IIVamD|l, + [VamD g2 D2alrm)3 )

with the constant c(¢) blowing up as ¢ — 07; D2a(™™%) denotes the matrix of
the second order spatial derivatives of q(mmt),

Since vy — " € 6p(€2), using the decay estimates (4.3) in [14, Theorem 4.1]
(which also hold if Q is bounded), we get

22) IV (a"(t) = 7" O),, < ele, Tt 72D o — o
V T € (0,00) and for any t € (0,7,

and, therefore, {V7"} is a Cauchy sequence in LP (0, T’; Lq(Q)) NL>(n,T; L)),
for every pair (p,q) such that 1 < ¢ <2 and 1 <p < =45, for every T € (0, 00)
and for every n € (0,7).



106 Jmmy Alfonso Mauro

In a similar way, using estimate (2.17) in [14, Lemma 2.3], we obtain that for

every € € (0, %)

17" (&) = 7™ (@)l 2y e [[Va™™ ]| <c||Va™ Iy

we:2(09) Q)

2+5
wi2(Q)

<clIVatm |3~ [V
1_ 1
<c (Va0 4 |[Famd |27 | D2almd | 277)

where Q' is any domain satisfying (16).
Then, by the decay estimates (4.3) in [14, Theorem 4.1] we have

(7" (&) = 7 (), < ) (473 + 178 g — v,

V T € (0,00) and for any t € (0,7,

(23)

from which we obtain that {#"} is a Cauchy sequence in L" (O,T; LQ(Q/)) N
L® (77,T; LQ(Q’)), for every 1 < r < %, for every T € (0, 00), for every n € (0,7)
and for any domain ' satisfying (16).

Therefore, there exists a function 7 :  x (0,00) — R, enjoying summability
properties (15), such that, for every T' € (0, 00) and for every n € (0,T),

V' (z,t) = Vr(z,t) in LP(0,T;LY(Q)) N L*®(n, T; L)),
for every pair (p,q) such that 1 <g<2and 1 <p< 53—32,

4
™ (2,t) = m(z,t)  in L7(0,T;L*(Q)) NL®(n, T; L*(Y)) V 1<r< o
where Q' is any domain satisfying (16).

Then, if we let n — oo in relation (18), recalling (20), we deduce the weak
formulation (17). O

Remark 2. Of course, the pressure field 7 is only determined up to a func-
tion g : (0,00) — R.
If Q C R”, with n > 3, is a domain satisfying Assumption 1 and V7 €
L7(0,T;L*(52)) for some T € (0,00], 7 € [1,00] and s € (1,n), by [6, Lemma
1.3] (see also |17, Lemma 3.2] or [4, Theorem I1.6.1]), m(¢) can be chosen so that
T(x,t) = m(x,t) + mo(t) is in L7(0,T; L*(Q)) with o = 2

n—s"’
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We point out that the chosen function () is independent of s, i.e. if Vrr €
L7(0,T; L*(52)) for some T € (0,00], r € [1,00] and for every 1 < s1 < s < 59 <n
then T € L" (O,T; LO‘(Q)) for all a € [n"_—ssll, n"_—8822]

Hereafter, for the sake of simplicity, the tilde mark is omitted in 7.

In the case 2 = R", in Proposition 2 we can choose 7(x,t) = 0 almost everywhere.

4. The pressure field 7 associated to a Hopf weak solution

Theorem 1. Let Q C R", with n > 3, be a domain satisfying Assumption 1
and let v be a Hopf weak solution of problem (1) —(2) with initial data vy € J(§2);
then, there exists a scalar field w: Q x (0,00) — R such that,

1. if Q satisfies condition (D2) or (D3), for every T' € (0,00), for every n €
(0,T) and for any domain Q' satisfying (16),

i. VreL? (O,T; Lq(Q)), for every pair of exponents (p,q) such that

2(n—1)

i n_ .
=n+1 and oy <4< 3.7;

nog 2
q+p

VrnelL" (O,T; Lq(Q)) N Lp(n,T; Lq(Q)), for every tern of exponents
(r,p,q) such that

l<g< 2(n—1)

4q
> 953 ; 1 S r < 5(]——2 and

. me LP (O,T; LQ(Q)), for every pair of exponents (p,q) such that

2n(n—1)

=n and  Goohmeay <4< 355

Q3

_|_

BN

T E LT(O,T; Lq(Q)) N Lp(n,T; Lq(Q)), for every tern of exponents
(r,p,q) such that

~ 2n(n—1) 4q 2 _ .
T <SS Ty 0 ST <G 4 G
iii.  weLl'(0,T;Lm Q) V 1<r<i;
w. ifn>4, melL? (O,T; Lq(Q')) for every pair of exponents (p,q) such
that
2 2 ~ 2n(n—1) |
% +5=n and g <4< @n—1)(n=-2) ’
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2. if Q =R",
i. VreL? (O, 00; Lq(]R”)), for every pair of exponents (p,q) such that
(24) 242—n+1 and 1<q<Eyp;

1. TE Lp(O o0; LY(R™)), for every pair of exponents (p,q) such that

n

3
iSAL

3.V T € (0,0), the Hopf weak solution v and the scalar field © satisfy the
following relation

[Tt = (v0.96) — (090 0) dt = = [V 0)
0 0

(25) +(v(s), o(s)) — (vo, Po)

V se[0,T], V ¢ C(QrR").

Remark. In [7, Theorem 3.1] it was proved that if & C R” is a domain
satisfying condition (D2) or (D3) and if the initial data v is in sz (Q)NJIQ),
for some pair of exponents (p,q) satisfying condition (24), then Vr is in
Lp (O, 0; Lq(Q)). Even if this result is better than ours, however we require less
regularity for the initial data, i.e. we require only vy € J(€2). That is very impor-
tant to understand if it’s possible to deduce partial regularity properties of weak
solutions under the only hypotheses which assure their existence.

Proof. Let v be a Hopf weak solution with initial data vy € J(2); by the
Holder inequality and estimates (6), (8) we have

2
||(’U V)UHLP 0, oo; LI(R2)) HUH (0,00; L" HVUHL2 0, oo; L2(Q) < CHUOHQ

with % = % +% and % = % + %, for every pair of exponents (s,r) satisfying
condition (7). Then (v-V)v € LP(0,00; L9(R)) for every pair of exponents (p,q)
satisfying condition (24).
Let (u1, V1) be the unique solution of the Stokes problem (13) with vg(z) =0
and f = —(v-V)v; we have (cf. |7, Theorem 2.8|, |14, Lemma 4.2|, [15])
—as 5 < Bforn > 3, w € LP(0,T;W24(Q) N JH(Q)), for every
T € (0,00), and Vmr; € Lp(O,oo;Lq(Q)) for every pair of exponents (p, q)
satisfying condition (24);
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— uy, m satisfy the following relations, with f = —(v-V)v and for every
T € (0,00)

S

" /Os[<v,¢t> - (VU,V¢>] dt = —/0 [(W,v L) + (f, ¢>] dt + (u(s), d(s))
V se[0,T], V ¢eC&CQmRY),

(27) /os““’ @) = (Yo, V)] dt = = / () dt -+ {o(s), ()
V se[0,T], ¥V ¢ €%(Qr).

Moreover, since %5 < n for n > 3, by Remark 2, we deduce

m € LP (07 00; Lq(Q)) for every pair of exponents (p, §) such that
(28)
+2=n and 5 <q<ty.

3
iSAL

By Remark 1, there exists a unique “weak” solution us of the Stokes problem
(13) with f(z,t) = 0 and initial data vy, which satisfies relation (14), for every
T € (0,00). By Proposition 2, there exists a function mo such that

— mp = 0 if  satisfies condition (D1);

— 9 enjoys summability properties (15), if Q is a domain satisfying condition
(D2) or (D3).

Moreover usg, mo satisfy relation (17), for every T' € (0, 00).

We set m = w1 + mo.
Let ©Q = R". In such a case m = m; and, therefore, property 2-i holds.
Following [3, Section 2c|, we can apply the divergence operator to the equation
(1)1, in the distribution sense. As v is a solenoidal vector field, we have that, for
almost every ¢ € (0,00), the function 7 (-, ¢) is a weak solution of the following
elliptic equation

82
8xk8xk

(29) Ar(z,t) = — Z (upug)(z,t) V x e R".

h,k=1

The previous equation can be solved explicitly; there follows that the function
7(-,t) is a sum of singular integral transforms applied to the functions wujug. By
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the Calderén—Zygmund Theorem (cf. Theorems 2—4 in [23, Chapter II]), for
almost every ¢ € (0,00), we have

2 - n
HT((E)HL‘I(R") S c ||U(t_)||L2‘I(Rn) V1< q S m .

Thus, property 2-ii follows from estimate (8).
If Q is a domain satisfying condition (D2) or (D3), since

2(n—1) n n+1 n 5 1
m—3 <4< 57 = 2 T2~ 1 3>
2(n—1) ntl  noo 5 1

I1<¢=s 5= = 5 T3 =17 3

from the summability properties of Vi, Vmy, there follows that Vr satisfies
summability properties 1-i.
As 25 < n, by Remark 2, we deduce properties 1-ii from properties 1-i.

2n
By (28), m € Ls (0,T; L2-3(Q)); since 522 < 2 for n > 3, by (15b) we obtain
property 1-iii.

As g2lnl) o < 2 for n > 4 and

2 ~ 2n(n—1 _ 1 3
2 < i< gty = 5—%(1—3) >
by (28) and (15b) we obtain property 1-iv.
Adding relation (27), for ui, and relation (14), for ug, we deduce that the
vector field u(z,t) = uy(x,t) + us(x,t) satisfy the following identity

(30) /OSRU’ o) = (Vu, v@] dt = /O?(U'V)U’ @) dt + (u(s), ¢(s)) — (vo, o)
VTe (0,00), V se [O,T], A QDECK()(QT).

Subtracting identity (30) from identity (9), written for the Hopf weak solution v,
we obtain

" /Os[<(v —u), @) — (V(v—u), V)] dt = ((v(s) —u(s)), @(s))
V T e€(0,00), Vse0T], VYV ¢ec%r).

Using Proposition 1 and a limit process, we can extend this last relation to “less
regular” test functions ¢ € C(Qr).

Let ¢ : Q x (0,00) — R™ be the unique solution of the Stokes problem (13)
with f(z,t) = 0 and arbitrary smooth initial data ¢o(z) € €5(2). By Theorem 1
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in [9, Ch. 4] (see also Proposition 1.2 in [25, Ch. 3]), ¢ € C([0,T]; J"*(Q2)) with
Yy € L2(0,T;J(9)), for every T € (0,00).
For any § € (0,00), ¥(x,8 — t) is the (unique) backward in time solution of the
adjoint Stokes problem on € x (0, ).

Let us set

{E(g;,t):{ V(z,5—t), v (m,t)eﬂx[(z,g]
Yo(x), vV (z,t) € Q x (5,00);

Of course, for every T € (§,00), 1; S C([O,T]; JI’Q(Q)) with Jt e L? (O,T; J(Q))
Let 6 : R — [0,1] be a smooth, decreasing, non negative function such that

O(t) =1, for t <1, and 0(t) =0, for ¢ > 2.

For some T € (5,00), we set

u) ¥ (2,8) € Q x [0,00)

Ba.t) = Bla,t) 05—
As ¢(z,T) = O(z,T)0(2) = 0 for a.e. z € Q, taking the regularity properties of
Y(x,t) and O(t) into account, we may conclude that @ € C(Q7); moreover, since
o(x,t) = Y(z,5 —t) for a.e. x € Q and V t € [0,5], ¢ also satisfies the adjoint
Stokes problem on € x (0, 5).

Therefore, substituting ¢ in (31) and using Green’s identity, we obtain

((v(8) = u(s)); ¢o) =0

Since 5 € (0,00) and Yg(x) € 6p(€2) are been arbitrarily chosen, by the density of
%o(Q2) in J(2), we may conclude that v(z,t) = ui(x,t) + ua(z,t) for a.e. x €
and V ¢ € (0, 00).

Finally, adding relation (26), for (u;,m;) with f = —(v-V)v, and relation
(17), for (ug,m2), we obtain identity (25) with 7 =m +me. O

Remark. When 2 C R" is an exterior domain, the summability properties
given in Theorem 1 imply a certain decay of 7, for |x| — oo. As pointed out
in [21, 7], an important consequence of that is the regularity of suitable weak
solutions for large =, when Q C R3 is an exterior domain. Such result is proved
in [3] in case Q = R3, in [12] for exterior domains.

Analogously in the Appendix of [3], using Proposition 2 and Theorem 1, we
can prove the following

Theorem 2. Let Q C R3 be a domain satisfying condition (D2) or (D3); for
every vo € J(Q), there exists a suitable weak solution (v,7) of problem (1) —(2),
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in Q x (0,00). Moreover, v is a Leray weak solution and, for every T' € (0,00),
for every n € (0,T) and for any domain ' satisfying (16), we have
Vr € LP(0,T;LY(Q2)), for every pair (p,q) such that

3 3.
st =4 and §<q<§,

BN

(32) Vmel" (O,T; Lq(Q)) (T],T; Lq(Q)), for every tern of exponents
(r,p,q) such that
l<qg<3 , 1§r<5j—32 and %—i—

T e LP(0,T; Lq(Q)) or every pair (p,q) such that

342 ~ )
E }—7 =3 and ? <g< 3,
melL" (O T:L9(Q )) N Lp(n,T Li(Q )), for every tern of exponents
(r,p,q) such that

12
5<(]§g s 1§7“<

12g 3
13636 and =+
TeL"(0,T;L*(Y)) V¥V 1<r<4.

Remark. In [24, Theorem 2.1] it was shown that, if Q C R? satisfies
condition (D2) or (D3), for each vy € J(2) there exists at least a suitable weak

5

solution (v, ), of problem (1) (2), in © x (0, 00), such that 7 € L (2 x (0,00))
and the generalized energy inequality (12) is satisfied for every non-negative o €
C5° (2 x (0,00); R).

In Theorem 2, for any initial data vy € J(€2), we can prove the existence of a
suitable weak solution (v, 7) with a more regular associated pressure field 7 (in
fact, it satisfies summability properties (32) —(33)); moreover, there hold both the
usual energy inequality (5) and the generalized one (12) for every non-negative
o € C5° (2 x [0,00);R) (i.e. o(z,0) doesn’t need to be zero).

So, as far as we know, if QO C R? is a bounded or an exterior domain, thanks
to Theorem 2, J(Q) is the largest class of initial data for which we can give an
existence theorem of weak solutions which are both suitable weak solutions, in
2 x (0,00), and Leray weak solutions.

Proof. Let vg € J(2); by density of €,(2) in J(£2), there exists a sequence
{vk} € 6o(Q) converging to vy in J(R); of course, there exists ¢ > 0 such that

(34) 1061l < ¢llvoll, vV EkeN.
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For every k € N, let us consider the following initial-boundary value problem

(35a) ok — AvF 4+ (FE. V)b = —vrk in Qx(0,7T),
a
V-ok =0 in Qx (0,7),
(35b) vk (z,t) =0 on 09 x (0,7),
v*(2,0) = vf(2) in Q,

where, for almost every t € (0,7,

Prat) = [ (e =) 3.0 dy.
R3 F
is the regularized function, in the sense of Friederichs, in the space variables of

{ vF(z,t) in Q,

~k
v (@,1) 0 in R"\ Q,

with j 1 (s) an even, nonnegative, real-valued function belonging to C§°(R), such
that j%(s) =0if |s| > 4 and ij%(s) ds = 1.
If the domain €2 is unbounded, we also assume the condition at infinity

lim o*(z,t)=0 V¥V t € [0,7).

|z|—o00

Let k € Nand T € (0,00) be fixed; using the Faedo-Galerkin method, we can
construct a weak solution v* : 2 x (0, T) — R” to problem (35), in Qx (0,7, such
that vF € L°°(0,T;J()) N L*(0,T;J"%(Q)). Since the kernel J1(s) € G (R),
by Young’s inequality for convolution, we get F* ¢ L>® (O,T ; Lq(Q)) for every
q € [2,00] 2. Since v € 65(R), from Theorem 4.2 in [22] there follows that there
exists a pressure field 7% : Q x (0,T) — R, associated to v*, such that

— (v*, V7*) is the unique solution to problem (35), in Q x (0,T);
— system (3ba) is satisfied almost everywhere in Q x (0,7);

— there hold
v(z,t) € L1 (O,T; W2’q(§2) N Jl’q(Q)) ,

vy(z,t) € L1(0,T; J1(2)),
Vr(z,t) € L1(0,T; L)),
m(z,t) € L1(0,T; L1()),

(36)

for every q € (1,00) and for any domain €’ satisfying (16).

20f course, the sequence {F*} is not bounded in L>° (0, T; L4 (Q)), for q € (2, 00].
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Then, for 0 < s <t < T, we can multiply both sides of (35a); by v* in L? (Q X
(s, 1)) (respectively by v*o, with non-negative o € C§°(€2x[0,T); R)). Integrating
by parts with respect to x and ¢, we obtain the following usual and generalized
energy equalities:

t
(37) lo* (0] + 2 / IV (1)l dr = 0" (),

/Q|vk(t)|20(t) da:—i-Q/st/Qva\Qo dudr — /Q\vk(s)\ZU(s) da

t t
+// \vk\2(07 + Ao) dzdr +// ka|2Fk Vo + 27F ok Vol dzdr
5JQ 58

for all s,t € [0, T] with s <t and for every non-negative, scalar valued function
o€ CF(Qx[0,T);R).
From the energy equality (37) and estimate (34), we deduce

k k
105 1 0. ey < 10l < €llooll
(39)

k k
V& 2 < 5 llwlly < cllvolly

(0, T; L2 ()
where the constant ¢ is independent of k; from (39) we can also obtain a uniform
estimate with respect to k, like (8).

Let (uf,Vr¥) the unique solution of problem (13) with external force f =
—(F*.V)v* and initial data u¥(x,0) = 0 and (u}, V%) the unique solution of
problem (13) with external force f = 0 and initial data u}(z,0) = v§ (analo-
gously in the proof of Theorem 1).

Using Holder’s inequality and the properties of Friederichs mollifiers (cf. [1, Sec-
tion 2.29 |), by estimates (39) we obtain

k k k k
H(F ) HL§ 0,T; L5(Q) = HF ||L4(O,T;L3(Q))||vv HLZ(O,T;LZ(Q))

k k 2
< vl VT 2 < c|lvolly-

(0, T; L3 (%)) | (0, T; L2(2))

So, by estimate (4.12) in [14, Lemma 4.2| or estimate (2.22) in |7, Theorem 2.8|,
we obtain ||[V7¥|| 4 < cllwoll;-

By estimate (22) in Proposition 2, we get | V75| -

L§ 0, T LS(Q))

o < (T Lol
Then, for 7% = 7% + 7§ there holds the following estimate

(40) 19741, .2y < T (leolly + l1eoll?)
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from which, by virtue of Remark 2, we get

(41) "I, < o(T) (lleolly + lleollz)

% (0, T5; L2 (%))

where the constant ¢(T") is independent of k.

Then, from estimates (39), (41), we may deduce the existence of subsequences
of {v*}, {m*} — again denoted by {v¥}, {7*} respectively, for simplicity — and of
functions v € L™ (O,T; J(Q)) N L2 (O,T; Jl’Q(Q)), reLs (O,T; LZ(Q)) such that

P = weakly in L?(0,T; JLQ(Q))

P = weak-star in L*°(0,T; J(Q2))

™ weakly in LG (0,7 L2(92))
Moreover, by Friederichs Lemma, we obtain that

v = strongly in L?(0,T; L*(Y))

for any bounded domain €' C Q.

Considering the summability properties (36) of (v, Vz¥), for 0 <t < T, we
can multiply both sides of (35a); by ¢ € €(Qr) in L?(€ x (0,¢)). Integrating by
parts with respect to x and ¢, we obtain

t
/0 [(0%, 1) — (V0P Vp) — ((FF - V)o*, )] dt = (o*(1), o(t)) — (v5, p0)

If we let kK — oo, we obtain that v satisfies the weak formulation (9) of the Navier-
Stokes equations, with test functions ¢ € C(Qr).
Analogously in [6] and in the Appendix of [3] (see also [12, 24]), if we let k — oo
in (37) and (38), we deduce for v both the usual (5) and the generalized (12)
energy inequalities.

Finally, since v is in particular a Hopf weak solution, from Theorem 1 we can
deduce the summability properties (32)—(33). O
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