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A GENERALIZED MOUNTAIN PASS THEOREM

Hans-Jorg Ruppen

We present a new variational characterization of multiple critical points for
even energy functionals functionals corresponding to non-linear Schrodinger
equations of the following type:

{ —~Au+V(z)u — q(x)|u|u = M, (z€RN)
u e HY(RN)\ {0}.

We assume N > 3, ¢(z) € L=®(RY), g(z) > 0 a.e. with lim|;_e0g(2) =0
and 0 < 0 < ﬁ. Our results cover the following three cases in a uniform
way:

1. V(z)=0;

2. V(z) is a Coulomb potential and

3. V(z) € L=(R") with V(z + k) = V() for all k € ZV.
The eigenvalue A € R\ o(—A + V) thereby may or may not lie inside a
spectral gap.

Our variational characterization is “simple” and well suited for discussing
multiple bifurcation of solutions.

The detailed presentation of all the results can be found in [3], [4] and [5].

1. The concrete setting

We consider the non-linear Schrodinger equation

{ —Au+V(2)u — q(z)|ulu = Iu, (z€RN)
u € H'(RY)\ {0}

2010 Mathematics Subject Classification: 58E05, 58E30.
Key words: Variational principles, critical points.



188 H.-J. Ruppen

and we assume N > 3, q(z) € L¥(RN), q(z) > 0 a.e. with limj;_.q(x) =0
and 0 < 0 < .
We thereby consider 3 cases:

1. V(z)=0;
2. V(z) is a Coulomb potential and
3. V is periodic: V(z) € L®(RN) with V(z 4+ k) = V(z) for all k € Z.
In order to formulate this problem in a functional analysis setting, we consider
two self-adjoint operators A and L : H'(RN) — H'(R") defined by

(Aulv) g1 (g :/ (Vu-Vo+V uv) de (u,v € HY(RNM))
RN

and
(Lulv) g1 gy = / u v dz (u,v € HY(RN))

RN
In order to formulate the non-linear part of the considered Schrédinger equa-
tion, we introduce the non-linear operator

_ 1
240

P(u) : /RN (@) (@) de (ue H'(RY) c L**7(RY))

and we remark that (among others)
o Vo(u) = g(z)lulu,
e & is weakly continuous: u, — u = ®(u,) — @(u) and
e V& is compact: u, — u = V®(u,) — V&(u).
Remark. We can now write our Schrodinger equation as

—Au+V(z)u—q@)|uu= Au .
L | L ] L1
=Au =Vo(u) =A\Lu

We consider an interval ]A~, A*[ in the resolvent set of A (with respect to L):
1. f V=0, we put A\~ := —oo and A" := 0.
2. If V is a Coulomb potential, A\~ and AT are two consecutive eigenvalues, but

we do not exclude the case where A~ is the largest eigenvalue and A* = 0
if this potential has only a finite number of eigenvalues.

3. If V is k-periodic, we assume that J]A7, A\*[ is a spectral gap with A~ and
AT belonging to the spectrum

We consider the following problem:
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For every fized value of A € ]A\~, \*[, find functions u € H*(RY) \ {0} such
that
(A—AL)u — V&(u) = ALu.

Replacing
—Au+V(2)u— q(z)|ul®v =, (zeRN)

by
—Au+ (V(x) = Ao)u — q(@)|ul”u = (A= Xo)u, (z € RY),

we may assume that
0 e ])\_, AT [

Remark that, if V = 0, this shifting is of no interest! However, in what
follows we will focus our notations on the case where V' is a periodic potential; in
the other cases, the main ideas remain the same, but formally, there are obvious
changes.

2. The corresponding abstract setting

The above considered problem can be viewed as a special case of a problem in a
real, separable Hilbert space (H, (-|-)) where we consider

e two linear, self-adjoint operators A, L : H — H and

e a non-linear operator ¢ : H — R with the appropriate properties corre-
sponding to the concrete problem.

Now let us introduce the energy functional

&y (u) = %((A “AL)ulu) — B(u),  (uc H).

Then our problem reduces to:

For every fized value of A € ]A~, AT[, find elements u € H \ {0} such that

Vg,\(u) = 0,

i.e. find multiple, non-trivial critical point of the energy functional &.
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3. The behaviour of the energy functional &),
The behaviour of the quadratic part

s é((A ALwlw),  (uc H)

induces a decomposition of H in an orthogonal sum Y @ Z: Let us denote by
{Pr}rer the decomposition of unity corresponding to the self-adjoint operator
A. Then we put

Yi=P X an Z:=(1-P)X
 I—
=P :;Q
We have (see Stuart [6])
o ((A—AL)z|z) > n()\)||z||? for all z € Z and for all A €]A~, A *;
o (A= AL)yly) < —m(\)|jy||? for all y € Y and for all A €]A~, AT
Thereby, n(A) and m(\) are both positive constants that depend only on A (see
Figure 1).

R

Figure 1: The behaviour of the quadratic part of the energy functional &)

Remark.

1. f V=0,dimY = 0;
2. If V is a Coulomb potential, dimY is finite;
3. If V is k-periodic, dimY = co.

Assuming that PL = LP, we can introduce the scalar product ((A—AL)(Q —
P)u|v) on X; remark that this scalar product induces a norm ||lu||y that is equiv-
alent to the usual norm on X. Moreover, the energy function can now be written
as

[QulIX — [[Pull3] — ®(u).

N =

£(u) = (A~ AL)(Q — Pule) — #(u) =
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Concerning the behaviour of the non-linear term @, let us mention that all
functions

[0,400[— R, t s D(tu) = t2TD(u/||ul)y)

(for a fixed u € H \ {0} ) are strictly and strongly non-decreasing. Overlaying
this behaviour with the behaviour of the quadratic part leads us to the behaviour
of the energy functional as shown in Figure 2.

R
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Figure 2: The behaviour of the energy functional &, on Y & Z

The behaviour of this energy functional &, on the subspace Z
Lo
S =5l -9 (ze2)

can be studied on different rays emerging from the origin. It turns out that there
is a minimal ramp «) > 0 that this energy levels must cross on each such ray:

Proposition 1. For each fized A € |—00,0], there exists py > 0 and oy > 0
such that, for all z € Z with ||z|| = px,

E\ (Z) >ay>0
(see Figure 3).
We even get a kind of localization for critical levels:

Proposition 2. If u € H is a critical point of the energy functional

() = 5 [[Qullx — I|Pull3] — @ (u),

N —
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Figure 3: The positive ramp «) for the energy functional &) on Z

then
1Qul% > || Pull3

and the corresponding critical level is strictly positive: &\(u) > 0.

Thus critical values must belong to the “cone” {u € H : [|Qu|3 > || Pul3}.

We will use variational techniques for proving the existence of critical levels.
Typically, Palais-Smale conditions are used in this context in order to get some
kind of compactness. Since all critical levels are strictly positive, we only need
thus a property for positive levels:

Proposition 3. For all fized values of X € |\~ , \T[, the energy functional &),
satisfies the following Palais-Smale condition:
Every sequence {u,}°°, in H with

lim Ey\(up) =¢>0 and lim VE)(u,) =0

n—oo n—oo

has a convergent subsequence.

Let us remark that this proposition heavily depends on the fact that @ is
weakly sequentially continuous.

4. How to find critical levels when the potential is zero

Let us first assume that V = 0, so that X = Z. We will extend the so obtained
results in the next section where we will assume that dimY > 0.

4.1. The sphere %,

Il dimY = 0, the energy function reduces to & (u) := 1||u[|3 —@(u). In this case,
all rays emerging from the origin will have to cross a ramp of strictly positive
height (see Figure 4). Thus, we consider a sphere %) on which every such ray
will assume an energy of at least ay > 0:

D=1z Z : |2llx = pa}-
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R

Figure 4: The behaviour of the energy functional when dimY =0

4.2. The set o),
Let E,, be a subspace of X = Z of dimension m > 1.Then

Proposition 4. There exists Ry, > px > 0 such that
2 € Em, 2|y = Ram = &(z) <0.
Remark that such a threshold value can be established due to the fact that

we restrict & to a finite dimensional subspace.
We put (see Figure 5)

Figure 5: The set @) ,, for m = 1 and for m > 1 when dimY = 0
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0y m = {0fU{z€ Ey, : ||z|lx = Ram}s
Dgm = {2€En, : 0<|z|]x <Rym} and
JZ{)\,m = {Z S Em : HZ”)\ < R)\,m}

4.3. The set Iy,

We collect in a set I'y ,,, all odd homeomorphisms ~ : m — v(m) C X that
keep the border 0.4 ,, fixed: Vz € 0.9 ,,, 7(2) = 2. We can then formulate a
central linking property (see Figure 6):

Proposition 5. We have, for all v € 'y,

Y(Drm) N B # and thus genus(y(2 1) N ABy) > m.

\ ¢
f
B, gh

Figure 6: The linking of 7\ ,, and %, when dimY = 0

4.4. The culmination point on (%) ,,)
Clearly, for each v € T'y

sup &\(7(z)) = max &\(v(2)) > ay > 0.
zGJZf,\,m ZGJJ,\Ym

Thus we may consider the value

dmo(A) == inf sup &\(y(z)) = inf max &E\(y(z)) > an>0
YEL XN, m 2Erm YEL A m 2ED)\ 1,
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as a candidate for a critical level of &,. That this value is in fact a critical level can
be shown with the help of the classical deformation theorem. Indeed, if dy, 0())
would not be a critical value of &), we can get a contradiction in the following
way:

e choose some vp € 'y, such that max,eq, ,, &2(70(2)) is close enough to
dm.,0(N).

e the classical deformation theorem gives a new element v, € I'y ,,, with

max &x(71(2)) < dm,o(N),

ZEJJ/\’m

contradicting in this way the definition of d,, ().
Proposition 6. For m =1,2,3,..., the values

= 1 = 1 >
dim,0(A) wel%lf,m z:;f)m E(1(2)) 761%‘15, | omax (1(2)) 2 ax>0

are all strictly positive critical level of the energy functional &. Thus, for every
fized value X €)JAT, \T[, there exists (at least) a pair of critical points tuy ;o of
&\ corresponding to the level dp, o(X).

Remark that dio(A) = d2o(A) = d30(\) = --- is possible; hence we can say
nothing about the existence of multiple critical levels. There are several way-outs:

1. One may try to show that lim,, oo dm o(A) = co. Let us, however, remark
that this approach is not suitable for studying multiple bifurcation; indeed,
the usual bifurcation relies on

lim dpo(A) =0
sy dmo )

for some m.

2. One can use the approach given by Amborsetti-Rabinowitz (see [1]). Re-
mark, however, that this approach will no longer be possible in the case
where dimY = oo (at least not without strong modifications).

Le us formulate our way-out.
Recall that for any odd homeomorphism v € I'y ,,, we have

genus(y( A m) N &) > m.



196 H.-J. Ruppen

Thus, if U C Z is an odd, open set with genus(U) < j, we have
Y(Drm \U) N By # 0, forj=1,2,...,m—1.

Thus

sup &\(2) = max >ay >0
z€dy m\U z€al\ m \U

and we may consider

dm.i(A) = inf sup &\(z) = inf max &\(z
va( ) YETN,m zZEY, m\U ( ) YEL A, m _Ze'dk,m\U ( )
genus(U)<j ! genus(U)<j

as a candidate for a strictly positive critical level of the energy functional &y. It
turns out that this value is in fact a critical level for &).

Indeed, if dy, j(A) (with m > 1 and j € {0,1,2,...,m — 1}) would not be a
critical value of &), we get a contradiction in the following way:

e choose some vy € I'y ,,, and some open set U C Z of genus < j such that
max,cq, ,\v 6x(70(2)) is close enough to dyy, ;(A).

e the classical deformation theorem gives a new element v € I'y 1 with

max  &x(71(2)) < dmi(A),

ZG,{%A’m\U
contradicting the definition of dy, ;(\).

In order to formalize the above described process, we put
o Go = {@}

e G ={U € Z|U = -U, Uopen, 0 ¢ U, U of genus < j}, for
j=1,2,3,...,m—1.

The we get the following result:
Proposition 7. For j =0,1,...,m — 1, the values

A j(A) = %1%1)1“’m ueﬁajf\U Ex(y(u))
UeG; ’

are critical values of the energy &\, with

0< ay < dm,mfl()\) < dm,mfZ()\) <... < dm 0()\)

)
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Remark that we still cannot exclude the possibility that
dm,mfl()\) = dm,m72(/\) == dm,O()\)
However, if for example dy, 1(A) = d0(A), there are two possible cases:

1. If dip1(X) = dimo(N) is an accumulated point of critical levels, then there
exists an infinite number of critical points with energies < d,, o(\) + ¢, for
all € > 0.

2. Else, dpm1(A) = dmo(A) is an isolated critical level and we may argue as
follows

e Choose some v € I'y ,,, with

max &) (y(u)) < dmo(A) +e.
’u,E{Q{/\’m
e Suppose one can choose an open set U € (G that contains all critical
points at level d,, o(A). By a classical deformation, we get some v; €
F)\,m with
max  Ex(m(u)) < dmo(A) —e =dm1(N) —e.
uG,ﬂA’m\U
Thus such a U cannot exist. This implies that there is an infinite
number of critical points corresponding to this critical level.

Thus we get the following theorem:
Theorem 1. For j =0,1,...,m — 1, the values

dm.i(A) :== inf max  &x(y(u
ng) = it max ()
ved;
are strictly positive critical values of the energy &)
If any of these levels dyy, j(X) coincide, then there is an infinite number of

critical points of &\ that correspond to critical levels < dp, ;(X) + ¢, for all e > 0.

Remark. In fact, we have the usual multiplicity: If 3 of these levels coincide
without being an accumulation point of critical levels, the corresponding set of
critical points is of genus > 3, a.s.o.

Remark. This approach is well suited for the analysis of multiple bifurca-
tions.

Remark. This approach can be used even when dimY > 0
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5. How to find critical levels when the potential is a Coulomb
potential

If V is a Coulomb potential, we have
0 <dimY < +co.
The energy functional &, has thus the form illustrated in Figure 2:
We adapt now the above given approach for dimY = 0 to the present case.
5.1. The set %,
The definition of the set
PBr={z€Z : |lz[lx = pa}-
remains the same, but it is no longer a full sphere (see Figure 7).

gA A
Z

v

B\

Figure 7: The set &) and the radial behaviour of the energy functional &) in the
presence of a Coulomb potential

5.2. A first set of critical levels
We fix a m-dimensional subspace F;,, in Z and we put E,, ;==Y @& F,,. Then

Proposition 8. For each m € {1,2,...} (with m < dimZ), there exists
Ry > px > 0 such that

u=y+z€E,=Y®F,,|ulx=Ryxn=8EI(u) <O0.
We put (see Figure 8)

OAm = {0} U{u€ En=: [julx= Ram},
D\m {ue B, =: 0<|ullx < Rym} and
m = {ueEy : fullx < Ram}t
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U4

Figure 8: The linking of 7\ and 2, in the presence of a Coulomb potential

We collect in a set I'y ,, all odd homeomorphisms v : @ ,,, = V(@) C X
that keep the border 0.4 ,,, fixed: Vz € 097\,  Y(2) = 2.
We have again the following linking result:

Proposition 9. We have, for ally €'y ,, (m=1,2,...,<dimZ),
genus(y(F ;m) N #y) > m
(see Figure 9).

v

Figure 9: The preservation of the linking property in the presence of a Coulomb
potential

Thus, if U C H is an odd, open set with genus(U) <j (j =1,2,...,m — 1),
we have

Y(rm \U) N By # 0, for j=1,2,...,m—1.
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Hence we get

sup &\(2) = max >ay>0
z€al\ m \U z€al\ m \U

and we may consider

dm j(A) = i%lf sup  é\(z) = i%lf max &)(z)
YEL X m 2E0\ m\U YELNm ) ZG:Q{/\’m\U
genus(U)<j : genus(U)<j

as a candidate for a critical level of the energy functional &.
As above, we put

[ ] Go = {@}

eG; ={U € Z | U= -U Uopen, 0 ¢ U, Uofgenus < j} for
i=1,2,3,....m—1

and we get the following result:

Theorem 2. For j =0,1,...,m — 1, the values

din,j(A) = Janf e E(v(u))
UeGj ’

are critical values of the energy &\, with
0< €5 S dm,m—l()\) S dm,m—2()\) S e S dm,O()\)

Moreover, if any of these levels dp, j(\) coincide, then there is an infinite
number of critical points of Iy that correspond to this critical level < dy, ;(\) +¢,
for all e > 0.

Remark. In fact, we have the usual multiplicity: If 3 of these levels coincide
without being an accumulation point of critical levels, the corresponding set of
critical points is of genus > 3, a.s.o.

6. How to find critical levels when the potential is periodic

If V is a periodic potential, we have dimY = +oo. If one tries to extend the
above presented approach (Coulomb potential) to the case where dimY = +o0,
new difficulties arise:

e The sets ) ,,, are no longer compact and
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e we lose the proof of the fact that v(a# ,,,) N % # 0, since this proof uses
the fact that dimY < +o0.

In order to preserve the compacity of the sets
ﬂ)“m = {u eZaF,=:0< HUH < R)“m},

Wojciech Kryszewski and Andrzej Szulkin have introduced in [2] a so-called 7-
topology on H =Y @Y. On the set &) ,, this topology reduces to

e weak convergence on Y and

e usual (strong) convergence on Z.

It turns out that the energy functional &) is upper-continuous on the part where
it is positive, so that
sup &\(u) = max &)\ (u).
UEL\ m UED\ m

In order to recover the linking result, we can adapt an idea that Wojciech
Kryszewski and Andrzej Szulkin (see [2]) have developed for m = 1. The main
idea is therein is to admit in the set Iy ,, only transformations « that are locally
finite dimensional. For any such -, one can choose a finite dimensional cross-
section T of Y @ E,, in such a way that genus(y(#\ , NT) N %)) > m; thus we
get

genus(y(, ) O B) = m.

Again, we put
o Go:={0}
e G ={U € Z| U= -U Uopen, 0 ¢ U, U of genus < j}, for
i=1,2,3,...,m—1
and we get the following result:

Theorem 3. For 7 =0,1,...,m — 1, the values

dm,j(A) = ot DX E(v(u))
ved;
are critical values of the energy &, with
0<ay< dm,mfl(/\) < dm,mfZ()\) <---< dm,O(/\)

If any of these levels dyy, j(X) coincide, then there is an infinite number of
critical points of &\ that correspond to this specific level < dp, j(X) + €, for all
e > 0.
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Remark. In fact, we have once more the usual multiplicity: If 3 of these
levels coincide without being an accumulation point of critical levels, the corre-
sponding set of critical points is of genus > 3, a.s.o.

Final remark. As yet mentioned above, the complete presentation of all
results can be found in [3], [4] and [5].
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