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STUDIA MATHEMATICA

DISCRETE DIRAC–KÄHLER EQUATION

AND ITS FORMULATION IN ALGEBRAIC FORM

Volodymyr Sushch

A relationship between the discrete Dirac–Kähler equation and discrete
analogues of some Dirac type equations in the geometric spacetime algebra
is discussed. We show that a solution of the discrete Dirac–Kähler equation
can be represented as the sum and difference of solutions of discrete Dirac
type equations with the corresponding sign of the mass term.

1. Introduction

This work is a direct continuation of my previous paper [12] in which a corre-
spondence between the discrete Dirac–Kähler equation and a discrete analogue
of the Hestenes equation is studied. In [12], it was shown that the geometric
discretization scheme as developed in [11] can be used to find a new discrete
formulation of the Dirac equation for a free electron in the Hestenes form. The
purpose of this paper is to discuss a relationship between the discrete Hestenes
equation and some other discrete Dirac type equations which are formulated in
the algebraic form.

We first briefly review some definitions and basic notation on the Dirac–
Kähler equation [7, 9]. Let M = R

1,3 be Minkowski space with metric signature
(+,−,−,−). Denote by Λr(M) the vector space of smooth differential r-forms,
r = 0, 1, 2, 3, 4. We consider Λr(M) over C. Let d : Λr(M) → Λr+1(M) be the
exterior differential and let δ : Λr(M) → Λr−1(M) be the formal adjoint of d
with respect to the natural inner product in Λr(M) (codifferential). We have
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δ = ∗d∗, where ∗ : Λr(M) → Λ4−r(M) is the Hodge star operator with respect to
the Lorentz metric. Denote by Λ(M) the set of all differential forms on M . We
have

Λ(M) = Λ0(M)⊕ Λ1(M)⊕ Λ2(M)⊕ Λ3(M)⊕ Λ4(M) = Λev(M)⊕ Λod(M),

where Λev(M) = Λ0(M)⊕Λ2(M)⊕Λ4(M) and Λod(M) = Λ1(M)⊕Λ3(M). Let
Ω ∈ Λ(M) be an inhomogeneous differential form, i.e.

Ω =
4

∑

r=0

r
ω,

r
ω ∈ Λr(M).

The Dirac–Kähler equation is given by

(1) i(d+ δ)Ω = mΩ,

where i is the usual complex unit (i2 = −1) and m is a mass parameter. It is
easy to show that Equation (1) is equivalent to the set of equations

iδ
1
ω = m

0
ω,

i(d
0
ω + δ

2
ω) = m

1
ω,

i(d
1
ω + δ

3
ω) = m

2
ω,

i(d
2
ω + δ

4
ω) = m

3
ω,

id
3
ω = m

4
ω.

The operator d+δ is an analogue of the gradient operator in Minkowski spacetime

∇ =

3
∑

µ=0

γµ∂
µ, µ = 0, 1, 2, 3,

where γµ is the Dirac gamma matrix. Think of {γ0, γ1, γ2, γ3} as a vector ba-
sis in spacetime. Then the gamma matrices γµ can be considered as generators
of the Clifford algebra of spacetime Cℓ(1, 3) (the spacetime algebra) [1, 4]. In
the algebraic formulation the explicit matrices that represent the basis {γµ} are
not important. Denote by CℓR(1, 3) (CℓC(1, 3)) the real (complex) Clifford alge-
bra. It is known that an inhomogeneous form Ω can be represented as element
of CℓC(1, 3). Then the Dirac–Kähler equation can be written as an algebraic
equation

(2) i∇Ω = mΩ, Ω ∈ CℓC(1, 3).

Equation (2) is equivalent to the four Dirac equations (traditional column-spinor
equations) for a free electron. Let Cℓev(1, 3) be the even subalgebra of Cℓ(1, 3).
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Then the following equation

(3) −∇Ωγ1γ2 = mΩγ0, Ω ∈ CℓevR (1, 3),

is called the Hestenes form of the Dirac equation [3, 4]. The Hestenes equation is
equivalent to the conventional Dirac equation [3, 8]. We consider two more Dirac
type equations in the algebraic formulation, namely

(4) i∇Ω = mΩγ0, Ω ∈ CℓevC (1, 3)

and

(5) −∇Ω = mΩγ0γ1γ2γ3, Ω ∈ CℓR(1, 3).

Equation (4) is described in [5] and this is the so-called generalized bivector Dirac
equation. Baylis [1] calls Equation (4) the Joyce equation. In [8], Equation (5)
is derived from the Dirac–Kähler equation. It should be noted that the algebra
Λ(M) endowed with the Clifford multiplication is an example of the the Clif-
ford algebra. In this case the basis covectors dxµ, µ = 0, 1, 2, 3, of spacetime
are considered as generators of this algebra. Hence, taking dxµ instead of γµ
Equations (2)–(4) can be rewritten in terms of inhomogeneous forms.

In this paper we construct discrete analogues of Equations (4) and (5). In
[1], a correspondence between the Dirac equation in the Hestenes form and the
Joyce equation is established. We describe a straightforward discrete version
of this correspondence by using the technique of projectors which act in the
space of discrete forms. In much the same way as in the continuum case [1] a
solution of discrete Equation (4) or (5) can be decomposed into solutions of the
discrete Dirac–Kähler equation or the discrete Hestenes equation. We show that
every solution of the discrete Dirac–Kähler equation can be expressed as a linear
combination of real-valued solutions of the discrete Equation (5) with the correct
or reversed sign of the mass term.

2. Discrete Dirac–Kähler equation

Our starting point is a discretization scheme for the Dirac–Kähler equation. We
use the geometric scheme based on the language of differential forms in which the
differential d and codifferential δ are replaced by their discrete analogues. This
construction is adapted from [11]. For the convenience of the reader we repeat
the relevant material from [11], thus making our presentation self-contained. We
refer the reader to [10, 11] for full mathematical details of the approach. Note
that this approach was originated by Dezin [2].

Let K(4) = K ⊗K ⊗K ⊗K be a cochain complex with complex coefficients,
where K is the 1-dimensional complex generated by 0- and 1-dimensional basis
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elements xκ and eκ, κ ∈ Z, respectively. Then an arbitrary r-dimensional basis
element of K(4) can be written as sk(r) = sk0 ⊗ sk1 ⊗ sk2 ⊗ sk3 , where skµ is either

xkµ or ekµ , k = (k0, k1, k2, k3) and kµ ∈ Z. The dimension r of a basis element
sk(r) is given by the number of factors ekµ that appear in it. For example, the

1-dimensional basis elements of K(4) can be written as

ek0 = ek0 ⊗ xk1 ⊗ xk2 ⊗ xk3 , ek1 = xk0 ⊗ ek1 ⊗ xk2 ⊗ xk3 ,

ek2 = xk0 ⊗ xk1 ⊗ ek2 ⊗ xk3 , ek3 = xk0 ⊗ xk1 ⊗ xk2 ⊗ ek3 ,

where the subscript µ = 0, 1, 2, 3 indicates a place of ekµ in ekµ. Similarly, ekµν ,

µ < ν, and ekιµν , ι < µ < ν, denote the 2- and 3-dimensional basic elements of
K(4). The complex K(4) is a discrete analogue of Λ(M) and cochains play the
role of differential forms. Let us call them forms or discrete forms to emphasize
their relationship with differential forms.

Denote by Kr(4) the set of all r-forms. Then we have

K(4) = K0(4) ⊕K1(4)⊕K2(4)⊕K3(4) ⊕K4(4) = Kev(4)⊕Kod(4),

where Kev(4) = K0(4) ⊕K2(4) ⊕K4(4) and Kod(4) = K1(4) ⊕K3(4). We can

expand an r-form
r
ω ∈ Kr(4) as

(6)
r
ω =

∑

k

∑

r

ω
(r)
k sk(r), ω

(r)
k ∈ C.

More precisely, we have

(7)
0
ω =

∑

k

0
ωkx

k, xk = xk0 ⊗ xk1 ⊗ xk2 ⊗ xk3 ,

(8)
4
ω =

∑

k

4
ωke

k, ek = ek0 ⊗ ek1 ⊗ ek2 ⊗ ek3 ,

1
ω =

∑

k

3
∑

µ=0

ω
µ
k e

k
µ,

2
ω =

∑

k

∑

µ<ν

ω
µν
k ekµν ,

3
ω =

∑

k

∑

ι<µ<ν

ω
ιµν
k ekιµν ,(9)

where the components
0
ωk,

4
ωk, ω

µ
k , ω

µν
k and ω

ιµν
k are complex numbers. A discrete

inhomogeneous form Ω ∈ K(4) is defined to be

(10) Ω =
4

∑

r=0

r
ω,

where
r
ω is given by (6).
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Let dc : Kr(4) → Kr+1(4) be a discrete analogue of the exterior derivative d

and let δc : Kr(4) → Kr−1(4) be a discrete analogue of the codifferential δ. For
definitions of these operators we refer the reader to [11]. In this paper we give
only the difference expression for dc and δc.

Let the difference operator ∆µ be defined by

(11) ∆µω
(r)
k = ω

(r)
τµk

− ω
(r)
k ,

where τµ is the shift operator which acts as

τµk = (k0, . . . , kµ + 1, . . . , k3), µ = 0, 1, 2, 3.

For forms (7)–(9) we have

dc
0
ω =

∑

k

3
∑

µ=0

(∆µ
0
ωk)e

k
µ, dc

1
ω =

∑

k

∑

µ<ν

(∆µω
ν
k −∆νω

µ
k )e

k
µν ,(12)

dc
2
ω =

∑

k

(

(∆0ω
12
k −∆1ω

02
k +∆2ω

01
k )ek012(13)

+(∆0ω
13
k −∆1ω

03
k +∆3ω

01
k )ek013

+(∆0ω
23
k −∆2ω

03
k +∆3ω

02
k )ek023

+(∆1ω
23
k −∆2ω

13
k +∆3ω

12
k )ek123

)

,

(14) dc
3
ω =

∑

k

(∆0ω
123
k −∆1ω

023
k +∆2ω

013
k −∆3ω

012
k )ek, dc

4
ω = 0,

(15) δc
0
ω = 0, δc

1
ω =

∑

k

(∆0ω
0
k −∆1ω

1
k −∆2ω

2
k −∆3ω

3
k)x

k,

δc
2
ω =

∑

k

(

(∆1ω
01
k +∆2ω

02
k +∆3ω

03
k )ek0(16)

+(∆0ω
01
k +∆2ω

12
k +∆3ω

13
k )ek1

+(∆0ω
02
k −∆1ω

12
k +∆3ω

23
k )ek2

+(∆0ω
03
k −∆1ω

13
k −∆2ω

23
k )ek3

)

,

δc
3
ω =

∑

k

(

(−∆2ω
012
k −∆3ω

013
k )ek01 + (∆1ω

012
k −∆3ω

023
k )ek02(17)

+(∆1ω
013
k +∆2ω

023
k )ek03 + (∆0ω

012
k −∆3ω

123
k )ek12
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+(∆0ω
013
k +∆2ω

123
k )ek13 + (∆0ω

023
k −∆1ω

123
k )ek23

)

,

δc
4
ω =

∑

k

(

(∆3
4
ωk)e

k
012 − (∆2

4
ωk)e

k
013 + (∆1

4
ωk)e

k
023 + (∆0

4
ωk)e

k
123

)

.(18)

Let Ω ∈ K(4) be given by (10). A discrete analogue of the Dirac–Kähler equa-
tion (1) can be defined as

(19) i(dc + δc)Ω = mΩ.

We can write this equation more explicitly by separating its homogeneous com-
ponents as

iδc
1
ω = m

0
ω,(20)

i(dc
0
ω + δc

2
ω) = m

1
ω,

i(dc
1
ω + δc

3
ω) = m

2
ω,

i(dc
2
ω + δc

4
ω) = m

3
ω,

idc
3
ω = m

4
ω.

Substituting (12)–(18) into (20) yields the set of 16 difference equations [11].

3. Algebraic form of discrete Dirac type equations

As in [12], we define the Clifford multiplication of the basis elements xk and ekµ,
µ = 0, 1, 2, 3, by the following rules:

(a) xkxk = xk, xkekµ = ekµx
k = ekµ;

(b) ekµe
k
ν + ekνe

k
µ = 2gµνx

k;

(c) ekµ1
· · · ekµs

= ekµ1···µs
for 0 ≤ µ1 < · · · < µs ≤ 3.

Here gµν = diag(1,−1,−1,−1) is the metric tensor. Note that the multi-
plication is defined for the basis elements of K(4) with the same multi-index
k = (k0, k1, k2, k3) supposing the product to be zero in all other cases. The op-
eration is linearly extended to arbitrary discrete forms. For example, for any
1
ω ∈ K1(4) and

2
ω ∈ K2(4) given by (9) we have

1
ω

2
ω =

(

∑

k

3
∑

µ=0

ω
µ
k e

k
µ

)(

∑

k

∑

µ<ν

ω
µν
k ekµν

)

=
∑

k

(

(ω1
kω

01
k + ω2

kω
02
k + ω3

kω
03
k )ek0 + (ω0

kω
01
k + ω2

kω
12
k + ω3

kω
13
k )ek1



Discrete Dirac–Kähler Equation 231

+(ω0
kω

02
k − ω1

kω
12
k + ω3

kω
23
k )ek2 + (ω0

kω
03
k − ω1

kω
13
k − ω2

kω
23
k )ek3

)

+
∑

k

(

(ω0
kω

12
k − ω1

kω
02
k + ω2

kω
01
k )ek012 + (ω0

kω
13
k − ω1

kω
03
k + ω3

kω
01
k )ek013

+(ω0
kω

23
k − ω2

kω
03
k + ω3

kω
02
k )ek023 + (ω1

kω
23
k − ω2

kω
13
k + ω3

kω
12
k )ek123

)

.

Consequently, the form
1
ω

2
ω is inhomogeneous and

1
ω

2
ω ∈ Kod(4).

Proposition 1. Let

(21) x =
∑

k

xk, eµ =
∑

k

ekµ, µ = 0, 1, 2, 3.

Then

(22) eµeν + eνeµ = 2gµνx, ν = 0, 1, 2, 3.

P r o o f. By the rule (b) it is obvious. �

Note that the unit 0-form x plays a role of the unit element in K(4), i.e. for

any r-form
r
ω we have x

r
ω =

r
ωx =

r
ω. We denote the unit 4-form by

(23) e =
∑

k

ek, ek = ek0 ⊗ ek1 ⊗ ek2 ⊗ ek3 .

It is clear that

(24) e = e0e1e2e3 and e2 = ee = −x.

Let us introduce the following constant forms

(25) P±0 =
1

2
(x± e0), P±12 =

1

2
(x± ie1e2), P±e =

1

2
(x± ie).

It is easy to check that

(P±0)
2 = P±0P±0 = P±0, (P±12)

2 = P±12P±12 = P±12, (P±e)
2 = P±eP±e = P±e.

Hence, the forms P±0, P±12 and P±e are projectors.

Proposition 2. The projectors P±0, P±12 and P±e have the following prop-

erties

(26) P±0P±12 = P±12P±0, P±eP±12 = P±12P±e,

(27) e0P±0 = P±0e0, e1e2P±12 = P±12e1e2, eP±e = P±ee,

(28) P±0 = ±P±0e0, P±12 = ±iP±12e1e2, P±e = ±iP±ee.
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P r o o f. The proof is a computation. �

Proposition 3. For any inhomogeneous form Ω ∈ K(4) we have

(29) (dc + δc)Ω =

3
∑

µ=0

eµ∆µΩ,

where ∆µ is the difference operator which acts on each component of Ω by the

rule (11).

P r o o f. See Proposition 1 in [12]. �

Thus the discrete Dirac–Kähler equation can be rewritten in the form

i

3
∑

i=0

eµ∆µΩ = mΩ.

Clearly, this is a discrete analogue of Equation (2). Let Ω ∈ Kev(4) be a real-
valued even inhomogeneous form. A discrete analogue of the Hestenes equation
(3) is defined by

(30) −(dc + δc)Ωe1e2 = mΩe0,

where e0, e1, e2 are given by (21). Using (12)–(18) this equation can be expressed
in terms of difference equations as

∆0ω
12
k −∆1ω

02
k +∆2ω

01
k +∆3

4
ωk = m

0
ωk,

∆2
0
ωk +∆0ω

02
k −∆1ω

12
k +∆3ω

23
k = mω01

k ,

−∆1
0
ωk −∆0ω

01
k −∆2ω

12
k −∆3ω

13
k = mω02

k ,

−∆1ω
23
k +∆2ω

13
k −∆3ω

12
k −∆0

4
ωk = mω03

k ,

−∆0
0
ωk −∆1ω

01
k −∆2ω

02
k −∆3ω

03
k = mω12

k ,

−∆0ω
23
k +∆2ω

03
k −∆3ω

02
k −∆1

4
ωk = mω13

k ,

∆0ω
13
k −∆1ω

03
k +∆3ω

01
k −∆2

4
ωk = mω23

k ,

∆3
0
ωk +∆0ω

03
k −∆1ω

13
k −∆2ω

23
k = m

4
ωk.

Consider the equation

(31) i(dc + δc)Ω = mΩe0,

where Ω ∈ Kev(4) is a complex-valued even inhomogeneous form. This is a
discrete analogue of the Joyce equation (4). Substituting (12)–(18) into (31)
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yields the difference version of this equation

i(∆0
0
ωk +∆1ω

01
k +∆2ω

02
k +∆3ω

03
k ) = m

0
ωk,

i(∆1
0
ωk +∆0ω

01
k +∆2ω

12
k +∆3ω

13
k ) = −mω01

k ,

i(∆2
0
ωk +∆0ω

02
k −∆1ω

12
k +∆3ω

23
k ) = −mω02

k ,

i(∆3
0
ωk +∆0ω

03
k −∆1ω

13
k −∆2ω

23
k ) = −mω03

k ,

i(∆0ω
12
k −∆1ω

02
k +∆2ω

01
k +∆3

4
ωk) = mω12

k ,

i(∆0ω
13
k −∆1ω

03
k +∆3ω

01
k −∆2

4
ωk) = mω13

k ,

i(∆0ω
23
k −∆2ω

03
k +∆3ω

02
k +∆1

4
ωk) = mω23

k ,

i(∆1ω
23
k −∆2ω

13
k +∆3ω

12
k +∆0

4
ωk) = −m

4
ωk.

First suppose that the discrete Hestenes equation (30) and Equation (31) act in
K(4), i.e. act in the same space as the discrete Dirac–Kähler equation.

Proposition 4. Let Ω ∈ K(4) be a solution of Equation (31), then

(32) Ω = ΩP+0 +ΩP−0,

where ΩP+0 satisfies the discrete Dirac–Kähler equation (19) while ΩP−0 satisfies

the same equation but the sign of the right hand side changed to its opposite.

P r o o f. By the definition of P±0 (25) the decomposition (32) is true for any
form Ω ∈ K(4). Substituting ΩP±0 into (31) gives by (28)

i(dc + δc)ΩP±0 = mΩe0P±0 = ±mΩP±0. ✷

Proposition 5. Let Ω ∈ K(4) be a solution of Equation (31), then

(33) Ω = ΩP+12 +ΩP−12,

where ΩP+12 satisfies the discrete Hestenes equation (30) while ΩP−12 satisfies

the same equation but the sign of the right hand side changed to its opposite.

P r o o f. The proof is basically the same as for the previous proposition. �

Corollary 1. Every solution Ω ∈ K(4) of Equation (31) decomposes into

four parts

(34) Ω = ΩP+0P+12 +ΩP+0P−12 +ΩP−0P+12 +ΩP−0P−12,
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where any of the parts ΩP±0P±12 satisfies both the discrete Dirac–Kähler equation

and the discrete Hestenes equation with corresponding sign of the right hand side.

P r o o f. By (32) and (33) any form Ω ∈ K(4) may be written as

Ω = (ΩP+0 +ΩP−0)P+12 + (ΩP+0 +ΩP−0)P−12.

This gives (34), and from Propositions 4 and 5 the claim follows. �

It should be noted that if Ω is a solution of the discrete Hestenes equation
then Ωe2e3 is a solution of the same equation with the sign of the right hand side
reversed. Indeed by (22), we have

−(dc + δc)(Ωe2e3)e1e2 = (dc + δc)Ωe1e2e2e3 = −mΩe0e2e3 = −m(Ωe2e3)e0.

Hence the transformation Ω → Ωe2e3 changes the sign of the mass term in the
discrete Hestenes equation. Apply this transformation to (33). Note that

P±12e2e3 = e2e3P∓12.

It follows that the map Ω → Ωe2e3 transforms the part ΩP+12 into ΩP−12 and
vice versa. This gives the equivalence of both the parts in the decomposition (33)
(see [6] for the continuum case).

Now we return to our initial spaces of solutions of Equations (30) and (31).
The point is to represent a complex-valued even solution of Equation (31) via
real-valued even solutions of Equation (30). Let Ω ∈ Kev(4) be a complex-valued
even inhomogeneous form and Ω is a solution of Equation (31). Let Ω be the
complex conjugate of Ω. By analogy with the continuum case [1] we consider the
real-valued even forms Ω+ and Ω− given by

(35) Ω± =
1

2
(Ω + Ω)±

i

2
(Ω− Ω)e1e2.

By (27) and (28) it is easy to check that

ΩP±12 = Ω±P±12.

Hence, the even complex-valued forms Ω+P+12 and Ω−P−12 are solutions of the
discrete Hestenes equation Equation (30) with the correct or reversed sign on
the right hand side. Since the discrete Hestenes equation is real and linear,
the real and imaginary parts of these complex-valued forms are also solutions of
Equation (30). The real and imaginary parts of Ω±P±12 are

Re(Ω±P±12) =
1

2
Ω±, Im(Ω±P±12) = ±

1

2
Ω±e1e2.

Thus we have the following assertion.
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Proposition 6. Every solution Ω ∈ Kev(4) of Equation (31) takes the form

(36) Ω =
1

2
(Ω+ +Ω−) +

i

2
(Ω+ − Ω−)e1e2.

Each term of the real and imaginary parts of the representation (36) is a real
even solution of the discrete Hestenes equation with the correct or reversed sign
on the right hand side. The formula (36) is a straightforward discrete version of
the continuum counterpart (see [1]).

Let us consider the following equation

(37) −(dc + δc)Ω = mΩe,

where Ω ∈ K(4) is an arbitrary real-valued inhomogeneous form and e is given
by (23). This is a discrete analogue of Equation (5).

Proposition 7. Let Ω ∈ K(4) be a solution of Equation (37), then

(38) Ω = ΩP−e +ΩP+e,

where ΩP−e satisfies the discrete Dirac–Kähler equation (19) while ΩP+e satisfies

the same equation but the sign of the right hand side changed to its opposite.

P r o o f. By use properties (27) and (28) of the projectors P±e one has

i(dc + δc)ΩP−e = −imΩeP−e = −imΩP−ee = −i2mΩP−e = mΩP−e,

and

i(dc + δc)ΩP+e = −imΩeP+e = −imΩP+ee = i2mΩP+e = −mΩP+e. ✷

Consider now the transformation Ω → Ωe1e2e3. By (24) it is easy to check
that

P±ee1e2e3 = e1e2e3P∓e.

From this on substituting Ωe1e2e3 in (38) we obtain

Ωe1e2e3 = Ωe1e2e3P−e +Ωe1e2e3P+e = ΩP+ee1e2e3 +ΩP−ee1e2e3.

Hence, the map Ω → Ωe1e2e3 transforms the solution ΩP−e of the discrete Dirac–
Kähler equation into the solution of the same equation with reversed sign of the
mass term and vice versa. Again, as in the case of decomposition (33), we have
the equivalence of both the parts ΩP−e and ΩP+e in (38).

Assume the discrete Hestenes equation acts in the larger space of complex-
valued forms K(4).
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Proposition 8. Let Ω ∈ K(4) be a solution of Equation (37), then

Ω = ΩP−eP+0P+12 +ΩP+eP+0P+12 +ΩP−eP−0P+12 +ΩP+eP−0P+12

+ΩP−eP+0P−12 +ΩP+eP+0P−12 +ΩP−eP−0P−12 +ΩP+eP−0P−12,

where ΩP−eP+0P+12, ΩP+eP−0P+12, ΩP+eP+0P−12 and ΩP−eP−0P−12 sat-

isfy the discrete Hestenes equation (30) while ΩP+eP+0P+12, ΩP−eP−0P+12,

ΩP−eP+0P−12 and ΩP+eP−0P−12 satisfy the same equation but the sign of the

right hand side changed to its opposite.

P r o o f. Substituting (38) into (34) yields the above representation for any
form Ω ∈ K(4). Let us first check that the part ΩP−eP+0P+12 satisfies the
discrete Hestenes equation. Since Ω is a solution of (37), using (27) and (28), we
obtain

−(dc + δc)ΩP−eP+0P+12 = mΩeP−eP+0P+12 = imΩP−eP+0P+12

= imΩP−eP+0e0P+12 = imΩP−eP+0P+12e0.

On the other hand, we have

−(dc + δc)ΩP−eP+0P+12 = −i(dc + δc)ΩP−eP+0P+12e1e2.

From the above it follows that

−(dc + δc)(ΩP−eP+0P+12)e1e2 = m(ΩP−eP+0P+12)e0.

The same proof remains valid for all other cases. �

Now our aim is to express a solution of the discrete Dirac–Kähler equation
(19) via solutions of Equation (37) which are real-valued. Let Ω ∈ K(4) be
a complex-valued solution of Equation (19). Consider the following real-valued
forms

(39) Ω± =
1

2
(Ω + Ω)±

i

2
(Ω− Ω)e,

where Ω is the complex conjugate of Ω and e is given by (23).

Proposition 9. Every solution Ω ∈ K(4) of the discrete Dirac–Kähler equa-

tion (19) takes the form:

(40) Ω =
1

2
(Ω+ +Ω−) +

i

2
(Ω+ −Ω−)e,

where 1
2Ω− and 1

2Ω−e are the solutions of Equation (37) while 1
2Ω+ and 1

2Ω+e

are the solutions of the same equations with the reversed sign of the mass term.
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P r o o f. The decomposition (38) holds for any form. If Ω ∈ K(4) is a
solution of Equation (19), then ΩP−e is a solution of Equation (37) and ΩP+e

satisfies Equation (37) with the opposite sign of the mass term. Since

Ω−P−e = ΩP−e, Ω+P+e = ΩP+e,

then Ω∓P∓e are also solutions of Equation (37) with the correct or opposite sign
of the mass term correspondingly. Note that Ω∓P∓e are complex-valued. Using
(25) one easily checks that the real and imaginary parts of these complex-valued
forms are

Re(Ω∓P∓e) =
1

2
Ω∓, Im(Ω∓P∓e) = ∓

1

2
Ω∓e.

Since Equation (37) is real and linear, then the real and imaginary parts of a
solution of with equation are also solutions. Thus 1

2Ω∓ and 1
2Ω∓e are real-valued

solutions of Equation (37) with the corresponding sign of the mass term. �
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