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SUMMATION BY EULER’S TRANSFORM OF THE SERIES

OF DIRICHLET, FACTORIAL SERIES AND THE SERIES OF

NEWTON

N. Obrechkoff

0. Introduction

Let the series

(0.1) a0 + a1 + a2 + . . .

be given, for which at first it is not suppose anything about its convergence. From
the series (0.1) Euler obtains a new one by means of the formal expansion

∞∑

n=0

an

(
z

2 − z

)n+1

=
∞∑

n=0

Anz
n+1.

From this equality it follows that

An =
1

2n+1

n∑

ν=0

(
n

ν

)
aν .

The series

(0.2) A0 +A1 +A2 + . . .

is called E-transform of (0.1). If the series (0.1) is convergent, then it is easily
verified that the series (0.2) is convergent with sum equal to that of (0.1). But,
there are cases when the series (0.2) is convergent without (0.1) to be convergent.
If the series (0.2) is convergent with sum s, then they say that (0.1) is summable
by the method of Euler, or shortly E-summable, with sum s.
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By iterating theE-transform K. Knopp [1] comes to its generalization, namely:
from the series (0.1) he gets a new series by using the following expansion

∞∑

n=0

an

(
z

q + 1 − qz

)n+1

=
∞∑

n=0

Ak
nz

n+1, q = 2k − 1, k ≥ 0,

whence

Ak
n =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν , n = 0, 1, 2, . . . .

The series

(0.3) Ak
0 +Ak

1 +Ak
2 + · · ·

is called Ek-transform of (0.1). If the series (0.3) is convergent with sum s,
then the series (0.1) is called Ek-summable with sum s. The E0-summation is
the ordinary convergence, and if the series (0.1) is Ek-summable, then it is Ek1-
summable for each k1 > k with the same sum. The study of this summation as
well as its application to the analytical continuation of Taylor’s series is due to
Knopp.

Another summation with a wide application is that of Cesàro. The series (0.1)
is summable by the method of Cesàro, shortly (C, k)-summable, if the expression

1

Ck
n

n∑

ν=0

Ck
n−νaν , Ck

n =

(
n+ k

n

)
,

tends to a definite limit when n → ∞. This summation has an important sig-
nificance by studying the trigonometric series of Fourier as well as of the series
of Taylor on the boundary of their disks of convergence. H. Bohr applied this
method to the ordinary Dirichlet series

(0.4)

∞∑

n=0

an
(n+ 1)s

.

M. Riesz generalized the (C, k)-summation so that it to be applied to the
general series of Dirichlet

∞∑

n=1

ane
−λns.

In a paper of the author of this issue it was given a more general summation
as well as its applications to the theory of the series just mentioned and all the
results already known were obtained as particular cases.
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In this paper is studied the summation of the series of Dirichlet, Newton and
the factorial one by the method of Euler-Knopp. It turns out that this method
is a powerful tool for their investigation, more powerful than the known till now.
The following theorem is established:

Let the series (0.4) be Ek-summable for s = s0, then it is Ek-summable for

each s with ℜs > ℜs0. If
∑

∞

n=0A
k
n(s0) is the Ek-transform of the series (0.4)

for s = s0, then the Ek-transform of this series for ℜs > ℜs0 is a holomorphic

function f(s) in this half-plane given by the expression

f(s) =
1

Γ(s− s0)

∫
∞

0
ts−s0−1

∞∑

n=0

Sk
n(s0)

(
q + 1

q + et

)n+1 et − 1

et + q
dt,

where

Sk
n(s0) =

n∑

ν=0

Ak
n(s0).

From here one obtains that

f(s) = O

(
Γ(σ − σ0)

|Γ(s− s0)|

)

for ℜs = σ ≥ σ0 + ε > σ0 = ℜs0.
From this theorem it follows also that there is a real number ek with the

following property: the series (0.4) is Ek-summable for each s with ℜs > ek
and it is not Ek-summable for ℜs < ek. This number is called abscissa of the
Ek-summability for the series (0.4) and, moreover:

If ek ≥ 0, then

ek = lim sup
n→∞

log |Ak
0 +Ak

1 + · · · +Ak
n|

log(n+ 1)
,

and

ek = lim sup
n→∞

log |Ak
n +Ak

n+1 + . . . |
log n

when ek < 0.

If the series (0.3) is absolutely convergent, then they say that the series (0.1) is
absolutely summable by the method of Euler, or shortly, |Ek|-summable. First,
in this issue are proved some simple basic properties of this summation which
were not pointed out till now, namely:
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If the series (0.1) is absolutely convergent, then it is |Ek|-summable for each

k > 0. Moreover, the |Ek|-summability implies |Ek1 |-summability for each k1 > k.

If the series

a0 + a1 + a2 + . . .

is |Ek|-summable, then the series

0 + a0 + a1 + . . .

is also |Ek|-summable and conversely.

Let the series
∑

∞

n=0 an and
∑

∞

n=0 bn be |Ek|-summable, then their Cauchy’s

convolution
∑

∞

n=0 cn, i.e.

cn = a0bn + a1bn−1 + · · · + anb0,

is |Ek|-summable too.

Each |Ek|-summable series is absolutely summable by the method of Borel.

Further, this summation is applied to the series (0.4) and the following prop-
erties are obtained:

If the series (0.4) is |Ek|-summable for s = s0, then it is |Ek|-summable for

each s with ℜs > ℜs0.
If ek is the abscissa of the |Ek|-summability of the series (0.4), then

ek = lim sup
n→∞

log(|Ak
0 | + |Ak

1 | + · · · + |Ak
n|)

log(n+ 1)

when ek ≥ 0, and

ek = lim sup
n→∞

log(|Ak
n| + |Ak

n+1| + . . . )

log(n+ 1)
,

provided that ek < 0. Moreover, one always has that ek − ek ≤ 1.

It has to be pointed out that the proofs of these properties require rather
complicated calculations.

For the factorial series

(0.5)

∞∑

ν=0

aνν!

s(s+ 1) . . . (s+ ν)
, s ∈ C \ {0,−1,−2, . . . },

the following theorem is proved:



Summation by Eulers transform of the series of Dirichlet . . . 11

Let the series (0.5) be Ek-summable for s = s0, then, it is Ek-summable for

each s, such that ℜs > ℜs0. Of course, the points 0,−1,−2, . . . are excluded.

Let
∑

∞

n=0A
k
n(s0) denote the Ek-transformed series (0.5) with s = s0, then its

Ek-sum is holomorphic function f(s) in the half-plane ℜs > ℜs0 except possible

simple poles at the points 0,−1,−2, . . . . If ℜs0 ≥ 0, then

f(s)

=
Γ(s)

Γ(s− s0)Γ(s0)

∞∑

µ=0

Sk
µ(s0)

∫ 1

0
ts−s0(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
,

where Sk
n(s0) =

∑n
µ=0A

k
µ(s0), and if ℜs0 < 0, then

f(s) =

p−1∑

ν=0

aνν!

s(s+ 1) . . . (s+ ν)

+
Γ(s)

Γ(s− s0)Γ(s0)

∞∑

µ=0

S(p)
µ (s0)

∫ 1

0
ts−s0(1 − t)µ+s0+p

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
,

where p is an integer greater than −ℜs0, S(p)
n (s0) =

∑n
µ=0A

(p)
µ (s0) and

A(p)
µ (s0) =

1

(q + 1)µ+1

µ∑

ν=0

(
µ

ν

)
qµ−ν ap+ν(p+ ν)!

s0(s0 + 1) . . . (s0 + p+ ν)
·

This theorem is established by another method which leads to the following
form of the function f(s), namely

f(s)

= Γ(s)s0

∞∑

µ=0

Ak
µ(s0)(Ak

µ(s0))s0
∞∑

τ=0

Γ(µ+ τ + 1)

Γ(µ + τ + s+ 1)
(Ak

τ (s0))
s−s0−1

(
q

q + 1

)τ

,

which holds for all admissible s0 and s, such that ℜs > ℜs0.
It is also proved that if the series (0.5) is |Ek|-summable for s = s0, then it is

|Ek|-summable for each s with ℜs > ℜs0. From here it comes out a representation
of f(s) by means of the Laplace integral provided that ℜs > 0, namely:

If the series (0.5) is Ek-summable for s = s0, then

f(s) =

∫ 1

0
(1 − x)s−1ψ(x) dx
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when ℜs > 0, where the function

ψ(x) =

∞∑

n=0

anx
n

is holomorphic in the disk

∣∣∣∣x− q

2q + 1

∣∣∣∣ ≤
q + 1

2q + 1

and moreover, it is of a finite order in the sense of Hadamard on it.

This theorem is invertible. Indeed, by a well-known theorem of Pincherle and
Nörlund, in a case of convergence the function ψ(x) is holomorphic in the larger
disk |x| ≤ 1.

Further, for the series of Newton

(0.6) a0 +

∞∑

ν=1

(−1)νaν
(s− 1)(s − 2) . . . (s− ν)

ν!

it is proved completely analogous theorem, namely:

If the series (0.6) is Ek-summable for s = s0, then it is Ek-summable for each

s such that ℜs > ℜs0, then function f(s) represented by it is holomorphic when

ℜs > ℜs0 and if ℜs ≤ 0, then

Γ(s− s0)Γ(1 − s0)

Γ(1 − s0)
f(s)

=

∞∑

n=0

Sk
n

∫ 1

0
ts−s0(1 − t)n−s

(
q + 1

q + 1 − qt

)n+1 dt

q + 1 − qt
,

where Sk
n(s0) =

∑n
ν=0A

k
n(s0), and

∑
∞

n=0A
k
n is the Ek-transform of the series

(0.6) for s = s0. If ℜs > 0, then

f(s) =

p−1∑

ν=0

(−1)νaν
(s− 1)(s − 2) . . . (s− ν)

ν!

+
Γ(1 − s0)

Γ(s− s0)Γ(1 − s)

∞∑

ν=0

S(p)
n (s0)

∫ 1

0

ts−s0(1 − t)n−s+p

q + 1 − qt

(
q + 1

q + 1 − qt

)n+1

dt,
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where p is an integer greater than ℜs, S(p)
n (s0) =

∑n
ν=0A

(p)
ν (s0) and

A(p)
ν (s0) =

1

(q + 1)ν+1

ν∑

µ=0

(−1)µ+p

(
ν

µ

)
qν−µ (s0 − 1) . . . (s0 − µ)

(µ + p)!
.

With another method it is obtained an expression for f(s) which holds for
each admissible s and s0 such that ℜs > ℜs0, namely:

f(s)

Γ(s− s0)Γ(1 − s0)

=
∞∑

n=0

Ak
n(s0)bn(−s)

∞∑

τ=0

Γ(n+ τ + 1)

Γ(n+ τ + 1 − s0)
bτ (s− s0 − 1)

(
q

q + 1

)τ

,

where

b0(s) = a0, bn(s) =
an

(s+ 1)(s + 2) . . . (s+ n)
, n = 1, 2, 3, . . . .

If the series (0.6) is |Ek|-summable for s = s0, then it is |Ek|-summable for
each s with ℜs > ℜs0.

At the end the Borel summation is applied to the factorial series. The series
(0.1) is B-summable if

ϕ(x) =
∞∑

n=0

anx
n

n!

is an entire function and the integral

∫
∞

0
e−xϕ(x) dx

is convergent. The following theorem is proved:

Let the series (0.5) be B-summable for s = s0, then it is B-summable for each

s such that ℜs > ℜs0. If ℜs0 > 0, then its sum f(s) is given by

f(s) =
Γ(s)

Γ(s0)Γ(s − s0)

∫ 1

0
(1 − u)s−s0us0−1 du

∫
∞

0
h(tu)e−t(1−u) dt,

where

h(x) =

∫ x

0
e−tΦ(t) dt, Φ(x) =

∞∑

n=0

anx
n

s0(s0 + 1) . . . (s0 + n)
.
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If ℜs0 < 0 and m is a positive integer such that m > −ℜs0, then

f(s) =
m−1∑

n=0

ann!

s(s+ 1) . . . (s+ n)

+
Γ(s)

Γ(s0)Γ(s− s0)

∫ 1

0
(1 − u)s−s0us0−1 du

∫
∞

0
H(ut)e−(1−u)t dt,

where

H(x) =

∫ x

0
e−tψ(t) dt, ψ(t) =

∞∑

n=0

ant
n

s0(s0 + 1) . . . (s0 + n)
·

1. On the absolute summation by Euler’s transform

By Knopp, the series

(1.1)

∞∑

n=0

an

is absolutely summable by Euler’s transform of order k, shortly |Ek|-summable,
if the series

∞∑

n=0

Ak
n, A

k
n =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν , q = 2k − 1, k > 0,

is absolutely convergent.
This summation is studied in the first part of the paper, its new basic prop-

erties are established and thus the results of Knopp are filled up. The following
theorems are proved:

Theorem 1. If the series (1.1) is absolutely convergent, then it is |Ek|-
summable for each k > 0.

Indeed,

|Ak
n| ≤

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−ν |aν |,

m∑

n=0

|Ak
n| ≤

1

(q + 1)n+1

n∑

ν=0

qn−ν |an|
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=

m∑

ν=0

|Ak
ν |

m∑

n=ν

1

(q + 1)n+1

(
n

ν

)
qn−ν.

But
m∑

n=ν

1

(q + 1)n+1

(
n

ν

)
qn−ν <

∞∑

n=ν

1

(q + 1)n+1

(
n

ν

)
qn−ν

=
1

(q + 1)ν+1
· 1
(

1 − q

q + 1

)ν+1 = 1.

Hence,
∞∑

n=0

|Ak
n| <

∞∑

n=0

|an|

and thus the theorem is established.

Theorem 2. If the series (1.1) is |Ek|-summable, then it is |Ek1 |-summable

for each k1 > k.

This theorem is an immediate corollary of the preceding one, since if δ >
0, then the Ek+δ-transform of the series (1.1) is the Eδ-transform of its Ek-
transform. Moreover, the sum

∑
∞

n=0 |a′n| decreases by increasing of k.

Theorem 3. If the series

a0 + a1 + a2 + . . .

is |Ek|-summable, then the series

(1.2) 0 + a0 + a1 + a2 + . . .

is also |Ek|-summable, and conversely.

Let, as before,
∑

∞

n=0A
k
n be the Ek-transform of the series (1.1) and

∑
∞

n=0 Ã
k
n

be that of (1.2), then

∞∑

n=0

an

(
z

q + 1 − qz

)n+1

=
∞∑

n=0

Ak
nz

n+1,

∞∑

n=1

an−1

(
z

q + 1 − qz

)n+1

=

∞∑

n=0

Ãk
nz

n+1,
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whence one easily gets that

(1.3)
1

q + 1 − qz

∞∑

n=0

Ak
nz

n+1 =
∞∑

n=0

Ãk
nz

n.

This relation yields that

Ãk
n =

1

q + 1

n−1∑

ν=0

Ak
ν

(
q

q + 1

)n−1−ν

.

Hence,
m∑

n=0

|Ãk
n| ≤

1

q + 1

m∑

n=0

n−1∑

ν=0

|Ak
ν |
(

q

q + 1

)n−1−ν

=
1

q + 1

m−1∑

ν=0

|Ak
ν |

m∑

n=ν+1

(
q

q + 1

)n−1−ν

<
1

q + 1

m−1∑

ν=0

|Ak
ν |

∞∑

µ=0

(
q

q + 1

)µ

=
m−1∑

ν=0

|Ak
ν |,

and thus the first part of the theorem is established. The relation (1.3) gives that
An = (q + 1)Ãk

n+1 − qÃk
n whence the second part immediately follows.

Theorem 4. If the series
∑

∞

n=0 an,
∑

∞

n=0 bn are |Ek|-summable, then their

Cauchy’s convolution
∑

∞

n=0 cn, cn = aobn + a1bn−1 + · · · + anb0 is also |Ek|-
summable.

If
∑

∞

n=0An,
∑

∞

n=0Bn,
∑

∞

n=0Cn are their Ek-transforms, then [1, p. 131]

Cn = (q + 1)(A0Bn + · · · +AnB0) − q(A0Bn−1 + · · · +An−1B0),

and since the series
∑

∞

n=0 |An|,
∑

∞

n=0 |Bn| are convergent, the same holds for the
series

∑
∞

n=0 |Cn|.

Theorem 5. If the series
∑

∞

n=0 an is |Ek|-summable, then it is also |B|-
summable.

It is well-known that the series
∑

∞

n=0 an is absolutely summable by Borel’s
method ([2]) when the integral

(1.4)

∫
∞

0
e−x|u(λ)(x)| dx, u(x) =

∞∑

n=0

an
n!
xn,
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is convergent for each λ = 0, 1, 2, . . . .
If we denote

(1.5) s(k)n =
1

(q + 1)n

n∑

ν=0

(
n

ν

)
qn−νsν, sn =

n∑

ν=0

aν ,

then

(1.6) e−(q+1)x
∞∑

n=0

s
(k)
n

n!
((q + 1)x)n = e−x

∞∑

n=0

snx
n

n!
= h(x),

whence by the substitution of (q + 1)x by x, one gets that

e−x
∞∑

n=0

s
(k)
n

n!

xn

(q + 1)n
= g(x).

Then after differentiation, it follows that

e−x
∞∑

n=0

a
(k)
n+1

n!
xn = g′(x),

where a
(k)
n = s

(k)
n − s

(k)
n−1. Therefore,

∫ A

0
|g′(x)| dx ≤

∞∑

n=0

|a(k)n+1|
n!

∫ A

0
e−xxn dx

<

∞∑

n=0

|a(k)n+1|
n!

∫
∞

0
e−xxn dx =

∞∑

n=0

|a(k)n+1|,

and since ∫
∞

0
|g′(x)| dx =

1

q + 1

∫
∞

0
|h′(x)| dx,

the integral ∫
∞

0
e−x

∣∣∣∣
∞∑

n=0

an+1x
n

n!

∣∣∣∣ dx

is convergent. But according to the previous theorems it is possible to increase
or decrease the indices of the terms of the series (1.1) with an arbitrary integer
and, hence, the integrals(1.4) are convergent, i.e., the theorem is established.
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The series (1.1) is summable by the method of Abel and Poisson, shortly
A-summable, if the function

(1.7) f(x) =

∞∑

n=0

anx
n = (1 − x)

∞∑

n=0

snx
n, sn = a0 + a1 + · · · + an,

tends to a definite limit when x → 1 − 0. By Whittaker [3] the series (1.1) is
absolutely summable by this method, or |A|-summable, if the integral

∫ 1

0
|f ′(x)| dx

is convergent.

Theorem 6. If a series is |Ek|-summable, then it is also |A|-summable.

Let the Laplace transform

L(ϕ) =

∫
∞

0
e−sxf(x) dx

be applied to both parts of (1.7). Then after simple calculations one gets that

(1.8)

∞∑

n=0

s(k)n

(q + 1)n

(s+ q + 1)n+1
=

∞∑

n=0

sn
(s + 1)n+1

.

Both series in it are convergent for s > 0. If
1

s+ 1
is replaced by x, then

x < 1 when s > 0 and x → 1 when s → 0. The function f(x), defined by (1.6),
is exactly equal to

s

∞∑

n=0

sn
(s+ 1)n+1

.

But if s > 0, then (1.8) yields that

f(x) = s
∞∑

n=0

(q + 1)n

(s+ q + 1)n+1

n∑

ν=0

a(k)ν = s
∞∑

ν=0

a(k)ν

∞∑

n=ν

(q + 1)n

(s + q + 1)n+1

= s

∞∑

ν=0

a(k)ν

(q + 1)ν

(q + 1 + s)ν+1
· 1

1 − q + 1

q + 1 + s

=

∞∑

ν=0

a(k)ν

(
q + 1

q + s+ 1

)ν

.
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If t =
q + 1

q + s+ 1
, then t tends to 1 when s→ 0, hence,

f(x) =

∞∑

ν=0

a(k)ν tν = ϕ(t).

From here it is seen that also the function ϕ(t) corresponds to the series∑
∞

ν=0 a
(k)
ν , which is the Ek-transform of (1.1). If this series is convergent, i.e.,

the series (1.1) is Ek-summable, then ϕ(t) tends to a definite limit when t → 1
and the series (1.1) is A-summable. If (1.1) is |Ek|-summable, i.e., the series∑

∞

n=0 |a
(k)
n | is convergent, then by a theorem of Fekete [4] the series (1.1) is |A|-

summable.

2. Summation of Dirichlet’s series by the method of Euler-Knopp

Let the series

(2.1) a0 + a1 + a2 + . . .

be given.
This series is summable by Euler’s method generalized by Knopp [1] of arbi-

trary order k > 0, shortly Ek-summable, if the transformed series

(2.2)
∞∑

n=0

Ak
n,

where, as before,

(2.3) Ak
n =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν , q = 2k − 1, k > 0,

is convergent. The theory of this summation method is given by Knopp in the
papers already cited, as well as its application to the analytic continuation of a
function given by its Taylor’s series.

In the present work this method is applied for the first time to the ordinary
series of Dirichlet by creating a full theory of this problem. It turns out that the
method in question is a very convenient tool for studying the series

(2.4)

∞∑

n=0

an
(n+ 1)s

,

which are mostly used in the applications.
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Theorem 7. Let the series (2.4) be Ek-summable for s = s0. Then it is

Ek-summable for each s such that ℜ s > ℜ s0. Moreover, the Ek-transform of

the series (2.4) is a holomorphic function for ℜ s > ℜ s0 which is given by the

expression

(2.5) f(s) =
1

Γ(s− s0)

∫
∞

0
ts−s0−1

∞∑

n=0

Sk
n

(
q + 1

q + et

)n+1 et − 1

et + q
dt,

where

Sk
n =

n∑

ν=0

Ak
ν .

First, the substitution of s by s − s0 allows to suppose that s0 = 0. From
(2.3) it follows that

(2.6) an = (−1)n(q + 1)qn
n∑

ν=0

(−1)ν
(
n

ν

)(
q + 1

q

)ν

Ak
ν .

Let

(2.7)

∞∑

n=0

Ak
n(s)

be the Ek-transform of the series (2.4), i.e.,

(2.8) Ak
n(s) =

1

(q + 1)n+1

n∑

nu=0

(
n

ν

)
qn−ν(ν + 1)−saν .

Then, substituting of aν by its expression from (2.6), one obtains

Ak
n(s) =

(
q

q + 1

)n n∑

ν=0

(−1)

(
n

ν

)
(ν + 1)−s

ν∑

µ=0

(
ν

µ

)(
q + 1

q

)µ

Ak
µ

and the exchange of order of summations gives that

Ak
n(s) =

(
q

q + 1

)n n∑

µ=0

(−1)µAk
µ

(
q + 1

q

)µ n∑

ν=µ

(−1)ν
(
n

ν

)(
ν

µ

)
(ν + 1)−s.

By taking in view that
(
n

ν

)(
ν

µ

)
=

(
n

µ

)(
n− µ

ν − µ

)
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and by setting ν = µ+ τ , one gets that

Ak
n(s) =

(
q

q + 1

)n n∑

µ=0

Ak
µ

(
n

µ

)(
q + 1

q

)µ n−µ∑

τ=0

(−1)τ
(
n− µ

τ

)
(µ+ τ + 1)−s.

But if ℜ s > 0, then

(µ + τ + 1)−s =
1

Γ(s)

∫
∞

0
ts−1e−(µ+τ+1)t dt,

i.e.,

(2.9) Ak
n(s) =

(
q

q + 1

)n n∑

µ=0

Ak
µ

(
q + 1

q

)µ(n
µ

)
bn,µ,

where

bn,µ(s) =

n−µ∑

τ=0

(−1)τ
(
n− µ

τ

)
(µ+ τ + 1)−s

=
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)t

n−µ∑

τ=0

(−1)τ
(
n− µ

τ

)
e−τt dt

=
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)t(1 − e−t)n−µ dt.

Thus the representation

(2.10) Ak
n(s)

=
1

Γ(s)

(
q

q + 1

)n n∑

µ=0

Ak
µ

(
n

µ

)(
q + 1

q

)µ∫ ∞

0
ts−1e−(µ+1)t(1 − e−t)n−µ dt

is obtained. From (2.8) and (2.9) it follows that

m∑

n=0

Ak
n(s) =

m∑

n=0

(
q

q + 1

)n n∑

µ=0

Ak
µ

(
n

µ

)(
q + 1

q

)µ

bnµ(s)

=

m∑

µ=0

Ak
µ

(
q + 1

q

)µ m∑

n=µ

(
n

µ

)(
q

q + 1

)n

bnµ(s)

=
1

Γ(s)

m∑

µ=0

Ak
µ

(
q + 1

q

)µ m∑

n=µ

(
n

µ

)(
q

q + 1

)n∫ ∞

0
ts−1e−(µ+1)t(1 − e−t)n−µ dt.
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By setting n = µ+ τ , one gets that
m∑

n=0

Ak
n(s)

=
m∑

µ=0

Ak
µ

Γ(s)

∫
∞

0
ts−1e−(µ+1)t

n−µ∑

τ=0

(
µ+ τ

τ

)(
q

q + 1

)τ

(1 − e−t)τ dt.

The use, for the sake of simplicity, of the notations

(2.11) lm,µ(s) =
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)t

m−µ∑

τ=0

(
µ+ τ

τ

)(
q

q + 1

)τ

(1 − e−t)τ dt

leads to the relation

(2.12) Sk
m(s) =

m∑

n=0

Ak
n(s) =

m∑

µ=0

Ak
µlm,µ(s).

Recall that if Sk
n(s) denotes the sum

Sk
n(s) = Ak

0(s) +Ak
1(s) + · · · +Ak

n(s),

then (2.12) yields

(2.13) Sk
m(s) = Sk

0hm,0(s) + Sk
1hm,1(s) + · · · + Sk

m−1hm,m−1(s) + Sk
mlm,m(s),

where

hm,i(s) = lm,i(s) − lm,i+1(s), i = 0, 1, 2, . . . ,m− 1.

It follows now an application of a theorem of Toeplitz. This theorem says
that if it is given an infinite matrix (an,m) which transforms a sequence sn into
the sequence

tn =

∞∑

i=0

anisi,

then, the necessary and sufficient conditions which ensure that each convergence
sequence sn to be transformed into convergent sequence tn are the following:

1)
∑

∞

i=0 |ani| < M, n = 0, 1, 2, . . . ,

2) limn→∞ ani = ai to exist for i = 0, 1, 2, . . . ,
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3) limn→∞

∑
∞

i=0 ani = A to exist.

Then,

lim
n→∞

tn =

(
A−

∞∑

i=0

ai

)
lim
n→∞

sn +

∞∑

i=0

siai.

It is easily seen that if ℜs > 0, then the term Sk
mlm,m(s) in (2.13) tends to

zero when m→ ∞. Indeed, by assumption Sk
m tends to a finite limit and

lm,m(s) =
1

Γ(s)

∫
∞

0
ts−1e−(m+1)t dt

obviously tends to zero when m→ ∞.
It remains the theorem of Toeplitz to be applied for the expression

Sk
0hm,0(s) + Sk

1hm,1(s) + · · · + Sk
m−1hm,m−1(s).

From (2.11) it is immediately seen that if ℜs > 0 and µ is fixed, then lm,µ

tends to the limit

(2.14) lµ(s) =
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)t

∞∑

τ=0

(
µ+ τ

τ

)
(1 − e−t)τ

(
q

q + 1

)τ

dt

=
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)t

(
1 − (1 − e−t)

q

q + 1

)
−µ−1

dt

=
1

Γ(s)

∫
∞

0
ts−1

(
q + 1

q + et

)µ+1

dt,

when m→ ∞ and, hence, hm,i(s) tends to hi = li(s) − li+1(s). Since

m−1∑

i=0

hm,i(s) = lm,0(s) − lm,m(s),

the left side tends to

l0(s) =
1

Γ(s)

∫
∞

0
ts−1 q + 1

q + et
dt

when m→ ∞ and from (2.14) it is seen that h0(s) = l0(s).

It is at hand now to be studied whether the condition 1) of Toeplitz’s theorem
is fulfilled, i.e. whether the sequence

{|hm,0(s)| + |hm,1(s)| + · · · + |hm,m−1(s)|}∞m=1
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is bounded. To that end the function

gµ(z) =

m−µ∑

τ=0

(
µ+ τ

τ

)
zτ

has to be considered. It is easily seen that

gµ(z) =
1

µ!

dµ

dzµ
(1 + z + z2 + · · · + zm) =

1

µ!

dµ

dzµ
{(1 − zm+1)(1 − z)−1}

and Leibnitz’s rule yields that

gµ(z) =
1

µ!

µ∑

k=0

(
µ

k

)
u(k)(z)v(µ−k)(z),

where u(z) = 1 − zm+1, v(z) = (1 − z)−1.
The general term in (2.12), i.e.

1

µ!

(
µ

k

)
u(k)(z)v(µ−k)(z),

is equal to

− 1

µ!

(
µ

k

)
(m+ 1)m(m− 1) . . . (m− k + 2)zm+1−k (µ− k)!

(1 − z)µ−k+1

= − 1

µ!
· µ!

k!(µ− k)!
· (m + 1)!

(m− k + 1)!
(µ − k)!

zm+1−k

(1 − z)µ−k+1

= −
(
m+ 1

k

)
zm+1−k

(1 − z)µ−k+1
,

and hence,

(2.15) gn(z) = −
µ∑

k=0

(
m+ 1

k

)
zm+1−k

(1 − z)µ−k+1
.

If
z = (1 − e−t)

q

q + 1
,

then lm,µ(s) can be written as follows

lm,µ =
1

Γ(s)

∫
∞

0
ts−1e−(µ+1)tgµ(z) dt.
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From here one gets that

hm,µ(s) =
1

Γ(s)

∫
∞

0
ts−1e−t{e−µtgµ(z) − e−(µ+1)tgµ+1(z)} dt,

whence

|hm,µ(s)| ≤ 1

|Γ(s)|

∫
∞

0
tσ−1e−t|e−µtgµ(z) − e−(µ+1)tgµ+1(z)| dt, σ = ℜs.

Then,

(2.16) |hm,µ(s)|

≤ 1

|Γ(s)|

∫
∞

0
tσ−1e−2t

∣∣∣∣
(1 − z)et − 1

1 − z

∣∣∣∣
µ∑

k=0

(
m+ 1

k

)
zm−k+1e−µt

(1 − z)µ−k+1
dt

+
1

|Γ(s)|

∫
∞

0
tσ−1 e

−(µ+2)t

1 − z

(
m+ 1

µ+ 1

)
zm−µ dt = αµ(s) + βµ(s),

and hence,

m−1∑

µ=0

|hm,µ(s)| ≤
m−1∑

µ=0

αµ(s) +
m−1∑

µ=0

βµ(s) = Pm(s) +Qm(s).

Further,

|Qm(s)| =
1

|Γ(s)|

∫
∞

0
tσ−1

m+1∑

µ=0

e−(µ+2)t

1 − z

(
m+ 1

µ+ 1

)
zm−µ dt

<
1

|Γ(s)|

∫
∞

0

tσ−1e−t

1 − z

m+1∑

µ=0

(
m+ 1

µ

)
zm−µ+1e−µt dt

=
1

|Γ(s)|

∫
∞

0

tσ−1e−t

1 − z
(e−t + z)m+1 dt.

But
z = (1 − e−t)

q

q + 1
≤ q

q + 1
, 0 ≤ t <∞,

i.e., 1 − z ≥ (q + 1)−1, 0 ≤ t <∞, and hence, for the function

ψ(t) = e−t + z = e−t + (1 − e−t)
q

q + 1
=
q + e−t

q + 1
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it follows that ψ(t) ≤ 1, 0 ≤ t <∞. Therefore,

|Qm(s)| ≤ q + 1

|Γ(s)|

∫
∞

0
tσ−1e−t dt =

(q + 1)Γ(σ)

|Γ(s)| ,

i.e., the sequence {|Qm(s)|}∞m=0 is bounded.
For the sum Pm(s) one has that

(2.17) |Pm(s)|

=
1

|Γ(s)|

∫
∞

0
tσ−1e−1 1 − z − e−t

1 − z

m−1∑

µ=0

µ∑

k=0

(
m+ 1

k

)
zm+1−ke−µt

(1 − z)µ+1−k
dt

=
1

|Γ(s)|

∫
∞

0
tσ−1e−t 1 − z − e−t

1 − z

m−1∑

k=0

m−1∑

µ=k

(
m+ 1

k

)
zm+1−ke−kt

(1 − z)µ+1−k
dt

=
1

|Γ(s)|

∫
∞

0
tσ−1e−t

m−1∑

k=0

(
m+ 1

k

)
zm+1−ke−kt dt

− 1

|Γ(s)|

∫
∞

0
tσ−1e−t

m−1∑

k=0

e−kt

(
m+ 1

k

)
e−mtzm+1−k

(1 − z)m+1−k
dt

<
1

|Γ(s)|

∫
∞

0
tσ−1e−t

m+1∑

k=0

(
m+ 1

k

)
zm+1−ke−kt dt

<
1

|Γ(s)|

∫
∞

0
tσ−1e−t(ψ(t))m+1 dt,

hence

|Pm(s)| < 1

|Γ(s)|

∫
∞

0
tσ−1e−t dt =

Γ(σ)

|Γ(s)| ·

Thus it is proved that the sequence (2.16) is bounded, i.e., the conditions of
Toeplitz’s theorem are completely satisfied. But if µ is fixed, then it follows that

lim
m→∞

hm,µ(s) = lµ(s) − lµ+1(s) =
1

Γ(s)

∫
∞

0
ts−1 e

t − 1

et + q

(
q + 1

q + et

)µ+1

dt.

Hence, the series (2.4) is Ek-summable for each s such that ℜs > 0 with sum
f(s) given by (2.5) with s0 = 0, i.e.,

f(s) =
1

Γ(s)

∫
∞

0
ts−1 e

t − 1

et + q

∞∑

µ=0

Sµ

(
q + 1

q + et

)µ+1

dt.
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From the proof it is seen that the Ek-summation of the series (2.4) is uniform
on each compact subset of the half-plane {s : ℜs > 0}, i.e., the representation
(2.5) holds uniformly on each such subset of the half-plane {s : ℜs > ℜs0}.

From the latter theorem it follows that there exists a real number ek with the
property that the series (2.1) is Ek-summable for each s such that ℜs > ek and
it is not Ek-summable if ℜs < ek. This number is called, as it is assumed, the
abscissa of the Ek-summation for the series (2.4).

Theorem 8. If the series (2.4) is Ek-summable for s = s0 = σ0 + it0 and ε
is an arbitrary positive number, then

(2.18) f(s) = O

(
Γ(σ − σ0)

|Γ(s− s0)|

)
, s = σ + it,

provided that σ ≥ σ0 + ε.

It can be assumed that s0 = 0 and then (2.18) is a consequence of the repre-
sentation (2.13). Indeed, the sequence {Sk

n}∞n=0 is bounded since it is convergent,
i.e., |Sk

n| ≤ A <∞, n ∈ N. Then,

|f(s)| ≤ A

|Γ(s)|

∫
∞

0
tσ−1 e

t − 1

et + q

∞∑

µ=0

(
q + 1

q + et

)µ+1

dt.

If t > 0, then

et − 1

et + q

∞∑

µ=0

(
q + 1

q + et

)µ+1

=
et − 1

et + q

q + 1

q + et
1

1 − q + 1

q + et

=
q + 1

q + et
,

whence

|f(s)| ≤ A

|Γ(s)|

∫
∞

0
tσ−1 q + 1

q + et
dt =

A

|Γ(s)|

∫
∞

0
tσ−1e−t q + 1

qe−t + 1
dt

≤ A(q + 1)

|Γ(s)|

∫
∞

0
tσ−1tσ−1 dt = A(q + 1)

Γ(σ)

Γ(s)| ·

The series (2.1) is called absolutely Ek-summable, shortly |Ek|-summable, if
the series (2.2) is absolutely convergent.

Theorem 9. If the series (2.4) is |Ek|-summable for s = s0, then it is |Ek|-
summable for each s with ℜs > ℜs0.
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It can be supposed that s0 = 0, i.e., that the series (2.7) is convergent for
s0 = 0 which means that the series

∑
∞

n=0 |Ak
n| is convergent. One has to prove

that the series
∑

∞

n=0 |Ak
n(s)| is convergent provided that ℜs = σ > 0. From

(2.10) it follows that

|Ak
n(s)|

≤ 1

|Γ(s)|

(
q

q + 1

)n n∑

µ0

|Ak
µ|
(
q + 1

q

)µ(n
µ

)∫
∞

0
tσ−1e−(µ+1)t(1 − e−t)n−µ dt,

whence, as before,

m∑

n=0

|Ak
n(s)|

≤ 1

|Γ(s)|

m∑

µ=0

|Ak
µ|
∫

∞

0
tσ−1e−(µ+1)t

m−µ∑

τ=0

(
µ+ τ

τ

)
(1 − e−t)τ

(
q

q + 1

)τ

dt

<

∫
∞

0
tσ−1e−(µ+1)t

∞∑

τ=0

(
µ+ τ

τ

)
(1 − e−t)τ

(
q

q + 1

)τ

dt

=

∫
∞

0
tσ−1

(
q + 1

q + et

)µ+1

dt

≤
∫

∞

0
tσ−1 q + 1

q + et
dt =

∫
∞

0
tσ−1e−t (q + 1)et

q + et
dt

≤ (q + 1)

∫
∞

0
tσ−1e−t dt = (q + 1)Γ(σ).

Hence,

m∑

n=0

|Ak
n(s) ≤ (q + 1)Γ(σ)

|Γ(s)|

m∑

µ=0

|Ak
µ| ≤

(q + 1)Γ(σ)

|Γ(s)|

∞∑

µ=0

|Ak
µ|,

i.e., the series (2.7) is absolutely convergent when ℜs > 0 and thus the theorem
is proved.

In this case, i.e., when s0 = 0, another representation can be given to the
function (2.5). First, from (2.11) it follows that

|ln,µ(s)| ≤ 1

|Γ(s)|

∫
∞

0
tσ−1

∞∑

τ=0

(
µ+ τ

τ

)
(1 − e−t)

(
q

q + 1

)τ

dt ≤ (q + 1)
Γ(σ)

|Γ(s)| .
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Let ε be an arbitrary positive number and λ be such that
∞∑

n=λ+1

|Ak
n| < ε

and let

Sk
n(s) =

λ∑

µ=0

Ak
µln,µ(s) +

∞∑

µ=λ+1

= Ak
µln,µ = Pn,λ(s) +Qn,λ(s).

Then,

|Qn,λ(s)| ≤ (q + 1)
Γ(σ)

|Γ(s)|
∑

µ=λ+1

|Ak
µ| < ε(q + 1)

Γ(σ)

|Γ(s)| ·

Further, if λ is fixed, then

lim
n→∞

Pn,λ(s) =
λ∑

µ=0

Ak
µlµ(s)

and, hence,

lim
n→∞

Sk
n(s) =

∞∑

µ=0

Ak
µlµ(s),

i.e.,

f(s) =
1

Γ(s)

∫
∞

0
ts−1

∞∑

µ=0

Ak
µ

(
q + 1

q + et

)µ+1

dt, ℜs > 0.

If s0 is not equal to zero, then

f(s) =
1

Γ(s− s0)

∫
∞

0
ts−s0−1

∞∑

µ=0

Ak
µ(s0)

(
q + 1

q + et

)
dt, ℜs > ℜs0.

From the theorem just proved it follows that there exists an abscissa ek for
the |Ek|-summation. That means ek is a real number with the property that the
series (2.4) is |Ek|-summable if ℜs > ek and it is not |Ek|-summable when ℜs <
ek. Since each Ek-summable series is |Ek1 |-summable if k1 > k and each |Ek|-
summable series is |Ek1 |-summable when k1 > k, as it was already established, it
follows that ek ≤ ek and ek1 ≤ ek, k1 > k.

Theorem 10. If ek ≥ 0, then

(2.19) ek = lim sup
n→∞

log |Ak
0 +Ak

1 + · · · +Ak
n|

log n
·
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Let α be the right-hand side of (2.19) and let α ≥ 0. Then for each ε > 0
there exists K = K(ε) > 0 such that

(2.20)

∣∣∣∣
n∑

ν=0

Ak
ν

∣∣∣∣ = |Sk
n| ≤ K(n+ 1)α+ε, n = 0, 1, 2, . . . .

A consequence of the last inequalities is that if ℜs = σ > α + ε, then the
series

(2.21)
1

Γ(s)

∫
∞

0
ts−1 e

t − 1

et + q

∞∑

µ=0

Sk
µ

(
q + 1

q + et

)
dt

is absolutely convergent.

This series is majorized by the series

1

|Γ(s)|

∫
∞

0
tσ−1 e

t − 1

et + q

∞∑

µ=0

(µ + 1)α+ε

(
q + 1

q + et

)µ+1

dt.

It is easily seen by induction that if |x| < 1, then

∞∑

n=1

npxn = Rp(u), u =
1

1 − x
, p = 1, 2, 3, . . . ,

where Rp is a polynomial with degRp = p+2 and Rp(0) = 0. Hence, if p ≥ α+ε,
then

∞∑

µ=0

(µ + 1)α+ε

(
q + 1

q + et

)µ+1

≤
∞∑

µ=0

(µ+ 1)p
(
q + 1

q + et

)µ+1

= Rp

(
q + et

et − 1

)
, t > 0.

But

Rp

(
q + et

et − 1

)
= O(t−p−2), t→ 0,

and hence,

tσ−1 e
t − 1

et + q

∞∑

µ=0

(µ+ 1)α+ε

(
q + 1

q + et

)µ+1

= O(tσ−p−1) = O(tσ−1−α−ε), t→ 0,
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i.e., the integral in (2.17) really exists when σ > α+ ε.
It is at hand now to be proved that Sk

m(s) tends to the sum of the series
(2.21) when m → ∞ provided that ℜs > α + 2ε and it is sufficient to establish
this when s is real. The starting point is again the representation

lm,m(s) =
1

Γ(s)

∫
∞

0
ts−1e−(m+1)t dt =

1

(m+ 1)s
.

From the last equality it follows now that limm→∞ Sk
mlm.m(s) = 0 when

ℜs > α + ε and as in the proof of Theorem 1, one has to establish that if
h̃m,µ(s) = (µ+ 1)α+2εhm,µ(s), µ = 0, 1, 2, . . . ,m− 1, then the sequence

(2.22) {|h̃m,0(s)| + |h̃m,1(s)| + · · · + |h̃m,m−1(s)|}∞m=1

is bounded for each s with ℜs > α+ 2ε.
From the inequality (2.16) it follows that

(2.23)
m−1∑

µ=0

|h̃m,µ(s)| ≤
m−1∑

µ=0

(µ + 1)α+2εαµ(s) +
m−1∑

µ=0

(µ + 1)α+2εβµ(s)

= P̃m(s) + Q̃m(s).

Further,

Q̃m(s) ≤ mα+2εQm(s) <
mα+2ε

|Γ(s)|

∫
∞

0

tσ−1e−t

1 − z
(e−t + z)m+1 dt,

where z = (1 − e−t)
q

q + 1
. Since 1 − z ≤ 1

q + 1
,

Q̃m(s) ≤ (q + 1)mα+2ε

|Γ(s)|

∫
∞

0
tσ−1e−t

(
e−t + q

1 + q

)m+1

dt.

If λ =
1

e(q + 1)
, then the right-hand side can be written in the form

Q̃m(s) ≤ Q̃(1)
m (s) + Q̃(2)

m (s),

where

Q̃(1)
m (s) =

(q + 1)(m + 1)α+2ε

|Γ(s)|

∫ λ

0
tσ−1e−t

(
e−t + q

1 + q

)m+1

dt,
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Q̃(2)
m (s) =

(q + 1)(m + 1)α+2ε

|Γ(s)|

∫
∞

λ
tσ−1e−t

(
e−t + q

1 + q

)m+1

dt.

Since
e−t + q

1 + q
≤ e−λ + q

1 + q
< 1, λ ≤ t <∞,

from the inequality

Q̃(2)
m (s) ≤ (q + 1)Γ(σ)

|Γ(s)| (m+ 1)α+2ε

(
e−λ + q

1 + q

)m+1

,

it follows that limm→∞ Q̃
(2)
m (s) = 0 for each s with ℜs > 0 and, hence, the

sequence {Q̃(2)
m (s)}∞m=0 is bounded when ℜs > 0.

It is easily seen that if 0 ≤ t ≤ 1, then

e−t + q

1 + q
≤ 1 − λt.

Indeed, the function

ϕ(t) =
e−t + q

1 + q
+ λt− 1, 0 ≤ t ≤ 1,

is increasing and therefore ϕ(t) ≤ ϕ(0), i.e., ϕ(t) ≤ 0, 0 ≤ t ≤ 1.

Further, since λ < 1/λ,

Q̃(1)
m (s) ≤ (m+ 1)α+2ε

∫ 1/λ

0
tσ−1e−t(1 − λt)m+1 dt

≤ (m+ 1)α+2ε

∫ 1/λ

0
tσ−1(1 − λt)m+1 dt

= λ−σ

∫ 1

0
tσ−1(1 − t)m+1 dt =

λ−σ(m+ 1)α+2εΓ(σ)Γ(m + 2)

Γ(σ +m+ 2)
,

whence

Q̃(1)
m (s) = O((m+ 1)α+2ε(m + 1)−σ) = o(1), m→ ∞,

provided that σ > α+ 2ε.

In a similar way it can be proved that the sequence {P̃m(s)}∞m=0 is bounded
when ℜs > α + 2ε and then (2.22) yields that the sequence (2.20) is bounded
for each such s. But ε is an arbitrary positive number, hence, the series (2.4) is
Ek-summable for each s with ℜs > α.
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Conversely, let the series (2.4) be Ek-summable for s = α ≥ 0, i.e., if

Ak
n(α) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν(ν + 1)−α,

then the series
∞∑

n=0

Ak
n(α)

is convergent. Then the equality (2.7) yields that

aν = (−1)ν(q + 1)qν(ν + 1)α
ν∑

µ=0

(−1)µ
(
ν

µ

)(
q + 1

q

)µ

Ak
µ(α),

and hence,

Ak
n =

1

(q + 1)n+1

n∑

ν=0

qn−νaν

=

(
q

q + 1

)n n∑

ν=0

(−1)ν
(
n

ν

)
(ν + 1)α

ν∑

µ=0

(−1)µ
(
ν

µ

)(
q + 1

q

)µ

Ak
µ(α)

=

(
q

q + 1

)n n∑

µ=0

(−1)µAk
µ(α)

(
q + 1

q

)µ n∑

ν=µ

(−1)ν
(
n

ν

)(
ν

µ

)
(ν + 1)α

=

(
q

q + 1

)n n∑

µ=0

(
n

µ

)(
q + 1

q

)µ

Ak
µ(α)

n−µ∑

τ=0

(−1)τ
(
n− µ

τ

)
(µ + τ + 1)α.

If ∆w,∆2w, . . . are the difference sequences for the sequence {wm}∞m=0, then

n−µ∑

τ=0

(−1)τ
(
n− µ

τ

)
(µ+ τ + 1)α = ∆n−µ(µ+ 1)α,

and hence,

Ak
n =

(
q

q + 1

)n n∑

µ=0

Ak
µ(α)

(
q + 1

q

)µ(n
µ

)
∆n−µ(µ + 1)α.

From here one gets that

Sk
m =

m∑

n=0

Ak
n =

m∑

n=0

(
q

q + 1

)n n∑

µ=0

Ak
µ(α)

(
q + 1

q

)µ(n
µ

)
∆n−µ(µ+ 1)α
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=

m∑

µ=0

Ak
µ(α)

m−µ∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν [(µ + 1)α].

If α is a positive integer, then ∆ν(µ + 1)α = 0 when ν < α. Hence, in this
case

Sk
m(α) =

m∑

µ=0

Ak
m(α)

min(α,m−µ)∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν(µ + 1)α,

i.e.,

Sk
m(α) =

m−α∑

µ=0

Ak
µ(α)

α∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν(µ+ 1)α

+
m∑

µ=m−α+1

Ak
m(α)

m−µ∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν(µ + 1)α

= Fm(α) +Gm(α), m ≥ α− 1.

But ∆ν(µ+ 1)α is a polynomial of µ of degree α− ν and, hence, there exists
a constant L such that

|∆ν(µ+ 1)α| ≤ Lµα−ν , ν = 0, 1, 2, . . . , α.

Since the series
∑

∞

n=0A
k
n(α) is convergent, the sequence



S

k
m−α(α) =

m−α∑

µ=0

Ak
µ(α)





∞

m=α

is bounded, i.e., |Sk
m−µ(α)| ≤ K and, hence,

|Fm(α)| < K1L

α∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
µα−ν < L1m

α.

Since in Gm(α) there are α summands, i.e., a finite number not depending
on α and, moreover, |Ak

µ(α)| < K2, it holds the inequality |Gm(α)| < L2m
α.

Further, the inequality |Sk
m| < (L1 + L2)m

α yields that

lim sup
m→∞

log |Sk
m|

logm
≤ α,

and thus the proof when α is a positive integer is finished.
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The case when α > 0 is not an integer requires considerable efforts. If p =
[α] + 1, i.e., α < p < α+ 1, then it is easy to see that the integral

(2.24) gp(α) =

∫
∞

0

(
e−t − 1 + t− t2

2!
+ · · · + (−1)p

tp−1

(p− 1)!

)
t−α−1 dt

is absolutely convergent. Indeed, the integrand is O(tp−α−1), p − α − 1 > −1,
when t → 0 and it is O(tp−α−2), p − α− 2 < −1, when α → ∞. After setting nt
instead of t, one gets that

(2.25) nα =
1

g(α)

∫
∞

0

(
e−nt − 1 + nt− · · · + (−1)p−1n

p−1tp−1

(p− 1)!

)
t−α−1 dt,

whence

(2.26) ∆ν(nα) =
1

g(α)

∫
∞

0
e−nt(1 − e−t)νt−α−1 dt,

provided that ν ≥ p. Then,

Sk
m =

m−p∑

µ=0

Ak
µ(α)

p−1∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν(µ + 1)α

+

m−p∑

µ=0

Ak
µ(α)

m−µ∑

ν=p

(
q

q + 1

)ν

∆ν(µ+ 1)α

+

m∑

µ=m−p+1

Ak
µ(α)

m−µ∑

ν=0

(
q

q + 1

)ν (µ+ ν

ν

)
∆ν(µ+ 1)α

= Km(α) + Lm(α) +Mm(α).

Then,

Lm(α) =

m−p∑

µ=0

Ak
µ(α)

g(α)

∫
∞

0

m−µ∑

ν=p

(
q

q + 1

)ν (µ+ ν

ν

)
e−(µ+1)t(1 − e−t)t−α−1 dt

=

m−p∑

µ=0

Ak
µ(α)

g(α)

∫
∞

0
t−α−1gµ,p(z)e−(µ+1)t dt,
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where

(2.27) gµ,p(z) =

m−µ∑

ν=p

(
µ+ ν

ν

)
zν , z = (1 − e−t)

q

q + 1
,

i.e.,

gµ,p(z) = −
µ∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)µ+1−ν
+

µ∑

ν=0

(
µ+ p

ν

)
zµ+p−ν

(1 − z)µ+1−ν

= g(1)µ,p(z) − g(2)µ,p(z).

It has to be noted that in fact g
(2)
µ,p(z) does not depend on m. Further,

(2.28) lm,µ(α) =
1

g(α)

∫
∞

0
t−α−1e−(µ+1)tg(1)µ,p(z) dt

− 1

g(α)

∫
∞

0
t−α−1e−(µ+1)tg(2)µ,p(z) dt = l(1)m,µ(α) − l(2)m,µ(α),

then

(2.29) Lm,p(α) =

m−p∑

µ=0

Ak
m(α)l(1)m,µ(α) −

m−p∑

µ=0

Ak
µ(α)Ak

µl
(2)
m,µ(α)

= L(1)
m,p(α) − L(2)

m (α),

and

(2.30) L(1)
m,p(α) =

m−p−1∑

µ=0

Sk
µ(α)h(1)m,µ(α) + Sk

m−p(α)l
(1)
m,m−p(α),

h(1)m,µ(α) = l(1)m,µ(α) − l
(1)
m,µ+1(α),

(2.31) L(2)
m (α) =

m−p−1∑

µ=0

Sk
µ(α)h(2)m,µ(α) + Sk

m−p(α)l
(2)
m,m−p(α),

h(2)m,µ(α) = l(2)m,µ(α) − l
(2)
m,µ+1(α).
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Further,

Sk
m−p(α)l

(1)
m,m−p(α) + Sk

m−p(α)l
(2)
m,m−p(α) = Sk

m−p(α)lm,m−p

= Sk
m−p(α)

(
m

m− p

)
1

g(α)

∫
∞

0
t−α−1e−(m−p+1)tzp dt

= O(mp)

∫
∞

0
tp−α−1e−(m−p+1)t dt = O(mα).

For the sum in L
(2)
m (α) it holds the estimate

∣∣∣∣
m−p−1∑

µ=0

Sk
µ(α)h(1)m,µ(α)

∣∣∣∣ < S

m−p−1∑

µ=0

|h(1)m,µ(α)|, S = Const.

For h
(1)
m,µ(α) one gets that

|h(1)m,µ(α)| ≤ 1

|g(α)|

∫
∞

0
t−α−1e−t|e−µtg(1)µ,p(z) − e−(µ+1)tgµ+1,p(z)| dt

≤ 1

|g(α)|

∫
∞

0
t−α−1e−t

∣∣∣∣
1 − z − e−t

1 − z

∣∣∣∣
µ∑

ν=0

(
m+ 1

ν

)
zm−ν+1e−µt

(1 − z)µ−ν+1
dt

+
1

|g(α)|

∫
∞

0
t−α−1 e

−(µ+2)t

1 − z

(
m+ 1

µ+ 1

)
zm−µ dt

= Aµ(α) +Bµ(α), µ = 0, 1, 2, . . . ,m− p− 1,

whence

m−p−1∑

µ=0

|h(1)m,µ(α)| ≤
m−p−1∑

µ=0

Aµ(α) +

m−p−1∑

µ=0

Aµ(α) = Ãm(α) + B̃m(α).

Further,

B̃m(α) =
1

|g(α)|

∫
∞

0

t−α−1

1 − z

m−p−1∑

µ=0

(
m+ 1

µ+ 1

)
zm−µe−(µ+2)t dt

=
1

|g(α)|

∫
∞

0

t−α−1

1 − z

m−p∑

ν=1

zm−ν+1e−(ν+1)t dt.



38 N. Obrechkoff

But (
m+ 1

ν

)
= O

(
mp+1

(
m− p

ν

))
,

so that

B̃m = O

(
mp+1

∫
∞

0
t−α−1

m−p∑

ν=1

(
m− p

ν

)
zm−ν−pzp+1e−(ν+1)t

)

= O

(
mp+1

∫
∞

0
zp+1t−α−1e−t(e−t + z)m−p dt

)

= O

(
mp+1

∫
∞

0
tp−αe−t

(
q + e−t

q + 1

)m−p

dt

)

= O

(
mα

∫
∞

0
tp−αe−t/m

(
q + e−t/m

q + 1

)m−p

dt

)
.

If λ ∈ (0, 1) and τ = − log λ, then

(2.32) 1 − e−x ≥ λx, 0 ≤ x ≤ τ.

Indeed, since e−x − λx ≥ 0, 0 ≤ x ≤ τ , the function ϕ(x) = 1 − e−x − λx is
increasing in the interval [0, τ ] and, moreover, ϕ(0) = 0.

A consequence of the auxiliary statement just proved is that

Jm(α) =

∫
∞

0
tp−αe−t/m

(
q + e−t/m

q + 1

)m−p

dt = O(1), m→ ∞.

Let

Jm(α) =

∫ mτ

0
+

∫
∞

mτ
= J (1)

m (α) + J (2)
m (α).

If 0 ≤ t ≤ mτ , then (2.32) yields that

q + e−t/m

q + 1
= 1 − 1 − e−t/m

q + 1
≤ 1 − λt

m(q + 1)

and the well-known inequality (1 − t/n)n < e−t, 0 < t < n, gives that

J (1)
m (α) = O

(∫ mτ

0
tp−αe−t/me−(λ/(q+1))t dt

)
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= O

(∫
∞

0
tp−αe−(λ/(q+1))t

)
.

If t ≥ mτ , then

q + e−t/m

q + 1
≤ q + e−τ

q + 1
= γ < 1,

and, hence,

J (2)
m (α) ≤ γm−p

∫
∞

mτ
tp−αe−t/m = γm−pmp−α+1

∫
∞

τ
tp−αe−t dt.

Therefore, limm→∞ J
(2)
m (α) = 0 and thus it is established that

Bm(α) = O(mα).

Further,

Am(α)

=
1

|g(α)|

∫
∞

0
t−α−1e−t1 − e−t

q + 1

m−p−1∑

µ=0

µ∑

ν=0

(
m+ 1

ν

)
zm−ν+1e−µt

(1 − z)µ−ν+1
dt

=
1

|g(α)|

∫
∞

0
t−α−1e−t 1 − e−t

q + 1

m−p−1∑

ν=0

(
m+ 1

ν

)m−p−1∑

µ=ν

zm−νe−µt

(1 − z)µ−ν+1
dt

<
1

|g(α)|

∫
∞

0
t−α−1

m−p−1∑

ν=0

(
m+ 1

ν

)
zm−ν+1e−νt

1 − z
dt

< Kmp+2

∫
∞

0
t−α−1

m−p−1∑

ν=0

(
m− p− 1

ν

)
zm−k+p+1 dt

= K

(
q

q + 1

)p+2

mp+2

∫
∞

0
t−α−1e−t(1 − e−t)p+2(z + e−t)m−p−1 dt

< Lmp+2

∫
∞

0
tp−α+1

(
q + e−t

q + 1

)m−p−1

dt,

where K,L are constants not depending on m and then, as above, it follows that

Am(α) = O(mα).
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It remains the sum
m−p−1∑

µ=0

Sk
µ(α)h(2)m,µ(α)

to be estimated when m→ ∞. Since

∣∣∣∣
m−p−1∑

µ=0

Sk
µ(α)h(2)m,µ(α)

∣∣∣∣ ≤ S

m−p−1∑

µ=0

|h(2)m,µ(α)|, S = Const.,

it is sufficient to know the asymptotic behavior of the sum

m−p−1∑

µ=0

|h(2)m,µ(α)|

when m→ ∞.
Let 0 < α < 1, then p = 1 and

−gµ,1(z) =

µ∑

ν=0

(
µ+ 1

ν

)(
z

1 − z

)µ−ν+1

=
1

(1 − z)µ+1
− 1,

l(2)m,µ(α) = − 1

g(α)

∫
∞

0
t−α−1e−(µ+1)t

(
1

(1 − z)µ+1
− 1

)
dt

and

h(2)m,µ(α) = − 1

g(α)

∫
∞

0
t−α−1e−(µ+1)t 1 − e−t

(q + 1)(1 − z)µ+1
dt

+
1

g(α)

∫
∞

0
t−α−1e−(µ+1)t(1 − e−t) dt.

Then,

|h(2)m,µ(α)| ≤ 1

|g(α)|

∫
∞

0
t−αe−t

(
q + 1

q + et

)µ+2

dt+
1

|g(α)|

∫
∞

0
t−αe−(µ+1)t dt

= O((µ+ 1)α−1) +O((µ+ 1)α−1) = O((µ + 1)α−1),

i.e.,
|h(2)(α)m,µ | ≤ H(µ+ 1)(α−1),

where H is a constant not depending on m. Hence,

m−p−1∑

µ=0

|h(2)m,µ(α)| =

m−p−1∑

µ=0

O((µ+ 1)α−1) = O(mα).
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From (2.27) it holds that

−gp,µ(z) =
1

(1 − z)µ+1
−

p−1∑

τ=0

zp−1−τ (1 − z)τ

and replacing e−t by 1 − q + 1

q
z, one gets that the function

f(z) = −gp,µ(z) + e−tgp,µ+1(z)

becomes

f(z) =
z

q(1 − z)µ+2

−
p−1∑

τ=0

zp−1−τ (1 − z)τ
{(

µ+ p

p− 1 − τ

)
−
(
µ+ p+ 1

p− 1 − τ

)(
1 − q + 1

q
z

)}
.

If
1

(1 − z)µ+2
=

∞∑

ν=0

aµ,νz
ν ,

then f(z) can be written in the following form

f(z) = ϕ(z) + ψ(z),

where

ϕ(z) =
z

q

(
1

(1 − z)µ+2
−

p−2∑

ν=0

aµ,νz
ν

)
,

ψ(z) =
z

q

p−2∑

ν=0

aµ,νz
ν

−
p−1∑

τ=1

zp−1−τ (1 − z)τ
((

µ+ p

p− 1 − τ

)
−
(
µ+ 1 + p

p− 1 − τ

))(
1 − q + 1

q
z

)
.

The Maclaurin expansion of the function f begins with a monomial of degree
p and that of ϕ begins with a monomial of degree p− 1 and therefore, that of ψ
has to begin with a monomial of degree p. But ψ is a polynomial of degree not
greater than p, i.e.,

(2.33) ψ(z) = aµ,pz
p,
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where

(2.34) aµ,p =

(
µ+ 1 + p

p− 1

)
q + 1

q
= O((µ + 1)p−1), µ→ ∞.

The function ϕ is, in fact, the reminder of Maclaurin’s formula for the function

(1− z)−µ−2 multiplied by
z

q
and then, the Lagrange formula implies the equality

ϕ(z) =
(µ+ 2)(µ + 3) . . . (µ + p)zp

(p− 1)!q(1 − θz)µ+p+1
, 0 < θ < 1,

whence

(2.35) ϕ(z) <
(µ+ 2)(µ + 3) . . . (µ+ p)zp

(p− 1)!q(1 − z)µ+p+1
.

Further,

h(2)m,µ(α) =
1

g(α)

∫
∞

0
t−α−1e−(µ+1)tϕ(t) dt +

1

g(α)

∫
∞

0
t−α−1e−(µ+1)tψ(t) dt

= H(1)
µ (α) +H(2)

µ (α).

Then,

|H(2)
µ (α)| < K1(µ+ 1)p−1

∫
∞

0
tp−α−1e−(µ+1)t dt

= K1(µ + 1)α−1

∫
∞

0
tp−α−2e−t dt = K2(µ+ 1)α−1.

Further,

|H(1)
µ (α)| < K3(µ + 1)p−1

∫
∞

0
tp−α−1e−(µ+1)t dt

(1 − z)µ+1

= K3(µ + 1)p−1

∫
∞

0
tp−α−1

(
q + 1

q + et

)µ+1

dt = O

(
(µ+ 1)p−1 1

(µ+ 1)p−α

)

= O((µ+ 1)α−1), Kj = Const., j = 1, 2, 3,

hence, h
(2)
m,µ(α) = O(µα−1), i.e. |h(2)m,µ(α)| ≤ Kµα−1, where K is a constant not

depending on m. Then

m∑

µ=1

|h(2)m,µ(α)| =

m∑

µ=1

O((µ+ 1)α−1) = O(mα)

and thus the theorem is proved.
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Theorem 11. If ek is a negative number, then

(2.36) ek = lim sup
n→∞

log |Ak
n +Ak

n+1 + . . . |
log(n+ 1)

,

where

Ak
n =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν , n = 0, 1, 2, . . . .

Let β be the right-hand side of (2.36), then for each ε > 0 there exists
K = K(ε) such that

|Ak
n +Ak

n+1 +Ak
n+2 + . . . | ≤ K(n+ 1)β+ε, n = 0, 1, 2, 3, . . . .

Let −α = β+ 2ε < 0 and let
∑

∞

n=0A
k
n(−α) be the Ek-transform of the series

(2.4) for s = −α. Then,

Ak
n(−α) = Ak

n(β + 2ε)

=

(
q

q + 1

)n n∑

µ=0

(
q + 1

q

)µ(n
µ

)
Ak

µ∆n−µ(µ+ 1)α.

Let at first α be an integer. In such a case if n > α, then

Ak
n(−α) =

(
q

q + 1

)n n∑

µ=n−α

(
q + 1

q

)µ(n
µ

)
Ak

µ∆n−µ(µ+ 1)α

=

n∑

τ=0

(
q + 1

q

)τ (n
τ

)
Ak

n−τ∆τ (n− τ + 1)α =

n∑

τ=0

(
q + 1

q

)τ

Tn,τ .

But since τ is fixed, then

(
n

τ

)
∆τ (n− τ + 1)α = gαn

α +O(nα−1), n→ ∞,

and hence,
N∑

n=m

Tn,τ = gτ

N∑

n=m

Ak
n−mn

α +

N∑

n=m

O(|Ak
n−τ |nα−1)

= gτQm,N +
N∑

n=m

O(nα−1nβ+ε) = gτQn,N +
N∑

n=m

O

(
1

n1+ε

)
.
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Further, if Rk
n = Ak

n +Ak
n+1 + . . . , then

Qm,N =
N∑

n=m

nα(Rn−τ −Rn−τ+1)

= mαRk
m−τ + ((m + 1)α −mα)Rm+1−τ + . . .

+((Nα) −N − 1)α)Rk
N−τ −NαRN−τ+1.

But since |Rk
n| < K((n+ 1)β+ε) and nα − (n− 1)α < K1n

α−1, n = 1, 2, . . . ,

|Qm,N < K2

(
1

mε
+

1

(m+ 1)1+ε
+

1

(m + 2)1+ε
+ · · · +

1

N1+ε
+

1

N ε

)
,

whence it follows that the series (2.4) is convergent for each s such that ℜs > β.

Let now α be not an integer and let p = [α] + 1. If ν ≥ p, then

∆ν(nα) =
1

g(α)

∫
∞

0
t−α−1e−nt(1 − e−t)ν dt.

Further, under the assumption that n ≥ p it holds the representation

Ak
n(−α) =

(
q

q + 1

)n n−p∑

µ=0

(
q + 1

q

)µ

Ak
µ

(
n

µ

)
∆n−µ(µ+ 1)α

+

(
q

q + 1

)n n∑

µ=n−p+1

(
q + 1

q

)µ

Ak
µ

(
n

µ

)
∆n−µ(µ+ 1)α

= Cn(−α) +Dn(−α).

Then,

Jm(−α) =

m∑

n=p

Cn(−α)

=
1

g(α)

m∑

n=p

n−p∑

µ=0

(
q

q + 1

)n−µ

Ak
µ

(
n

µ

)∫
∞

0
t−α−1e−(µ+1)t(1 − e−t)n−µ dt

=
1

g(α)

m−p∑

µ=0

Ak
µ

m∑

n=µ+p

(
q

q + 1

)n−µ(n
µ

)∫
∞

0
t−α−1e−(µ+1)t(1 − e−t)n−µ dt
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=
1

g(α)

m−p∑

µ=0

Ak
µ

m−µ∑

ν=p

(
q

q + 1

)ν ∫ ∞

0
t−α−1e−(µ+1)t(1 − e−t)ν dt

=
1

g(α)

m−p∑

µ=0

∫
∞

0
t−α−1e−(µ+1)tgµ,p(z) dt.

By taking into account the numbers L
(j)
m,p(α), l

(j)
m,µ(α), h

(j)
m,µ(α), j = 1, 2, de-

fined by the equalities (2.28), (2.29), (2.30) and (2.31), one obtains that

Jm(−α) =

m−p∑

µ=0

Ak
µl

(1)
m,µ(α) −

m−p∑

µ=0

Ak
µl

(2)
m,µ(α) = L(1)

m,p(α) − L(2)
m,p(α),

L(1)
m (α) =

m−p∑

µ=0

(Rµ −Rµ+1)l(1)m,µ(α)

= R0l
(1)
m,0(α) −

m−p∑

µ=1

Rµ(l
(1)
m,µ−1(α) − l(1)m,µ(α)) −Rm−p+1l

(1)
m,m−p(α)

= R0l
(1)
m,0(α) −

m−p∑

µ=1

Rµh
(1)
m,µ−1(α) −Rm−p+1l

(1)
m,m−p(α),

as well as

L(2)
m (α) = R0l

(2)
m,0(α) −

m−p∑

µ=1

Rµh
(2)
m,µ−1(α) −Rm−p+1l

(2)
m,m−p(α).

Then,

Rm−p+1l
(1)
m,m−p(α) −Rm−p+1l

(2)
m,m−p(α) = Rm,m−p+1lm,m−p(α)

= Rm−p+1

(
m

m− p

)(
q

q + 1

)p 1

g(α)

∫
∞

0
t−α−1e−(m−p+1)t(1 − e−t)p dt

=

(
mβ+εmp

∫
∞

0
tp−α−1e−(m−p+1)t dt

)

= O(mβ+εmpm−p+α) = O(mε) = o(1).
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Further,

R0l
(1)
m,0(α) −R0l

(2)
m,0(α) = R0lm,0(α) =

Ro

g(α)

∫
∞

0
t−α−1e−tg0,p(z) dt,

where

g0,p(z) =

m∑

ν=p

zν = zp
1 − zm−p+1

1 − z

= (1 − e−t)p
(

q

q + 1

)p q + 1

qe−t1
(1 − zm−p+1)

whence

lim
m→∞

R0

g(α)

∫
∞

0
t−α−1e−tg0,p(z) dt

=
q + 1

g(α)
R0

(
q

q + 1

)p ∫ ∞

0
t−α−1(1 − e−t)p

dt

qe−t + 1
.

Since |z| ≤ q

q + 1
< 1, l(1)m,µ(α) tends to zero when m → ∞ provided that µ

is fixed. Moreover, as it was already mentioned, l
(2)
m,µ(α) does not depend on m.

Hence, the series

(2.37)
∞∑

µ=1

Rµh
(2)
m.µ−1(α), h

(2)
m,µ−1(α) = l

(2)
m,µ−1(α) − l(2)m,µ(α),

has to be studied whether is it convergent. Since α < p < α + 1, |h(2)m,µ(α)| <
Kµp−2 it holds the inequality |Rµh

(2)
m,µ−1(α)| < Lµβ+αµp−2. But α = −β − 2ε,

hence, β+ε+p−2 < β+ε+α−1 = −1−ε, i.e., the series in (2.37) is absolutely
convergent which means that there exists

lim
m→∞

m−p∑

µ=1

Rµh
(2)
m,µ−1(α) = B(α).

It remains to be studied the asymptotic of the expression

Tm,p(α) =

m−p∑

µ=1

Rµh
(1)
m,µ−1(α)

when m→ ∞. To that end it is used the representation

h
(1)
m,µ−1(α) =

1

g(α)

∫
∞

0
t−α−1e−µt

µ−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)µ−ν

(
1 − e−t

1 − z

)
dt
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− 1

g(α)

(
m+ 1

µ

)∫
∞

0
t−α−1e−(µ+1)t z

m+1−µ

1 − z
dt = Am,µ(α) −Bm,µ(α).

Further,
(
m+ 1

µ

)
=

(m+ 1)m(m− 1) . . . (m− p+ 1)

(m + 1 − µ)(m− µ) . . . (m + p− 1 − µ)

(
m− p

µ

)

and if γ = −β − ε, then

µγ(m+ 1 − µ)(m− µ) . . . (m− p+ 1 − µ) > µγ(m− p+ 1 − µ)p+1.

Since p > α = γ − ε, it follows that p > γ and it is easily seen that if
1 ≤ µ ≤ m, then

m−p∑

µ=1

|RµBm,µ|(α) ≤ K

m−p∑

µ=1

(
m+ 1

µ

)
µβ+ε

|g(α)|

∫
∞

0
t−α−1e−(µ+1)t z

m+1−µ

1 − z
dt

≤ K1m
p+1

∫
∞

0
t−α−1e−mu+1)t

∑(
m− p

µ

)
µ−γ

(m− p+ 1 − µ)

zm+1−µ

1 − z
dt

≤ K2m
p+1−γ

∫
∞

0
t−α−1e−(µ+1)

m−p∑

µ=1

(
m− p

µ

)
zm+1−µ

1 − z
dt

≤ K3m
p+1−γ

∫
∞

0
tp−αe−t(z + e−t)m−p dt

= K3m
p+1−γ

∫
∞

0
tp−αe−t

(
q + e−t

q + 1

)m−p

dt.

But it was already established that

∫
∞

0
tp−αe−t

(
q + e−t

q + 1

)m−p

dt = O

(
1

mp−α+1

)

and since γ − α = −β − ε− (−β − 2ε) = ε, it follows that

m−p∑

µ=1

RµBm,µ(α) = O

(
mp+1−γ 1

mp−α+1

)
= O

(
1

mε

)
= o(1), m→ ∞.

It remains now the behavior of the sum

Sm(α) =

m−p∑

µ=1

Am,µ(α)
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to be studied when m→ ∞.

Since 1− z− e−t = (1− e−t)
q

q + 1
≤ 2q

q + 1
t, 0 ≤ t <∞ and 1− z ≥ 1

q + 1
,

it holds the inequality

Sm(α) ≤ K4

∫
∞

0
t−α

m−p∑

µ=1

|Rµ|e−µt
µ−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)µ−ν
dt.

Further,

Sm(α) ≤ K5

∫
∞

0
t−α

m−p∑

µ=1

µ−γe−µt
µ−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)µ−ν
dt

= K5

∫
∞

0
t−α

m−p−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν

m−p∑

µ=ν+1

e−µt

µγ
dt

(1 − z)µ−ν

= K5

∫
∞

0
t−α

m−p−1∑

ν=0

(
m+ 1

ν

)
e−(ν+1)t z

m+1−ν

1 − z

m−p−1∑

λ=0

gλ

(k + 1 + λ)γ
dt,

where g =
e−t

1 − z
, 0 < g < 1.

Since the sequence {(ν + 1 + λ)−γ}∞λ=0 is decreasing and, moreover,

n∑

λ=0

gλ =
1 − gn+1

1 − g
<

1

1 − g
=

1 − z

1 − z − e−t
≤Mt−1,

M = Const., ν = 1, 2, . . . , n = 1, 2, . . . , 0 < t <∞,

by a theorem of Abel,

m−p−1∑

λ=0

gλ

(ν + 1 + λ)γ
≤ M

(ν + 1)t
, m ≥ p+ 1, t > 0.

Then,

Sm(α) ≤ K6

∫
∞

0
t−α−1

m−p−1∑

ν=0

(
m+ 1

ν

)
(ν + 1)−γzm+1−νe−(ν+1)t dt

and taking into account the inequality

(ν + 1)−γ

(
m+ 1

ν

)
< mp+2−γ

(
m− p− 1

ν

)
, m > p+ 1,
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one gets that

Sm(α) ≤ K6m
p+2−γ

∫
∞

0
t−α−1e−t

m−p−1∑

ν=0

(
m− p− 1

ν

)
zm+1−νe−νt dt

≤ K7m
p+2−γ

∫
∞

0
t−α+p+1e−t(z + e−t)m−p−1 dt

= K7m
p+2−γ

∫
∞

0
t−α+p+1e−t

(
q + e−t

q + 1

)m−p−1

dt

= O

(
mp+2−γ 1

mp+2−α

)
= O

(
1

mγ−α

)
= O

(
1

mε

)
= o(1), m → ∞,

and thus the first part of the proof is finished.
Let now the series (2.4) be Ek-summable for some s = −α < 0, i.e., the series

(2.38)

∞∑

n=0

Ak
n(−α),

Ak
n(−α) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν(ν + 1)α, n = 0, 1, 2 . . . ,

is convergent.
Further,

Ak
n =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν , n = 0, 1, 2 . . . ,

then

Ak
n =

n∑

µ=0

Ak
µ(−α)

(
n

µ

)(
q

q + 1

)n−µ n−µ∑

ν=0

(−1)ν
(
n− µ

ν

)
(µ+ ν + 1)−α

=

n∑

µ=0

Ak
µ(−α)

(
n

µ

)(
q

q + 1

)n−µ 1

Γ(α)

∫
∞

0
tα−1e−(µ+1)t(1 − e−t)n−µ dt.

Moreover,

ν∑

n=m

Ak
n =

ν∑

n=m

m∑

µ=0

Ak
µ(−α)gn,µ +

ν∑

µ=m

ν∑

n=µ

Ak
µ(−α)gn,µ(α),
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where

gn,µ(α) =
1

Γ(α)

(
n

µ

)∫
∞

0
tα−1e−(µ+1)tzn−µ dt, z = (1 − e−t)

q

q + 1

and

δν,µ(α) =

ν∑

n=µ

gn,µ(α) =
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)t

ν−µ∑

τ=0

(
µ+ τ

µ

)
zτ dt, ν ≥ µ.

The following equalities

(2.39) lim
ν→∞

δν,µ(α) = δµ(α) =
1

Γ(α)

∫
∞

0
tα−1e−µ+1)t dt

(1 − z)µ+1
,

lim
ν→∞

δν,ν(α) = lim
ν→∞

1

Γ(α)

∫
∞

0
tα−1e−(ν+1)t dt = 0

are immediate consequences of the preceding one.
Let now Im,ν(−α) be defined as

Im,ν(−α) =

ν∑

µ=m

ν∑

n=µ

Ak
µ(−α)g(n, µ)(α), ν ≥ m,

then

Im,ν(−α) =
ν∑

µ=m

Ak
µ(−α)δν,µ(α)

= −Sk
m−1(−α)δν,m(α) +

ν−1∑

µ=m

(δν,µ(α) − δν,µ+1(α)), ν ≥ m+ 1,

where
Sk
m−1(−α) = Ak

0(−α) +Ak
1(−α) + · · · +Ak

m−1(−α).

Further, the series

(2.40)

∞∑

µ=m

Sk
µ(−α)(δµ(α) − δµ+1(α))

is absolutely convergent. Indeed,

δµ(α) − δµ+1(α) =
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)t 1 − z − e−t

(1 − z)µ+2
dt
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= O

(∫
∞

0
tα−1e−(µ+1)t

(
et(q + 1)

q + et

)µ+1
1 − e−t

1 − z
dt

)

= O

(∫
∞

0
tαe−(µ+1)t dt

)
= O

(
1

(µ+ 1)α+1

)
,

and, moreover, the sequence {Sk
µ(−α)}∞µ=m is bounded since the series (2.38) is

convergent.

A consequence of the convergence of the series (2.40) as well as of the equalities
(2.38) is that if m is fixed, then

(2.41) lim
ν→∞

Im,ν(α) = −Sk
m−1(α)δm(α) +

∞∑

µ=m

Sk
µ(α)(δµ(α) − δµ+1(α)).

Indeed, if p is an arbitrary positive integer and ν ≥ m+ p+ 1, then

∆m,ν(α) =

∣∣∣∣
ν−1∑

µ=m

Sk
µ(α)(δν,µ(α) − δν,µ+1(α)) −

∞∑

µ=m

Sk
µ(α)(δµ(α) − δµ(α))

∣∣∣∣

≤
∣∣∣∣

ν−1∑

µ=m+p

Sk
µ(α)(δν,µ(α) − δν,µ+1(α)) −

∞∑

µ=m+p

Sk
µ(α)(δµ(α) − δµ+1(α))

∣∣∣∣,

hence

lim sup
ν→∞

∆m,ν(α)

≤
∣∣∣∣
m+p−1∑

µ=m

Sk
µ(α)(δν,µ(α) − δν,µ+1(α)) −

m+p1∑

µ=m

Sk
µ(α)(δµ(α) − δµ+1(α))

∣∣∣∣

and letting p→ ∞, one gets the equality (2.41).

Further, the sum

Jν,m(α) =

ν∑

n=m

m∑

µ=0

Ak
µ(α)gn,µ(α)

is to be studied when ν → ∞ provided that m is fixed. Since

ν∑

n=m

gn,µ(α) =
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)t

ν∑

n=m

(
n

µ

)
zn−µ dt
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and moreover, the series

∞∑

τ=0

(
m+ τ

µ

)
zτ , z = (1 − e−t)

q

q + 1
,

is uniformly convergent in the interval [0,∞), it follows that there exists

Lµ,m(α) = lim
ν→∞

ν∑

n=m

gn,µ(α)

=

∫
∞

0
tα−1e−(µ+1)t

∞∑

τ=0

(
m+ τ

µ

)
zτ+m−µ dt,

and hence, there also exists

(2.42) Jm(α) = lim
ν→∞

Jν,m(α) =
m∑

µ=0

Ak
µ(α)Lµ,m(α).

Let

fm,µ(z) =

∞∑

τ=0

(
m+ τ

µ

)
zτ+m−µ =

∞∑

λ=m−µ

(
λ+ µ

µ

)
zλ,

then, as it is easily seen,

fm,µ(z) =
1

µ!

dµ

dzµ

∞∑

λ=m−µ

zλ+µ =
1

µ!

dµ

dzµ
(zm(1 − z)−1)

=
1

µ!

µ∑

p=0

m(m− 1) . . . (m− p+ 1)zm−p(1 − z)p−µ−1

=

µ∑

p=0

Dp
m,µ

zm−p

(1 − z)µ + 1 − p
,

where

Dp
m,µ =

m(m− 1) . . . (m− p+ 1)

µ(µ− 1) . . . (µ− p+ 1)
,

and hence,

Lµ,m(α) =
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)Dµ

p=0

zm−p

(1 − z)µ − p+ 1
dt.
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Since Ak
µ(α) = Sk

µ(α) − Sk
µ−1(α), the equality (2.42) yields that

(2.43) Jm(α) = Sk
m(α)Lm,m(α) +

m−1∑

µ=0

Sk
µ(α)(Lµ,m(α) − Lµ+1,m(α))

= Sk
m(α)Lm,m(α) + J̃m(α).

Further,

(2.44) Sk
m(α)Lm,m(α) =

Sk
m(α)

Γ(α)

∫
∞

0
tα−1e−(m+1)t

∞∑

λ=0

(
m+ λ

λ

)
zλ dt

=
Sk
m(α)

Γ(α)

∫
∞

0
tα−1e−(m+1)t dt

(1 − z)m+1
= O

(
1

(m+ 1)α

)
, m→ ∞.

For Γ(α)(Lµ,m(α) −  Lµ+1,m(α)) one gets that

Γ(α)(Lµ,m(α) − Lµ+1,m(α))

=

∫
∞

0
tα−1e−(µ+1)t

µ∑

p=0

Dp
m,µ

zm−p

(1 − z)µ−p+1
dt

−
∫

∞

0
tα−1e−(µ+2)t

µ+1∑

p=0

Dp
m,µ+1

zm−p

(1 − z)µ−p+1
dt,

whence
Lµ.m(α) − Lµ+1,m(α)

=
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)t 1 − z − e−t

1 − z

µ∑

p=0

Dp
m,µ

zm−p

(1 − z)µ−p+1
dt

+
1

Γ(α)

∫
∞

0
tα−1e−(µ+1)

µ∑

p=0

(Dp
m,µ −Dp

m,µ+1)
zm−p

(1 − z)µ−p+2
dt

− 1

Γ(α)

∫
∞

0
tα−1e−(µ+2)tDµ+1

m,µ+1

zm−µ−1

1 − z
dt = T (1)

m,µ(α) + T (2)
m,µ(α) + T (3)

m,µ(α),

and hence,

(2.45) J̃m(α) =

m−1∑

µ=0

Sk
µ(α)T (1)

m,µ +

m−1∑

µ=0

Sk
µ(α)T (2)

m,µ(α) +

m−1∑

µ=0

Sk
µ(α)T (3)

m,µ(α)
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= J̃ (1)
m (α) + J̃ (2)

m (α) + J̃ (3)
m (α).

Further,

J̃ (1)
m (α)Γ(α)

=

∫
∞

0
tα−1 1 − z − e−t

1 − z

m−1∑

µ=0

µ∑

p=0

Sk
µ(α)Dp

m,µ

zm−p

(1 − z)µ−p+1
e−(µ+1)t dt

=

∫
∞

0
tα−1 1 − z − e−t

1 − z

m−1∑

p=0

m−1∑

µ=p

Sk
µ(α)Dp

m,µ
zm−p

(1 − z)µ−p+1
e−(µ+1)t dt.

But

{m(m− 1) . . . (m− p+ 1)}−1
m−1∑

µ=p

Dp
m,µ

e−(µ+1)t

(1 − z)µ−p+1

=
e−(p+1)t

1 − z

m−p−1∑

λ=0

1

(p+ λ)(p + λ− 1) . . . (λ+ 1)

e−λt

(1 − z)λ
,

the sequence {
1

(p+ λ)(p + λ− 1) . . . (λ+ 1)

}
∞

λ=0

is decreasing and, moreover,

n∑

λ=0

e−λt

(1 − z)λ
<

1 − z

1 − z − e−t
, n = 0, 1, 2, . . . , t ∈ (0,∞),

a theorem of Abel yields that

m−1∑

µ=p

Dm,µ
e−(p+1)t

(1 − z)µ−p+1
<

(
m

p

)
e−(p+1)t

1 − z − e−t
, t ∈ (0,∞).

Then,

(2.46) J̃ (1)
m (α) = O



∫

∞

0
tα−1 e−t

1 − z

m−1∑

p=0

(
m

p

)
zm−pe−pt dt




O

(∫
∞

0
tα−1e−t(z + e−t)m dt

)
=

(
1

mα

)
.
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For J̃
(3)
m (α) one gets that

(2.47) J̃ (3)
m (α)

=
1

Γ(α)

∫
∞

0
tα−1 1

1 − z

m∑

µ=0

Sk
µ(α)

(
m

µ+ 1

)
zm−µ−1e−(µ+2)t dt

= O



∫

∞

0
tα−1e−t

m∑

µ=1

zm−µe−µt dt


 = O

(
1

mα

)
.

It remains J̃
(2)
m (α) to be estimated. From the inequality

Dp
m,µ −Dp

m,µ+1 =
p

(µ+ 1)µ . . . (µ− p+ 1)
> 0,

it follows that the sequence {Dp
m,µ}∞µ=1 is decreasing and since

e−t

1 − z
< 1, 0 < t <∞,

the same holds for the sequence

{
e−µt

(1 − z)µ

}∞

µ=1

, hence,

m−1∑

µ=p

(Dp
m,µ −Dp

m,µ+1)
e−µt

(1 − z)µ
<

e−pt

(1 − z)p

m−1∑

µ=p

(Dp
m,µ −Dp

m,µ+1)

<
e−pt

(1 − z)p
Dp

m,p =

(
m

p

)
e−pt

(1 − z)p
.

Then

(2.48) J̃ (2)
m (α) = O



∫

∞

0
tα−1e−t 1

(1 − z)2

m−1∑

p=0

(
m

p

)
zm−pe−pt dt




= O

(∫
∞

0
tα−1e−t(z + e−t)m dt

)
= O

(
1

mα

)
.

As a consequence of (2.45), (2.46), (2.47) and (2.48) one gets that J̃m(α) =

O

(
1

mα

)
and then from (2.43) and (2.44) it follows that Jm(α) = O

(
1

mα

)
, i.e.,

the proof of Theorem 11 is finished.
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Theorem 12. Let ek be the abscissa of the |Ek|-summation for the series

(2.4). If ek ≥ 0, then

(2.49) ek = lim sup
n→∞

log(|Ak
0 | + |Ak

1 || + . . . |Ak
n|)

log(n+ 1)
,

where {Ak
n}∞n=0 are given by the equalities (2.3).

The proof proceeds as that of Theorem 5. More precisely, it is based on the
representation

(2.50)

m∑

µ=0

Ak
µ(s) =

m∑

µ=0

Ak
µlm, u(s),

where

Ak
m(s) =

1

(q + 1)µ+1

µ∑

ν=0

(
µ

ν

)
qµ−νaν(ν + 1)−s,

lm,µ(s) =
1

|Γ(s)|

∫
∞

0
tσ−1t−(µ+1)

m−µ∑

ν=0

(
µ+ ν

ν

)
(1 − e−t)ν

(
q

q + 1

)ν

dt,

provided that σ = ℜs > 0. Then (2.50) leads to the inequality

m∑

µ=0

|Ak
µ(s)| ≤ 1

|Γ(s)|

m∑

µ=0

|Ak
µ|
∫

∞

0
tσ−1

(
q + 1

q + et

)µ+1

dt

≤ 1

|Γ(s)|

m−1∑

µ=0

Bµ

∫
∞

0
tσ−1 e

t − 1

et + q

(
q + 1

q + et

)µ+1

dt

+
Bµ

|Γ(s)|

∫
∞

0
tσ−1

(
q + 1

q + et

)m+1

= I(1)m (s) + I(2)m (s),

where

Bk
µ = |Ak

0 | + |Ak
1 | + . . . |Ak

µ|, m = 0, 1, 2, . . . .

Let α be the right-hand side of (2.49) and let α ≥ 0. Then from (2.49) it
follows that for each ε > 0 there exists K = K(ε) such that

Bµ ≤ K(µ+ 1)α+ε, µ = 0, 1, 2, . . . .
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Then

I(1)m (s) ≤ K1

∫
∞

0
tσ−1 (q + et)α+ε−1

(et − 1)α+ε
dt

and the integral in the right-hand side is convergent provided that σ > α+ ε.

For the integral I
(2)
m (s) one gets that

I(2)m (s) ≤ K2m
α+ε

∫
∞

0
tσ−1

(
q + 1

q + et

)m+1

dt

= K2m
α+ε

{∫ 1

0
tσ−1

(
q + 1

q + et

)m+1

dt+

∫
∞

1
tσ−1

(
q + 1

q + et

)m+1

dt

}

Since
q + 1

q + et
≤ q + 1

q + 1 + t
≤ 1 − t

q + 2
, 0 ≤ t ≤ 1,

it holds that

∫ 1

0
tσ−1

(
q + 1

q + et

)m+1

dt <

∫ 1

0
tσ−1

(
1 − t

q + 2

)m+1

dt

= (q + 2)σ
∫ 1/(q+2)

0
tσ−1(1 − t)m+1 dt < (q + 2)σ

∫ 1

0
tσ−1(1 − t)m+1 dt

= (q + 2)σ
Γ(σ)Γ(m + 2)

Γ(σ +m+ 2)
,

and hence,

mα+ε

∫ 1

0
tσ−1

(
q + 1

q + et

)m+1

dt = O(mα−σ+ε) = o(1), m → ∞.

Further,

mα+ε

∫
∞

1
tσ−1

(
q + 1

q + et

)m+1

dt ≤ mα+ε

(
q + 1

q + e

)m ∫ ∞

1
tσ−1 q + 1

q + et
dt

and since

mα+ε

(
q + 1

q + e

)m ∫ ∞

1
tσ−1 q + 1

q + et
dt = o(1), m→ ∞,

it follows that I
(s)
m = o(1), m→ ∞. Thus it is established that the series (2.4) is

|Ek|-summable for each s such that σ = ℜs > α,
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Let now the series (2.4) be |Ek|-summable for s = α > 0, i.e., the series (2.6)
is absolutely convergent for s = α. If α is a positive integer, then the inequality

Bk
m(α) ≤

m∑

µ=0

|Ak
µ(α)|

m−µ∑

ν=0

(
µ+ ν

ν

)(
q

q + 1

)ν

|∆ν((µ + 1)α)|

and the fact that ∆ν((µ + 1)α) = 0 when ν > α, leads to the asymptotics of
Bk

m(α) when m→ ∞, namely that Bk
m(α) = O(mα).

If α is not an integer and p = [α] + 1, i.e., α < p < p + 1, then (2.25) and
(2.26) yield that

Bk
m(α) ≤ I(1)m (α) + I(2)m (α) + I(3)m (α),

where

I(1)m (α) =

m−p+1∑

µ=0

|Ak
µ(α)

p−1∑

ν=0

(
µ+ ν

ν

)(
q

q + 1

)ν

|∆ν(µ + 1)α|,

I(2)m (α) =

m∑

µ=m−p+2

|Ak
µ(α)|

m−µ∑

ν=0

(
µ+ ν

ν

)(
q

q + 1

)ν

|∆ν(µ + 1)α|

and

I(3)m (α =

m−p+1∑

µ=0

|Ak
µ(α)|

m−µ∑

ν=p

(
µ+ ν

ν

)(
q

q + 1

)ν

|∆ν(µ + 1)α|.

But

I(3)m (α) =

(
q

q + 1

)p

g(α)

m−p+1∑

µ=0

|Ak
m(α)|

∫
∞

0
t−α−1e−(µ+1)t(1 − e−t)pPµ,m(t) dt,

Pµ,m(t) =

m−µ−p∑

ν=0

(
µ+ p+ ν

µ

)(
q

q + 1

)ν

(1 − e−t)ν

and since (
µ+ p+ ν

µ

)
≤ K(µ+ 1)p

(
µ+ ν

µ

)
, n = 0, 1, 2 . . . ,

it follows that

I(3)m (α) ≤ K1

m−p+1∑

µ=0

(µ+ 1)p|Ak
µ(α)|

∫
∞

0
t−α−1e−(µ+1)t(1 − e−t)pQµ,m(t) dt,
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where

Qµ,m(t) =

m−µ−p∑

ν=0

(
µ+ ν

µ

)(
q

q + 1

)ν

(1 − e−t)ν ,

and hence,

I(3)m (α) ≤ K2

m∑

µ=0

(µ + 1)p|Ak
µ(α)|

∫
∞

0
t−α−1e−(µ+1)t(1 − e−t)p dt

≤ K2

m∑

µ=0

(µ+ 1)p|Ak
µ(α)|

∫
∞

0
tp−α−1e−(µ+1)t dt

= K2

m∑

µ=0

(µ+ 1)α|Ak
µ(α)|

∫
∞

0
tp−α−1e−t dt,

i.e.,

≤ K3m
α

m∑

µ=0

|Ak
µ(α)| ≤ K4m

α.

Since (
µ+ ν

µ

)
|∆ν(µ + 1)ν | = O(µα−νµν) = O(µα),

it follows that
I(1)m (α) + I(2)m (α) = O(mα), m→ ∞,

and thus the theorem is proved.

Theorem 13. If ek is negative, then

(2.51) ek = lim sup
n→∞

log(|An| + |An+1| + . . . )

log(n+ 1)
·

Let, as in the proof of Theorem 5, β ∈ (−∞, 0) be the right-hand side of
(2.51), ε > 0 be such that β + 2ε < 0 and −α = β + 2ε, i.e., α > 0. Then there
exists a positive K = K(ε) such that

|An| + |An+1| + |An+2| + · · · ≤ K(n+ 1)β+ε, n = 0, 1, 2, . . . .

Further, let as before,
∑

∞

n=0A
k
n(−α) be the Ek-transform of series (2.4) for

s = −α and let α be an integer. Since ∆n−µ(µ+ 1)α = 0 when n− µ > α,

Ak
n(−α) =

(
q

q + 1

)n n∑

µ=n−α

(
q + 1

q

)µ(n
µ

)
∆n−µ(µ+ 1)α =

α∑

λ=0

J (λ)
n (α),
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where

J (λ)
n (α) = Ak

n−λ

(
q

q + 1

)λ(n
λ

)
∆λ(n− λ+ 1)α.

Let Rk
n = |Ak

n| + |Ak
n+1| + . . . , then, since

|J (λ)
n (α)| ≤ K1

(
n

λ

)
(n− λ)α−λ|Ak

n−λ| ≤ K2|Ak
n−λ|(n − λ)α,

it follows that
N+m∑

n=N

|J (λ)
n (α)|

≤ K2

{
(N − λ)α(Rk

N−λ −RN−λ+1) +
m∑

ν=1

(N + ν − λ)α(Rk
n+ν−λ −Rk

n+ν+1−λ)

}

= K2

{
(N − λ)αRk

N−λ +

n∑

ν=1

Rk
N+ν−λ((N + ν − λ)α − (N + ν − 1 − λ)α)

}

−K2R
k
N+m+1−λ(N +m− λ)α.

Since Rk
p = O(pβ+ε) and (p + 1)α − pα = O(pα−1), p → ∞, it follows that

limN→∞(N − λ)αRk
n−λ = 0 and limN→∞(N +m− λ)αRN+m−λ = 0, hence

∞∑

n=N

|J (λ)
n (α)| ≤ K2(N − λ)αRk

N−λ +K3

∞∑

ν=1

1

(N + ν − λ)1+ε
.

That means the series
∑

∞

n=1 |J
(λ)
n (α)| is convergent for each λ = 0, 1, 2, . . . , α

and so does the series
∑

∞

n=0 |Ak
n(−α)|.

Let now α be not an integer. Then,

I(3)m (α) ≤ L

m∑

µ=0

|Ak
µ|(µ+ 1)α

≤ L1

m∑

µ=0

(Rk
µ −Rk

µ+1)(µ + 1)α ≤ L2

m∑

µ=0

Rk
µ((µ + 1)α − µα)

= L2



R

k
0 +

m∑

µ=1

Rk
µ((µ+ 1)α − µα) −Rk

m(m+ 1)α



 .
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But since Rk
µ = O(µβ+ε) and (µ + 1)α − µα = O(µα−1), it follows that

I(3)m (α) = O


Rk

0 +

m∑

µ=1

1

µ1+ε


 = O(1), m → ∞.

In a similar way one gets that I
(1)
m (α) as well as I

(2)
m (α) = O(1) when m→ ∞

and, hence, the series (2.4) is |Ek|-summable for each s such that ℜs > β.
Let, conversely, the series (2.4) be |Ek|-summable for s = α < 0, i.e., the

series (2.29) is convergent. Then, taking into consideration that

(µ + ν + 1)α =
1

(µ+ ν + 1)−α
=

1

Γ(−α)

∫
∞

0
t−α−1e−(µ+ν+1)t dt,

one gets that

Ak
n =

n∑

ν=0

(
n

ν

)(
q

q + 1

)n−ν

Ak
ν(−α)

n−ν∑

µ=0

(−1)µ
(
n− ν

µ

)
(µ+ ν + 1)α

=

n∑

ν=0

(
n

ν

)(
q

q + 1

)n−ν

Ak
n(−α)bn,ν(α),

where

bn,ν(α) =
1

Γ(−α)

∫
∞

0
t−α−1e−(ν+1)t(1 − e−t)n−ν dt.

Hence,

λ∑

n=m

|Ak
n| ≤

λ∑

n=m

n∑

ν=0

(
n

ν

)(
q

q + 1

)n−ν

|Ak
ν(−α)|bn,ν(α)

<

λ∑

n=m

m∑

ν=0

(
n

ν

)(
q

q + 1

)n−ν

|Ak
ν(−α)|bn,ν(α)

+

λ∑

n=m

λ∑

n=ν

(
n

ν

)(
q

q + 1

)n−ν

|Ak
ν(−α)|bn,ν(α)

= J
(1)
m,λ(α) + J

(2)
m,λ(α).

But

Bν,λ(α) =
λ∑

n=ν

(
n

ν

)(
q

q + 1

)n−ν

bn,ν(α)
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=
1

Γ(−α)

λ∑

n=ν

(
n

ν

)(
q

q + 1

)n−ν ∫ ∞

0
t−α−1e−(ν+1)t(1 − e−t)n−ν dt

<
1

Γ(−α)

∫
∞

0
t−α−1e−(ν+1)t

∞∑

τ=0

(
ν + τ

τ

)(
q

q + 1

)τ

(1 − e−t)τ dt

=
1

Γ(−α)

∫
∞

0
t−α−1e−(ν+1)t

(
1 − q

q + 1
(1 − e−t)

)
−ν−1

dt

=
1

Γ(−α)

∫
∞

0
t−α−1

(
q + 1

q + et

)ν+1

dt

whence
lim sup
λ→∞

Bν,λ(α) ≤ Bν(α),

where

Bν(α) =
1

Γ(−α)

∫
∞

0
t−α−1

(
q + 1

q + et

)ν+1

dt.

Since

J
(2)
m,λ(α) =

λ∑

ν=m

|Ak
ν(−α)|Bν,λ(α)

and the series
∑

∞

ν=0 |Ak
ν(−α)| is convergent, it follows that

J (2)
m (α) = lim

λ→∞

J
(2)
m,λ(α) ≤

∞∑

ν=m

|Ak
ν(−α)|Bν(α).

Let Sk
ν (−α) = |Ak

0(−α)|+Ak
1(−α)+· · ·+|Ak

ν(−α)|, then |Ak
ν(−α)| = Sk

ν (−α)−
Sk
ν−1(α), ν = 1, 2, . . . and hence

∞∑

ν=m

|Ak
ν(−α)|Bν(α) = Sk

m(−α)Bm(α) −
∞∑

ν=m−1

Sk
ν (α)(Bν(α) −Bν+1(α)).

But the sequence {Bν(α)}∞ν=0 is decreasing and, moreover,

Bm(α) = O

(∫
∞

0
t−α−1e−(m+1)t) dt

)
= O(mα), m→ ∞,

i.e.,
∞∑

ν=m

|Aν(−α)|Bν(α) = O(mα), m→ ∞
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which yields that J
(2)
m (α) = O(mα), m→ ∞.

It remains
J
(1)
m,λ(α)

=
λ∑

n=m

m∑

ν=0

(
n

ν

)(
q

q + 1

)n−ν

|Ak
ν(−α)| =

m∑

ν=0

|Ak
ν(−α)|G(ν)

m,λ(α),

where

G
(ν)
m,λ(α) =

λ∑

n=m

(
n

ν

)(
q

q + 1

)n−ν

bn,ν(α),

to be studied. Since (1 − e−t)
q

q + 1
≤ q

q + 1
, from

G
(ν)
m,λ(α)

=
1

Γ(−α)

∫
∞

0
t−α−1e−(ν+1)t

λ∑

n=m

(
n

ν

)(
q

q + 1

)n−ν

(1 − e−t)n−ν dt

it follows that there exists

G(ν)
m (α) = lim

λ→∞

G
(ν)
m,λ(α)

=
1

Γ(−α)

(
q

q + 1

)m−ν ∫ ∞

0
t−α−1e−(ν+1)t(1 − e−t)m−νHm,ν(t) dt,

where

Hm(t) =

∞∑

τ=0

(
m+ τ

τ

)(
q

q + 1

)τ

(1 − e−t)τ , 0 ≤ t <∞,

and hence, there also exists

J (1)
m (α) = lim

λ→∞

J
(1)
m,λ(α) =

m∑

ν=0

|Ak
ν(−α)|G(ν)

m (α).

Further, if z = (1 − e−t)
q

q + 1
, then

(
q

q + 1

)m−ν

(1 − e−t)m−νHm(t)

=
∞∑

τ=0

(
m+ τ

τ

)
zm−ν+τ =

∞∑

τ=m−ν

(
τ + ν

τ

)
zτ

and, as in the proof of Theorem 6, one gets that J
(1)
m (α) = O(mα), m→ ∞.
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Theorem 14. The inequalities ek ≤ ek ≤ ek + 1 hold true.

The left inequality one is evident. In order to prove the right one, it is
sufficient to establish that if the series (2.4) is Ek-summable for some s = s0,
then it is |Ek|-summable for s = s0 +α,α >. It may be assumed that s0 = 0 and
in such a case the change of α by −α immediately gives the representation

Ak
n(α)

=
1

Γ(α)

n∑

µ=0

(
n

µ

)
Ak

µ

∫
∞

0
tα−1e(−(µ+ 1)t)zn−µ dt z = (1 − e−t)

q

q + 1
·

Since the sequence {Ak
n}∞n=0 tends to zero,

|Ak
n(α)| ≤ K

n∑

µ=0

∫
∞

0
tα−1e−(µ+1)tzn−µ dt

= K

∫
∞

0
tα−1e−t(e−t + z)n dt = K

∫
∞

0
tα−1e−t

(
q + e−t

q + 1

)n

dt.

But ∫
∞

0
tα−1e−t

(
q + e−t

q + 1

)n

dt = O(n−α), n→ ∞,

hence the series
∑

∞

n=0 |Ak
n(α)| is convergent for each α > 1. In fact, a more

general theorem is established, namely:

Theorem 15. If the sequence {|Ak
n(s0)|}∞n=0 is bounded, then the series (2.4)

is |Ek|-summable for each s such that ℜs > ℜs0 + 1,

3. Summation of factorial series

The general form of these series is

(3.1) a0 +

∞∑

ν=1

aν
(s+ 1)(s + 2) . . . (s+ ν)

,

s ∈ C \ Z−, Z− = {−1,−2,−3, . . . }.
Let

n∑

n=0

Ak
n(s)
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be the Ek-transform of the series (3.1), i.e.,

Ak
n(s) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−ν aν

(s+ 1)(s + 2) . . . (s+ ν)
,

n = 1, 2, 3, . . . , Ak
0(s) = a0.

A basic result for the Ek-summation of the series (3.1) is the following theo-
rem:

Theorem 16. Let the series (3.1) be Ek-sumable for some s = s0, i.e., the
series

∞∑

n=0

Ak
n(s0)

is convergent. Then, it is Ek-summable for each s ∈ C \ Z− such that ℜs > ℜs0
and its Ek-sum is a function f(s) holomorphic in the region H(s0; s) = {s : ℜs >
ℜs0} \ Z− with possible poles at the points of the set Z−. Moreover, if ℜs0 ≥ 0,
then

(3.2) f(s) =
Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

∞∑

µ=0

Sk
µ(s0)Tµ(s0; s),

Tµ(s0; s) =

∫ 1

0
ts−s0(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
,

where

Sk
µ(s0) =

µ∑

ν=0

Ak
ν(s0).

If ℜs0 < 0, then

f(s) =

p−1∑

ν=0

aν
(s+ 1)(s + 2) . . . (s+ ν)

+
Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

∞∑

µ=0

Sk
µ,p(s0)Tµ,p(s0; s),

Tµ,p(s0; s) =

∫ 1

0
ts−s0(1 − t)µ+s0+p

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
,



66 N. Obrechkoff

where p is a positive integer greater than −ℜs0,

Sk
µ,p(s0) =

µ∑

ν=0

Ak
ν,p(s0)

and

Ak
ν,p(s0) =

1

(q + 1)ν+1

ν∑

τ=0

qν−τ

(
ν

τ

)
aτ+p

(s0 + 1)(s0 + 2) . . . (s0 + τ + p)
.

Let ℜs > ℜs0 ≥ 0 and let as before

b0(s) = a0, bν(s) =
aν

(s+ 1)(s + 2) . . . (s + ν)
, ν ≥ 1.

If

λ0(s0; s) = 1, λν(s0; s) =
(s0 + 1)(s0 + 2) . . . (s0 + ν)

(s+ 1)(s + 2) . . . (s+ ν)
, ν ≥ 1,

then the series (3.1) can be written in the form

(3.3)

∞∑

ν=0

bν(s0)λν(s0; s).

If
∑

∞

n=0A
k
n(s) is the Ek-transform of the series (3.1), then as before

(3.4) Ak
n(s) =

n∑

µ=0

Ak
µ(s0)

(
q

q + 1

)n−µ(n
µ

)
∆n−µλµ(s0; s).

But

λµ+1(s0; s) = λµ(s0; s)
s0 + µ+ 1

s+ µ+ 1
,

∆λµ(s0; s) = λµ(s0; s) − λµ+1(s0; s) = λµ(s0; s)(s0, s)
s− s0

s+ µ+ 1
,

∆2λµ(s0; s) = ∆λµ(s0; s) − ∆λµ+1(s0; s) = λµ(s0; s)
(s − s0)(s− s0 + 1)

(s + µ+ 1)(s + µ+ 2)
,

. . . . . . . . . . . . . . . . . .

∆νλµ(s0; s) = λµ(s0; s)
(s − s0)(s− s0 + 1) . . . (s− s0 + ν − 1)

(s+ µ+ 1)(s + µ+ 2) . . . (s+ µ+ k)
.
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If d = s− s0, then

∆n−µλµ(s0; s) =
d(d+ 1) . . . (d+ n− µ− 1)(s0 + 1)(s0 + 2) . . . (s0 + µ)

(s+ 1)(s + 2) . . . (s+ n)

=
Γ(d+ n− µ)Γ(s0 + µ+ 1)Γ(s + 1)

Γ(d)Γ(s0 + 1)Γ(s + n+ 1)

and since

∆n−µλµ(s0; s) =
Γ(s+ 1)

Γ(d)Γ(s0 + 1)

∫ 1

0
td+n−µ−1(1 − t)s0+µ dt, µ = 0, 1, 2, . . . , n,

it follows that

Ak
n(s)

=
Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

n∑

µ=0

Ak
µ(s0)

(
q

q + 1

)n−µ(n
µ

)∫ 1

0
td+n−µ−1(1 − t)s0+µ dt.

Further,

Sk
m(s) =

m∑

n=0

Ak
n(s)

Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

m∑

µ=0

Ak
µ(s0)lm,µ(s0; s),

where

lm,µ(s0; s) =

m−µ∑

τ=0

(
q

q + 1

)τ (µ+ τ

µ

)∫ 1

0
td+τ−1(1 − t)s0+µ dt.

If µ is fixed, then
lµ(s0; s) = lim

m→∞

lm,µ(s0; s)

=

∞∑

τ=0

(
q

q + 1

)τ (µ+ τ

µ

)∫ 1

0
td+τ−1(1 − t)s0+µ dt

=

∫ 1

0
td−1(1 − t)s0+µ

(
q + 1

q + 1 − qt
qq

)µ+1

dt.

For Sk
m(s) it holds that

Sk
m(s) =

m−1∑

µ=0

Sk
µ(s0)hm,µ(s0; s) + Sk

m(s0)lm,m(s0; s),
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where

hm,µ(s0; s) = lm,µ(s0; s) − lm,µ+1(s0; s), µ = 0, 1, 2, . . . ,m− 1.

It is easily seen that

lim
m→∞

Sk
m(s0)lm,m(s0; s) = 0

as well as that

hµ(s0; s) = lim
m→∞

hm,µ(s0; s) = lµ(s0; s) − lµ+1(s0; s)

=

∫ 1

0
td−1(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
.

Further, it holds the representation

lm,µ(s0; s) =

∫ 1

0
td−1(1 − t)µ+s0Pm,µ(ζ) dt, ζ =

qt

q + 1
, 0 < t < 1,

where

Pm,µ(ζ) =

m−µ∑

ν=0

(
µ+ ν

µ

)
ζν, µ = 0, 1, 2, . . . ,m.

But

Pm,µ(ζ) = −
µ∑

ν=1

(
m+ 1

ν

)
ζm+1−ν

(1 − ζ)µ−ν+1

and since

hm,µ(s0; s) =

∫ 1

0
td−1(1 − t)µ+s0{Pm,µ(ζ) − (1 − t)Pm,µ+1(ζ)} dt,

it follows that

hm,µ(s0; s) = − 1

q + 1

∫ 1

0
td−1(1 − t)µ+s0

µ∑

ν=0

(
m + 1

ν

)
ζm+1−ν

(1 − ζ)µ+2−ν
dt

+

(
m+ 1

µ+ 1

)∫ 1

0
td−1(1 − t)µ+1+s0 ζ

m−µ

1 − ζ
dt, µ = 0, 1, 2, . . . ,m− 1.
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Then, in a way analogous to that already used by treating Dirichlet’s series,
one can prove that

m−1∑

µ=0

|hm,µ(s0; s)| = O(1), m→ ∞,

for each s such that ℜs > ℜs0 and thus it is established that the sequence
{Sk

m(s)}∞m=0 tends to the right-side of the equality (3.2) under the same condition
on s.

Since
∞∑

µ=0

(
(1 − t)(q + 1)

q + 1 − qt

)µ+1

=
q + 1 − qt

t
, 0 < t < 1,

it follows that

∞∑

µ=0

Sk
µ(s0)

∫ 1

0
ts−s0(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt

= F k(s0; s) +Gk(s0; s),

where

F k(s0; s) = Sk(s0)

∫ 1

0
ts−s0−1(1 − t)s0

q + 1

q + 1 − qt
dt,

Sk(s0) =
∞∑

n=0

Ak
n(s0),

Gk(s0; s) =
∞∑

µ=0

εk(s0)

∫ 1

0
ts−s0(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
,

εkµ(s0) = Sk
µ(s0) − Sk(s0).

It is clear that whatever δ > 0 may be, the integral defining F k(s0; s)
is absolutely uniformly convergent on the closed half-plane H̃δ(s0; s) = {s :
ℜ(s − s0) ≥ δ, s /∈ Z

−}, i.e., it defines a function holomorphic in the half-plane
H̃(s0; s) = {s : ℜ(s− s0) > 0}.

Further, if ε > 0, then there exists N = N(ε) ∈ N such that |εkµ(s0)| ≤ ε, µ ≥
N and the inequality

∣∣∣∣
∞∑

µ=N

εkµ(s0)

∫ 1

0
ts−s0(1 − t)µ+s0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt

∣∣∣∣
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≤ ε

∫ 1

0
tσ−σ0(1 − t)σ0

q + 1

q + 1 − qt
, σ = ℜs, σ0 = ℜs0,

yields that the series defining Gk(s0, s) is uniformly convergent in each of the
half-planes H̃δ(s0; s), δ > 0, hence, it also defines a function holomorphic in the
H̃(s0; s). Therefore, since ℜs0 ≥ 0, the function f defined by the equality (3.2)
is holomorphic in this half-plane.

Let now ℜs0 < 0, then the series (3.1) can be written as follows

p−1∑

ν=0

aν
(s+ 1) . . . (s+ ν)

+

∞∑

ν=p

bν(s0)
(s0 + 1) . . . (s0 + p)

(s+ 1) . . . (s+ p)
· (s0 + p+ 1) . . . (s0 + p+ ν)

(s+ p+ 1) . . . (s+ p+ ν)
,

where p is a positive integer greater than −ℜs0. If bp+ν(s) = cν(s), s0 + p =
u0, s+ p = u, then the latter series takes the form

p−1∑

ν=0

aν
(s+ 1) . . . (s+ ν)

+
(s0 + 1) . . . (s0 + p)

(s+ 1) . . . (s+ p)

∞∑

ν=0

cν(s0)
(u0 + 1) . . . (u0 + ν)

(u+ 1) . . . (u+ ν)
.

The series

(3.5)
∞∑

ν=0

cν(s0)
(u0 + 1) . . . (u0 + ν)

(u+ 1) . . . (u+ ν)

is Ek-summable for u = u0 and if

Ak
n,p(s0) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νcν(s0), S

k
n,p(s0) =

n∑

ν=0

Ak
n,p(s0),

then by the first part of the theorem the series (3.5) is Ek-summable for each u
such that ℜu > ℜu0 with sum

Γ(u+ 1)

Γ(u− u0)Γ(u0 + 1)

∞∑

µ=0

Sk
µ,p

∫ 1

0
tu−u0(1 − t)µ+u0

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
·
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Since
(s0 + 1) . . . (s0 + p)

(s+ 1) . . . (s+ p)
=

Γ(s0 + p+ 1)

Γ(s0 + 1)
· Γ(s+ 1)

Γ(s+ p+ 1)
,

it follows that the series (3.1) is Ek-summable for each s such that ℜs > ℜs0
with the sum

f(s) =

p−1∑

ν=0

aν
(s+ 1) . . . (s+ ν)

+
Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

∞∑

µ=0

Sk
µ,pTµ,p(s0; s),

Tµ.p(s0; s) =

∫ 1

0
ts−s0(1 − t)µ+s0+p

(
q + 1

q + 1 − qt

)µ+1 dt

q + t− qt
·

A consequence of the theorem just proved is that there exists a number fk
with the property that the series (3.1) is Ek-summable if ℜs > fk and it is not
Ek-summable when ℜs < fk. This number is called abscissa of Ek-summability
for the series (3.1). Let Ak

n = Ak
n(0), n = 0, 1, 2, . . . , then it holds the following

theorem:

Theorem 17. If fk ≥ 0, then

(3.6) fk = lim sup
n→∞

log |Ak
0 +Ak

1 + · · · +Ak
n|

log(n+ 1)
.

Let α be the right-hand side of (3.6) and let suppose that α ∈ [0,∞). If
ε > 0, then

|Ak
0 +Ak

2 + · · · +Ak
n| = O((n + 1)α+ε), n→ ∞,

i.e., there exists K = K(ε) > 0 such that

|A0 +Ak
1 + · · · +Ak

n| ≤ K(n+ 1)α+ε, n = 0, 1, 2, . . . .

Let further

λν(s) =
ν!

(s+ 1) . . . (s+ ν)
, ν = 0, 1, 2, . . . ,

then it holds a representation similar to (3.5), namely

Ak
n(s) =

n∑

µ=0

Ak
µ

(
n

µ

)(
q

q + 1

)n−µ

∆n−µλµ(s),
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and moreover,

∆n−µλµ(s) = s

∫ 1

0
ts−1+n−µ(1 − t)µ dt,

provided that ℜs > 0. If Sk
m =

∑m
µ=0A

k
µ, then

Sk
m(s) =

m∑

µ=0

Ak
µ(s) =

m∑

µ=0

Ak
µlm,µ(s) = s

m−1∑

µ=0

Sk
µhm,µ(s) + sSk

mlm,m(s),

hm,µ(s) = lm,µ(s) − lm,µ+1(s), µ = 0, 1, 2, . . . ,m− 1,

where

lm,µ(s) =

∫ 1

0
ts−1(1 − t)µ

m−µ∑

ν=0

ζν dt, ζ =
qt

q + 1
.

Since Sk
m = O(mα+ε),

Sk
mlm,m(s) = O

(
mα+ε

∫ 1

0
ts−1(1 − t)m dt

)

= O

(
mα+εΓ(s)Γ(m+ 1)

Γ(s+m+ 1)

)
= O(mα+εm−s) = o(1), m→ ∞.

If µ is fixed, then

lim
m→∞

lm,µ(s) = lµ(s) =

∫ 1

0
ts−1(1 − t)µ

(
q + 1

q + 1 − qt

)µ+1

dt,

and hence

lim
m→∞

hm,µ(s) = hµ(s) =

∫ 1

0
ts(1 − t)µ

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
.

The series
∑

∞

µ=0 hµ(s) is convergent for each s > α + ε. Indeed, if µ ≥ 1,
then

hµ(s) =

∫ 1

0
ts−1(1 − t)µ−1Rµ(t)

dt

q + 1 − qt
,

where

Rµ(t) = t(1 − t)

(
q + 1

q + 1 − qt

)µ+1

, 0 ≤ t ≤ 1.
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An elementary calculation gives that the rational function Rµ has its maxi-
mum in the interval (0,1) at a point tµ = O(µ−1). Moreover, Rµ(tµ) ∼ Kµ−1, K =
Const. and hence,

hµ(s) = O

(
µ−1

∫ 1

0
ts−1(1 − t)µ−1 dt

)

= O

(
µ−1Γ(s)Γ(µ)

Γ(s+ µ)

)
= O(µ−s−1), µ→ ∞,

whence it immediately follows that the series

∞∑

µ=0

Sk
µhµ(s)

is absolutely convergent for each s > α+ε, since it is majorized by the convergent
series

∞∑

µ=0

(µ+ 1)α+ε|hµ(s)|.

Then, in order to establish the Ek-summability of the series (3.1) for s > α+ε,
one has to prove that

lim
m→∞

m−1∑

µ=0

Sk
µhm,µ(s) =

∞∑

µ=0

Sk
µhµ(s).

To that end it is sufficient to show that

Tm(s) =

m−1∑

µ=0

(µ + 1)α+ε|hm,µ(s)| = O(1), m → ∞.

But

hm,µ(s) = − 1

q + 1

∫ 1

0
ts(1 − t)µ

µ∑

ν=0

ζm−ν+1

(1 − ζ)µ−ν+1
dt

+

(
m+ 1

µ+ 1

)∫ 1

0
ts−1(1 − t)µ+1 ζ

m−µ

1 − ζ
dt = Am,µ(s) +Bm,µ(s),

and hence

Tm(s) ≤
m−1∑

µ=0

(µ + 1)α+ε|Am,µ(s)| +

m−1∑

µ=0

(µ+ 1)α+ε|Bm,µ(s)|
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= Am(s) + Bm(s).

Further,

Bm(s) ≤ (m + 1)α+ε

∫ 1

0
ts−1

m−1∑

µ=0

(
m + 1

µ+ 1

)
(1 − t)µ+1 z

m−µ

1 − z
dt

≤ (m + 1)α+ε(q + 1)

∫ 1

0
ts−1(1 − t+ z)m+1 dt

= (m+ 1)α+ε(q + 1)

∫ 1

0
ts−1

(
1 − t

q + 1

)m+1

dt.

The change of the variable t by
t

m+ 1
yields that

Bm(s) < (m + 1)α+ε−s(q + 1)

∫ m+1

0
ts−1

(
1 − t

(q + 1)(m + 1)

)m+1

dt

< (m+ 1)α+ε−s(q + 1)

∫ m+1

0
ts−1e−t/(q+1) dt,

i.e.,

Bm(s) < (m+ 1)α+ε−s(q + 1)

∫
∞

0
ts−1e−t/(q+1) dt = o(1), m→ ∞,

since s > α+ ε.
For Am(s) one gets that

Am(s) ≤
∫ 1

0
ts

m−1∑

µ=0

(µ + 1)α+ε(1 − t)µ
µ∑

ν=0

(
m+ 1

ν

)
ζm+1−ν

(1 − ζ)µ+2−ν
dt

<

∫ 1

0
ts

m+1∑

ν=0

(
m+ 1

ν

)
ζm+1−νzν

(1 − ζ)2

∞∑

µ=0

(µ+ 1)α+ε

(
1 − t

1 − ζ

)µ

dt

≤ K1

∫ 1

0

ts
(

1 − 1 − t

1 − ζ

)α+ε+1

dt

(1 − z)2

≤ K2

∫ 1

0
ts−α−ε−1(q + 1 − qt)α+ε+1 dt

(1 − ζ)2
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≤ K3(q + 1)α+ε+1

∫ 1

0
ts−α−ε−1 dt

= K3
(q + 1)α+ε+1

s− α− ε,
Kj = Const., j = 1, 2, 3,

and thus it is established that the sequence {Am(s)}∞m=1 is bounded.
Let now the series (3.1) be Ek-summable for s = α > 0, i.e., the series∑

∞

n=0A
k
n(α) is convergent. If

aν(α) =
aν

(α+ 1)(α + 2) . . . (α+ ν)
=

Γ(α+ 1)anu

Γ(ν + α+ 1)
, ν = 0, 1, 2, . . . ,

bν(α) =
(α+ 1)(α + 2) . . . (α+ ν)

ν!
=

Γ(ν + α+ 1)

Γ(α+ 1)Γ(ν + 1)
, ν = 0, 1, 2, . . . ,

then the series
∞∑

ν=0

aν
ν!

can be written in the form
∞∑

ν=0

aν(α)bν(α),

which leads to the representation

Ak
n =

n∑

µ=0

Ak
µ(α)

(
n

µ

)(
q

q + 1

)n−µ

∆n−µbµ(α).

Further,
∆n−µbµ(α)

=
1

n!
(−α)(−α+ 1) . . . (−α+ n− µ− 1)(α + 1)(α + 2) . . . (α+ µ)

=
Γ(−α+ n− µ)Γ(α+ µ+ 1)

Γ(−α)Γ(α+ 1)Γ(n + 1)

and if µ < n− α, then

∆n−µbµ(α) =
1

Γ(−α)Γ(α+ 1)

∫ 1

0
t−α+n−µ−1(1 − t)µ+α dt.

Let p be a integer such that α < p ≤ α+ 1, then

Ak
n = Kn(α) + Ln(α),
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where

Kn(α) =

n−p∑

µ=0

Ak
µ(α)

(
n

µ

)(
q

q + 1

)n−µ

∆n−µbµ(α)

and

Ln(α) =
n∑

µ=n−p+1

Ak
µ(α)

(
n

µ

)(
q

q + 1

)n−µ

bµ(α).

If

Km(α) =

m∑

n=p

Kn(α),

then
Γ(−α)Γ(α+ 1)Mm(α)

=

m−p∑

µ=0

Ak
µ(α)

m∑

n=µ+p

(
n

µ

)(
q

q + 1

)n−µ ∫ 1

0
t−α−1+n−µ(1 − t)µ+α dt

and hence,

Km(α) =
1

Γ(−α)Γ(α + 1)
Ak

µ(α)lm,µ(α),

where

lm,µ(α) =

m−µ∑

ν=p

(
µ+ ν

µ

)∫ 1

0
t−α−1(1 − t)µ+αζν dt, ζ =

qt

q + 1
.

Since
m−µ∑

ν=p

(
µ+ µ

µ

)
ζν

= −
µ∑

ν=0

(
m+ 1

ν

)
ζm+1−ν

(1 − ζ)µ+1−ν
+

µ∑

ν=0

(
µ+ p

ν

)
ζµ+p−ν

(1 − ζ)µ+1−ν
,

it follows that lm,µ(α) = l
(1)
m,µ(α) − l

(2)
m,µ(α), where

l(1)m,µ(α) = −
µ∑

ν=0

(
m+ 1

ν

)∫ 1

0
t−α−1(1 − t)µ+α ζm+1−ν

(1 − ζ)µ+1−ν
dt,

l(2)m,µ(α) =

µ∑

ν=0

(
µ+ p

ν

)∫ 1

0
t−α−1(1 − t)µ+α ζµ+p−1

(1 − ζ)µ+1−ν
dt.
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Then,

Km(α) =
1

Γ(−α)Γ(α+ 1)




m−p∑

µ=0

Ak
µ(α)l(1)m,µ(α) −

m−p∑

µ=0

Ak
µ(α)l(2)m,µ(α)




= K(1)
m (α) −K(2)

m (α),

where

K(1)
m (α) =

1

Γ(−α)Γ(α+ 1)




m−µ−1∑

µ=0

Sµ(α)h(1)m,µ(α) + Sm−p(α)l
(1)
m,m−p(α)


 ,

K(2)
m (α) =

1

Γ(−α)Γ(α + 1)




m−p−1∑

µ=0

Sµ(α)h(2)m,µ(α) + Sm−p(α)l
(2)
m,m−p(α)


 ,

h(j)m,µ(α) = l(j)m,µ(α) − l
(j)
m,µ+1(α), j = 1, 2, µ = 0, 1, 2, . . . ,m− p− 2 .

Further,

Sk
m−p(α)l

(1)
m,m−p(α) + Sk

m−p(α)l
(2)(α)
m,m−p = Sk

m−p(α)lm,m−p(α)

= Sk
m−p(α)

(
m

p

)(
q

q + 1

)p ∫ 1

0
tp−α−1(1 − t)m−p+α dt

= O(mα)

∫ 1

0
tp−α−1(1 − t)m−p+α dt

= O

(
mpΓ(p− α)Γ(m− p+ α− 1)

Γ(m+ 1

)
= O(mα).

Since

hm,µ(α) = − 1

q + 1

µ∑

ν=0

(
m+ 1

ν

)∫
t−α(1 − t)µ+α ζm+1−ν

(1 − ζ)µ+2−ν
dt

+

(
m+ 1

µ+ 1

)∫ 1

0
t−α−1(1 − t)µ+α ζ

m−µ

1 − ζ
dt = −Um,µ(α) + Vm,µ(α),

it follows that
m−p−1∑

µ=0

Sk
µ(α)hm,µ(α) = Um(α) + Vm(α),
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where

Um(α) = −
m−p−1∑

µ=0

Um,µ(α), Vm(α) =

m−p−1∑

µ=0

Vm,µ(α).

Then,

|Vm(α)| ≤ K1

m−p∑

ν=1

(
m+ 1

ν

)∫ 1

0
t−α−1(1 − t)ν+αζm+1−ν dt

≤ K1m
p+1

m−p∑

ν=0

(
m− p

ν

)∫ 1

0
t−α−1(1 − t)ν+αζm−p−νζp+1 dt

≤ K2m
p+1

∫ 1

0
tp−α(ζ + 1 − t)m−p(1 − t)α dt

≤ K3m
p+1

∫ 1

0
tp−α

(
1 − t

q + 1

)m−p

dt

= K3
mp+1

(m− p)p+1−α

∫ m−p

0
tp−α

(
1 − t

(q + 1)(m − p)

)m−p

dt

= O

(
mα

∫
∞

0
tp−αe−t/(q+1) dt

)
= O(mα).

Further,

|Um(α)| ≤ K

∫ 1

0
t−α(1 − t)α

m−p−1∑

µ=0

µ∑

ν=0

(
m+ 1

ν

)
(1 − t)µζm+1−ν

(1 − ζ)µ+2−ν
dt

= K

∫ 1

0
t−α(1 − t)α

m−p−1∑

ν=0

(
m+ 1

ν

)
ζm+1−ν

(1 − ζ)2−ν

m−p−1∑

µ=ν

(
1 − t

1 − ζ

)µ

dt

< K

∫ 1

0
t−α(1 − t)α

m−p−1∑

ν=0

(
m+ 1

ν

)
ζm+1−ν

(1 − ζ)1−ν(t− ζ)

(
1 − t

1 − ζ

)ν

dt

= K(q + 1)

∫ 1

0
t−α−1(1 − t)α

m−p−1∑

ν=0

(
m+ 1

ν

)
ζm+1−ν(1 − t)ν

dt

1 − ζ

≤ K1m
p+1

∫ 1

0
t−α−1ζp+2(1 − t)α

m−p−1∑

ν=0

(
m− p− 1

ν

)
ζm−p−1−ν(1 − t)ν dt
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= K1

(
q

q + 1

)p+2

mp+2

∫ 1

0
tp+1−α(1 − t)α(ζ + 1 − t)m−p−1 dt

= O

(
mp+α 1

mp+2−α

)
= O(mα),

and hence, K(1)
m (α) = O(mα).

It remains K(2)
m (α) to be estimated when m→ ∞. To this end one needs the

function

Gp,µ(ζ) =

µ∑

ν=0

ζµ+p−ν

(1 − ζ)µ+1−ν
.

It has the representation

Gp,µ(ζ) =

µ+p∑

ν=0

(
µ+ p

ν

)
ζµ+p−ν

(1 − ζ)µ+1−ν
−

µ+p∑

ν=µ+1

(
µ+ p

ν

)
ζµ+p−ν

(1 − ζ)µ+1−ν

=
1

(1 − ζ)µ+1
−

p−1∑

ν=0

(
µ+ p

p− 1 − ν

)
ζp−1−ν(1 − ζ)ν ,

whence for the function

Fp,µ(ζ) = Gp,µ(ζ) − (1 − t)Gp,µ+1(ζ), t =
q + 1

q
ζ,

it follows that

Fp,µ(ζ) =
ζ

q(1 − ζ)µ+2

−
p−1∑

ν=0

ζp−1−ν(1 − ζ)ν
((

µ+ p

p− 1 − ν

)
−
(
µ+ 1 + p

p− 1 − ν

)(
1 − q + 1

q
ζ

))
.

Further, it holds the representation

Fp,µ(ζ) = Φp,µ(ζ) + Ψp,µ(ζ),

where

Φp,µ(ζ) = O

(
(µ + 1)p−1 ζp

(1 − ζ)µ+p+1

)
, Ψp,µ(ζ) = O((µ + 1)p−1ζp).

Then, since

h(2)µ (α) =

∫ 1

0
t−α−1(1 − t)µ+αΦp,µ(α) dt
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+

∫ 1

0
t−α−1(1 − t)µ+αΨp,µ(α) dt = Ip,µ(α) + Jp,µ(α),

and

|Ip,µ(α)| < K(µ+ 1)p−1

∫ 1

0
tp−α−1(1 − t)µ+α dt

= O

(
µp−1Γ(p− α)Γ(µ + α+ 1)

Γ(p + µ+ 1)

)
= O(µp−1µα−p) = O(µα−1),

as well as

|Jp,µ(α)| ≤ K(µ+ 1)p−1

∫ 1

0
tp−α−1(1 − t)µ+α dt

(1 − ζ)µ+p+1

≤ K1(µ+ 1)p−1

∫ 1

0
tp−α−1

(
(q + 1)(1 − t)

q + 1 − qt

)µ

dt

= K1(µ+ 1)p−1

∫ 1

0
tp−α−1

(
1 − t

q + 1 − qt

)µ

dt

< K1(µ+ 1)p−1

∫
tp−α−1

(
1 − t

q + 1

)µ

dt

= K1(µ+ 1)p−1 1

µp−α

∫ µ

0

(
1 − t

q + 1

)µ

dt

≤ K2µ
α−1

∫
∞

0
tp−α−1e−t/(q+1) dt = O(µα−1),

it follows that
m∑

µ=0

|hm,µ(α)| =

m+1∑

µ=1

O(µα−1) = O(mα).

Further,

Lm(α) =

m∑

µ=0

Lm(α) =

p−1∑

ν=0

(
q

q + 1

)ν m∑

µ=ν

Am
µ−ν

(
µ

ν

)
Ak

µ−ν(α)∆νbµ−ν(α).

Since

∆νbµ−ν(α)

=
1

µ!
(−α)(−α + 1) . . . (−α+ ν − 1)(α + 1)(α + 2) . . . (α+ µ− ν),
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one has that

ν!

(−α)(−α+ 1) . . . (−α+ ν − 1)

m∑

µ=ν

(
µ

ν

)
Ak

µ−ν(α)∆νbµ−ν(α)

m∑

µ=ν

Ak
µ−ν(α)

(α + 1)(α + 2) . . . (α+ µ− ν)

(µ − ν)!

=
m∑

µ=ν

Ak
µ−ν(α)bµ−ν(α) =

m−ν∑

µ=0

Ak
µ(α)bµ(α)

= Sk
m−ν(α)bµ(α) +

m−ν−1∑

µ=0

Sk
µ(α)(bµ(α) − bµ+1(α)).

Since bµ(α) = O(µα) and

bµ(α) − bµ+1(α) =
Γ(µ+ α+ 1)

Γ(α+ 1)Γ(µ + 1)
− Γ(µ+ α+ 2)

Γ(α+ 1)Γ(µ + 2)

=
Γ(µ+ α+ 1)

Γ(α+ 1)Γ(µ + 1)

(
1 − µ+ α+ 1

µ+ 1

)
= O(µα−1),

it follows that

Lm(α) = O(mα) +
m−ν∑

µ=1

O(µα−1) = O(µα)

and thus the proof of Theorem 17 is completed.

Theorem 18. If fk < 0, then

fk = lim sup
n→∞

log |An +An+1 + . . .|
log(n+ 1)

·

Let
|An +An+1 + . . . | ≤ K(n+ 1)α,

where α < 0 and n > N = N(α) ∈ N.
For the terms {Ak

n(s)}∞n=0 of the Ek-transform of the series (3.1) for s > α it
holds the representation

Ak
n(s) = cn(s)

n∑

µ=0

An

(
q

q + 1

)n−µ

bn−µ(s),
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where

cn(s) = (bn(s))−1 =
Γ(s+ 1)Γ(n + 1)

Γ(n+ s+ 1)
, g =

q

q + 1
.

Then

Sk
m(s) =

m∑

n=0

Ak
n(s) =

m∑

µ=0

Tm.µ(s),

where

Tm,µ(s) =

m−µ∑

ν=0

cµ+ν(s)

(
q

q + 1

)ν

bν(s− 1).

The validity of equality

lim
m→∞

Tm,µ(s) = Tm(s) =

∞∑

ν=0

cµ+ν(s)

(
q

q + 1

)ν

bν(s− 1)

for µ = 0, 1, 2, . . . is a consequence of that fact that the series on its right-hand
side is convergent for each fixed µ.

If
Rµ = Ak

µ +Ak
µ+1 + . . . ,

then

Sk
m(s) =

m∑

µ=0

(Rµ −Rµ+1)Tm,µ(s)

=
m∑

µ=1

Rm(Tm,µ(s) − Tm,µ−1(s)) +R0Tm,0(s) −Rm+1Tm,m(s),

where

Tm,0(s) =
m∑

ν=0

cν(s)

(
q

q + 1

)ν

bν(s− 1), Tm,m(s) = cm(s).

Since Rm+1 = O(mα), cm(s) = O(m−s) when m→ ∞ and moreover α− s <
0, it follows that limm→∞Rm+1Tm,m(s) = 0.

Further,
Tm,µ(s) − Tm,µ−1(s)

=

m−µ∑

ν=0

(cµ+ν(s) − cµ+ν−1(s))

(
q

q + 1

)ν

bν(s− 1)

−cm(s)

(
q

q + 1

)m−µ+1

bm−µ+1(s− 1) = T (1)
m,µ(s) − T (2)

m,µ(s),
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whence

Im(s) =
m−1∑

µ−1

Rµ(Tm,µ(s) − Tm,µ−1(s))

=
m−1∑

µ=1

RµT
(1)
m,µ(s) −

m−1∑

µ=1

RmT
(2)
m,µ(s)

= I(1)m (s) − I(2)m (s).

Further,

|I(2)m (s)| ≤
[m/2]∑

µ=1

|Rµ||T (1)
m,µ(s)| +

m−1∑

µ=[m/2]+1

|Rµ||T (2)
m,µ(s)|,

[m/2]∑

µ=1

|Rµ||T (1)
m,µ(s)| ≤ K1m

−s

[m/2]∑

µ=1

µα
(

q

q + 1

)m−µ+1

|bm−µ+1(s)|

and since
q

q + 1
< 1, it follows that

[m/2]∑

µ=1

|Rµ||T (1)(s)
m,µ | ≤ K1m

−s

[m/2]∑

µ=1

µα
(

q

q + 1

)m−µ+1

|bm−µ+1(s − 1)|

≤ K2m
−s

(√
q

q + 1

)m+1−[m/2] m−1∑

µ=1

(√
q

q + 1

)m−µ+1

|bm−µ+1(s− 1)| = o(1),

as well as

m−1∑

µ=[m/2]+1

|Rµ||T (2)
m, u(s)| ≤ Km−s

(m
2

)α m−1∑

µ=1

1

(m− µ)1−s
= o(1),

i.e., I
(2)
m (s) = o(1), m→ ∞.

Further,

(3.7) lim
m→∞

I(1)m (s) =

∞∑

µ=1

Rµ(T (1)
m,µ(s) − T (2)

m,µ(s)).

Indeed,

cµ+ν(s) − cµ+ν−1(s) = cµ+ν−1(s)
s

µ+ ν + s
,
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whence

|T (1)
m,µ(s)| ≤ K

m−µ∑

ν=0

1

(µ− ν)s+1

(
q

q + 1

)ν

|bν(s − 1)|.

If s+ 1 > 0, then

|Tm,µ(s)| ≤ K1µ
−s−1

m−µ∑

ν=0

(
q

q + 1

)ν

|bν(s − 1)| ≤ K2µ
−s−1.

Let s+ 1 ≤ 0, then since µ+ ν ≤ µ(ν + 1), it follows that

|T (1)
m,µ(s)| ≤ K3µ

−s−1
m−µ∑

ν=0

(ν + 1)−s−1

(
q

q + 1

)ν

|bν(s− 1)| ≤ K4µ
−s−1

and hence,

|T (1)
m,µ(s)| = O

(
1

µs−α+1

)
, µ→ ∞.

In the same way one gets that the series

∞∑

µ=1

RµT
(2)
m,µ(s)

is majorized by an absolutely convergent series and thus the equality (3.7) is
established.

Let now the series (3.1) be Ek-summable for s = α < 0. Then,

Ak
n =

n∑

µ=0

(
n

µ

)
Ak

µ(α)

(
q

q + 1

)n−µ

∆n−µbµ(α)

= c(α)

n∑

µ=0

Ak
µ(α)

(
q

q + 1

)n−µ

bn−µ(−α− 1)bµ(α), c(α) =
1

Γ(−α)Γ(α + 1)
,

and hence,

Jm,N (α)

=

N∑

n=m

Ak
n = c(α)

n∑

µ=0

N∑

n=µ

Ak
n(α)

(
q

q + 1

)n−µ

bn−µ(−α− 1)bµ(α)
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+c(α)
N∑

µ=m

N∑

n=µ

Ak
µ(α)

(
q

q + 1

)n−µ

bn−µ(−α− 1)bµ(α)

= J
(1)
m,N (α) + J

(2)
m,N (α).

Evidently,

lim
N→∞

J
(1)
m,N (α) = J (1)

m (α)

= c(α)
m∑

µ=0

Ak
µ(α)bµ(α)

∞∑

n=µ

(
q

q + 1

)n−µ

bn−µ(−α− 1).

Further, it is easily seen that the series

∞∑

µ=0

Ak
µ(α)bµ(α)

is convergent. Indeed,
N∑

µ=m

Ak
µ(α)bµ(α)

=

N∑

µ=m+1

Rµ(α)(bµ(α) − bµ+1(α)) −RN+1bN (α) +Rm(α)bm(α),

where

Rn(α) = Ak
n(α) +Ak

n+1(α) + . . . ,

whence ∣∣∣∣
N∑

µ=m

Ak
µ(α)bµ(α)

∣∣∣∣ ≤ K




N∑

µ=m+1

1

µ1−α
+Nα +mα


 < ε

provided that m > M = M(ε) ∈ N. Then, by letting n→ ∞, one gets that

∣∣∣∣
∞∑

µ=m

Ak
m(α)bµ(α)

∣∣∣∣ =




∞∑

µ=m+1

1

µ1−α +mα


 = O(mα), m→ ∞.

As before one makes sure that there exists

lim
N→∞

Jm,N (α) = Jm(α) =
∞∑

µ=m

Ak
µ(α)bµ(α)

∞∑

n=µ

(
q

q + 1

)n−µ

bn−µ(−α− 1)
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=

(
1 − q

q + 1

)α ∑

µ=m

Ak
µ(α)bµ(α) = O(mα), m→ ∞.

Further,
∞∑

n=m

(
q

q + 1

)n−µ

bn−µ(−α− 1)

≤
(√

q

q + 1

)m−µ ∞∑

n=m

(√
q

q + 1

)n−µ

bn−µ(−α− 1) ≤ K

(√
q

q + 1

)m−µ

,

hence

|J (1)
m (α)| ≤ K1

m∑

µ=0

(√
q

q + 1

)m−µ

|bµ(α)|.

Further, since
q

q + 1
< 1, it follows that

[m/2]∑

µ=0

(√
q

q + 1

)m−µ

|bµ(α)| ≤
(√

q

q + 1

)m−[m/2] [m/2]∑

µ=0

≤ K2m
α

as well as

m∑

µ=[m/2]+1

(√
q

q + 1

)m−µ

|bµ(α)| ≤ K3

m∑

µ=[m/2]+1

(√
q

q + 1

)m−µ

(µ+ 1)α

< K3([m/2] + 1)α
m∑

µ=0

(√
q

q + 1

)m−µ

< K4m
α,

so that it is established that J
(1)
m (α) = O(mα),m → ∞, and thus Theorem 18 is

proved.

Theorem 19. If the series (3.1) is |Ek|-summable for s = s0, then it is

|Ek|-summable for each s such that ℜs > ℜs0.

It has to be proved that the absolute convergence of the series
∑

∞

n=0A
k
n(s0)

implies the same for the series
∑

∞

n=0A
k
n(s) provided that ℜs > ℜs0.

From (3.5) it follows that

|Ak
n(s)| ≤

n∑

µ=0

|Ak
µ(s0)|

(
n

µ

)(
q

q + 1

)n−µ

|∆n−µλµ(s0; s)|.
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If ℜs > ℜs0, then

|∆n−µλµ(s0; s)|

≤
∣∣∣∣

Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

∣∣∣∣
∫ 1

0
tσ−σ0+n−µ−1(1 − t)σ0+µ dt,

σ = ℜs, σ0 = ℜs0.

If

Uk
n(s) = |Ak

0(s)| + |Ak
1(s)| + · · · + |Ak

m(s)|,

then

Uk
m(s) ≤

∣∣∣∣
Γ(s+ 1)

Γ(s− s0)Γ(s0 + 1)

∣∣∣∣
m∑

µ=0

|Ak
µ(s0)|Lm,µ(s),

where

Lm,µ(s) =

m−µ∑

ν=0

(
q

q + 1

)ν (ν + µ

µ

)∫ 1

0
tσ−σ0+ν−1(1 − t)σ0+µ dt.

But

Lm,µ(s) ≤ Lm(s) =

∞∑

ν=0

(
q

q + 1

)ν (ν + µ

µ

)∫ 1

0
tσ−σ0+ν−1(1 − t)σ0+µ dt

=

∫ 1

0
tσ−σ0−1(1 − t)σ0+µ

(
q + 1

q + 1 − qt

)µ+1

dt,

hence

Uk
m(s) ≤ q

q + 1

m∑

µ=0

|Ak
µ(s0)|lµ(s)

=
q

q + 1

m−1∑

µ=0

Uk
µ(s0)(Lµ(s) − Lµ+1) +

q

q + 1
Uk
m(s0)Lm(s).

Since

Lµ(s) − Lµ+1(s)

=

∫ 1

0
tσ−σ0(1 − t)σ0+µ

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
> 0,

µ = 0, 1, 2. . . . ,m− 1,
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and Uk
µ(s0) ≤ U0 <∞, µ = 0, 1, 2, . . . , it follows that

Uk
m(s) ≤ qU0

q + 1

m−1∑

µ=0

(Lµ(s) − Lµ+1(s)) +
qU0

q + 1
L0(s)

=
qU0

q + 1

∫ 1

0
tσ−σ0−1(1 − t)σ0

q + 1

q + 1 − qt
dt ≤ qU0

∫ 1

0
tσ−σ0−1(1 − t)σ0 dt

= qU0
Γ(σ − σ0)Γ(σ0 + 1)

Γ(σ + 1)
, m = 0, 1, 2, . . . .

If ℜs < 0, then it has to be taken into attention that by an author’s theorem
the subscripts of the terms of |Ek|-summable series can be both increased and
decreased without changing its summability.

Theorem 20. It holds the inequality fk − fk ≤ 1.

Indeed, since |Ak
n(s0)| ≤ A(s0) <∞, n = 0, 1, 2, . . . , it follows that

|Ak
n(s)| ≤ A(s0)

n∑

µ=0

(
n

µ

)(
q

q + 1

)n−µ

|∆n−µλµ(s0; s)|

and if ℜs > ℜs0 ≥ 0, then

|Ak
n(s)| ≤ qA(s0)

q + 1

n∑

µ=0

(
n

µ

)(
q

q + 1

)n−µ ∫ 1

0
tσ−σ0+n−µ−1(1 − t)σ0+µ dt

=
qA(s0)

q + 1

∫ 1

0
tσ−σ0−1(1 − t)σ0

(
qt

q + 1
+ 1 − t

)n

dt

≤ qA(s0)

q + 1

∫ 1

0
tσ−σ0−1

(
1 − t

q + 1

)n

dt.

Substituting t for t/n, one gets that

|Ak
n(s)| ≤ qA(s0)

q + 1
n−(σ−σ0)

∫ n

0
t−(σ−σ0−1)

(
1 − t

(q + 1)n

)n

dt

≤ qA(s0)

q + 1
n−(σ−σ0)

∫
∞

0
tσ−σ0−1e−t/(q+1) dt.

If σ − σ0 > 1, then the series
∑

∞

n=0A
k
n(s) is absolutely convergent and thus

Theorem 20 is proved since the case ℜs0 < 0 can immediately be reduced to the
previous one.
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Theorem 21. If fk < 0, then

(3.8) fk = lim sup
n→∞

log(|Ak
n| + |Ak

n+1| + . . . )

log(n+ 1)
·

The proof proceeds as that of Theorem 12. Let

|Ak
n| + |Ak

n+1| + · · · ≤ K(n+ 1)α, α < 0, n > N = N(α) ∈ N

and s ∈ (α, 0). Then

Um(s) ≤
m∑

µ=0

|Ak
µ(s)|Tµ(s), Tµ(s) =

∞∑

ν=0

|cµ+ν(s)|
(

q

q + 1

)ν

bν(s− 1).

Since µ+ ν + 1 ≤ (µ+ 1)(ν + 1), it follows that

Tµ(s) ≤ K

∞∑

ν=0

(µ+ ν + 1)−s

(
q

q + 1

)ν

(ν + 1)s−1

≤ K(µ+ 1)−s
∞∑

ν=0

(τ + 1)−1

(
q

q + 1

)ν

≤ (µ + 1)−s

hence

Uµ(s) ≤ K1

m∑

µ=0

|Amu
k|(µ + 1)−s.

If, as before,

Rn =

∞∑

µ=n

|Ak
n|,

then
m∑

µ=0

|Ak
µ|(µ + 1)−s

=

m−1∑

µ=1

Rµ((µ+ 1)−s − µ−s) +R0 −Rm+1(m + 1)−s

≤ K2

m−1∑

mu=1

µα((µ + 1)−s − µ−s) +R0
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≤ K3

m−1∑

µ=1

µαµ−s−1 +R0 < K3

∞∑

µ=1

1

µs−α+1
+R0.

Let now the series (3.1) be |Ek|-summable for s = α < 0. Then in a way
already used one obtains that

∞∑

n=m

|Ak
n| ≤ J (1)

m (α) + J (2)
m (α),

where

J (1)
m (α) = |c(α)|

m∑

µ=0

|Ak
µ(α)

∞∑

n=m

(
q

q + 1

)n−µ

bn−µ(−α− 1)

and

J (2)
m (α) = |c(α)|

∞∑

µ=m

|Ak
µ(α)|

∞∑

ν=0

(
q

q + 1

)ν

bν(−α− 1).

Further, if

Rµ(α) =
∞∑

ν=m

|Ak
ν(α)|,

then

J (2)
m (α) ≤ K

∞∑

µ=m

|Ak
µ(α)|bmu(α)

≤ K1m
α

∞∑

µ=m

(Rµ(α) −Rµ+1(α)) = K1m
αRm(α) = O(mα), m→ ∞.

The same estimate holds also for J
(1)
m (α) and, hence,

∞∑

n=m

|Ak
n| = O(mα), m→ ∞.

It is at hand now a second prof of Theorem 16 which gives an unified rep-
resentation of the function f(s) in the region {s : ℜs < ℜs0} provided that the
series (3.1) is Ek-summable for s = s0. More precisely:

Theorem 22. If the series (3.1) is Ek-summable for s = s0, then it is Ek-

summable for each s such that ℜs > ℜs0 with sum

f(s) = Γ(s+ 1)
∞∑

µ=0

Ak
µbµ(s0)

∞∑

ν=0

Γ(µ+ ν + 1)

Γ(µ+ ν + s+ 1)
gνbν(s− s0 − 1), g =

q

q + 1
·
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If ℜs > ℜs0, then it holds the representation

Ak
n(s) =

n∑

µ=0

Ak
µ

(
n

µ

)
gn−µ∆n−µλ(s0; s),

where

∆n−µλµ(s0; s) =
Γ(s− s0 + n− µ)Γ(s0 + µ+ 1)Γ(s + 1)

Γ(n− µ+ 1)Γ(s − s0)Γ(µ+ 1)Γ(s0 + 1)Γ(s+ n+ 1)

= cn(s)bn−µ(s − s0 − 1)bµ(s0)

and hence

Ak
n(s) = cn(s)

n∑

µ=0

Ak
µg

n−µbn−µ(s− s0 − 1)bµ(s0).

Then,

Sk
m(s)

m∑

n=0

Ak
n(s) =

m∑

µ=0

Ak
µbµ(s0)Vm,µ(s0; s)

and

Vm,µ(s0; s) =

m−µ∑

ν=0

cµ+ν(s)gνbν(s− s0 − 1).

If µ is fixed, then

lim
m→∞

Vm,µ(s0; s) = Vµ(s0; s) =

∞∑

ν=0

gνbν(s− s0 − 1),

since, as it is easily seen, the series in the right-hand side of the last equality is
convergent, which follows from the estimate cn(s) = O(n−σ), n → ∞, σ = ℜs.
Then,

Sk
m(s) =

m−1∑

µ=0

Sk
µ(bµ(s0)Vm,µ(s0; s)−bµ+1(s0)Vm,µ+1(s0; s))+Sk

mbm(s0)Vm,m(s0; s),

Sk
mbm(s0)Vm,m(s0 : s) = O(mσ0cm(s)) = O(mσ−σ0) = o(1), m→ ∞

and
bµ(s0)Vm,µ(s0; s) − bµ+1(s0)Vm,µ+1(s0; s)

=

m−µ−1∑

ν=0

(bµ(s0)cµ+ν(s) − bµ+1(s0)cµ+ν+1(s))gνbν(s− s0 − 1).
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Further, the behaviour of the sum

Cm(s) = |cm(s)|
m−1∑

µ=0

gn−µ|bn−µ(s− s0 − 1)

has to be studied when m→ ∞.

If σ0 > 1, then

Cm(s) ≤ km−σ
m∑

µ=0

bm−µ(σ − σ0)bµ(σ0)

= Km−σbm(σ) = O(1), m ∈ N.

If σ0 < −1 and p > −σ is a positive integer, then

Cm(s) = |cm(s)|
p−1∑

µ=0

gm−µ|bm−µ(s− s0 − 1)bµ(s0)|

+|cm(s)|
m−1∑

µ=p

gm−µ|bm−µ(s− s0 − 1)bµ(s0)| = C(1)
m (s) + C(2)

m (s).

Since g < 1, it is quite evident that

C(1)
m (s) = O(m−σgmmσ−σ0−1) = o(1), m→ ∞.

If µ ≥ p, then bµ(σ) has the sign of (−1)p and therefore

C(2)
m (s) ≤ Km−α

m∑

µ=0

(−1)pgm−mubn−µ(σ − σ0 − 1)bµ(σ0).

Further, if µ > (g − σ0)/(1 − g) and j ∈ ((q − σ0)/(1 − g), µ] is a positive
integer, then

m∑

µ=j

(−1)pgm−µbm−µ(σ − σ0 − 1)bµ(σ0) < (−1)pbm(σ0)
m∑

µ=j

bm−µ(σ − σ0 − 1)

< (−1)pbm(σ0)

m∑

µ=j

bm−µ(σ − σ0 − 1) = (−1)pbm(σ − σ0)bm(σ0)
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and hence

C(2)
m ≤ Km−σ

(
bm(σ − σ0)bm(σ0) +

j∑

µ=p

(−1)pgm−µbm−µ(σ − σ0 − 1)bµ(σ0)

)

= O(m−σmσ0mσ−σ0) +O(m−σmσ−σ0−1gm) = O(1).

If −σ0 is a positive integer, then bm(σ0) = 0 when m > −σ0. But σ 6= −m
so that bm(σ) = O(mσ0). If one takes σ0 + η, η > 0, instead of σ0, then bm(σ0) =
O(mσ0+η), provided that η is sufficiently small.

It remains to show that the sequence

Tm(s) =

m−1∑

µ=0

|bµ(s)Vm,mu(s) − bµ+1(s)Vm,µ+1(s)|

is bounded.

Since

bµ(σ0)Cµ+ν(s) − bµ+1(σ0)cµ+ν+1(s)

= bµ(s0)cµ+ν(s)

(
s

µ+ ν + s+ 1
− s0
µ+ 1

µ+ ν + 1

µ+ ν + s+ 1

)
,

(bµ(s0)cµ+ν(s) − bµ+1(s0)cµ+ν+1(s))gνbν(s− s0 − 1)

= O(bµ(s0)cµ+ν(s)(µ + 1)−1) = O((µ+ 1)−σ−σ0−1(ν + 1)σ−σ0gν),

it follows that

Jm(s) =

m−µ−1∑

ν=0

(bµ(s0)cµ+ν(s) − bµ+1(s0)cµ+ν+1(s))gνbν(s− s0 − 1)

=
1

(µ + 1)σ−σ0−1

m∑

ν=0

O((ν + 1)σ−σ0−1gν) = O

(
1

(µ + 1)σ−σ0+1

)

and hence,

Tm(s) =

m∑

µ=0

O

(
1

(µ+ 1)σ−σ0+1

)
= O(1).

If u, v ≥ 0 and λ ∈ (0, 1], then it holds the inequality

(3.9) (u+ v)λ ≤ uλ + vλ.
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Indeed, it is equivalent to the inequality (1 + t)λ ≤ 1 + tλ, t ≥ 0. If ω(t) =
(1+t)λ−1−tλ, then ω′(t) = λ((1+t)−λ+1−t−λ+1) < 0, t > 0, i.e., ω(t) < ω(0) = 0.

Let now 0 < σ ≤ 1, then

(µ+ ν)−σ ≤ µ−σ + ν−σ.

Hence

(bµ(s0)cµ+ν(s) − bµ+1(s0)cµ+ν+1(s))gνbν(s− s0 − 1)

= O((µ + 1)σ−σ0−1(ν + 1)σ−σ0−1gν +O(ν−σ(µ+ 1)σ0−1(ν + 1)σ−σ0−1,

Jm(s) =

m−µ−1∑

ν=0

O((µ+ 1)−σ−σ0−1(ν + 1)σ−σ0−1gν)

+

m−µ−1∑

ν=0

O((µ + 1)σ0−1(ν + 1)−σ0−1gν)

≤ K

(µ + 1)σ−σ0+1

m−µ−1∑

ν=0

(ν + 1)σ−σ0−1gν

+
K1

(µ+ 1)−σ0+1

m−µ1∑

ν=0

(ν + 1)−σ0−1gν

= O

(
1

(µ+ 1)σ−σ0+1

)
+O

(
1

(µ+ 1)−σ0+1

)

and since σ0 < σ < 0, it follows that

Tm(s) =

m−1∑

µ=0

|Jµ(s)|

=
m−1∑

µ=0

O

(
1

(µ + 1)σ−σ0+1

)
+

m−1∑

µ=0

O

(
1

(µ+ 1)−σ0+1

)
= O(1).

It remains the case α < −1 to be considered. Let for the sake of convenience
denote α = −σ, β = −σ0, i.e., α, β > 1 and α < β. Then,

|Jm(s)| ≤ K(µ+ 1)−β−1
m−µ−1∑

ν=0

(µ+ ν)α(ν + 1)−α+β+1gν
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and

Tm(s) ≤ K

m−1∑

µ=0

(µ + 1)−β−1
m−µ−1∑

ν=0

(µ+ ν)α(ν + 1)−α+β+1

= K

m−1∑

ν=0

hm,ν(ν + 1)−α+β+1,

where

hm,ν =
m−ν−1∑

µ=0

(µ+ ν)α

(µ+ 1)β+1
.

Since α < β + 1, each of the functions

(t + ν)α

(t+ 1)β+1
, 0 < t <∞, ν = 0, 1, 2 . . . ,

is decreasing and, hence,

hm,0 =

m−1∑

µ=0

µα

(µ+ 1)β+1
<

∞∑

µ=0

1

(µ+ 1)β−α+1
,

i.e., hm,0 = O(1). It remains to estimate the sum

Hm =

m−1∑

ν=0

hm,ν(ν + 1)β−α−1gν .

First,

hm,ν ≤
∫ m−ν−1

0

(t+ ν)α

(t + 1)β+1
dt, n = 1, 2, . . . ,m− 1.

Further, since α > 1, (t + ν)α = να + αt(ν + θt)α−1, 0 < θ < 1, whence
(t + ν)α ≤ να + t(ν + t) and, hence,

hm,ν <

∫ m−ν−1

0

t(t+ ν)α−1

(t+ 1)β+1
dt+ να

∫ m−ν−1

0

dt

(t+ 1)β+1

<

∫ m−ν−1

0

(t + ν)α−1

(t + 1)β
dt+ να

∫
∞

0

dt

(t+ 1)β+1
dt

= O(να) +

∫ m−ν−1

0

(t + ν)α−1

(t+ 1)β
dt.
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If α = p+ η, p ∈ N, 0 < η < 1, then in the same way one gets that

hm,ν ≤ Kνα +

∫ m−ν−1

0

(t+ ν)η

(t+ 1)β−p+1
dt,

and if η = 0, then hm,ν = O(να).
If 0 < η < 1, then the inequality (ν + t)η ≤ νη + tη yields hat

hmν ≤ K1ν
α +

∫ m−ν−1

0

tη + νη

(t+ 1)β−p+1

≤ K1ν
α + νη

∫
∞

0

dt

(t+ 1)β−p+1
dt+

∫
∞

0

dt

(t+ 1)β−α+1
< K2ν

α

and, hence,

Hm ≤ K3

m−1∑

ν=1

(ν + 1)β−α−1ναgν

< K3

∞∑

ν=1

(ν + 1)β−α−1ναgν = O(1).

The case when σ0 is negative can be treated as before after slight variation
of σ0.

An interesting consequence of Theorem 22 is the following statement:

Theorem 23. Let the series (3.1) be Ek-summable for s = s0. Then it holds

the representation

(3.10) f(s) = s

∫ 1

0
(1 − t)s−1ϕ(t)

dt

(1 − gt)s−s0
,

where

(3.11) ϕ(t) =

∞∑

µ=0

Ak
µbµ(s0)tµ, 0 ≤ t < 1,

provided ℜs > 0 and ℜs > ℜs0.

The formal change of order of summation and integration really leads to
representation (3.10). Indeed,

f(s) = s

∞∑

µ=0

Ak
µbµ(s0)

∞∑

ν=0

∫ 1

0
tµ+ν(1 − t)s−1bν(s− s0 − 1)gν dt
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= s

∫ 1

0

∞∑

µ=0

Ak
µbµ(s0)t

µ(1 − t)s−1 dt

(1 − gt)s−s0

= s

∫ 1

0
(1 − t)s−1ϕ(t)

dt

(1 − gt)s−s0
.

If it is assumed that Sk
−1 = 0,ℜs0 ≥ 0 and 0 ≤ t < 1, then

ϕ(t) =
∞∑

µ=0

(Sk
µ − Sk

µ−1)bµ(s0)tµ =
∞∑

µ=0

Sk
µ(bµ(s0) − bµ+1(s0))t

µ

= (1 − t)

∞∑

µ=0

Sk
µbµ(s0)t

µ − s0

∞∑

µ=0

Sk
µ(bµ(s0) − bµ+1(s0))

tµ+1

µ+ 1
= ϕ1(t) − ϕ2(t).

But |Sk
µ| ≤ K, µ = 0, 1, 2 . . . and hence

|ϕ1(t)| ≤ K(1 − t)

∞∑

µ=0

bµ(σ0)tµ =
K

(1 − t)σ0
,

|ϕ2(t)| ≤ K|s0|
∞∑

µ=0

tµ

µ+ 1
≤ K|s0|

∞∑

µ=0

bµ(σ0) =
K|s0|

(1 − t)σ0
,

and since 1 − gt ≥ 1

q + 1
, 0 ≤ t ≤ 1, it follows that

∫ 1

0
|(1 − t|)s−1ϕ(t)| dt

|(1 − gt)s−s0 | < L

∫ 1

0
(1 − t)σ−σ0−1 dt,

i.e., the integral in (3.10) is absolutely convergent. The same holds if σ0 < 0,
since then |ϕ(t)| ≤M <∞, 0 < t < 1.

If the real variable t in (3.11) is replaced by z ∈ C, then ϕ(z) becomes a
holomorphic function in the unit disk. Moreover, there exists a constant K such
that

|ϕ(z)| ≤ K

(1 − |z|)σ0

, |z| < 1,

i.e., the function ϕ is of a finite order in the unit disk in a sense of Hadamard.
For the integral representation (3.10) it can be given a form not involving s0.

To that end another kind of the factorial series is used, namely:

(3.12)

∞∑

ν=0

ν!bν
(s+ 1)(s + 2 . . . (s+ ν)

, s 6= −1,−2, . . . .
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Let
∑

∞

n=0B
k
n(s0) be the Ek-transform of the series (3.12) for s = s0, i.e.,

Bk
n(s0) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−ν ν! bν

(s0 + 1)(s0 + 2) . . . (s0 + ν)
.

Since

bn(s0)

(
n

ν

)
ν!Γ(s0 + 1)

Γ(s0 + ν + 1)
=

Γ(s0 + n+ 1)

n!Γ(s0 + 1)

n!

ν!(n− ν)!

ν!Γ(s0 + 1)

Γ(s0 + ν + 1)

=
Γ(s0 + n+ 1)

Γ(n− ν + 1)Γ(s0 + ν + 1)
, ν = 0, 1, 2, . . . ,

it follows that

ϕ(t) =

∞∑

n=0

Bk
n(s0)bn(s0)tn

=
∞∑

ν=0

bν
Γ(s0 + ν + 1)

∞∑

n=ν

tn

(q + 1)n+1qn−ν

Γ(s0 + n+ 1)

Γ(n− ν + 1)

=

∞∑

n=0

bn
Γ(s0 + n+ 1)

∞∑

ν=0

tν+n

(q + 1)ν+n+1
qν

Γ(ν + n+ s0 + 1)

Γ(ν + 1)

=

∞∑

n=0

bnt
n

(t + 1)n+1

∞∑

ν=0

bν(s0 + ν)(gt)ν

=
1

(1 − gt)s0
h(t), h(t) =

∞∑

ν=0

bνt
ν

(q + 1 − qt)ν+1
.

The change of order of summations in the two-multiple series defining the
function ϕ is of legal ground, if it is absolutely convergent and it follows now the
proof that this is really the fact. Let

aν(s0) =
ν!bν

(s0 + 1)(s0 + 2) . . . (s0 + ν)
, ν = 0, 1, 2, . . . ,

then it is supposed that the series
∑

∞

ν=0A
k
ν(s0) is Ek-summable, i.e., if

Ak
n(s0) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν(s0), n = 0, 1, 2, . . . ,
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then the series
∑

∞

n=0A
k
n(s0) is convergent. Therefore, the sequence {Ak

n(s0)}∞n=0

is bounded, i.e., |Ak
n(s0)| ≤ A, n = 0, 1, 2, . . . . Since

an(s0) = (q + 1)qn
n∑

ν=0

(−1)n−ν

(
n

ν

)(
q + 1

q

)ν

Ak
ν(s0),

it follows that

|an(s0)| ≤ A(q + 1)qn
n∑

ν=0

(
n

ν

)(
q + 1

q

)ν

= A(q + 1)(2q + 1)n, n = 0, 1, 2, . . . .

Hence, if |t| < 1

2q + 1
, then the two-multiple series

∞∑

n=0

bn(s0)
tn

(q + 1)n+1

n∑

ν=0

qn−ν

(
n

ν

)
aν(s0)

is absolutely convergent. Moreover, it is also established that h(t) = (1 −
gt)s0ϕ(t), 0 < t < 1. But ϕ(z) is holomorphic when |z| < 1 and since 0 < g < 1,
the function h(z) is also holomorphic when |z| < 1. Then, the representation
(3.10) becomes

f(s) = s

∫ 1

0
(1 − t)s−1h(t)

dt

(1 − gt)s
.

Let
z

q + 1 − qz
= w, i.e., z =

(q + 1)w

1 + qw
, and

ψ(w) =

∞∑

n=0

bnw
n, w = u+ iv,

then

f(s) =

∫ 1

0
(1 − u)s−1ψ(u) du.

If (q+ 1)|w| < |1+ qw|, i.e.,

∣∣∣∣w− q

2q + 1

∣∣∣∣ <
q + 1

2q + 1
, then the function ψ(w) is

holomorphic in the disk U(q) with center at he point
q

2q + 1
and radius

q + 1

2q + 1
.

Moreover, this function is also of a finite order in a sense of Hadamard in U(q)
so that it is proved the following interesting theorem:
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Theorem 24. Let the series (3.1) have a finite abscissa fk of Ek-summability.

Then, for each s, such that ℜs > 0 and ℜs > fk, it hods the representation

(3.13) f(s) = s

∫ 1

0
(1 − u)s−1ψ(u) du,

where the function

ψ(w) =

∞∑

n=0

bnw
n

is holomorphic in the disk U(q) and moreover, it is of finite Hadamard’s order in

this disk.

The inverse of the latter theorem is also true. More precisely, let the function
f(s) be defined by the equality (3.13), where

ψ(w) =

∞∑

n=0

bnw
n

is holomorphic in the disk U(q) and of finite Hadamard’s order there. Then the
factorial series (3.1) has finite abscissa fk of Ek-summability, i.e., fk <∞.

Let u =
t

q + 1 − qt
, then

f(s) =

∫ 1

0
(1 − t)s−1h̃(t) dt,

where

h̃(t)
1

(1 − gt)s−s0

∞∑

n=0

B̃n(s0; s)t
n,

and

Bn(s0; s) =
n∑

ν=0

Ak
νbν(s0)bn−ν(s − s0 − 1)gν .

The function h̃(z) is of finite Hadamard’s order δ in the disk U(q) and if
ℜs = σ > δ and σ > 0, then by a well-known theorem the series

∫ 1

0
(1 − t)s−1

n∑

n=0

B̃n(so; s)t
n dt =

∞∑

n=0

Γ(s)Γ(n+ 1)

Γ(n + s+ 1)
B̃n(s0; s) =

∞∑

n=0

Ak
n(s)

is convergent which means that the series (3.1) is Ek-summable.
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4. Summation of Newton’s series by Euler’s transform

The series of Newton are

(4.1) a0 +

∞∑

ν=1

aν(s− 1)(s − 2) . . . (s− ν).

It is evident that they are convergent for s = 1, 2, 3, . . . so that these values
of s can be avoided. A basic theorem for the Euler summation of these series is:

Theorem 25. If the series (4.1) is Ek-summable for s = s0, then it is Ek-

summable for each s with ℜs > ℜs0. Moreover, for the holomorphic function

f(s), defined by its Ek-sum for ℜs > ℜs0, it holds the representation

(4.2) f(s)

=
Γ(1 − s0)

Γ(s− s0)Γ(1 − s)

∞∑

µ=0

Sµ(s0)

∫ 1

0

ts−s0(1 − t)µ−s

q + 1 − qt

(
q + 1

q + 1 − qt

)µ+1

dt,

where

Sk
µ(s0) =

µ∑

n=0

Ak
n(s0),

Ak
n(s0) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν(s0 − 1) . . . (s0 − ν),

provided that ℜs > 0, and ℜs > ℜs0, and

(4.3) f(s) =

p∑

ν=0

aν(s − 1)(s − 2) . . . (s− ν)

+
Γ(1 − s0)

Γ(s− s0)Γ(1 − s)

∞∑

µ=0

Sµ,p(s0)

∫ 1

0

ts−s0(1 − t)µ+p−s

q + 1 − qt

(
q + 1

q + 1 − qt

)µ+1

dt,

where

Sk
µ,p(s0) =

µ∑

n=0

Ak
n,p(s0),

Ak
n,p(s0) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν+p(s0 − 1) . . . (s0 − ν)

when ℜs > 0, where p is an integer, greater than ℜs.
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Indeed, if a0(s0) = 1, aν(s0) = aν(s0 − 1)(s0 − 2) . . . (s0 − ν), ν = 1, 2, 3, . . . ,
then the series (4.1) becomes

a0(s0) +

∞∑

ν=1

aν(s0)
(s− 1)(s − 2) . . . (s− ν)

(s0 − 1)(s0 − 2) . . . (s0 − ν)
·

Let, as before,

λ0(s0; s) = 1, λν(s0; s) =
(s− 1)(s − 2) . . . (s− ν)

(s0 − 1)(s0 − 2) . . . (s0 − ν)
, ν = 1, 2, 3, . . . ,

then

Ak
n(s) =

1

(q + 1)n+1

n∑

ν=0

(
n

ν

)
qn−νaν(s0)λν(s0; s)

= (q + 1)−n
n∑

ν=0

(
n

ν

)
qn−νλν(s0; s)

ν∑

µ0

(−1)µqν(−1)ν
(
ν

µ

)(
q + 1

q

)µ

Ak
µ(s0)

= (q + 1)−n
n∑

µ=0

Ak
µ(s0)

(
q + 1

q

)µ

(−1)µ
µ∑

ν=0

(−1)νλν(s0; s)q
ν

(
n

ν

)(
ν

µ

)
qn−ν

= (q + 1)−n
n∑

µ=0

Ak
µ(s0)

(
q + 1

q

)µ(n
µ

) n∑

ν=µ

qν(−1)µ+νλν(s0; s)

(
n− µ

ν − µ

)
qn−ν

=

n∑

µ=0

Ak
µ(s0)

(
q

q + 1

)n−µ(n
µ

) n−µ∑

ν=0

(−1)ν
(
n− µ

ν

)
λµ+ν(s0; s)

=
n∑

µ=0

Ak
µ(s0)

(
n

µ

)
∆n−µλµ(s0; s).

Further, by induction one easily obtains that

∆νλµ(s0; s)

= λµ(s0; s)
s0 − s(s0 − s− 1) . . . (s0 − s− ν + 1)

(s0 − µ− 1)(s0 − µ− 2) . . . (s0 − µ− ν)
, ν = 0, 1, 2, . . .

and if s− s0 = d, then

∆n−µλµ(s0; s)
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=
d(d+ 1) . . . (d+ n− µ)(1 − s)(2 − s) . . . (µ− s)

(1 − s0)(2 − s0) . . . (n− s0)
, µ = 0, 1, 2, . . . , n.

Since s is not a positive integer, it follows that

∆n−µλµ(s0; s) =
Γ(d+ n− µ)Γ(µ − s+ 1)Γ(1 − s0)

Γ(d)Γ(n − s0 + 1)Γ(1 − s)
, µ = 0, 1, 2, . . . , n

and if ℜs < 0, then

∆n−µλµ(s0; s) = c(s0; s)

∫ 1

0
td−+n−µ−1(1 − t)µ−s dt, µ = 0, 1, 2, . . . , n,

where

c(s0; s) =
Γ(1 − s0)

Γ(s− s0)Γ(1 − s)
.

In this way one comes to the representation

(4.4) Sk
m(s) =

m∑

n=0

Ak
n(s) = c(s0; s)

m∑

µ=0

Ak
µ(s0)lm,µ(s0; s),

where

lm,µ(s0; s) =

m∑

n=µ

(
q

q + 1

)n−µ(n
µ

)∫ 1

0
td+n−µ−1(1 − t)µ−s dt

=

∫ 1

0
td−1(1 − t)µ−s

m−µ∑

ν=0

(
µ+ ν

µ

)(
qt

q + 1

)ν

dt.

If µ is fixed, then

lim
m→∞

lm,µ(s0; s) = lm(s0; s)

=

∫ 1

0
td−1(1 − t)µ−s

∞∑

ν=0

(
µ+ ν

ν

)(
qt

q + 1

)ν

dt

=

∫ 1

0
td−1(1 − t)µ−s

(
q + 1

q + 1 − qt

)µ+1

dt.

If

hm,µ(s0; s) = lm,µ(s0; s) − lm,µ+1(s0; s), µ = 0, 1, 2, . . . ,m− 1,
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then (4.4) yields that

Sk
m(s) = c(s0; s)

m−1∑

µ=0

Sk
µ(s0)hm,µ(s0; s) + c(s0; s)Sk

m(s0)lm,m(s0; s).

Moreover,

lim
m→∞

hm,µ(s0; s)

= hµ(s0; s) =

∫ 1

0
td(1 − t)µ−s

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
.

Since

lm,m(s0; s) =

∫ 1

0
td−1(1 − t)m−s dt =

Γ(d)Γ(m − s+ 1)

Γ(d+m− s+ 1)
,

and ℜd = ℜs − ℜs0 > 0, it follows that limm→∞ lm,m(s0; s) = 0 and, hence,
limm→∞ Sk

m(s0)lm,m(s0; s) = 0.
It remains to study the behaviour of the expression

S̃m(s0; s) =

m−1∑

µ=0

Sk
µ(s0)hm,µ(s0; s)

when m→ ∞.
In order to justify the application of the Toeplitz–Schur theorem, one has to

prove that the sequence

Tm(s) =

m−1∑

µ=0

|hm,µ(s0; s)|, m = 1, 2, 3, . . .

is bounded for each s such that ℜs < 0 and ℜs > ℜs0.
For the polynomial

Pm,µ(z) =

m−µ∑

ν=0

(
µ+ ν

µ

)
zν

it was obtained that

Pm,µ(z) = −
µ∑

ν=0

(
m+ 1

ν

)
zm−ν+1

(1 − z)µ−ν+1
,
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which gives that

lm,µ(s0; s) =

∫ 1

0
ts−s0−1(1 − t)µ−sPm,µ(z) dt, z =

qt

q + 1
.

By means of the substitution 1−t = exp(−u) the last representation becomes
similar to that used by studying the Ek-summation of the Dirichlet series so that
it may be followed the way already known, but there is also a direct approach.
Namely, for hm,µ(s0; s) it holds that

hm,µ(s0; s) =

∫

0
ts−s0−1(1 − t)µ−sPm,µ(z) dt

−
∫ 1

0
ts−s0−1(1 − t)µ+1−sPm,µ+1(z) dt

= −
∫ 1

0

ts−s0

q + 1
(1 − t)µ−s

µ∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)
dt

+

(
m+ 1

µ+ 1

)∫ 1

0
ts−s0−1(1 − t)µ+1−s z

m−ν

1 − z
dt

= Am,µ(s0; s) +Bm,µ(s0; s).

If σ = ℜs and δ = ℜs−ℜs0, then

m−1∑

µ=0

|hm,µ(s0; s)| ≤
m−1∑

µ=0

|Am,µ(s0; s)| +

m−1∑

µ=0

|Bm,µ(s0; s)|

= Am(s0; s) + Bm(s0; s).

Further, since

1 − z = 1 − qt

q + 1
≥ 1

q + 1
, 1 − t+ z = 1 − t

q + 1
≤ 1, 0 ≤ t ≤ 1,

it follows that

Bm(s0; s) ≤
m−1∑

µ=0

(
m+ 1

µ+ 1

)∫ 1

0
tδ−1(1 − t)µ+1−σ z

m−µ

1 − z
dt

<

m+1∑

µ=0

(
m+ 1

µ

)∫ 1

0
tδ−1(1 − t)µ−σ z

m+1−µ

1 − z
dt
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=

∫ 1

0
tδ−1(1 − t)−σ(1 − t+ z)m+1 dt

1 − z
= O(1),

as well as

Am(s0; s) ≤ 1

q + 1

∫ 1

0
tδ

m−1∑

µ=0

(1 − t)µ−σ
µ∑

ν=0

(
m+ 1

ν

)
zm+1−ν

(1 − z)µ+2−ν
dt

=
1

q + 1

∫ 1

0
tδ

m−1∑

ν=0

m−1∑

µ=ν

zm+1−ν (1 − t)ν−σ

(1 − z)2

m−1−ν∑

τ=0

(
1 − t

1 − z

)τ

dt

=
1

q + 1

∫ 1

0
tδ

m−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν (1 − t)ν − σ

(1 − z)2

m−1−ν∑

τ=0

(
1 − t

1 − z

)τ

dt

<

∫ 1

0
tδ−1

m−1∑

ν=0

(
m+ 1

ν

)
zm+1−ν (1 − t)ν−σ

1 − z
dt

< (q + 1)

∫ 1

0
tδ−1(1 − t)−σ(1 − t+ z)m+1 dt = O(1).

Then, the Toeplitz theorem yields that there exists limm→∞ Sk
m(s) provided

that ℜs < 0 and ℜs > ℜs0. Moreover, the Ek-sum f(s) of the series (4.1) is
the holomorphic function defined by the equality (4.2) in the region {s : ℜs <
0,ℜs > ℜs0}.

It remains to study the case ℜs ≥ 0,ℜs > ℜs0 and let p > s be an integer.
The Euler summation has the property that if a series is Ek-summable, then the
same is true for the series obtained from it after increasing or decreasing the
subscripts of its terms with one and the same number. In particular, if the series
(4.1) is Ek-summable for s = s0, then the same holds for the series

∞∑

ν=p

bν(s0)
(s− 1)(s − 2) . . . (s− ν)

(s0 − 1)(s0 − 2) . . . (s0 − ν)
.

This series can be written as follows

(s− 1)(s − 2) . . . (s− p)

(s0 − 1)(s0 − 2) . . . (s0 − p)

∞∑

ν=p

bν(s0)
(s− p− 1)(s − p− 2) . . . (s− ν)

(s0 − p− 1)(s0 − p− 2) . . . (s0 − ν)
,

and if

ap(s0; s) =
(s− 1)(s − 2) . . . (s − p)

(s0 − 1)(s0 − 2) . . . (s0 − p)
,
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then it takes the form

(4.5) ap(s0; s)
∞∑

ν=0

bν+p(s0)
(s − p− 1)(s − p− 2) . . . (s− p− ν)

(s0 − p− 1)(s0 − p− 2) . . . (s0 − p− ν)
.

If Sk(s) is the Ek-sum of the series (4.1) and Sk
p (s) that of (4.5), then

Sk(s) =

p−1∑

ν=0

aν(s − 1)(s − 2) . . . (s− ν) + Sk
p (s).

Since ℜs − p = ℜ(s − p) < 0, the case under consideration reduces to the
previous one. That means the Ek-sum of the series (4.5) in the region {s;ℜs >
0,ℜs > ℜs0} is

Gp(s0; s)

∫ 1

0
ts−s0(1 − t)−s0+p q + 1

(q + 1 − qt)2

∞∑

µ=0

Sk
p (s)

(
(q + 1)(1 − t)

q + 1 − qt

)µ

dt

where

Gp(s0; s) =
Γ(1 − s0 + p)ap(s0; s)

Γ(s− s0)Γ1 − s0 + p)
.

But since

ap(s0; s) =
Γ(p− s+ 1)Γ(1 − s)

Γ(1 − s0)Γ(p− s0 + 1)
,

it follows that, in fact, the series (4.5) is Ek-summable for each s such that ℜs > 0
and ℜs > ℜs0 with sum given by (4.4).

From Theorem 21, it follows that there exists a number nk such that the
series (4.1) is Ek-summable for each s such that ℜs > nk and loses this property
when ℜs < nk. This nk may be also −∞ as well as ∞; it is called abscissa of
Ek-summability of the series (4.1).

Theorem 26. If nk ∈ [0,∞), then

nk = lim sup
m→∞

log |Ak
0 +Ak

1 + · · · +Ak
m|

logm
,

where

Ak
n =

1

(q + 1)n+1

n∑

ν=0

(−1)νν!aν , n = 0, 1, 2, . . . .
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If

Ak
n(s) =

1

(q + 1)n+1

∑

ν=0

(
n

ν

)
qn−νaν(s − 1)(s − 2) . . . (s− ν),

then

Ak
n(s) =

n∑

µ=0

Ak
µ

(
q

q + 1

)n−µ(n
µ

)
∆n−µλµ(s),

where

λµ(s) =
(−1)µ

µ!(s− 1)(s − 2) . . . (s− µ)
.

Since

(
n

µ

)
∆n−µλµ(s) =

Γ(n+ 1)

Γ(µ+ 1)Γ(n − µ+ 1)

Γ(s+ n− µ)Γ(µ − s+ 1)

Γ(s)Γ(1 − s)

= c(s)bn−µ(s− 1)bµ(s), c(s) =
1

Γ(s)Γ(1 − s)
,

it follows that

Ak
n(s) = c(s)

n∑

µ=0

Ak
µg

n−µbn−µ(s− 1)bµ(−s)

= c(s)

n∑

µ=0

Ak
n−µg

µbµ(s − 1)bn−µ(−s), g =
q

q + 1
,

whence

Sk
m(s) = c(s)

m∑

n=0

n∑

µ=0

Ak
n−µg

µbµ(s− 1)bn−µ(−s)

= c(s)
m∑

µ=0

gµbµ(s− 1)
m∑

n=µ

An−µkbn−µ(−s)

= c(s)
m∑

µ=0

gµbµ(s− 1)um−µ(s),

where

um−µ(s) =

m−µ∑

ν=0

Ak
νbν(−s).
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The series

(4.6)

∞∑

ν=0

Ak
ubν(−s)

is convergent. Indeed, if m > n, then

m∑

ν=n

Ak
νbν(−s) =

m∑

ν=n

Sk
ν (bν(−s) − bν+1(−s))

+Sk
mbm(−s) − Sk

n−1bn(−s) = An,m(s) + Bn,m(s).

If ε > 0 and s is real and greater than α+ ε, then

Bm,n(s) = O(mα+εm−s) +O(nα+εn−s) = o(1), m, n→ ∞.

Since

bν+1(−s) = bν(−s)ν − s+ 1

ν + 1
,

it follows that if ν < s − 1, then bν(−s) and bν+1(−s) have one and the same
sign and |bν+1(−s)| < |bν(−s)|. Let n > s, then since |Sk

ν | ≤ Kνα+ε when ν is
sufficiently large, it follows that

|An,m(s)| ≤ K
m−1∑

nu=n

να+ε(|bν(−s)| − |bν+1(−s)|)

≤ Knα+ε|bn(−s)|+K
m−1∑

ν=n+1

|bν(−s)|(να+ε−(ν−1)α+ε)+K(m−1)α+ε|bm−1(−s)|

= O(nα+εn−s) +
m−1∑

ν=n+1

O(να+ε−1)ν−s) +O(mα+εm−s)

= O(nα+ε−s) +
m−1∑

ν=n+1

O(ν−(s−α−ε+1)) = o(1), m, n→ ∞.

Hence, the series (4.6) is convergent and if A(s) is its sum, then

lim
n→∞

un(s) = lim
n→∞

n∑

ν=0

Ak
ν(s) = A(s).
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It is easily seen now that

lim
m→∞

Sk
m(s) = c(s)A(s)(1 − g)−s.

If ε > 0, then there exists N = N(ε) ∈ N such that

∞∑

µ=N+1

gµbµ(s− 1) < ε.

Then, by fixed N it follows that

lim
m→∞

N∑

µ=0

gµbµ(s− 1)um−µ(s) = A(s)

N∑

µ=0

gµbµ(s− 1).

Further, if m > N , then

∣∣∣∣
m∑

µ=N+1

gµbµ(s− 1)um−µ(s)

∣∣∣∣ < K

m∑

µ=N+1

gµbµ(s− 1) < Kε,

and hence,

lim sup
m→∞

∣∣∣∣S
k
m(s) − c(s)A(s)

∞∑

µ=0

gµbµ(s− 1)

∣∣∣∣ < 2K|c(s)|ε.

That means the series (4.1) is Ek-summable for each s > α + ε, hence, for
each s such that ℜs > α.

Conversely, let the series (4.1) be Ek-summable for s = α > 0, i.e., the series

∞∑

n=0

Ak
n(s)

is convergent. Then, since

bn−µ(−α− 1) =
Γ(−α+ n− µ)

Γ(−α)

it follows that

Ak
n =

n∑

µ=0

(
n

µ

)
Ak

µ(α)gn−µµ!(−α)(−α + 1) . . . (−α+ n− µ− 1)

(1 − α)(2 − α) . . . (n− α)
,
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cn(α)

n∑

µ=0

Ak
µ(α)gn−µbn−µ(−α− 1) = cn(α)

n∑

µ=0

Ak
n−µ(α)gµbµ(−α− 1),

where

cn(α) =
n!

(1 − α)(2 − α) . . . (n − α)
.

Then,

Sk
m =

m∑

n=0

Ak
n =

m∑

n=0

n∑

µ=0

cn(α)An−µ(α)gµbµ(−α− 1)

n∑

µ=0

gµbµ(−α− 1)Lm,µ(α),

where

Lm,µ(α)

m∑

n=µ

cn(α)An−µk (α) =

m−µ∑

ν=0

cµ+ν(α)Ak
ν(α).

If

Sk
n(α) =

n∑

ν=0

Ak
ν(α),

then

Lm,µ(α) =

m−µ−1∑

ν=0

Sk
ν (α)(cµ+ν (α) − cµ+ν+1) + cm(α)Sk

n−µ(α).

Since

cn+1(α) = cn(α)
n+ 1

n + 1 − α
,

all the cn(α) have one and the same sign when n > α and, moreover, |cn+1(α)| >
|cn(α)|.

Further,

cn(α) =
Γ(n+ 1)Γ(1 − α)

Γ(n− α+ 1)
= O(nα), n→ ∞,

and Sk
m(α) = O(1), m→ ∞, give that

Lm,µ(α) =

[α]∑

ν=0

Sk
ν (α)(cµ+ν(α) − cµ+ν+1(α))

+

m−µ−1∑

ν=[α]+1

Sk
ν (α)(cµ+ν (α) − cµ+ν+1(α)) +O(mα)
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=

[α]∑

ν=0

O(µ+ ν)α +

m−µ−1∑

ν=[α]+1

O(|cµ+ν(α)| − |cµ+ν+1(α)|) +O(mα)

= O(µα) +O(mα) +O(mα).

But since g < 1, it follows that

|Sk
m| ≤ Kmα

m∑

µ=0

gµ|bµ(−α− 1)| = O(mα), m → ∞

and thus Theorem 22 is proved.

Theorem 27. If −∞ < nk < 0, then

nk = lim sup
n→∞

log |Ank +Ak
n+1 + . . . |

log n
.

Let α < 0 be the right-hand side of the last equality, then

|Rk
n| = |Ak

n +A+
n+1 . . . | < Knα+ε,

where ε > 0 and n > N = N(ε) and the series

(4.7)

∞∑

ν=0

Ak
νbν(−s)

is convergent provided that s > α. Indeed, let ε > 0 be such that s > α+ ε and
m > n > N(ε), then

m∑

ν=n

Aνbν(−s)

= Rk
nbn(−s) +

m−1∑

µ=n+1

Rk
m(bµ(−s) − bµ−1(−s)) −Rk

m+1bm(−s)

= O(nα+ε−s) +
m∑

µ=n+1

O

(
1

µs−α−ε+1

)
+O(mα+ε−s),

and the last estimates ensure the convergence of the series (4.7). Then in the
same way already used, it can be proved that limm→∞ Sk

m(s) really exists which
means that the series (4.1) is Ek-summable for each s > α.
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Let now the series (4.1) be Ek-summable for s = α < 0. Then,

Ak
n = cn(α)

n∑

µ=0

Ak
n−µ(α)gµbµ(−α− 1), cn(α) = O(nα), n→ ∞.

For the sum

Sk
m,N =

N∑

n=m

Ak
n, N > m,

it holds the representation

Sk
m,N =

m∑

µ=0

gµbµ(−α− 1)

N∑

n=µ

cn(α)Ak
n−µ(α)

N∑

µ=m

gµbµ(−α− 1)
N∑

n=µ

cn(α)Ak
n−µ(α) = S

(1)
m,N (α) + S

(2)
m,N (α).

But
n∑

n=m

cn(α)Ak
n−µ(α) =

N∑

n=m

cn(α)(Sk
n−µ(α) − Sk

n−µ−1(α))

= −cm(α)Sk
m−µ−1(α) + cN (α)Sk

N−µ(α) +
N−1∑

n=m

Sk
n−µ(α)(cµ(α) − cµ+1(α))

= O(mα) +O(Nα) +

N−1∑

n=m

O(µα−1)

= O(mα) +O(m(α)) +O(mα) = O(mα).

Since g < 1, it follows that

S
(1)
m,N (α) = O(mα)

m∑

µ=0

gµ|bµ(−α− 1)| = O(mα).

Further,

|S(2)
m,N (α)| ≤ K

N∑

µ=m

gµ|bµ(−α− 1)|µα

< K(
√
g)m

∞∑

µ=m

(
√
g)µµα|bµ(−α− 1)| < K1(

√
g)m < K2m

α,
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and hence,

Sm,N (α) = O(mα), N > m,

which yields that

|Ak
m +Am+1 + . . . | = O(mα)

and thus the proof of Theorem 27 is finished.

Another proof of the basic Theorem 25 leads to the following statement:

Theorem 28. Let the series (4.1) be Ek-summable for s = s0 and let∑
∞

n=0A
k
n(s0) be the Ek-transformed series. Then this series is Ek-summable

for each s such that ℜs > ℜs0 with sum

(4.8)
f(s)

Γ(s− s0)Γ(1 − s0)

=
∞∑

µ=0

Ak
µ(s0)bµ(−s)

∞∑

ν=0

Γ(µ+ ν + 1)

Γ(µ + ν + 1 − s0)
gνbν(−s0 = 1).

This proof is based on the already known representation

Ak
n(s) =

n∑

µ=0

Ak
µ(s0)

(
n

µ

)
gn−µ∆n−µλµ(s0; s),

as well as on the equality

(
n

µ

)
∆n−µλµ(s0; s) = cn(s0; s)bµ(−s)bn−µ(s− s0 − 1),

where

cn(s0; s) = Γ(s− s0)Γ(1 − s0)
Γ(n+ 1)

Γ(n + 1 − s0)
.

Then,

Sk
m(s) =

m∑

n=0

cn(s0; s)
n∑

µ=0

Ak
µ(s0)gn−µbµ(−s)bn−µ(s− s0 − 1)

=

m∑

µ=0

Ak
µ(s0)bmu(−s)um,µ(s0;s),
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where

um,µ(s0; s) =

m∑

n=µ

cn(s0; s)g
n−µbn−µ(s−s0 − 1)

=

m−µ∑

ν=0

cµ+ν(s0; s)g
νbν(s− s0 − 1).

If µ is fixed, then

lim
m→∞

um,µ(s0; s) = uµ(s0; s)

∞∑

ν=0

cµ+ν(s0; s)bν(s− s0 − 1),

where the series is convergent. Then,

Sk
m(s) =

m−1∑

µ=0

Sk
µ(s0)(bµ(−s)um,µ(s0; s) − bµ+1(−s)um,µ+1(s0; s))

+Sk
m(s0)bm(−s)um,m(s0; s) =

m−1∑

µ=0

Sk
µ(s0)Um,µ(s0; s)

+Sk
m(s0)bm(−s)um,m(s0; s).

But if σ = ℜs > σ0 = ℜs0, then

Sk
m(s0)bm(−s)um,m(s0; s) = O(m−σmσ0) = o(1), m→ ∞,

and it remains to consider the sum

Sk
m(s) =

m−1∑

µ=0

Sk
µ(s0)Um,µ(s0; s).

If µ is fixed, then

lim
m→∞

Um,µ(s0; s) = Uµ(s0; s) = bµ(−s)uµ(s0; s) − bµ+1(−s)uµ+1(s0; s),

and in order to show that there exists limm→∞ Sk
m(s) it has to be proved that

the sequence

Um(s0; s) =

m−1∑

µ=0

|Um,µ(s0; s)|, m = 1, 2, 3, . . .
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is bounded for ℜs > ℜs0. The proof is based on the inequality

m−1∑

µ=0

|Um,µ(s0; s)| ≤
m−1∑

µ=0

|U (1)
m,µ(s0; s)| +

m−1∑

µ=0

|U (2)
m,µ(s0; s)|

= Lm(s0; s) + Tm(s0; s),

where

U (1)
m,µ(s0; s)

=

m−µ−1∑

ν=0

(bµ(−s)cµ+ν(s0; s) − bν+1(−s)cµ+ν+1(s0; s))g
νbν(s− s0 − 1),

and
U (2)
m,µ(s0; s) = cm(s0; s)g

m−µbm−µ(s− s0 − 1)bν(−s).
Let p be an integer greater than −σ, then the sign of bµ(−σ) is (−1)p for each

µ > p and, as before, one gets that

Tm(s0; s) ≤ |cm(s0; s)|
p−1∑

µ=0

gm−µ|bm−µ(s− s0 − 1)||bµ(−s)|

+|cm(s0; s)|
m−1∑

µ=p

gm−µ|bm−µ(s− s0 − 1)||bµ(−s)|

= T (1)
m (s0; s) + T (2)

m (s0; s),

where

T (1)
m (s0; s) = O(mσ0gmmσ−σ0−1) = o(1), T (2)

m (s0; s) ≤ Kmσ0 .

Further,
bµ(−s)cµ+ν(s0; s) − bµ+1(−s)cµ+ν+1(s0; s)

= bµ(−s)cµ+ν(s0; s)

(
1 − µ− s+ 1

µ+ 1

µ+ ν + 1

µ+ ν + 1 − s0

)

= −bµ(−s)cµ+ν

(
s0

µ+ ν + 1 − s0
− s

µ+ 1

µ+ ν + 1

µ+ ν + 1 − s0

)

= O((µ + 1)−s−1(µ+ ν + 1)σ0).
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If σ0 ≤ 0, then

|U (1)(s0;s)
m | ≤ K(µ+ 1)−σ−1

m−µ−1∑

ν=0

(µ + ν + 1)σgνbν(σ − σ0 − 2)

≤ K(µ+ 1)−σ+σ0−1
∞∑

ν=0

gνbν(σ − σ0 − 1) ≤ K1

(µ + 1)σ−σ0−1
,

whence

Lm(s0; s) ≤ K1

m−1∑

µ=0

1

(µ+ 1)σ−σ0+1
·

Since (µ+ ν + 1)σ0 ≤ (µ+ 1)σ0 + νσ0 when 0 < σ0 ≤ 1, it follows that

|U (1)
m (s0; s)|

≤ K2(µ+ 1)−σ+σ0−1
m−µ−1∑

ν=0

gνbν(σ − σ0 − 1)

+K2(µ+ 1)−σ−1
m−µ−1∑

ν=0

gνbν(σ − σ0 − 1)

≤ K2

(
1

(µ+ 1)σ−σ0−1
+

1

(µ+ 1)σ+1

)
,

and hence,

Lm(s0; s) ≤ K3

m−1∑

µ=0

1

(µ+ 1)σ−σ0+1
+K4

m−1∑

µ=0

1

(µ + 1)σ+1
= O(1).

It remains the case when σ > σ0 > 1. Then,

Lm(s0; s)

≤ K5

m−1∑

µ=0

(µ+ 1)−σ−1
m−µ−1∑

ν=0

(µ+ ν)σ0gνbν(σ − σ0 − 1) = K6

m−1∑

ν=0

hν(σ0;σ),

where

hν(σ0;σ) =

m−µ−1∑

µ=0

(µ + 1)σ0

(µ + 1)σ+1
,
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and since it was already proved that hν(σ0; s) = O(νσ0), ν → ∞, it follows that

Lm(s0; s) ≤ K7

m−1∑

ν=0

νσ0gσbν(σ − σ0 − 1) = O(1).

Theorem 29. If the series (4.1) is Ek-summable for s = s0, then it is |Ek|-
summable for each s such that ℜs > ℜs0.

By assumption, the series

∞∑

n=0

Ak
n(s0), A

k
n(s0) =

1

(q + 1)n+1

n∑

µ=0

(
n

µ

)
qn−µaµ(s0 − 1)(s0 − 2) . . . (s0 − µ)

is absolutely convergent.
If ℜs < 0, then since

|Ak
n(s)| ≤

n∑

µ=0

|Ak
µ(s0)|

(
n

µ

)(
q

q + 1

)n−µ

|∆n−µλµ(s0; s)|

and

|∆n−µλµ(s0; s)| ≤ |c(s0; s)|
∫ 1

0
tδ+n−µ−1(1 − t)µ−σ dt,

δ = ℜ(s− s0), σ = ℜs,
it follows that

Um(s0; s) = |c(s0; s)|
m∑

n=0

|Ak
n(s)| ≤ |c(s0; s)|

m∑

µ=0

|Ak
µ(s0)|Lm,µ(s0; s),

where

Lm,µ(s0; s) =

∫ 1

0
tδ−1(1 − t)µ−σ

nµ−µ∑

ν=0

(
µ+ ν

µ

)(
qt

q + 1

)ν

dt.

But

Lm,µ(s0; s) ≤ Lµ(s0; s) =

∫ 1

0
tδ−1(1 − t)µ−σ

∞∑

ν=0

µ+ ν

µ

(
qt

q + 1

)ν

dt

=

∫ 1

0
tδ−1(1 − t)µ−σ

(
q + 1

q + 1 − qt

)µ+1

dt,
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and hence,

Um(s0; s) ≤ |c(s0; s)|
m∑

µ=0

Ak
µ(s0)|Lµ(s0; s)

= |c(s0; s)|
m−1∑

µ=0

Ak
m(s0)(Lµ(s0; s) − Lµ+1(s0; s))

+|c(s0; s)|Ak
m(s0)Lm(s0; s),

where
Ak

µ(s0) = |Ak
0(s0)| + |Ak

1(s0)| + · · · + |Ak
µ(s0)|.

But
Ak

µ(s0) ≤ A(s0), µ = 0, 1, 2, . . . ,

Lµ(s0; s) <

∫ 1

0
tδ−1(1 − t)−σ

(
(q + 1)(1 − t)

q + 1 − qt

)µ q + 1

q + 1 − qt
dt

≤
∫
tδ−1(1 − t)−σ q + 1

q + 1 − qt
dt = L(s0; s), µ = 0, 1, 2 . . . ,

Lµ(s0; s) − Lµ+1(s0; s)

=

∫ 1

0
tδ−1(1 − t)µ−σ

(
q + 1

q + 1 − qt

)µ+1 dt

q + 1 − qt
> 0, µ = 0, 1, 2, . . . ,

hence,

Um(s0; s) < |c(s0; s)|A(s0)

m−1∑

µ=0

(Lµ(s0; s) − Lµ+1(s0; s))

+|c(s0; s)|A(s0)L0(s0; s) = |c(s0; s)|A(s0)L0(s0; s), m = 0, 1, 2 . . . ,

which means that the series
∞∑

n=0

|Ak
n(s)|

is convergent.
As in the case of Dirichlet and of factorial series, a consequence of Theorem

29 is the existence of abscissa nk of |Ek|-summability of the series (4.1) Moreover,
if

Ak
n =

1

(q + 1)n+1

n∑

µ=0

(
n

µ

)
qn−µaµ, n = 0, 1, 2, . . . ,

then statements hold, whose formulation as well as their proofs are completely
analogous to those for the Dirichlet and the factorial series, namely:
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Theorem 30. If nk ≥ 0, then

nk = lim sup
n→∞

log(|Ak
0 | + |Ak

1 | + · · · + |Ak
n|)

log n
·

Theorem 31. If nk < 0, then

nk = lim sup
n→∞

log(|Ak
n| + |Ak

n+1| + . . . )

log n
·

In the proofs of some theorems it was used the function

g(α) =

∫
∞

0

(
e−t − 1 + t− t2

2!
+ · · · + (−1)p−1 tp−1

(p− 1)!

)
t−α−1 dt,

where α ≥ 0 and p = [α] + 1. But, in fact, it can be expressed by means of the
Euler Gamma-function. To that end the Taylor formula with reminder term in
an integral form is needed, namely:

f(a+ h) = f(a) + f ′(a)h+ f ′′(a)2!h2 + · · · +
f (n−1)(a)

(n − 1)!
hn−1

+
1

(n− 1)!

∫ h

0
(h− t)n−1f (n)(a+ t) dt.

In particular,

e−t − 1 + t− t2

2!
+ · · · + (−1)p−1 tp−1

(p− 1)!
=

1

(p− 1)!

∫ t

0
(t− u)p−1e−u du,

and hence,

g(α) =
1

(p − 1)!

∫
∞

0
t−α−1 dt

∫ t

0
(t− u)p−1e−u du

=
1

(p− 1)!

∫
∞

0
e−u du

∫
∞

u
t−α−1(t− u)p−1 dt

=
1

(p− 1)!

∫
∞

0
e−uup−α−1 du

∫ 1

0
vα−p(1 − v)p−1 dv

=
1

(p− 1)!

Γ(p− α)Γ(α− p+ 1)Γ(p)

Γ(α+ 1)
=

Γ(p− α)Γ(1 − p+ α)

Γ(α+ 1)
.
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5. Summation of factorial series by Borel’s method

It is at hand now to apply the Borel integral method for summation to factorial
series of the kind

(5.1)
∞∑

n=0

n!an
s(s+ 1)(s + 2) . . . (s+ n)

, s 6= 0,−1,−2, . . . .

Let first ℜs > 0, then for the function

(5.2) Φs(x) =

∞∑

n=0

anx
n

s(s+ 1)(s + 2) . . . (s+ n)

one gets that

(5.3) Φs(x) =

∞∑

n=0

anΓ(s)Γ(n+ 1)

Γ(s+ n+ 1)

xn

n!

=
∞∑

n=0

anx
n

n!

∫ 1

0
tn(1 − t)s−1 dt =

∫ 1

0
(1 − t)s−1ϕ0(xt) dt,

where

ϕ0(x) =

∞∑

n=0

anx
n

n!
.

For the series (5.1) is said that it is B-summable, if Φs(x) is an entire function
and, moreover, the integral

∫
∞

0
e−x|Φs(x)| dx

is convergent. In such a case ϕ0 is also an entire function. Indeed, from (5.2) it
follows that for each R > 0 there exists a positive integer N = N(R) such that

|an| ≤ K

∣∣∣∣
Γ(s+ n+ 1)

Γ(s)

∣∣∣∣R
−n, n > N,

and hence,
|anxn|
n!

≤ k

∣∣∣∣Γ(s+ n+ 1)

∣∣∣∣
( |x|
R

)n

≤ K1n
σρn,

provided that n > N, |x| ≤ ρR, 0 < ρ < 1, σ = ℜs.
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Further, the integral representation (5.3) yields that

(5.4) Φs(x) =

∫ x

0

(
1 − t

x

)s−1

ϕ0(t)
dt

x
= x−sGs(x),

Gs(x) =

∫ x

0
(x− t)s−1ϕ0(t) dt.

Let the series (5.1) be B-summable for some s with ℜs > 0. If

hs(x) =

∫ x

0
e−tΦs(t) dt,

then limx→∞ hs(x) exists. If ℜδ > 0, then (5.4) and the equality

Gs+δ(x) =

∫ x

0
(x− t)s+δ−1ϕ0(t) dt

yield that

Gs+δ(x) = c(s, δ)

∫ x

0
(x− t)δ−1Gs(t) dt, c(s, δ) =

Γ(s+ δ)

Γ(s)Γ(δ)
.

Further, Φs(x) = exh′s(x), Gs(x) = xsΦs(x) = xsexh′s(x) and

Gs+δ = c(s, δ)

∫ x

0
(x− t)δ−1tseth′s(t) dt

= c(s, δ)

∫ 1

0
(1 − t)δ−1tsexth′s(xt) dt.

We need now to study the integral

F (s, δ;x) =

∫ x

0
e−tΦs+δ(t) dt

= c(s, δ)

∫ x

0
e−t dt

∫ 1

0
(1 − u)δ−1usetuh′s(tu) du

= c(s, δ)

∫ 1

0
(1 − u)δ−1us du

∫ x

0
e−t(1−u)h′s(tu) dt.

But ∫ x

0
e−t(1−u)h′s(tu) dt
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=
1

u
e−t(1−u)hs(tu)

∣∣∣∣
x

0

+
1 − u

u

∫ x

0
hs(tu)e−t(1−u) dt

1

u
e−x(1−u)hs(xu) +

1 − u

u

∫ x

0
hs(tu)e−t(1−u) dt,

and hence,

F (s, δ;x) = c(s, δ)

∫ 1

0
us−1(1 − u)δ−1e−x(1−u)hs(xu) du

+c(s, δ)

∫ 1

0
us−1(1 − u)δ du

∫ x

0
hs(tu)e−t(1−u) dt

= U(s, δ;x) + V (s, δ;x).

The function hs is bounded, i.e., |hs(x) ≤M <∞, x ∈ (0,∞). If ε > 0, then
there is η = η(ε) ∈ (0, 1), such that

M |c(s, δ)|
∫ 1

η
uσ−1(1 − u)d−1 du < ε,

where σ = ℜs, d = ℜδ.
Further,

U(s, δ;x) = c(s, δ)

∫ η

0
us−1(1 − u)δ−1e−x(1−u)hs(xu) du

+c(s, δ)

∫ 1

η
us−1(1 − u)δ−1e−x(1−u)hs(xu) du.

But

|U2(s, δ;x)| ≤M |c(s, δ)|
∫ 1

η
uσ−1(1 − u)d−1 du < ε,

and from the inequality

|U1(s, δ;x) ≤M |c(s, δ)|e−x(1−η)

∫ 1

0
uσ−1(1 − u)d−1 du,

it follows that limx→∞U1(s, δ;x) = 0, i.e., limx→∞U(s, δ;x) = 0.
The integral

∫ 1

0
us−1(1 − u)δ du

∫
∞

0
hs(tu)e(−t(1 − u)) dt
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is absolutely convergent since it is majorized by the convergent integral

∫ 1

0
uσ−1(1 − u)d du

∫
∞

0
e−t(1−u) dt =

∫ 1

0
uσ−1(1 − u)d−1 du.

Hence, there exists

lim
x→∞

F (s, δ;x) = c(s, δ)

∫ 1

0
us−1(1 − u)δ−1 du

∫
∞

0
hs(tu)e−t(1−u) dt,

and thus it is established that the series (5.1) is B-summable for each s+ δ such
that ℜδ > 0.

Let now ℜs ≤ 0, s 6= 0,−1,−2, . . . , m be a positive integer such that ℜ(s +
m) > 0, ψm,s(x) be the function defined by the series

ψm,s(x) =

∞∑

n=m

anx
n

s(s+ 1) . . . (s+ n)
=

∞∑

n=m

anΓ(s)Γ(n+ 1)

Γ(s+ n+ 1)

xn

n!

and let

Φm,s(x) =
∑

n=0

m− 1
anx

n

s(s+ 1) . . . (s+ n)
+ ψm,s(x),

then

∫
∞

0
e−xΦm,s(x) dx =

m−1∑

n=0

n!an
s(s+ 1) . . . (s+ n)

+

∫
∞

0
e−xψm,s(x) dx,

which means that the B-summability of the series (5.1) is equivalent to the con-
vergence of the integral ∫

∞

0
e−xψm,s(x) dx.

Further,

ψm,s(x) =
1

s(s+ 1) . . . (s+m− 1)

∞∑

n=m

anΓ(s+m)Γ(n−m+ 1)

Γ(s+ n+ 1)

xn

(n−m)!

=
1

s(s+ 1) . . . (s+m− 1)

∞∑

n=m

anx
n

(n−m)!

∫ 1

0
tn−m(1 − t)s+m−1 dt

=
xm

s(s+ 1) . . . (s+m− 1)

∫ 1

0
(1 − t)s+m−1ϕm(xt) dt,
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where

ϕm(x) =

∞∑

n=0

an+mx
n

n!
,

i.e.,

ψm,s(x) =
x−s

z(s + 1) . . . (s+m− 1)

∫ x

0
(x− u)s+m−1ϕm(u) du

=
x−s

s(s+ 1) . . . (s+m− 1)
Gm,s(x),

where

Gm,s(x) =

∫ x

0
(x− u)s+m−1ϕm(u) du, G0,s(u) = Gs(u).

Then, substituting s+ δ,ℜδ > 0 for s, the above equality becomes

Gm,s+δ(x) = c(s, δ)

∫ x

0
(x− u)δ−1Gm,s(u) du.

If the series (5.1) is B-summable, then

lim
x→∞

Hm,,s(x) = lim
x→∞

∫ x

0
e−tψm,s(t) dt

exists and by following a way completely analogous to that just used, one gets
that there exists

lim
x→∞

∫ x

0
e−tψm,s+δ(t) dt

= c(s, δ)

∫ 1

0
us−1(1 − u)δ du

∫
∞

0
Hm,s+δe

−t(1−u) dt.

So, it is proved the following theorem:

Theorem 32. Let the series (5.1) be B-summable for s = s0. Then it is B-

summable for each s such that ℜs > ℜs0 and its B-sum f(s) is a meromorphic

function in the half-plane {s : ℜs > ℜs0} with possible simple poles at the points

0,−1,−2, . . . . Moreover, if ℜs0 > 0, then

f(s) =
Γ(s)

Γ(s0)Γ(s − s0)

∫ 1

0
us0−1(1 − u)s−s0 du

∫
∞

0
hs0(tu)e−t(1−u) dt,

and if ℜs0 < 0, then



126 N. Obrechkoff

f(s) =
m−1∑

n=0

n!an
s(s+ 1) . . . (s+ n)

+
Γ(s)

Γ(s0)Γ(s− s0)

∫ 1

0
us0−1(1 − u)s−s0 du

∫
∞

0
Hm,s0(ut)e−t(1−u) dt,

where m is a positive integer such that ℜ(s0 +m) > 0.

The series (5.1) is absolutely B-summable, shortly |B|-summable, if the inte-
gral ∫

∞

0
e−x|Φs(x)| dx

is convergent. Let this series be convergent for s with ℜs > 0 and let

ω(x) =

∫ ω

0
e−t|Φs(xt)| dt, x ∈ (0,∞).

Then, since

|Φs+δ(x)| ≤ |c(s, δ)|x−σ−d

∫ x

0
(x− u)d−1uδ|Φs(u)| du,

where d = ℜδ > 0 and σ = ℜs, it follows that

|Φs+δ(x)| ≤ |c(s, δ)|x−σ−d

∫ 1

0
uσ(1 − u)d−1 du

∫ x

0
e−t(1−u)ω′(tu) dt.

Further, an integration by parts yields that

∫ x

0
e−t|Φs+δ(t)| dt ≤ |c(s, δ)|

∫ 1

0
uσ−1(1 − u)d−1e−x(1−u)ω′(xu) du

+|c(s, δ)|
∫ 1

0
uσ−1(1 − u)d du

∫ x

0
ω(tu)e−t(1−u) dt

≤M |c(s, δ)|
{∫ 1

0
uσ−1(1 − u)d−1 du+

∫ 1

0
uσ−1(1 − u)d du

∫ x

0
e−t(1−u) dt

}

whence ∫ x

0
e−t|Φs+δ(t)| dt

≤M |c(s, δ)
{

Γ(σ)Γ(d)

Γ(σ + d)
+

∫ 1

0
uσ−1(1 − u)d du

∫
∞

0
e−t(1−u) dt

}
,
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i.e. ∫ x

0
e−t|Φs+δ(t)| dt ≤ 2M |c(s, δ)|Γ(σ)Γ(d)

Γ(σ + d)
, x ∈ (0,∞),

and thus the following theorem is established:

Theorem 33. If the series (5.1) is |B|-summable for s = s0, then it is |B|-
summable for each s such that ℜs > ℜs0.
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[1] K. Knopp. Über das Eulersche Sumierungsverfahren. Math. Z. 15 (1922),
125–156.
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