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A FAMILY OF RECURRENCE GENERATED

PARAMETRIC FUNCTIONS BASED

ON VOLMER-WEBER-KAISHEW

ACTIVATION FUNCTION
∗

Nikolay Kyurkchiev

The Volmer theory is correct in predicting a dependence of critical super-
saturation on contact angle in heterogeneous nucleation. In this paper we
consider dependence of supersaturation on contact angle by a family of recur-
rence generated parametric functions based on the Volmer–Weber–Kaishew
activation function (VWKAF).

1. Introduction

The understanding of nucleation theory has been dominated for almost 90 years
by classical nucleation theory (see, Volmer and Weber [1], Volmer [2], Becker and
Doring [3], Frenkel [4], Zeldovich [5]).

Condensation and evaporation, crystal growth are only a few of the processes
in which nucleation plays a prominent role (see, Kashchiev [12], Dubrovskii [13],
Bentea, Watzky and Finke [15]). The classical (simple) scheme is:
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The formation of the nucleus leads to a Gibbs free energy.
Considering the interaction between solute and substrate in terms of the

contact angle that the nucleus forms with the substrate, the reduction of the
activation energy is given by the equation [1]–[2]:

(1) ∆Gheterogeneous = ω(θ).∆Ghomegeneous,

where

(2) ω(θ) =
1

4
(2 + cos θ)(1− cos θ)2

or ω(θ) =
1

2
−

3

4
cos θ +

1

4
cos3 θ.

Numerical factor ω(θ) has values between 0 and 1. The factor ω(θ) in equation
(1) is called Volmer’s activation function.

Experimental test of the Volmer theory of heterogeneous nucleation can be
found in [7].

Figure 1: Reduction in free energy of the nucleation barrier due to heterogeneous
nucleation as a function of the contact angle with the substrate [6], [18]
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In the particular case of crystal clusters the factor ω(θ) is modified by Kaishew
[9].

Often in literature the function (2) occurs as function of Volmer–Weber–
Kaishew.

For other results, see Kaishew [8], Mutaffschiev [10], Miloshev and Krastanov
[11].

The Volmer theory is correct in predicting a dependence of critical supersat-
uration on contact angle in heterogeneous nucleation.

2. Preliminaries

Definition 1. The (basic) step function is:

(3) h̃(t) =























0, if t <
π

2
,

1/2, if t =
π

2
,

1, if t >
π

2
,

usually known as shifted Heaviside function.

Definition 2. ([16], [17]) The Hausdorff distance (the H–distance) [16] ρ(f, g)
between two interval functions f, g on Ω ⊆ R, is the distance between their com-
pleted graphs F (f) and F (g) considered as closed subsets of Ω× R.

More precisely,

(4) ρ(f, g) = max{ sup
A∈F (f)

inf
B∈F (g)

‖A−B‖, sup
B∈F (g)

inf
A∈F (f)

‖A−B‖},

wherein ‖.‖ is any norm in R
2, e. g. the maximum norm ‖(t, x)‖ = max{|t|, |x|};

hence the distance between the points A = (tA, xA), B = (tB , xB) in R
2 is ‖A −

B‖ = max(|tA − tB |, |xA − xB|).

Let us point out that the Hausdorff distance is a natural measuring criteria
for the approximation of bounded discontinuous functions.
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3. Main results

In this Section we construct the following family of recurrence generated para-
metric functions based on Volmer–Weber–Kaishew activation function ω(θ) (2):

(5)

Wi(t) = (1 + λ)ωi(t)− λω2
i (t),

ωi+1(t) =
1

4

(

2 + cos

(

t−
1

2
+ ωi(t)

))(

1− cos

(

t−
1

2
+ ωi(t)

))2

,

i = 0, 1, 2, . . . , |λ| ≤ 1

with

(6) ω0(t) =
1

4
(2 + cos t)(1− cos t)2; ω0

(π

2

)

=
1

2
.

Evidently, ωi

(π

2

)

=
1

2
and Wi

(π

2

)

=
1

2
−

λ

4
for i = 0, 1, 2, . . . ,.

The recurrence generated functions W0(t), W1(t), W2(t) and W3(t) are visu-
alized on Fig. 2 – Fig. 3 for various λ.

In the special case i = 0 we have

(7) W ′′

0 (t) = −
9

8
sin2 t

(

2λ cos4 t− 5λ cos2 t− 2 cos t+ λ
)

.

Figure 2: The graphics of recurrence generated functions for λ = 0.5: W0 (green),
W1 (red), W2 (orange) and W3 (dashed). The reduction in free energy
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Figure 3: The graphics of recurrence generated functions for λ = −0.5: W0

(green), W1 (red), W2 (orange) and W3 (dashed). The reduction in free energy

From (7) we find that W0(t) has an inflection at point t∗, where t∗ is the
appropriate solution of the equation:

(8) 2λ cos4 t− 5λ cos2 t− 2 cos t+ λ = 0.

3.1. The generalized cut function associated to the W0(t)

The associate to the W0(t) cut function C(t) is defined by

(9) C(t) =



















0, if t < t1,

W ′

0 (t
∗) (t− t∗) +W0 (t

∗) , if t1 ≤ t < t2,

1, if t ≥ t2.

3.2. Approximation of the cut function (9) by function W0(t)

We next focus on the approximation of the cut function C(t) by function W0(t).

Note that the slope of the function C(t) on the interval ∆ = [t1, t2] is W
′

0(t
∗).

The straight line y = W ′

0 (t
∗) (t− t∗)+W0 (t

∗) cross the lines y = 0 and y = 1
at the points t1 and t2 respectively.

Then, noticing that the largest uniform distance ρ between the cut C(t) and
W0(t) functions is achieved at the endpoints of the underlying interval ∆ we have
the following
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Figure 4: The cut and the W0(t) functions with λ = −0.5, t∗ = 1.7727, t1 =
1.11284, t2 = 2.34762, W0(t1) = 0.113062, W0(t2) = 0.91128, uniform distance
ρ = 0.113062

Theorem 3. The function W0(t):
i) is the function of best uniform approximation to function C(t) in the in-

terval ∆;
ii) approximates the cut function C(t) in uniform metric with an error

(10) ρ = max{W0(t1), 1−W0(t2)}.

In [18] Kyurkchiev consider the following family of recurrence generated func-
tions:

(11) ωi+1(t) =
1

4

(

2 + cos

(

t−
1

2
+ ωi(t)

))(

1− cos

(

t−
1

2
+ ωi(t)

))2

,

i = 0, 1, 2, . . . ,

with

(12) ω0(t) =
1

4
(2 + cos t)(1− cos t)2; ω0

(π

2

)

=
1

2
.

Evidently, ωi+1

(π

2

)

=
1

2
for i = 0, 1, 2, . . . ,.

The recurrence generated functions ω0(t), ω1(t), ω2(t) and ω3(t) are visualized
on Fig. 5.

Denote the number of recurrences by p.
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Figure 5: Approximation of the h̃(t) by family (11) (resp. (5) for λ = 0) ; The
graphics of recurrence generated functions: ω0 (green), ω1 (red), ω2 (orange) and
ω3 (dashed); Hausdorff distance: d0 = 0.290832, d1 = 0.226927, d2 = 0.198579,
d3 = 0.184225. The reduction in free energy

The following Theorem gives upper and lower bounds for dp – the Hausdorff
approximation of the shifted Heaviside function by means of this family.

Theorem 4. ([18]) For given p, the H-distance dp between the h̃ and the
function ωp the following inequalities hold:

(13) dlp =
1

1.5 ×
γp

22p+1

< dp <
ln

(

1.5 ×
γp

22p+1

)

1.5×
γp

22p+1

= drp

Figure 6: The lens-shaped geometry [14]
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where

(14)
γp = 4γp−1 + 3p+1, p = 1, 2, . . . ,

γ0 = 7.

In the case of lens-shaped nuclei (see Fig. 6), the lens volume is expressed as
[12]:

(15)
Vn

4/3πR3
= ω(θw) +

(

sin θw
sin θs

)3

ω(θs) = F (θw, θs)

where ω(θw) and ω(θs) are given by (2). The factor F (θw, θs) depend on the two
angles θw and θw.

The factors ω(θw), ω(θs) and F (θw, θs) are visualized on Fig. 7–Fig. 8.

4. Conclusion

A family of recurrence generated parametric functions based on Volmer–Weber–
Kaishew activation function is introduced finding application in nucleation theory,
geophysics and neural network theory.

In this note we consider dependence of supersaturation on contact angle by
means of this family.

Numerical examples, illustrating our results are given.
We propose the following model:

∆Gi
heterogeneous

∆Gi
homegeneous

= Wi(t); i = 0, 1, 2, . . .

For i = 0 we have the classical Volmer–Weber–Kaishew equation for the
nucleation rate (1).

Certain interest is the reduction in free energy of the nucleation barrier due
to heterogeneous nucleation as a function of the contact angle with the substrate.

From the Fig. 2–Fig. 3 it can be seen that the “supersaturation” is fast.
We propose a software module (intellectual property) within the program-

ming environment CAS Mathematica for the analysis of the considered family of
recurrence generated (VWKAF) functions.

The module offers the following possibilities:
– generation of the activation functions under user defined value of the number

of recursions p and parameter λ;
– calculation of the uniform distance ρ, between the function C(t) and the

functions Wi(t);
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Figure 7: The factors ω(θw) and ω(θs)

Figure 8: The factor F (θw, θs)
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– software tools for animation and visualization.

I will explicitly say that the results have independent significance in the study
of issues related to neural networks.

Some family of recurrence generated parametric activation functions is dis-
cussed from various approximation and modelling aspects in [19]–[27].
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