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GROMOV HYPERBOLICITY OF THE KOBAYASHI
METRIC

Lyubomir Andreev, Nikolai Nikolov, Maria Trybuta

In this paper we discuss the global geometry of the Kobayashi metric on
domains in C". We gather all known results. We pay special attention to
methods which distroy the hyperbolicity.

1. Partl

In this paper we study the Kobayashi distance on domains in C". The Kobayashi
distance kq is a pseudodistance associated to every domain €2, which has many
important properties, for instance, the distance decreasing property. It is known
that for bounded domains the Kobayashi pseudodistance is actually a distance.
The Kobayashi distance is useful for studying holomorphic maps and the geom-
etry of the Kobayashi distance has played an important role in tmany results in
several complex variables.

An important feature of the Kobayashi metric for strongly pseudoconvex
domains is that they are negatively curved. For general domains the Kobayashi
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metric is no longer Riemannian, and thus will no longer has a curvature. Instead
one can consider a coarser notion of non-positive curvature from geometric group
theory called Gromov hyperbolicity.

Gromov hyperbolic metric spaces have been intensively studied and have a
number of important properties. For instance, it is known that in a Gromov
hyperbolic space every quasi-geodesic is within a bounded distance of an actual
geodesic (cf. [3, Chapter III.LH, Theorem 1.7]). This property is known as the
shadowing property. This gives us some information about the posiible geodesics
since often segments to the boundary points are quasi-geodesics however it is
difficult to find actual geodesics. Moreover, every quasi-isometry f : Q1 — €9
between Gromov hyperbolic metric spaces have a continuous extension to natural
compactifications of € and €y (cf. [3, Chapter III.H, Theorem, 3.9]).

Balogh and Bonk [2] proved that the Kobayashi metric is Gromov hyperbolic
when the domain is strongly pseudoconvex.

Theorem 1.1. ([2]) Suppose Q is a strongly pseudoconver domain. Then
(Q, kq) is Gromov hyperbolic.

For a long time it was one and only known example of hyperbolic spaces in
complex analysis. It was Stephen M. Buckley who posed for the first time whether
the Kobayashi metric on general smooth, bounded pseudoconvex domains with
finite type is Gromov hyperbolic. Gaussier and Seshadri [4] proved this result
for bounded convex domains (see also [10]). Extending this work, Zimmer gave
a complete characterization of bounded convex domains for which the Kobayashi
metric is Gromov hyperbolic.

Theorem 1.2. ([12]) Suppose Q is a bounded convex domain with C* bound-
ary. Then (Q,kq) is Gromov hyperbolic if and only if OQ has finite type in the
sense of D’Angelo.

Part “if” of this result was later extended on a natural generalization of
convex domains, i.e., C-convex domains.

The study of the sensitivity of Gromov hyperbolicity to removing some part
from a domain was initiated in [10] by Thomas and the last two named authors.
They observed that under certain conditions on €, the space (21 \ Qo, kona,)
is hyperbolic if and only if (21, kq,) is hyperbolic.
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Proposition 1.3. ([10, Proposition 6]) Let Q be a bounded domain in C",
n > 2. Assume that K is a linearly convex compact subset of Q. Then Q\ K is
a domain such that ko e s quasi-isometrically equivalent to kQ\(Q\K)X(Q\K).

In particular, if (2, kq) is Gromov hyperbolic, then so is (2 \ K, ko\k)-

Motivated by this result, Haggui and Chrih in [6] considered a situation when
we remove a non-compact subset from the domain.

Theorem 1.4. ([6, Theorem 3.1]) Let Q@ be a bounded conver open set in
C"™ and S be a complex affine hyperplane such that QN S is not empty. Then
(Q\ S, kq\s) is not Gromov hyperbolic.

If A is relatively closed in §2, and A and very small, i.e., it is negligible with
respect to the (2n — 2)-dimensional Hausdorff measure, then

kova = kal@\4)x@\4)

(cf. [8, Theorem 3.4.2]). The case considered by Haggui and Chrih is interest-
ing since removing any hyperplane from a convex domain does not destroy the
pseudoconvexity . Nikolov and Trybula refined the construction used in [6], and
showed that what is really needed in Theorem 1.4 is C-convexity.

Theorem 1.5. ([11]) Let Q@ C C" be a bounded C-convexr domain and S a
complex affine hyperplane such that QN S is not empty. Then (2 \ S, ko\g) is
not Gromov hyperbolic.

Althought © \ S is generally not C-convex Nikolov with Trybuta showed that a
slight modification of the proof of Theorem 1.5 allows to carry on the cutting
procedure, and the resulting domain is not Gromov hyperbolic as well.

Corollary 1.6. ([11]) Let @ C C" be a bounded C-convex domain in C"
and § # @ be a finite family of complex affine hyperplanes intersecting ). Then
(Q\ US, kao\ys) is not Gromov hyperbolic.

Since convex domains are C-convex, Corollary 1.6 can be applied to convex
domains also.

Corollary 1.7. ([11]) Let Q C C" be a bounded convexr domain and S # @ a
finite family of complex affine hyperplanes intersecting 2. Then (£2\ U S, ko\ys)
is not Gromov hyperbolic.
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It was also noticed in ([11]) that Theorem 1.5 can not be extended on weakly
linearly convex domains.

Theorem 1.5 and its consequences hold due to a simple observation that the
convex hull of any union of n orthogonal discs in € is entirely contained in €.
However, this is not the only tool which was used there. Also important are
the estimates of invariant metrics for C-convex domains that are false fo general
complex convex domains.

Since C-convexity of smooth bounded domains can be expressed locally, one
might ask if the last results have localization versions. It turned out that the
answer to this question is positive. However, from one point of view such a
situation is irrelevant because of the lack of pseudoconvexity and k-compactness.

Theorem 1.8. ([11]) Let Q@ C C" be a convex domain containing no complex
line. Suppose there is a closed subset S" of Q such that there are a complex affine
line S, a point ( € 92N S and R > 0 so that

QNB(,R)NS =QNB(,R)NS

and 0X) is strongly convex near C, i.e., ) contains no segment in some neigh-
bourhood of C. Then (2\ S, kq\s') is not Gromouv hyperbolic.

2. Part II

2.1. Basic notation

e For X C Clet X, =X\ {0}

Forr>01let D(r) ={z € C: |z| <r}, D(1) =D.

For z € C" let ||z|| denote the standard Euclidean norm of z.

For (€ C", r>0let B(¢,7) ={2€C": |z~ (| <7}, B(0,1) = B,.
e Given an open set Q C C", 2 € Q, X € C" let

distq(z) = inf {||z — w| : w € 90N},

disto(z; X) = inf{[|z —w]|| : w € ( + CX) N oN}.
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2.2. Complex convexity
A domain is said to be:

o C-convex if any non-empty intersection with a complex line is a simply
connected domain.

e linearly convexr (respectively: weakly linearly convez) if each point in its
complement (respectively: boundary) belongs to a complex hyperplane dis-
joint from the domain.

The following implications hold:
C-convexity = linearly convexity = weak linearly convexity.

Let us note that all three notions of complex convexity are different, and do
weaker than the ordinary convexity. However, for bounded domains with cl-
smooth boundaries they coincide. In the general case their place is between
convexity and pseudoconvexity.

Althought, complex convexity is in general a weaker property than convexity,
we observe that the following phenomenon remains true for them:

Lemma 2.1. ([11, 13]) Suppose that a weakly linearly convex domain G C C"
contains the origin and balanced sets Gy ...,Ggq, G; C {0} F1-1 % C" x
{O}”_(”j"'"""”d), n; € Ny, ny + ... +ng =n. Then G contains the convex hull of
Gy, ...,Gy.

More properties of complex convex domains can be found in [1], [7].

2.3. The Kobayashi metric and distance
Given a domain Q C C" the Kobayashi pseudometric is defined as follows

ko(z; X) =inf {|A| : there exists f € H(D,Q) so that
f(0) = 2, Af'(0) = X }.

If a: [a,b] = Qis a C! piecewise curve we can define the length of a to be

b
lig (@) :/ ko (at); o (t))dt.

One can then define the Kobayashi pseudodistance to be
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ko(p,q) = inf {l., (@) : a:[0,1] — Q is a piecewise C' smooth
with a(0) = p, a(1) = ¢}.

An important property of the Kobayashi pseudodistance is the holomorphic con-
tractibility: if f : Q1 — Q9 is holomorphic, then

ko, (f(2), f(w)) < ke, (2, w).

We say (9, kq) is k-finitely compact if every ball with finite radius is relatively
compact in §2

For further information on the Kobayashi metric/distance we refer the reader
to [8], [9].

2.4. Gromov hyperbolicity
Let (X, d) be a metric space.

A curve «: [a,b] — X is a geodesic if d(a(s),a(t)) = |s—t| for all s, t € [a, b].
A geodesic triangle in the metric space is a choice of three points in X and geodesic
segments connecting these points. A geodesic triangle is said to be M-thin if any
point on any side of the triangle is within the distance of M from the other two
sides. A geodesic metric space is said to be (Gromov) hyperbolic if there exists
M > 0 so that every geodesic triangle is M-thin.

By definition, an (A, B)-quasi-geodesic 3 : [c,d] — X satisfies the condition

A7ls —t| = B <d(B(s),8(t)) < Als —t| + B

for all s,t € [c,d]. An (A, B)-quasi-geodesic triangle consists of three (A, B)-
quasi-geodesics (its sides). Such a triangle is said to be M-thin if each side lies
in the M-neighbourhood of the union of the other two sides.

Proposition 2.2. ([3]) If (X, d) is hyperbolic, then every (A, B)-quasi-geodesic
triangle is M -thin for some M > 0 depending on A, B.

The book [3] by Bridson and Haefliger is one of the standard references for Gro-
mov hyperbolic metric spaces.
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