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EXTREMAL PROBLEMS FOR UNIVALENT FUNCTIONS
LJUBOMIR G. ILIEV

Denote by S the class of functions
(S) f@)=cot+ 12+ 92+ - -,
regular and univalent in the unit disc D:/z <lI. B

Let L(z,, 29) be the curve z=2(s), 0<s<s, 2,=2(0), 2,=2(5), 2, <|29|<]1,
for which 2’(s), and, also r/(s)=|2(s)’ exist and are continuous except for a
finite number of values of s. The parameter s denotes the length of the arc.
By 8 (2, 2, f) denote the image of L(z,, z,) by means of f(2)¢S.
L(z,, 2,) and 8(z,, 2,, f), denote, the lengths of L (z,,2,) and £ (z,, 2,, f), respectively.

Theorem I If f(2) ¢S and |2z,|< 2,|<]1, then

) 1—|z| |z| _ BCu 2 /) 1-| 21| | 2]
A+[2 PO+ 2 [ T I(zy, 20) (=2 PA—[ 23’

where the above estimate holds irue if r'(s)=0.
For |z|<r<1, one obtains
Theorem I*. If f(2) ¢S and |z, < z,|sr<], then

> 1—r Lz, 2 f) 1+r
(1*) (l-i—"):‘rS L(zy, zg)  (1=rp’

where the above estimate holds true if r'(s)=0.
As a corollary we get:

Theorem L If f(z) ¢S and iz,|<!zgl<,r<1, then

1—2| | 2| f(z1)—f(z2) 1—|2| [22]
2) TH PO B F S oz (|2 FO— |z’

where the left inequality holds if the segment joining the points f(z,) and
f(2,) lies entirely in the image f(D) of the unit disc by means of f(z), while
the right inequality holds if, on the segment joining z, with ze, z only in-
creases or only decreases.

Under the same conditions the following inequalities hold:

» 1—r S(21)—f(29) | 1+r
(2% (l+r)3‘$| 21—2y '<"’(1—r)5

These theorems comprise (generalize) the classical Koebe theorem [1]
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Theorem K. If f(2) ¢S and z =r<]1, then
* 1— — 4 —~ ]+
(3%) A |f(2)}‘; (1_:)3'
The bounds in (3*) are reached by the function f(2)=z/(1—2)
(2), when z,=0, z,=2, yields the Bieberbach theorem:
Theorem B. If f(2) ¢S and z|sr<]1, then

1zl ~jsb
) Tz FE =/ @= o
and

1 f(2) 1
4 =z S

The bounds in (4) and (4*) are reached by the function f(z)=z/(1—2)%

In the proof of theorems I and I* the Koebe theorem and the integral
method of Bieberbach [2] are used.

Pr_oof of theorems I and I* Let L(z, 2,) be a curve z2=2(9)
0=s <s, in the unit disc D, 2(0)=2,, 2(s)=z, joining the points 2z, and z,,
|2, <| 2, It can be assumed that 2'(s) and 2(s)|’, 0=s=s exist and are con-
tinuous except for a finite number of values of s. Here s is the length of the
arc along the curve.

Let £(2,, 2, f) be the image of L(z,, 2,) by means of the function f(2) ¢ S.

The lengths of these curves are denoted by L(z,, 2,) and £ (2y, 2, f), res-
pectively.

Since L(z,, 2,) is rectifiable, there exists a positive integer p=1, such

that (p—1)(| 23| —| z,)<L(z,, 2)=<p(| 23 —|2,))
Then

(5) E(zl,zn.f):jtfxz)‘ 2(9)|ds=] f@)| dz |

I+ 2

—I—TF' In view of the Koebe theorem

A. Let g(2)=o(|2))=

s

[17@ 1dzis fo(2) dz
Let £y=2,, fg--+, {pn=2a be pn+1 points on L(z,, z,) dividing its arc
into pn equal parts. Then

s - Lz 20
f(p(izi,)!dz{=lim 3} o(| el | Exrr—Cr =lxm z w(lck)__(__ﬂ_

Assume that 7/(s)= z(s)|’>0 Then the numbers |fy|=|z(|= L=
<|¢pn =|lpns+1|=|29| and they are in the unterval [ z,, |2,|] of length
23| —12, >

Divide the interval [|2z,, 25|] into pn parts, all equal to iz—’lﬁlﬁ’—' .

Z(zh zﬁ)

Since lpp—&r = v g is p times greater than —Iﬂ;'l—z"—:ag at most
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then in every interval consisting of p consecutive intervals of length o there
is at least one of the numbers |fx|. Now divide the interval [|2z,, |2,]] into
n equal intervals. Each of them represents a group of p intervals of length

—I—z—zL;nl—i’—l— each. All these n groups will be given consecutive numbers. Among

the numbers |z, , lying in the »-th of the groups consisting of p consecutive
intervals of length LA b L7 each, by ¢!| denote the number for which

o(|tk|) is the greatest.

hen, .
: Ky | L(z,, 25) [(3:- 2y) . e EEEN
) . 2 — S @
},Tlml;lqﬂ(}a ) pn |zz!—|211}.l.t_}look=1q(l:k ) pn
— L(zi, 25) , 3 iy | 22 f—lzllz L(zy, 25) S |
S lTaim 2 P0G =T = e {12042
i e.
5 L(zy, z9) % (4[z)djz| _ - 1— (21| | 2]
$en 20 N= 2170 d,a-Ta = HEe %) TR
Therefore,

LB(z1, 22, ) 1—|24] |2,] 1+r

Tz (A—1zB(— = (1=rF’

under the condition that r/(s)=0 in the interval from 'z,| to |2, and |25 =r<<1.

B. Let w(z)=w(!z)=(—:;——|zzl—|);- In view of the Koebe theorem

[ 1@ ldz = [w(z) dz

First assume that #/(s)=0 in the interval |2,/<<s<|z|. Repeating the con-
siderations and notations from item A, among the numbers (x/, lying in the

»-th of the groups consisting of p consecutive intervals of length -—~{22|_niz‘!

each, by |¢* denote the number for which y(|24) is the smallest. Then, by ana-
logy with the mentioned above

Lizi, z) % (1—|z)d|z|

e 2 NZZ 5 O

N 1—|zy| |29
=L (2, Za)(szli)';(TﬁZE—)?’

B(z1, 2. f) 1—|2y] |29 1—r

T 29 = UFz)E A+Hz) = 0+rF

where |zg|=r<1.

In this case, the condition r/(s)=0 can be easily discharged. Namely,
L=L(z,, 23) can be represented in the form L(z,, 23)=L,(2;, 2,)+Ly(2), where
L,=L(2 29) is a curve 2=2(s) in D joining 2, with 2z, and for which r'(s)=0,
while L,=Lg4(2) is a sum of linear sets.

Then,

A 2 .
O ] w2z =(L) | w(2)z + W fule )z =) | ().
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Thus, theorems I and I* are proved. ’
Note that in view of (5) the inequalities (1) might be written in the form

, 1=z |zg) __ 1 e | 1—|z |z
1 TFERT 2R~ T, 2 1 ey T V= o=

If we choose the curve L(z,, 2,) in such a way that its image £(z,, 25, f)
through f(2) € S, to be the segment joining f(z,) with f(2,), then

Bz 20 ) | fz)—f(z)] —| fe=fz)
z‘(zl' 23) Z(Z], zy) N 21— 2%

and thus the left-hand side of (2) is established.
If the curve L(z,, 2,) is the segment joining 2z, with 2z,, then under the

conditions of Theorem I:

Lz, 23, /) ) L(z1, 25, f) >| f(z2)—f(22) .

Lz, ) |21~z 21—2y

In this way Theorem I is proved.
Let f(2) ¢ S map the unit disc D convexly. In this case (see [2], p. 83), if
zZl=r<l:

1 2 !
(3%) gy = @) = amy

Using (5) and the approach stated in A. and B. we obtain:
Theorem I,. If f(2)€S is a convex function and |z,|< z,|<l, then

1 8Bz, 22 f) 1

(6) T EN T~ Ta 2 = (=la)i=|z) ’
1 fz)—f(z2) 1

@) MmN +m) = n-z = a—EN=E)

where the above estimate in (6) holds true if r'(s)=0, while in (7) it is true
provided |z| only increases or only decreases on the segment joining z,| with |2,|.

Let the function
(8) fr(2)=z+cM2A+) P+ . k=1,2,...,

be k-symmetric and univalent in the disc 2z/<I.
Analogously, from (5), A. and B. we obtain the theorems:

Theorem Iy If f(2)€ Sk, then under the conditions of Theorem 1, we
have :

9) 1 ""(1_rk s ar _ Blewzf ""(1+r*)3_dr )
Tza = |2 124 1+r*) (T=rF% = "Lz, 2z |zl=lzi] 2 \T=rF /(1 rEp
and for the conditions of Theorem 1:

1 a4\ g S21)—fa(22) 1 Algetd ar
] l+") (1—rhpk =| 21—z I= |22 —|21] |z.|(1—fﬁ) (1-rkpk

(10) -

za—Tal |

Zlf
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~ Theorem Iy If fi(2) ¢ Sk is a convex function, then under the condi-
tions of Theorem 1, we have:

(1 1) 1 |25] d,; = E(Z), 2y, fk) _ 1 2! - _
2ol =2 [z (14 rFpk = Lz, 2 |zl=l&] 20 Q Rk
and
! lz;l dr = fk(zl)—fk(z;) 1 |22l dr
< 2) | < )
(12) 22| — |24 [z',, (14 rkpr® = 21—2y = |zo| = 24] 2, (1—rkpk
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