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ON A NEW CHARACTERISTIC OF FUNCTIONS.
Il. DIRECT AND CONVERSE THEOREMS
FOR THE BEST ALGEBRAIC APPROXIMATION
IN C[—1, 1] AND L,[—1, 1]

KAMEN G. IVANOV

1. Introduction. Let D be the set H, (T,) of all algebraic (trigonomet-
rical) polynomials of a degree at most n. The best L, approximation with the
weight w of the function f¢L,[a, b] by means of elements of D is

EWD, w; f)Lp[a. o= inf{llw(f=Q)l,: QeD}.

Here L.[a, b] denotes the set of all measurable and bounded in [a, 8]
functions equipped with the uniform norm. We shall denote this norm with
Il .llo. Therefore Cla, bl=L.[a, b).

Let ou(f; £),=sup{ll A% f(.)llpa,6y: O=h=%} be the k-th modulus of L,
continuity of f, where b,=0, if f is (b—a) periodic, and b,=>b—Fkh, if f is
defined in [a, b].

As it is well known (see e. g. Timan [12]) there is the following connec-
tion between the best trigonometrical approximation of a function and its
moduli of continuity:

(L) BT 1; o, 2m=0n") <of; £),=O0(t") (¢-0) for 0<a<k.

We can interpret the equivalence (1.1) in two ways:

A) A characterization of the best approximations in terms of the moduli
of continuity.

B) A characterization of the moduli of continuity (or of the classical
Lipschitz spaces) in terms of the best approximations.

These two interpretations are not one and the same as we shall see in
the best algebraic approximation case.

We shall consider only the approximations on the interval [—I1,1}. The
algebraic approximations on the other intervalare evidently connected with
those on [—1,1). We set A(d, x)=d/I—x2+a?, A (X)=A(n"1, X).

The following equivalence is established as a result of the researches of
Timan [13], Dzjadik [3], Freud [18] and Brudnij [1]:

(12) E(Hp (A3 i1, =01 )306(f 3 D)e=0(t2) (t—0 for 0<a<k).

This is an algebraic analog of B) for p—=co. Motornij [8] and De Vore
[17] show that the direct replacement of oo with p (1=p<oo) in (1.2) is
impossible. .
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There are many papers on the problem of characterization of the best
algebraic approximations. We shall mention only few of them. Potapov [10],
Dzafarov [2], Butzer, Stens and Wehrens [16, 23] defined a va-
riety of moduli for characterizing the best algebraic approximation. Their re-
searches are based on modified translation concept. In [14] Fuksman gives
a structural characteristic of the best uniform algebraic approximations in
terms of the local modulus of continuity.

In this paper we show that new moduli defined as norms of local moduli
can be successfully used for characterization of the best algebraic and trigo-
nometrical approximation of functions in C and L,. These 'moduli are intro-
duced for the first time in [19]. Their properties are proved in [20]. The re-
sults of this paper were announced at the Conference on Functions, Series,
Operators in Budapest, 1980.

2. Definitions and auxiliary results. Everywhere ¢ is an absolute con-
stant, ¢(A, B,...) is a constant depending only on the marked parameters.
These constants may differ at each occurrence.

We shall use the following moduli of f (see [19; 20]):

(2.1) Tl fy W5 8)pr, pla, 01 =11 @W( . Jor( f5 . 5 3( . )p’llpia, 51

where

5(x)
ol fr X, 8(x))p ={ 751@_5{,,”5 f(xX) 1P’ do}ie” for 1=p’< oo and

(2.2)
o(f, %, 8(x))w=sup{| A f(x)|: |v|=8(x)},
where the finite difference AXf(x)=2Z% (—1)* f)f(x+i'v) is defined as O,

if x or x+kv are not in [a, b]. In (2.1) 8 is an arbitrary positive function
of x and the weight w is a non-negative function belonging to L.[a, 8],
l=p=<oco, l=p'=co.

As far as we know the local L, modulus of continuity (2.2) is used for
p'<co for the first time in this problem. The local modulus concept in the
definition of global moduli is used for the following structural characteristic

TW(f5 8),=llow(f,.; 8)ll, (8=const),

where wp(f, x; 8)=sup{|A}f(¢)|: ¢t, t+khe[x—k8/2, x+k8/2]N[a, b]}. This
modulus is used for the first time by Sendov [11] and Korovkin [7] and
it already has some important applications (see [4, 15, 21, 22)).

In both following theorems we give some properties of t(f, w; 8),,,
and its connections with wi(f; 8), and t(f; 3),.

Theorem l [20]- If l—épy pl, p29 p’y p19 [72, p”};ool f»geLmax {p.p'}
8>0, d=const, w=0, w¢C[—1, 1], then

D w(f+8 @; 8)pp=wlf, @; 8)p,p +76(& W3 8)pr.p5

2) wof, w; d)p,p=la|w(f, @; 8)y,, for a€R;

3) t(f, wy; 8, p = (f, Wy; 8)p,p for O=w,<w,;

D) w(f, w3 8)p, p=(b—0a)"P VPt (f, W; 8)pr,p, fOr pr=py;

9) w(f, w; 5)’,;“’513(’1’, w; 8),,;" for py=py;
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6) t(f, 15 ndh,p=nt(f, 1;d),, for each n¢N and t(f, 1; )y, ,
=([M]+3)u(f, 1; d),., for L€R;

N wfs 15 @pp=cR)(f's d; dhpr.p for every p', p"; k=2;
f ELmax{P.P"}; - :

8) w(f, 1 @pr.p = 0u(f; dp=c(R)yw(f, 1; d)p.p for each p'€[l, p];

9) 12v(f, 15 d)w,p = t(f3 d)p=2ty(f, 1; d)eo,p for each f¢Loa, b];

10) ©(fs 1; @), p = 2w f; d), for each f¢Lu[a, b]; k=2.

We shall impose now one condition on the weight w:
(2.3) w(x)=L(A)yw(t) for each x, te[—1, 1], | x—¢|=<AA(d, x),

where A=1 and 4 is a fixed number, 0<d=<1. We have to pay attention to
the behaviour of the constant L(A)=L(w, A) and so we introduce a special
denotation for it.

Remark 1. The weights w(x)=A%d, x) (real p) satisfy (2.3) with a
constant L(A)<(4r+2)*! (see [20] or (2.4) and (2.5)).

Theorem 2 [20]. /f w satisfies (2.3), d=const, 1=<p, p’, p'’'=co,
S € Loaxfp. p’y we have .

D w(f, w; A@)p,p = c(k, LR) 1], for p'=p;

) nulfe @i @) p = ol LGS wA@); A(4k+2d)yr. 5 for k=2
f € Lmax {p'.p};

3) w(f, w; Ay, p = c(k, L(R) 1w fPAXA)) I, for k=1, f®€L,[a, b];

4) 1(f, w; AAN@)p,, = c(A, LO))yt(f, w; Ad))y,, for A=const=1,
d=(A)1,;

5) w(fs Wi A@)p.p = (f @; A@)pr,p = c(k, L(R)K(f> @; Ad))p.p for
p’ép”é:p-

Let us note that Theorem 1, property 8) permits to replace wi(f; £), in
(1.1) with w(f, 1; £),,, for arbitrary p’¢[1, p], i. e. w(f, 1; £)pr,p is a struc-
tural characteristic of the best trigonometrical approximations.

We denote J(x, y(x))=[x—w(x), x+wyx)N[—1, 1].

Let A=1 and D<d=(2A)"1. We set (see [20])

i < ——_4—.w;
and, x)=a(d, x)=a(x)={ Ad, x), if le;\/—————l <
(2r+1)a2, if | x|>V1—4n2a2.

It is easy to prove (see [20]) that

(24) Ad, x)=axd, x)=(21L+1)A(d, x) for |x|=1;
(2.5) lha, Il =(20)~".

We denote #M=t,=(2i—1)n/2n; x{"=x;=cost;; [;=[(i—1)n/n, in/n] for
each integer i; /\"=/,=[cosin/n, cos (i—)mn/n] for i=1, 2,..., n, [;=lps,_;
;or }':n+1, n+2,..., 2n and if r=i(mod2n) for some i=1, 2,..., 2n, then

Lemma 1. For every xel{”, yel; ,Ul;Ul;+, we have A(y)=13A,(x)
and lx_(yiAn( y))|§33An(x)°
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Proof. Let £¢[0, n] be such that x=cos? Then
(2.6) | x—y|=max{]|cos jn/n—cos(j—2)rn/n|; | cos(j+ )n/n—cos(j—)n/n|}
=2 sin (n/n) max { sin (j— )n/n, sinjr/n}
=2(n/n) max {sin ((j—1)rn/n —t)+£); sin((jn/n—1t)+1)}
=(2n/n) max {sin ((j—1)n/n—t) cos £+ cos ((j—1)n/n—t)sin ¢;
sin (jn/n—t) cos £+ cos (jr/n—t)sin ¢}
< (2n/nX(r/n)x +1—x2)<2n2A (x) < 20A,(x).
Using (2.4), (2.5) and (2.6) we have
AD=a(n, y)=|a(n, Y)—am™, x)|+an, x)
=1/2| x—y|+3A,(x)<13A,(x).
This inequality and (2.6) give
[Xx—(y£AI) =] x—y |+ A,(y)=334,(x).
Lemma 2. For every integers i, v, v==0 we have mes(/,)<5|v| mes

(Ii+V)'
Proof.
mes (/) | cos(i—1)n/n—cos in/n| _  |Isin(2i—1)2m/2n|
mes (/;,,) | cos(i+v-Yr/n—cos (i+vr[n] ~ |sin (2({+v)—1)n/n|

Let & be such integer that (—n+1)/2=i+v+kn<(n+1)/2. Then —m/2=<[2(
+v+kn)—1]n/2n<n/2 and

mes (/;) | sin (2(i+kn)—1)m/2n| | (2(i+kn)—1)r/2n|

mes (/) Isin 2@+v+kn)—Dn2n|— (2/n| 2E+v+kn)—)x2n]

_ |2(i+kn)—1] = (|2(i+kn)——l|—-|2(i+v+kn)—l{+1)
T2 12(i+v+kn)—1] 2 | 2(+v+kn)—1 |
=% (2 <5yl

Lemma 3. If x¢l, y€l, i, then | x—y|<246 (i—j) A (x).
Proof. We shall consider only the case i<j, because the case i>j is
similar. Using Lemma 2, we get

| x—y|< Lj mes (/)< (1+I£ 5v) mes (/;)
k=i k=1

==(145(j— i) j—i+1)/2) mes (/)= (1 + 5@ —j)?) mes (/,)=6( j—i)* mes (/).
Using Lemma 1, we have
mes (/;)=| cos (i— 1)n/n—cos in/n |=2 sin (n/2n)| sin (2i— 1)n/2n |

=(n/n)|sint;|<nA,(x;)<41 A, (x).
This proves the lemma.
3. Jackson’s type theorems for the best algebraic approximations.
Theorem 3 [19). Let w satisfies (2.3) with d=m™"' and L(\)=c(s)A’
(A=1) for some s>0. Then for each Fe¢L,[—1, 1] (1=p=co) we have
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(3.1) E(Hp @5 F)rj1, 11 = c(S)0lF, w35 Ay,
Proof. We set r==-—[—s] and n=[m/(r+2)]+1. Then
E(Hm, w F),,éE(H(H_z)(n_]), w, F),, and

(r+2)2A(x)<A,(x)=A,(x). In view of Theorem 24), (2.1) and (2.2) it is
enough to prove that

E(H(r 12y —1), @5 Fly=c(s)yt(F, w3 c(S)An), p»

because the weight w will satisfy (2.3) for d=n—'! with a constant L(A)
=c(SH(r+2°A) ==c(H)A.

Let n be a fixed real number. From Lemma 3 and from the condition on
L(A) we have the inequality

3.2) w(x)=c(s)|i—j|*w(y) for every xel®™, yel\, i)
We set T, (0)=T(@)=(mm2y"™ ¢ Tysman: ¥0=v= + [%, T@du. The

numbers y{) satisfy the inequality (see [12, p. 236])
(3.3) nyN=c(r).

Let x¢[—1,1] and let y¢[0, n] be such that x=cosy. We consider the
function

T )=—gr [F(cos(y+O)T,, (b)dt,

™n

where f is a continuous function on [—1, 1]. We have
+n n
T(f, )= | f(cos)T,, (u—y)u= % | f(cos )T, ku—y)du,
y—r . —n

because f,cos and T, , are 2m-periodic. Therefore 7(f)€ T+2n—1) . Also we
have

T =9)= 55 [F(Cos(—y+O)T,, (Odt=1 [fcos(=y—0)T,, (~0)}d

= % _f f(cos(y+v)T,, (v)dv=T(f; ¥)

because 7, , is an even function. Hence T{( 7) is an even trigonometrical po-
lynomial and there is Q(f)€Hiyam_1 such that Q(f; cosz)=T(f; 2) for
each z. We shall estimate A=|f(x)—Q(f; x)|. We have

A=1fx) & [ T®at—L [ fleos (y+o)T(O]

1f(cos y)—fcos (y+ 1) Tt

21
-~
=y
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Let £, be such a point in {&#P, &m, ..., &M}, that
(34) | t—y|<=nr/2n.
Then we have

(35)  Asg [{Ifcosy)—f(cost))|+1f(cos L)—flcos (y-+1) |} T(e)t

=1f(cosy)—f (costpl+3 % [1f(cos t)—f(cos (y+£)| T(Hat.

We set f(x)=f(cosy)=f, f(cost;)=f; Using (3.4), for ¢/, we have
[t —(Y+ O |=1t;+t,+r2n—y—t|<|t;—y|+|t;—t|+7n/2n<3r/2n.
Therefore
1
(36) v J|f(cost))—f(cos(y+12))| T(¢)dt
ST,

%fl{ frTrd+o(focos, teys o) YT(b)at.

Let i=0, 1 (/, —[——n/n, 0], /;=[0, =/n]). Then from (3.3) we have

sin nv|2 2'+4 1 = 1 _
3.7 — f(nsmvlz dv= = [1.do=—- -;n—‘_:,\_C(f).
Using (3.3), for t>2 we obtain
1 sin nu/2 2'+4 1 imn dv _
(3.8) f ( 7 sin 0/2 dv= ?Y—(i—l';:/n(" sin 012)2r+4
l l —27-
== - T3 pi L T =o(r) =1~
®  2n
Similary for i<—1 we have
i 2 \2r+4
(3.9) i f( ) dvsc0) 111
Now inequalities (3.5), (3.6), (3.7), (3.8) and (3.9) give
3 3
(3.10) A=If—fil+ o focos, b5 52) +Ifr=finl

3 2 /e 3
+@y(focos, Ej+13 5%) + E (t—l)"”-"[lf/—-f/+,-l+m1(focos, Lisis 3’,%) ]

+ E V=21 fr—freil+@y(focOS, Ly 2n) I

i=1—n
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= . 3 o e
=If—fileofofocos, i 53) + X LYl
3
+(focos, t4;; %) )}

where we miss the term for {=0 in X/
Let i>0. Then |f;—f;|<Z_ | fi+v—1—Ffi+v| and

n n i
(311 2T Sl S 2 S favi—fra]

n n n
= 2 | firvm1—fisv| T E¥HAZ2 Zv¥3 £ —frvls
v=1 i=v v=1

because X7  i——iy=—i4 [ t=2—4 gt 2v—>-3, Similarly we have

R | —1
(3.12) LE Tl S22 VP sl
We set @=wy(focos, £; or) . Using (3.11) and (3.12) in (3.10), we obtain
(3.13) A<|f—fil+e(){Q; + I A

n —1
+2 v frv—fiva | +2 VI =i}
= v=l—n

We denote

O(X)=Q; 4y for x¢l, v=—n+1, —n+2,...,n;
WX)=|frv—Fr4v—1] for xe€l, v=1,2,..., n;

(3.14) WAX)=|fjev—frevirl| for xel, v=—n+1, —n+2,..., —1;
v(x) = f—fI for xel,

(if x=cosjn/n, j=1, 2,..., n—1, then we set

oux)=max {Qv, Q1) W(x) = max{|f— f,;l, |f—f+:11} and so on).
Using these denotations in (3.13), we obtain

fD= Qs DI=WER+eHool)+ ' (=g + 21V I W)

for each x¢[—1, 1] and

nowey, 2w
B15) 1w (f= QN usl @yl + e w0l + ' [+ raria I

Using (3.14), (3.2) and Lemma 2, we get (v=0)

(3.16) | wey u,,=[j2‘ [wr(x)n;+vdx]'/ﬂ
=y
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<[ X mes(/;)c(s)| vIzy inf wr(x)Q2, |

J €Ly

n
=c(s)|vI*[ 2 5| v|mes(/;+v) inf wA(x)Q2, |'7

J=1 J+v

n+v
=c(s)|v|FH[ X { wA(x)Q¥ dx]'P
i=v+1 i
1
=c($)|vPH2 [ wP(xX)F(x)dx]'P = c(s) | v >+l ey Il
(this is the case, when p<co. If p=co, then (3.16) is a direct consequence of

(3.2)). Similarly we get

Il wyy ll,=c(sXv—1)>+1 @y, ll, for v=2;
(3.17)
Il wyyli,=c(s) v+ 113+ lwy_, 1, for v=—2.

(3.15), (3.16) and (3.17) give
n 2s+1
(318)  nw(f— QU D Ip=lwyll,+c(r il weoli,(1+ X7 d—”LLL—4)

n _1\2s+1 n—1 _1)2s+1
a1+ 2 SOV ey, (14 2 SO0
v=2 v v=2 v

<l @y I, + c(SKIl W@, I, + 1| @y ll,+ 1 @y_y I},
because 2r+3—(2s+1)=2. Now on [—1, 1] we define the function f as
; 1
(3.19) )= nes T amy . [ At

J(x, An(x))

Using the inequality A,(x)<mes(J(x, A,(x)))=2A,(x), we have
1
(320) | A)—fO =5 0w, A7) " { ( ,)| F(x)—F(t)|dt=2a,(F, x; A (x))-
,. nx

Let x’¢/;_,UZ;U/;+, Using Lemma 1 and (3.19), for each x¢/; we have

(3.21) | f(x)—Ax) 1= f(x,)—F(x) |+ | Fx)—f(x")|
) 1
=mes (J(x}, A(x)))) i i'j‘;n("’ I)l)F(t)_F(x) at
- ‘ [ |Fx)—FRe)ldt

mes (J(x', Ay(X) s, A x|

. 2.13 . .
S86y s o) PV RO = c0(F, 53 338,00
Therefore for each x¢/; we have
o,(f, cos, t;; 3n/2n)e=sup {| f(x;)—f(x")|: x'¢€ Ly UljU i}
=cay(F, x; 33A,(x)
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and

(3.22) Il w@q Il ,=cll W(x)y(F, x; 33A,(xX)hll,=cty(F, @w; 33A,.
From (3.14) and (3.21) with x'=x¢/; we get

(3.23) lw+ ll,=cty(F, w; 33A)1,-

Similarly we get

(3.249) lwyi, ll,<cty(F, w; 33A)1,p-

(3.18), (3.20), (2.1), (3.22), (3.23) and (3.24) give
E(H(r+2)(n—1) s m; F)p=—<” ’(U(F— Q(f)) ||p§” TW(F—’"f) “P+” ‘(E'(f—-— Q(f)) ”P
=2t,(F, w; Ao+ c(S)u(F, w; 33A ) ,=c(s)tu(F, w; 33A)1,p.

This completes the proof of Theorem 3.
Theorem 3 and Remark 1 give
Corollary 1. For each FeL,[—1, 1], 1=p=<co, real p, we have

E(H, (A5 F)ri—,u=c()n(F, (A)*; Adue

and in particular E(H,, 1; F)Lp[_x.uéc‘rl(F, 1; A
Theorem 4. If w satisfies (23) for d=n"' and LA)=c(s)\*(A=1)
for some s>0 and f'¢L,[—1, 1], then

E(Hyt @5 g1 n=C(S)E(H,, @Ay A i—1.1r

Proof. We can only consider the case f(x)=[*, f(¢)dt, because E(H,+,,
w; fp=E(H,+, w, f—f(—1)),. Let P¢H, be such that E(H, w@A,; f),
—lwh(f—P)I,. We set F(x)=[*,(f()—P(¢)dt. Using Theorem 3, we
obtain a polynomial Q ¢/, such that

(3.25) Il (F—Q) ll,=c(s)ty(F, w; A
If we set R(x)=Q(x)+ [*, P(t)dt¢ H,+,, then
(3.26) I (F—Q) =12} —R) = E(Hy+1» @3 [y

Theorem 2 property 3) gives
(B2T) (F @5 Ap=c(s) 1A, F' I, =c(5) I WA f — P) ly=C(S)E(Hp WAy [)y-
Now the inequalities (3.25), (3.26) and (3.27) prove the theorem.

Corollary 2. If w satisfies (2.3) for d=n"' with LA)=c(s)A*(A=1)
form some s>0 and f®¢L,[—1, 1], then
E(Hysp @ s, nscte, B, @B [ o101
Proof. In view of Remark 1 the weights w(A,)* (=1, 2,..., k) satisfy
(2.3) with L(w(A,)*, M)=L(w, A).(4r+2»<c(s, p)A°+*. Applying k£ times Theo-

rem 4, we complete the proof. .
Corollary 3. Under the conditions of Corollary 2 for n>k we have

E(Hp w; -1 u=c(s, Byn(f®, ©(A)*5 Ay
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Proof. We use Corollary 2 with n instead of n-+4k, Theorem 3, the
inequalities A, (x)=A,_(x)=(k+1)2A,(x) for n>k, (2.1) and Theorem 2 pro-
perty 4).

From Corollary 3 we obtain

Corollary 4. [f f¢L[—1, 1], l=p=co, p¢R, then E(H, (A)";
f)L[ Ly=clk, p)u(f*, (A, )’*’+" Ay and in particular E(H, 1; f)L[ L1

<c(RYL(f®), (AR5 Bip.
4, Converse theorems for the best algebraic approximations.
Theorem 5 [19]. If w satisfies the conditions (2.3) for d=n""' and

(4.1 I (ALY QW |y 1, 1)= Mn* | WQ lip—1, 1)

for each Q¢ H,, ny=n, where M may depend on k, w, p. Then for every
p'€ll, p)and feL,[—1, 1] we have

(4.2) w(f, w; Ay, p <EERM. § (s 1B H, ws ),

Proof. We apply the standard Salem — Steckin’s method. Let P, ¢ H,
be such that || @(Py—f)ll,=E(H\ w; f), (v=0,1,...). We set m=[Inn/In 2],
i e. 2m=pL2m+], Theorem 2 property l) and Theorem 2 property 1) give

(43)  w(f, @i Ao =W(f—Pymsrs W3 Ay, p +T(Poymi1s @5 Apdpr,p
< clk, LN 10 f—Pynsr) Iy + HPyms» @3 Ay
=k, LINEHyms1, @5 fly+ WPyms1> W3 Ay, p-

Using Theorem 2.3), we get

14 WPyni1s Wi Ay, p = ok L(R) I (AP,

<c(k, L(R){ I w(A)PH n,,+v50 I (AP, —PR) i}

Applying (4.1), we obtain
(45) 1 WAPRA—PR) I, =n=* 11 w(x) VT— 22+ n=Y(PE(x) —PR(%) I,
< Mn—* 20408 | @(Pyy1— Py ) ll,<2Mn—* 20+ Dk E(H,,, w; ),
and
(4.6) 1 DA PPM 1l,= 1| W(AHPR—PP) 1,
=Mn—* | @(P,— Py) ll,<2Mn—*E(H,, w3 f),.
(4.4), (4.5) and (4.6) give

T(Pym+1, W3 Ay, pg.‘(k_l‘(’f.)__M_)_{E(Ho, w; f)p+ 2 Qkv+hE(H, v W5 f)p},

But
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v
But  2MVHVE(H,, w; f),=2% X (Q-WE(H,, @; f),
s=2v—141

2
=2% Z (s+H1y'EH, w; [,

s=2v—141
Therefore

A7) wPom+r, @5 App.p g&%ﬂ{b‘(/{m w; [+ 2*E(H, w5 1),

2V

m n
FRT B (SHDEH, ws )= S (s 1y EH ws )y

v=1 S=2v—1+‘l
We also have
(4'8) E(H2m+l » W f)p:<—-E(Hn’ w; f)p

n—1 n
=L 2 (s+ D EHy w; =) I (s+ 1p—EH, w; )y

We get (4.2) from (4.3), (4.7) and (4.8).

Now we shall apply Theorem 5 for the weights w(x)=wy, »(x)=(1—x2
+n 1) (real p). Therefore it is necessary w,, , to satisfy (2.3) and (4.1). We
shall use the following inequalities (1=p=< ):

(4.9 Q" lipr—1, y=cn? || Qllp—1,1; for each Q¢ H,;
(4.10) Il (VT —=2@ QW) llpf—r, =c(ks p)n* I(VT—X2HQ(X) llpr—1, 13
for every Q¢H,, p=0 and
(4.11) | (VT—2@ 4+ m= 0 +uQB( )y, 1 = c(k, p)n® [| (YT —22+ Q) lp—1, 1
for every Q¢ H, neR. .

Inequality (4.9) is proved in [24]. We get (4.10) setting p=20, §=1/2,
A=1+(k+p)/2, p=(k+n)/2, p=q in Theorem 1 [6]. Potapov proved (4.11)
in [9] with a constant depending on p. But it is easy to see (e. g. [5]) that
these constants are uniformly bounded for 1=p=co.

Corollary 5. If peR, 1=p'<p, keN, k=p, then

WS @ans Ay p é“—”’;—;‘—) %0 (s+ 1 E(Hy @ ns

and in particular

w(f, 15 Apprp = c‘f) g (s+1)E;, 15 £y
n s=0

Proof. Using Remark 1 for | x—#|=MAA,(x) we have
" Wy, ()W, ()= (A () [(ALE) = (4N +2)M,
i. e. w,, , satisfy (2.3) for d=n—' with a constant L(l);(47.+2)"".
11 Inucka, 1. §
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Let Q¢ Hy, ny=n. If p<O0, then (4.11) with n=n, gives
(4-12) 1@y, a(RA)FQMP 1, =1l VT —X2+ A1) HEQWN x) I
I VT =2+ 7y QW(x) [, < c(k, pnk il (VT—x2+n7)HQ(x) 1,
=c(k, Wk I T—x2+n=YQ(x) ll,=c(k, w)n% Il @y, aQ i,
If =0, then using (4.10), (4.11) and the inequality
(A+ B)*=2%A*+ B*)(a=0), we have
10y, (ALY Q™) 1, = (V1 — X2+ n— 1)+ uQ ) x) I,
< 2kl (VT2 HQA) x) I, + =4 || QWA ||}
< c(k, {RT 11 VT=X2PQ(x) I, +n—*4 ni* 1 Q 1l,}

<c(k, p) {nT I T—x2+ " PQ(x) I, +nt | n#Q I, }=c(k, W1y, n QI

Now applying Theorem 5 we complete the proof.
We can improve a little Corollary 5 for p<O.
Corollary 6. If n<0, 1=p’<v, k€N, k=—p, then

k, n
T(fo W, ns A,.)p'.péc‘n—k”) E (s+DE(Hy @y si1s £y
=

Proof. It is proved in (4.12) that for each Q¢ FH,, ny<n, we have
Il @y, AnAL) 1, = c(k, wnt l w,, 7 Qll,. Now we can repeat the proof ot Theo-
rem 5 using the above inequality instead of (4.1) and summing in (4.8) from
[7/2] to nm.

Corollary 1 and Corollary 5 or Corollary 6 give the following characteri-
zation of the best algebraic approximations:

If O<a<l1, 1=p’<p and p=—1, then

E(Hps @y, n3 Nej—1. n=0(n")>(f, @i n)3 Ba)pr,p = O(n—2)(n— o)
and in particular
E(Hy 15 e —n=0(n")=>1(f, 15 Ay, p = O(nYn— )
and cf. (1.2))
E(Hpy W—a,n; Nrg—1.1=0")>0(0(f, W—a.ni Ay, p =O(n=)n—co).
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