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ON THE UNIQUENESS OF CERTAIN CODES MEETING
THE GRIESMER BOUND

NICOLAI L. MANEV

A uniqueness (up to isomorphism) of the codes with minimum distance d=2%"1—23—1_
2°—1, dimension %k and which meets the Griesmer bound is proved. The integers a and b
satisfy the conditions k=a+b, a>b>0 and if b=2 then a=4.

1. Introduction. Linear codes over GF(2) are considered. Let n (%, d) de-
note the smallest integer n» for which a binary [n, £, d] code (i.e. a binary
linear code with dimension k&, block length » and minimum distance d) exists.
Griesmer [1] proved, that '

(1.1) n(k, =gk d),
where ’

r—1
g (&, d)=jzo rd/27

(Fx7 denotes the smallest integer =x).

The [n, &, d] codes with n=g (&, d) will be referred to as Griesmer codes.
For example, the simplex [2*—1, &, 2*—!] code with generator matrix S, (the
columns of it are all distinct, nonzero binary k-types) and the Mac-Donald
codes Cp,u: [2¢--2% k, 28—1—2%71] 1=<u<k—1, with generator matrix

Grn=SA\(5)

are Griesmer codes. (Let A=B|C) be a partitioning of a matrix A. Then we
shall denote C by AN\ B)

By deleting columns of S, (or several copies of S,) form themselves sub-
spaces large classes of codes meeting the Griesmer bound are obtained (see
Solomon and Stifler [2], Belov et al. [3], Belov [4], Helleseth and
van Tilborg [5]). The most general result from the preceding ones is that
of Belov:

Theorem 11 [4]. Let s=[d/2* 17 and s2*——d =1£1 Qu—1  where k>

>uy> ... >up>0. If min (s+1,7)

12) . S us<s.k
=1
or
(1.3) Upp=Uu;—1, i=s,s+1,...,p—1 and u,¢€{1, 2}

then there exists”a binary linear [g(k, d), k, d] code.
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Two codes & and # are called isomorphic (equivalent) if they differ only
in the order of symbols of codewords, or more formally if there is a permuta-
tion the coordinates of vectors o: &/—2.

In [6] van Tilborg proved the uniqueness of Mac-Donald codes, or more
exactly :

Theorem 1.2 [6]. Let C be a linear [2%¥—2% k, 251—2°"1] code, 1<u
=k—1. Then C is isomorphic to Cs,u.

Let {A;}7_, be a weight distribution of the code ¥,i.e. A; denotes the
number of the codewords of weight / in .

Theorem 1.3 [7]. For any 2<i<k—4 every [28—2¢—1—3, k, 2k—1_
2k—i—1_2] code is isomorphic the code D, , , with a generator matrix

_ 0’ Sy
Gk-k—l' - Sk\(g\(‘?)v
where 2<i<k—1, 0 and 07 are iX(2*~—1) and (k—2)X3 matrixes of
noughts. The weight distribution of D, ,_, is

Ay=1, App—1gp—i1—1—,=3(2*2—-277), Ap_1,= 3.2,
App—1_gp—i—1=24"3_-23, Ap=2"2—1.

Theorem 1.4 [7]). Let € be a linear [2*—11, k, 2*71—6] code, k=5.
Then € is isomorphic to D, s or to N}*—3, which has generator matrix
| 0
0 |:
ar-v= | —|9] s\s
k 1 1 4
1 1

1 |1
1]1

and weight distribution Ag=1; Ape—1_g=10.2""4, A,p_y_, =52k App1 =2k—4—1.

The connection between weight distributions of code € and its dual code
€L denoted by {A;}?_, and {B;}?_,,is given by the Mac-William equations [8, p.
129]. The following equations, which are equivalent to Mac-William ones will
be used in the article:

(1.4) 2 (RY)a=2E (-1 La) B

i=0
where L, (x)=:§: (—2) (:l—::_v )(d+:-— l) .

Definition (after van Tilborg). Let € be a binary linear code with
generator matrix G, the top row of which is c. Then the residual code of
€ with respect to c is the code generated by the restriction of G to the co-
lumns where ¢ has a zero entry. We shall often denote this by res (€;c),
or if only the weight w of c is relevant then by res (€ ;w).

Lemma 1.5 [9). Let € be an [n, k, d] code and c¢¥€ with weight wt (c)
<2d. Then res (€;¢) is an [n—wt(c), k—1, dy] code, where dy=d—| wt(c)/2]
(Lx_| denotes the greatest integer <x).
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Lemma 1.6 [10]. If the code € achieves the Griesmer bound and it has
minimum distance d=2™s, where s>0 is an integer, then 2™ divides the
weights of all codewords.

2. A uniqueness of Griesmer code of minimum distance d=2*-1—-2%-1—
20—, k=a+0b.

Lemma 21. The [2¢F—22—-20+41, k, 2k—1—-29"1_201] code SM, (a, b)
with generator matrix

@1 Gy (@, b)=S\(g- I\ 52,

where a, b are integers, a>b>0, k=a+b but 0’ and 0'' are matrixes of
noughts, has a weight distribution :

(22) A,=1, Azk—l _ga—1_gb—1= Qr—a—b (23 __1) (26 —1), Agpr_ps—1= Qk—a—4(20__1),
Azk—l_ga—l = 2”4—b (2““‘ l), A2k_‘ = 2k-'a_b.__ 1 .

[The proof of Lemma 2.1 is not difficult and we omit it (see Lemma 1
in [7]). :
Theorem 22. For k=a+b and b+2 or b=2, but a>3 any [2*—27—2° +
1, &, 2¢—1_28—1__2b—1] code is isomorphic to SM, (a, b).

Remark. The case b=2, a=3 is the Theorem 1.4.

Proof. We argue by induction on b, the case =2 being proved by Theo-
rem 1.3 (a=k—i). The case b=1 can be proved easily basing oneself on
Theorem 1.2.

Let 5>2 and € be an [2¥—2°—2%41, g, 2F—1—29-1_26-1] code. Since
% has no repeated columns as Griesmer code then A4,=0 for j>2*"1 (accord-
ing to [8, Th. 28, p. 553]). Using Lemma 1.6 we obtain that any codeword
has weight multiple of 221, We consider two cases.

1) Let a>b+1. Applaying the Griesmer bound to the res (%;2*1—2¢-14
26—1) "with parametrs [2#71—28—1_-326—141, k—1, 2*4—2_-24-2__3.26—2] Jeads
up to a contradiction, because g(k—1, 2¥—2—24—2__3,26—2)—=2k—1__2a—1__32b—1 4
2>2k—1-20—1_ 32011, It follows Aye—1_za—1,,0—1=0. Then in the case
a=>b+2 the weight of any nonzero codeword of ¥ is some of

(2.3) 2k-—1 —92a—1__ 25—1 5 2k—1 _24—1 s 2k—l _21) ) Qk—1 __ 2&-— 1 ; 2k—-l‘

We shall show that the preceding is held in the case a>b+2, too. Let v be
codeword of wt(v)=2¢"1—20"1x, 3=x=2%%141. Then res (¥ ;wt(v)) is an
[2k—1—224 261 541, k—1, 2¢—2_29-14 2573 §] code, where §=x—2, 1<3
=<2¢b-1_1. From

—1
g(k—1, 2+—3_28—14 90— §)_ 'zor(2~—=—2¢—1+2b—ﬂ 8)/2,7
Jj=

—2
4+ Fok—8-/—(28—1_2b—3 §)/2/ = 24—1 24 L P—1510_5

i=a
—b—1 :
F 2 82 =241 204201 5 4 2 §/28—0—1
val
and since g(k—1, 2*—3—29-1426-33) is integer and 0<§/292-1<]1, it follows

gk—1, 24—9—20—14 2b—9§)>k—1_ a4 9b—154 9
4 Ilaucxs, T. 8
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But it contradicts to (1.1). Therefore
(2.4) A.;,k_]_z[;_.lx:o for 3=x=<290-141.

Let us consider the residual code %°(x)=res (¥;2F"1—29—1__20-1) |t js a
[2k—1—28—1 _26—14 ] k—1, 2622972 26—2] code. Since k—1>(a—1)+(b—1)
and a—1>(b—1)+1=3 the code ¥° satisfies the theorem3 condition, but for
b:=b—1. We can apply the induction hypothesis and then ¥°=~=SM,_, (a—1,
b—1). Therefore, if {A% is the weight distribution of €°, then

Ao=1, Aozk—z_Qa—z__g p—g =2k—abH (20-1—1)(2071—1), Agk-—2__2b—2

(2.5)

= b=t 1=t 1), A%y a_p=24——bH1 (201 1), A0y p—2h—a—bti_].

Without loss of generality the codewords of ¢ form the following matrix (up
to isomorphic)

—wt(u)—
u:111...11 | 000...00
v: ot o°
______ Y
w: w! w°

where wf (u)=2F"1—24-1_20—1 js a minimum weight of € codewords v=(v!|7°)
with wi (v°) = {2¢—2—24—2-2¢—2; 2k—2__26—3}; codewords w=(w'|w°) with wt (w)
—{2k—2__Qb—2; Qk—3)

Evidently, for any vector ©°¢ %° there are exactly two codewords of €
(v=(?¢'|7") and u+v), which restrictions on %° are ?°. Also

(2.6) wt (1) <wt (v)=2wt (7°),
wt (1 + v)=wt (2)—wt (v) + 2wt (v°),

since wt (u+ v)=wt(u)—wt (v')+ wt (v°).

Therefore,

bior wt (v°)=2F2—-20—2_20-2 jt s held wft (v)=wt (u+7v)=2F"1—-20-1

—Qb—1.

for wt(v%)=2%"2—2%"2jt is held wHv)=2+"1—-20"1—-26"1 wi(u+v)=2k"1
—9a—1

for wt(w®)=2*"2—2—2 jt is held wt (w)=2*"1-20"1x, wt(u+ v)=2+"1
—20=1(205_x+2);

for wt (w°)=2k"2 it is held wt (w)=2*¢"1—-20"1x, wt (u+v)=2+"1
—20-1(28—b_x + 1),
Then using (2.4) we obtain Ay 1_,1,=0, for 29%142=x<2%"?—2. There-
fore
(2.7) A2k—l__gb—1x= 0 for 3<x<2¢%_2,
i.e. (2.3) gives the possible nonzero weights of ¥ for a>b+2, too,

Let wt(w)={2*"1—-20; 2k—1_26—1; 2k—1}  Then wf(w%)={2*"2—2"-2 or
2+=2} by (2.6). Hence

(28)  Ap—i_gp+ Ap—i_grt A=A z_p o+ Aja=2+—0—1.
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Also, if A, and A, denote the number of codewords w¢% of weight 21—
26—1__26—1 and respectively 2*¥—1—29-1 with wf (w°={0; 2*—1—2°—2 or 2¢—2}
then

(29) Ay =Agn—1_za—1_gp—1— 2A2k—2_2a—2__26—2+ 1=A-1_ga—1_55—1

—Qk—a—b+1(2a—1_1) (2—1)+1,
Az = A2k——l_2a__| —Agk—2__2a—2 e A2k""‘_.g“—1 —Qk—a—b+1 (2“"1 —1 ).

Let uxv denote the intersection of binary vectors # and o, i. e. vector
uxv=(U, vy, ..., 4, v,) which has 1’s only where both # and v do. One can
easily prove the following

(2.10) wt (uxv) = [wt (1) + wt (v) —wt (u+ v)][2=wt (v) +wt (v)—n,

where n is the code’s block length. The code € as Griesmer code has no
repeated columns and thus wf(usv)<2*—2, for any u,v¢%. Then for wi(u)
=wl(v)=2%"1 the equalities w¢ (uxv)=2*"2, wt(u+v)=2*"1 are held, i. e. the
codewords of weight 2*~1 form a subspace. Thus

(2.11) App—1=28—1, where =0 is integer.

Also, if wt(u)=wt(v)=2%"1—-20"1 and wt(u+ v)<<2*—1—2%, then wt (u+v)>2*3
by (2.10). But it is impossible. If wf(u+v)=2%"1—2°, then wt(u+v)=2%"2 and
res (¢;u) with parameters [2*¥—1 -29—20—141, k—1, 2,—2_20—1_20—-2] has
codeword of weight 2¥—2—-26—1  which is impossible by induction hypothesis,
too. Therefore wt(u+ v)={2*"1—20—1 or 2*1} for wt(u)=wt(v)=2F"1—-20"1,
Similarly, if wf¢(@)=2*"1 and wt(v)=2*"1—2%"1, then wft(u+v)={2k1—-20—1
or 2¥—1} So, we obtain the codewords of weights 2%~ and 2*1—2°—1 form a
subspace, i. e.

(2.12) Agk—1_gp—1+ Azk—-l =2¢—1, where k—a=a=B=0.

Since code € meets the Griesmer bound, then B,=B,=0 (by [8, Th. 28, p. 553))
and the equations (1.4) gives

Age—1_ga—1_go—1t Age—1_ga—1+ Age—1_go+ Agp—1_so—1+ A g1 =2%—1,
Agp—1_ga—1+(2970—=1) Age—1_o, + 277 Agp—1_gp—1+(2°72+1) Aper
—Qk—b+1_Qa—b__1,
(200132001 1) Ay o (20 B1—20 0 Ay,
(20991 4 Qa—b—1) 4, | = a—b—1(Qk—b_Qa—b__gk—a_y Qk—a—b+1__]),
Using (2.8) and (2.9), we obtain
Agp—1_gp+Age—1_gp—1+ Agp1=2F"—1,
A+ Ay=2F19,

Ay—Agp—1_go+ App—1 =204,

(1/2""‘6— l) Agk—l_,b “+ Agk-—l =2k—a—b_1,

(2.13)
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Suppose A:,k_,_ﬁb# 0. Then Azk—l__2b= 2k—a_2¢andk—a—1=o=B=k—a—
b+1 by third equation of (2.13) and (2.12). Also, the preceding equation
gives

Qk—2b (QB—k+a+d _1)=2a (200 —1) (2k—2—c—]1),

Hence, a=£k—2b and 2B—k+a+b__1=(29"0—1) (2*¥%—<—1). But (2¢%—1)
(25—2<2—1)==1 (mod 2) and the preceding equality is possible if and only if
B—~Fk+a+b=1, i.e. 22—1=1. But then a=b+1, which contradicts to
a>b+1. Therefore, A.Z,,_,_zb:O. Then the equations (2.13) lead up to the

weight distribution (2.2).

2) Let a=b+1. Then € is an [2¢¥—3, 2°+1, k,2¥"1_3.2—1] code and
has exactly four nonzero weights (by Lemma 1.6): 2*—1—26_26—1; 2k—1__ 20,
2¢—1_926—1; 21 Using (1.4), we obtain

A2k——l_3.2b—‘ + Azk—l_2b+ Agk——-l_ab—l + Azk—l —2k_1,
(2.149) Agk—l_zb+2Azk—l_9b_1+3A2k_l =2k—a__3
Agp1_gp1+3Ap1 =22 (271 +1)—-3.

As in the case 1), we prove that the codewords of weight 2*~! and respec-
tively 2#—1 and 2*—'—2°—1 form themselves a subspace, i. e.

Ap1=2P—1, Ap1+Ap_gp1=2°—1, k=0o=p.

Then the third equation of (2.14) leads up to
2a+2B+l___2k—b—-l+2k—2b-
There are two cases:
The first, a=k£—2b and B=k—b—2. Then k—2b=k—b6—2, i.e. b<2. 1t
contradicts to assumption b>2.
The second, a=k—b—1, B=k—2b—1. Then
Ap=1, Ap1=2F270—], A2*_|_25=2""‘"’ (22—1),

App1_gp1=2k70"0(26—1), Ap1_y o1 =2¢270(2°—1) (2°—1),

which is exactly equality (2.2).

Therefore we have already showed that every [2*—27—2°+4-1, &, 2F—1_24a-1
—2%—1] code € has a weight distribution (2.2). Now we shall prove that
G,(a;b) is generator matrix of %.

Let u¢¥, wt(u)=2*%"1—2%-1. By induction hypothesis the res (¥;u«) has
generator matrix

wt =2k—2-26-2\ } b—1 rows

Gr_1 (a;b-1)=Sk—l\(%)\(%:1—)= ;’-t_=_2."j*—‘—_ } k—a—>b rows

wt = 2*—3_92a—1/ } a rows

Then without loss of generality € has generator matrix
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[ — Qk—1__Qb—1_, l
111...11 0 0 0...00

wt (V) =2k—2—-20—2 | qf (v0)=2k"2_-20—2 } b—1 rows

G= | _ e

wt (o) =242 wt (v°) = 22

wt (v0) = 2k—2 Qa1

Since € has no repeated columns then w¢ (v!)=2*%"2—x, where v=(v'|7%)¢%
and x is integer =0. The weight distribution of € shows that wf(v!)=2¢"2—
202 for wt(v°)=2k"2--20—2 and wt (v')=2*"2 (after adding uz to v, if
wt (V') =2k—2—-20-1), for wt (v°)={2*2 or 2¢—2_22-1},

Let w,w¢%. Using (2.10), we obtain that if wf(v')=wt (w!)=2%-2 then
wt (v +w')=2%2, and if wt(v')=2F2, wt(w!)=2k"2—-2"2 then wt(v'+w')
=2k—2__20—2 Therefore, the matrix A (formed by first 2#~1—2°—1 columns and
the last £—1 rows) generate a [2¢—1—26—1, p—1, 2¢—2—-26—2] Mac-Donald code,

i. e, according Theorem 1.2, we can regard the matrix A as Sk\( Se—1 ) (after
permuting the colomns). But then

0
Sb OII .
G= Sk\(o_')\(Ta) =G, (a;b).

TR T AT }a rows

The theorem is proved.
Acknowledgements are due to S. M. Dodunekov for setting the problem
and for his encouragement throughout this work.
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