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ON GENERALIZED PETROVSKY PARABOLIC SYSTEMS
ANDREANA S. MADGUEROVA

A generalization of the Petrovsky parabolic systems is proposed in this article; “a priori”
estimates for them are examined; their characterizing inclusions for some spaces of complex-valued
functions with strong generalized derivatives of L.Schwartz-Sobolev type are given.

This article proposes a generalization of the Petrovsky parabolic
constant-coefficient systems; examines “a priori” estimates for them, it gives also
their characterizing inclusions for some spaces of complex-valued functions with
strong generalized derivatives of Laurent Schwartz-Sobolev type.

The generalization of I.G. Petrovsky [1] of the classical parabolicity is
a recognized stage in the development of the theory of the differential operators.
The Petrovsky’s parabolicity is studied by I. G. Petrovsky and his school,
by O. A. Oleinik, M.S.Agranovi¢, S.D.Eidel'man, M.IL Visik, M.I Ventzel,
S.D.IvasiSen. I.M.Gelfand and G.E.Shilov made a generalization of the
Petrovsky’s parabolicity in some cases. G. E. Shilov denoted in 1957 in Uspehi
Mat. Nauk that a future description of some algebras of type C “may serves as
a basis of a specific classification of the second order differential operators”.
Indeed, elaborating such a description, the author observed the necessity of
a supplement to the classical definition of a parabolic operator of second order
with constant complex coefficients, so that a same operator not to be
simultaneously elliptic and parabolic (see Definition 1’ and below it). Moreover,
the description of the algebras of type C, their inclusions and their comparisons
with the classical Sobolev spaces WY open and impose the necessity to extend the
definition of Petrovsky’s parabolicity. For instance, if A is an elliptic op :rator of
order N =2, then the space W4 W4 ~!. But it is not so if 4 is a usual parabolic
operator, or a parabolic operator after I. G. Petrovsky, or a generalized parabolic
operator, introduced in this article. (Here I is the identity operator If=f.) So
there exists a fnction fe W4’ which does not have all continuous partial
derivatives till order N —1 inclusive. (This is a new result even in the case where
A is the classical parabolic operator 3%/dx*+ad/ot, a#0.) The same is true also
for the space W%, where a is the linear differential-invariant space, generated by
this parabolic operator A. Similar results are true also for the spaces Wi,
I=p<oo.

1. Formulation of the results.

Definition 1. The linear constant-coefficient differential operator &/ in n+ 1
variables, n=1, of order NZ=2, is called parabolic if there exists a real
nondegenerated linear transformation L of R"*' such that the operator of is
transformed in an operator A of the kind!
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(1) A= X a,D°D+DYN* X bD*+P(D, D,), £|b,|#0,

Isl+Ilg=N Is| <k

where 0<I, <N —k if N—k+#0, and [;=0 if N=k; 0<k<N; P is a polynomial of
degree less than N and its degree relatively D, is less than N—k if N>k, and O if
N=k; D=0/0x; x=(x,,...,x,); D,=0/0t; s=(s,,...,S,); S ,..., S, are nonnegative
integers, |s|=s,+ ... +s,.

Remark. This definition is equivalent for the second-order operators in two
variables to the following:

Definition 1. The constant-coefficient operator

o = azoaz/dxz + 2a1 162/axay + aozaz/ayz + X a1,6]+'/axjay'

jtr=i

is called parabolic if ayoae, —a?, =0 and if a5, #0 then a, /a5, to be real; if ag, #0
then a,,/aq, to be real.

The additional condition than usual assures that the operator ./ cannot be
s1multaneously and elliptic. For instance, if B=(d/0x+id/dy)> then
a50a0, —a?; =0 but s1multaneously the second-order homogeneous part of the
characteristic polynomlal of B is zero on R? only at the origin of the plane R?,i.e.,
the operator B is elliptic.

Definition 2. The system (A,), of linear constant-coefficient differential
operators in n+ 1 variables, n= 1, is cailed parabolic of order N =2, if each operator
A, is of order < N; at least one of the operators A, is of order N; and each operator

of order N, belongmg to the linear hull of the system (A,), is parabolic.

Evidently this is a generalization for the constant-coefficient case of the
definition of the Petrovsky’s parabolicity (see [1-4]).

Let 2,, 0<p=© (2,=2), be the set of all infinitely differentiable
complex- vafued functions with compact supports in the closed ball with radius
p and a center — the point 0. Let 4, 4,,..., A,, be constant-coefficient linear
differentxal operators. If there exists a constant x such that |[Ag||=<x{| 4,9l

..+A,gl} for Vge2,, where |f|=sup,|f(w)|, then we shall say that

A1 ,.-., A, jointly dominate A on 2, (in the supremum norm).
Theo rem 1. Let A, B,,.. B be linear constant-coefficient differential
operators in variables (x, t), x=(xl ,.-.»X,), n21. Let A be parabolic of order N =2,

and respectively 2, its order let be N——k, O0<k<N, and

A= X a,D*DF+D)* X bD*+P(D, D,),

Is|+1lg=N Isl<k

where 0<I, <N —k; P is a polynomial of degree less than N and respectively D, is of
degree less than N —k. Let all B, be of orders less than N and respectively D, be of
orders less than N —k.

Then the operators A, B,,...,B,, do not jointly dominate the operator DN ~*1,
k=zk,>0, on 2,, 0<p=oo.

Corollary The operators 8*/0x*+ A0/0t (A€ C), 8/dx, I (Ig=g), jointly do
not dominate the operator 8/0t on 2,, 0<p = co.
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Let the space of complex-valued functions L,=L,(K)SL,=L,(K) be the
completion of C*|K by a family of seminorms {y;},,j=0, 1,2,..., which induces
a locally convex topology. Let this topology be stronger than the weak
convergence in the distribution space 2’ (and, as L, L, then the topology in L,
is stronger than the L,-topology). Here C*® is the space of all complex-valued

infinitely differentiable functions on R", n=2; K<R" with K=K ; @' is the dual of
9, i.e., 2’ is the space of all linear continuous functionals on 2 (the space of all
complex-valued infinitely differentiable functions on R" with compact supports);
L..p=1,2,...,is the space of all complex-valued measurable functions fon K, for
wflich |fI? is integrable; L,, p=1, 2,..., is examined with its usual norm.

Let A be a constant-coefficient linear differential operator in n variables.

Lemma 2. For the function heL, let there exist such a sequence (¢,,),
¢,,€ C*|K, that (¢,,) %h and (Ap,) % H. Here (9,m) % g denotes that y(g,,—9)—0 as
m—oo for ¥ j. If for another sequence (Y,), ¥,€C~*|K, we have W) 5h,
(AY,,) XM, then H=M in L,.

Proof The properties of the space L, assure that (¢,—¥,)—0 in 2"
Therefore A(,,—V¥,,)—0 in 2'. So

[ AP — V) W QW) AW = [ (@ — ¥ ) (W) A® (W)W

for V ¢ € 2, where A® =X(— 1)*a, D* if A=%a,D*. Thus H =M in L,. However H,
MeL,cL,. That is why H=M in L,. m

Hence we can give

Definition 3. For the function he L, let there exist such a sequence (¢,,),
¢, € C*|K with (¢,,) %h, (Ap,) %5 H. Then H will be called a generalized strong A,
derivative of the function h of L. Schwartz-Sobolev type and it will be denoted
by A,h.

According to Lemma 2 if there exists such a derivative 4,h for the function
heL, it would be unique.

Let the space W1 *4m=W41---4m(K) be the completion of C*|K by the
family of seminorms (n;);, j=0, 1,...,njf=yjf+}'.‘.qyquf, where A4,,..., A, are
linear constant-coefficient differential operators.

Remarks. 1. Thus W41 4m is the space of all complex-valued functions
e L, with strong generalized A,, derivatives in L,.

2. Further, if u,eL,, q=1,..., m, each solution he L, of the system A h=u,,
q=1,..., m, belongs to W1 4m,

3. In the case L,=C, (R?* and A,,..., Ag..... A, with 4.,
A, — homogeneous of order N in 2 variables and Agsy,..., A4, —equal to

Dg=6""/6x’, Vs=(s,, S,). |s| <N, (x=(x,, x,)), such spaces W1 4m, completion
in the supnorm, are proposed by K. de Leeuw and H. Mirkil [5]. A particular case
in considered also in [6]. :

Let WN=WY(K) be the Sobolev space of the restrictions on of all
complex-valued functions with partial derivatives of order not larger than
N in L,.

Further, let L_=L,,=L,,(K). p=1, 2,..., 0. Here for the importance of the
continuity and for conciseness, L, is examined with the supremum norm (see [7p.
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Theorem 3. 1. Let A be a constant-coefficient linear differential operator of
order N21 in n>2 variables. For 1 <p<oo we have Wi'=WY if and only if A is
ellipticc WAT< WY1 if A is elliptic (and only if for n>3)

2. Let A be a linear generalized Petrovsky parabolic constant-coefficient
operator of order N=2 in n=2 variables. Then W4 ¢ WX~' and moreover
WA ADL T e WN=1 \where A® is an operator derivative of the operator A,

l
s=(sy,..., s,) (i.e., if A=Zc¢,D', then A®=X, cs (s)D'"‘).

3. Let the set o of the linear constant-coefficient differential operators A, ..., A,,
be such that if A€o then each operator derivative A € a. (Such a system o will be
called differential-invariant.) In this case, provided K is a compact hypercube,

K# @, the space W% =W (K)=W%214m(K) is an algebra of type C on

K respectively the pointwise multiplication. If a=(A,) is a parabolic differential-
invariant system of order N =2, in variables n=2, q>1 , m, then W% & Wh~1

Ifa=(A,). q=1,..., m, is a differential-invariant system of second order in n= 2
variables and if W2, ¢W , then o is parabolic.

The proof of Theorem 3, point 1, is an almost immediate cosequence from
some well-known a priori estimates (see [7]). However this point reveals the
difference between the spaces Wit “m and the Sobolev spaces WJ.

2. Proofs. We need the following Proposition 4:

Proposition 4. Let A, F, By,...,B, be linear constant-coefficient
differential operators in variables (x, t), x=(x,,..., x,), n=1, of order not larger
than N, N =2, with the following properties: the order of A is N and its order
respectively d/0t is N—k, 0 <k < N; the orders of B, are less than N and their orders
respectively /0t are less than N —k; the order of F is less than N and its order
respectively d/dt is N—k, =N —k.

Then the operators A, B,,...,B,, jointly do not dominate F on D.

In its proof we shall use:

Theorem 5 (K. de Leeuw, H. Mirkil [7]). Let A, A,,..., A, be linear

constant-coefficient differential operators. A, ..., A, jointly dominate A on 2 if and
only if there exist such integrable (i.e., with finite total mass), measures p,,..., i,
such that for their Fourier-Stieltjes transforms M,,...,M, we have

(2 6A=M,cA,+...+ M,0A,,.

Here if B is a linear differential operator B=ZXb,D*, then oB is the full characteristic
polynomial of B, i.e., s B=Xb(iX)’, iX =(iX,,..., iX,). Furthermore if (2) holds and
if the orders of A,,..., A, are non larger than N, then the order of A is also not
larger than N and

(3) A¥=c, AV +...+c, AN,
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where AY,..., AN, AN are the homogeneous parts of order N of the operators
Ay,..., A, A, respectively, and where c,, .., ¢,, are the masses assigned to the origin
by uy,..., W, respectively.

Theorem 6 (W. F. Eberlein [8, 7]). Let u be an integrable measure, let ¢ be
the assigned mass of u at the origin and M be the Fourier-Stieltjes transform of u.
Then the constant function f(x)=c can be approximated uniformly by n* M with
7 a probability measure of finite support.

Proof of Proposition 4. Let assume the contrary. Then from the
Leeuw-Mirkil’s Theorem 5 it follows that

“) cF=M,cA+M,6B,+ ...+ M,0B,

for the Fourier-Stieltjes transforms M,, M,,..., M, of suitable integrable
Measures Lo, My,---» My In (4) let fix X=C=(Cy,..., C,), C, be constants. Let
divide the obtained equation by T *3#0 and let |T|—>c0. M,,...,M,, are
Fourier-Stieltjes transforms of integrable measures and hence they are bounded as
| T|— oo for fixed X =C. Thus we receive that lim,r_, .| My(C, T)| exists (may be it
is equal to oo if k>k, and the contradiction, so obtained, proves again our
assertion in this case k>k,). Moreover, lim 1, |My(C, T)| is strictly positive for
each C with eventual exceptions of the zeros of a polynomial in variables
C=(C,,..., C,), which polynomial is #0.

The Leeuw-Mirkil’s Theorem 5 and the equation (4), yield that 0=aA",
where A" is the homogeneous part of 4 of order N and « is the mass, assigned at
the origin by the measure p,. Thus a=0. The Eberlein’s Theorem 6 interprets the
constant function « in terms of the Fourier-Stieltjes transform M. The function
«=0 can be approximated uniformly by m * M,, with = —a probability
measure of finite support. Hence we obtain a contradiction since a=0, but
lim 7, |Mo(C, T)|>0 almost everywhere. Therefore the Proposition 4 is true.

Proof of Theorem 1. An immediate consequence from the Proposition
4 is that the operators A4, B,,../, B,, from Theorem 1 do not jointly dominafe
F=DY¥"*1 on 2. Let now prove that A4, B,,..., B,, do not jointly dominate F on
2, 0<p<oo. Evidently if 4, B,,..., B, jointly dominate F on some
Dy 0<po <0, then 4, B,,...,B,, jointly dominate F on each 2,, 0<p<oo0.
This let suppose that 4, B,,..., B, jointly dominate F on each 2,, 0<p<o0:
If k>k,, the proof of Theorem 1 might be simpler (and nonusing
Theorems 5, 6) by choosing any ¢(u, v)e2,, u=(u,,...,u,), ¢ #0, and
examining the assumed inequality for the functions g (x, t)=¢(ax, ft), 21, =1,
ax=(ax,,...,ax,), i.e. examining the inequality

p?

&) I Fg(x, )l S={llAg(x. )l +Z;|B;g(x. DI},

where x is a corresponding constant for 2, . For a fixed ¢, (5) is, respectively a and
B, a “polynomial” inequality with coefficients DD}, ¢(u, v). « and B can increase to
infinity remaining g in 2,. Then a necessary requirement for (5) is that the order
of F respectively D, to be not larger than the order of A4 respectively D,. Thus,
a contradiction is obtained in the case k>k,.
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Furthermore, as B, are of orders less than N and their orders relatively D, are
less than N —k, a simi ‘iar argument proves that it is sufficient to carry out the
proof of Theorem 1 for the case B,=0, P=0.

Thus, let k=k,, B,=0, g=1,..., m,

A= X aDDs+DN XX bD*, I,<N—k X|a|#0, X|b,|0.

Is|+lg=N Is|<k

The contrary of Theorem 1 is assumed on each 2,, 0<p<oo. Let
x,=min {x : | Ff|| Sx| Af |, Vf€2,}. Hence for x—&>0, s>0 there exists such
a function f,€2, that

(6) NEf s>, 1 Af . G, —) I Af, | <IIFf,|.
Let the functions g,(u,,...,u,, v) be determined by g,,(az Xy,.ee, 0,X,, Bt)
=f,(xy,...,x,, t), where the constants «;, >0, j=1,.

If o, <p0/p, Vj. BSpo/p, we have g, e@ for Vp. In thlS case the last of the
mequalmes (6) might be transformed m

(7 0o =8 | Ax S | < | Faefp | = BY T*1 I Fuog, Il S, BN %111 Ay g, |-

If p,€2, satisfies the inequalities (6), then each function C,¢, (C,#0 —a
constant) also satisfies (6). So we can assume that || 4,,g,]|=1 for Vp. Then it
follows from (7) that

(8) (,—8)l Z asasﬂ’s'"+"D:Df,g,,+D3"" Z boDig, || <#p,
Is|+lg=N Isl<k
where a=(a,,..., a,).

The Theorem 1 is already proved on =9, therefore x,—c0 as p—oco.

Since N —k—1,>0, then we gct the wanted contradiction from (8) as p— o0

for o; —po/p i, B= po/p with ;= 1, Vj, y>1 (and eventually J;,=3;(p), y=7(p))),
—fixed. :

Proof of Theorem 3. The point 1 is an immediate corollary from the
well-known a priori estimates for the elliptic operators (see [7, 9]);

Point 2 is a consequence from Theorem 1: As A4 is parabolic of order N in
n=2 variables, then there exists a linear nondegenerated real transform L of R",
such that A4 is transformed in LA in the form (1) in variables (x,,..., x,—y, t).
Theorem 1 yields that Wit ¢ WA~ Hence W4 £ WH™1 also.

Furthermore, it is evident that each operator derivative (LA)® of LA in the
transform L does not dominate D¥~1. Thus Wkid: - LA®.....l £ yN-1 Hence
WA A9 T EWN-L,

For the proof of point 3 let remind

Definition. An algebra R of type C of complex-valued functions on
a compact K is a Banach algebra of complex-valued functions on K for which 1) The
norm || f|| in R of fe R is equivalent to the norm sup,,. g {inf,c g { | g |, with g= fin
some neighbourhood of w}}. 2) R is an algebra without radical.
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The algebras of type C are introduced by G. E. Shilov in [10].

It is proved in [11-14] that the spaces W% (T) of complex-valued functions on
the torus T=R"/Z" are algebras of type C on T, where « is differential-invariant,
as in Theorem 3, the point 3; Z is the integer lattice.

[11] proves the case N=1, n=2; [12] proves particular cases when N=2,
n=2;[13] proves the case when N =1, Vn. There is no difficulty (see [15]) to extend
the method of the proof in the case of W%, (K), where K is a compact hypercube in
R" with K #@. Thus W% (K) are algebras of type C of complex-valued
functions on K.

Remark. Since a# @ is differential-invariant, then I € a. Hence the topology
in W% is stronger than the pointwise convergence. This permits to apply the
Closed Graph Theorem to the inclusions W% c WX,

Now, let a be a parabolic system of order N. Then there exists such a variable
X0 that all operators 4,,..., A,, do not dominate jointly the operator (d/0x » i
Lfsing The Closed Graph Theorem, this involves that W2 ¢ W¥~1,

Finally, let W%, ¢ W%, where the differential-invariant space a=(4,,..., A,)
in n=2 variables is of second order. It follows for each linear real nondegenerated
transform L of R" from W% ¢ WYL that stil more Wi ¢ WYL, where
L,=(LA,,..., LA,). Now, let the second order operator 4 belong to the linear
hull of a. We must prove that A is parabolic according to the Definition 1: It
follows from WA ¢ W2 and from the Closed Graph Theorem that the operator
LA (for each fixed L) with its operator derivatives jointly do not dominate all
0/0u;, j=1,...,n, where (LR") (u,...,u,). If B is a linear differential operator, let
B?1'be the homogeneous part of second order of B. Let L, be a real linear
non-degenerated transform on R", such that A'?) is transformed in
© L, AP =(L,A)* =X ¢,0*/0uj +i X b, 0*/0u;0u,,

J Jl
where &;=+1, 0, and B;€R. Such L, exists: Since A'*)=Xa;0%/0x;0x, with
ay=ajy+iay, ay, ayeR, hence L, is a canonical Lagrange transform for the
quadratic real form Zaj x;x;.

Since WL1*(K) ¢ WL (K) and K may be a compact setK =K, hence there
exists a function pe Wii*(K), o ¢ W2 (K) which ¢ has not all first partial
derivatives continuous on some compact K,cK. Further, evidently we may
suppose ¢ to be a real-valued function and that there does not exist its continuous
0/0u,p on K,. Some of ¢; in (9) are equal to zero: Since there exist all generalized
(LyA)®, seZ%, Is|<2, q=1,...,m, derivatives in the supremum norm for the
functions of W1 and since

(10) (Ly A = (e, 0/0u;+iZ, By 0/0u,),
where J=(0,...,0, 1, 0,...,0) with 1 on the j-place, hence there exist all (¢;/du,p)

which are continuous. Therefore ¢,=0. Further, let r be the number of ¢;#0, so
r<n. Moreover, since ¢ is real, hence (9), (10) involve the existence of all
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(£,B10/0u; ¢) generalized derivatives in the supremum norm and still more of

( Z, B;i0/ou)p. But at least there does not exist a continuous derivative
l.(z,=0)

(/0u,) ¢ on K. Therefore rang (B;),=0y<n—r. That is why the operator L, A4
can be reduced by a nondegenerated linear real transform % of (#),=0) into
the form

LLAN=(LL AP =X,¢;0%/0uj +iQ(0/0u s 0/OWD),
J

where Q is a quadratic form in less than n variables. Thus the operator A is
parabolic. @
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