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Abstract

This paper deals with radial and non-radial solutions for local and non-
local Liouville type equations. At first non-degenerate and degenerate mean
field equations are studied and radially symmetric solutions to the Dirichlet
problem for them are written into explicit form. Non-radial solution is con-
structed in the case of Blaschke type nonlinearity. The Cauchy boundary value
problem for nonlinear Laplace equation with several exponential nonlinearities
is considered and C? smooth monotonically decreasing radial solution u(r) is
found. Moreover, u(r) has logarithmic growth at co. Our results are applied
to the differential geometry, more precisely, minimal non-superconformal de-
generate two dimensional surfaces are constructed in R* and their Gaussian,
respectively normal curvatures are written into explicit form. At the end of
the paper several examples of local Liouville type PDE with radial coefficients
which do not have radial solutions are given.

Key words: Liouville type equation, Dirichlet problem, mean field equa-
tion, radial and non-radial solutions
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1. Introduction and formulation of the main results. In 1949 ON-
SAGER [7] considered in the frames of the statistical mechanics nonlocal elliptic
equations with exponential type nonlinearities. Similar type equations arise in
the mean field equations of hydrodynamic turbulence in equilibrium. Recently, a
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lot of papers have appeared on the subject. Below we propose several of them:
[36:8,11,15,1720] * Tpy studying the corresponding boundary value problem (bvp)
very often variational methods are applied. This approach can be illustrated by
the classical mean field equation (nonlocal elliptic equation of Liouville type with
exponential nonlinearity):

A e =
(1) vt )\fQ e do 0
ulon =0

in the bounded smooth domain Q@ C R?, A > 0 is the spectral parameter.
In [*?] the deterministic Liouville type equation was studied:

u

e yert
fQ et dx

2 A A  w—
(2) u+ <7‘ evds

+(1-7) >:0,QGR2,

Q —bounded, 0 <7 <1, A >0,
u|aQ =0.

For 0 < A < A7, Az > 0 being appropriate constant there exists a solution
of (2) corresponding to the minimum of some functional. Moreover, if 2 = B; the
solutions are radial. However, the authors of ['°] establish a link between (2) and
a special local bvp defined in R? (this bvp is a special case of the cosmic string
problem — see for example [?]). Our aim here is to find radial solutions of the
Dirichlet problem for local and non-local PDE of Liouville type. To do this an
approach coming from the classical theory of ODE will be applied (see [*10:12:19]),
In fact, in many cases the solutions of our PDE with constant data on S; =
OBy are radially symmetric (see for example [#14]). Other methods used in the
investigation of elliptic PDE with exponential nonlinearities are the topological
ones — see || as an illustrative example.

Below we shall write down the main objects of our considerations in this
paper as follows:

u

e
Au+A\+———=0, z€By, \>0, B CR?
(3) Jp, e da 1 1
ulop, = C' = const,
6u|$|n
A A———— =0, € By, A>0,
(4) ut fBl et dx v !
u|831 = 07
eu’x|2
Aut AT o we B, A>0,
(5) B APTTFEF il
ulpp, = 0,
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(6)

eu|x’m
(1 + ’x‘m+2)2—/\32/(m+2)2
ulop, =0,

Au+ A\

=0, x€ B, >0,

((6) is a local bvp in By).

(7)

AutNF ()P =0, z€Bi, A>0,
f31€

F(z) is Blaschke function F(z) = [['_; —=%,0 < | < 1.

(8)

1444

7j=1 ].—ajz’
Au+ Y70 Ajla[Pie™ =0 in R2?\ By,
o]
ulpp, = up = const, F-
K1 > Kg >+ > kp > 0.

‘6B1 = u1 = const <0,

If the solution u = wu(r), we shall consider also (8) in r > 0 with data
u(0) = uo, §u(0) =0, pjr > 1, pjr =0, p = (pjr, pjr).

The bvp (1), (2), (3), (4), (5), (7) represent 2-dimensional elliptic eigenvalue
problems with exponential nonlinearities (see ['7]). This is the first result of our
paper.
Proposition 1.

(a)

Consider the nondegenerate mean field equation (3). The solutions of (3)
are radially symmetric and can be written explicitly as

8 2
la r<i

u = lOg — 5 o5 5 A
p(1+ |af?r?)?

where |ay| = ﬁ% M, 0<p<V2 p=/ue? u:)\ﬁ (1—i),
0 <A< 8.

The radial solutions of the degenerate mean field equation (4) exist and
can be written into explicit form.

The radial solution of (5) is given into logarithmic explicit form and exists
for 0 < A < 167. There is no solution for X > 167.

Equation (6) possesses one parameter family of logarithmic solutions
up(r), B > 0. The Dirichlet problem for (6) has two radially symmet-
1

ric solutions if 1 < %, only one radially symmetric solution for

1
2)2 log4 . . .
1= % and is nonsolvable in the opposite cases.

The bup (7) possesses a solution for each X\ > 0 if F(z) has at least one
multiple root. It is not radially symmetric in the general case. If F(z)
has only simple roots, then the spectrum of (7) is bounded.
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At the end of Section 2 we propose an application of Proposition 1 to differ-
ential geometry — more precisely, to the theory of minimal, non-superconformal
degenerate two dimensional surfaces in R*. We propose also several examples of
local Liouville type PDE with radial coefficients which have non-radial solutions.
It is worth pointing out that the non-radial solutions are constructed via the radial
ones.

Theorem 1. Consider the local equation (8) in radial coordinates (r,p) in
the whole plane r > 0 equipped with the data u(0) = a, v'(0) = 0. Then if u = u(r)
is radial solution of

urr+%ur+2?:1/ijrpjeﬁju:0, r>0,pp>1,...,0p 215
u(0) = a, v/ (0) = 0.

(9) has a C%(r > 0) smooth radial solution u = u(r, i), = (p1,...,un) which is
strictly monotonically decreasing in r. Moreover, there exists

lim U(T / Z,u apPitloriu(r) gr . oo

r—oo Inr

The above integral is convergent at r = oo iff m > max1<3<n HJ = Mj,. Put

C; = '%TJ;Q. Then My < m < 2My. If C; > C for j > 2 it follows that m > 2Cfh,
while m > Cj foreach j =1,...,n

Corollary 1. Suppose that C1 = --- = C,, > 0 = My = Cj. Then m =
2C1 > My and — [g> Au = 4nCl.

The paper is organized as follows. Some additional results from the complex
analysis, proof of Proposition 1 and several examples of radial and non-radial
solutions of nonlinear PDE are proposed in Section 2. In Section 3 the proof of
Theorem 1 is sketched.

2. Some additional results from the complex analysis, proof of

Proposition 1 and several examples. Denote by % =1 (% - '8%), % =

%(8% +i8%), where z = z 4+ iy € C!. Then the two-dimensional Laplace

operator A = 482—;. Assume that f(z) is analytic function of z. Accord-
ing to the definition of analyticity = 0, while we denote d%f(z) = f'(2).
Evidently, %f(?) = 0 as % = 0, % = 0 and %f(?) = f'(z). Suppose
that f(z9) # 0. Then near zp in C! there exists a single-valued branch of
g 1(2) = log (2)| + g (2) = Alog (2] =0 eas 2.

On the other hand, 2 5, log (1 + ‘(ID 7)‘) _ 2()2() ®(z) being analytic

IR
/2

function. There are no difficulties to check that Alog(1 + |®]?) = o <1+\<1>\2)2 In
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this way we conclude that if F'(z), ®(z) are analytic functions near zg, F'(29) # 0,
®'(29) # 0, then the real function

8"13/’2

10) v = o8 E (1 o

satisfies near zg the Liouville equation
(11) Au + |F*e" = 0.

Conversely, if the C* solution u of (11) with F(z9) # 0 satisfies (11) near 2o,
then one can find analytic function ®(z), ®'(z9) # 0 for which (11) holds near z.
Certainly, F(z) is analytic.

We shall prove now Proposition 1 in the unit disc B; ¢ R?.

We do not consider the case (a) as it is similar to the considerations of (b), (c),
(e). As we mentioned above the classical solutions of (3) are radially symmetric
(see ['1]). The Laplace operator A in polar coordinates in the plane (r, ¢) is given
by A = 5?722 + %% + r%aa—; These solutions are not uniquely determined. Via
Pohozaev type identity one can prove that if classical solution of (3) exists, then
A < 8.

Proof of Proposition 1(b). Our first step is to construct radial solutions
of equation

(12) Au+ pe'lz|" =0, x € By,
where p = W.
B
Then acclording to (10) the solution u(r) of (12) takes the form
2(n +2)%C
1 =log ————
( 3) u Og/,L(C+Tn+2)2,

C > 0 being a parameter. The condition u|gp, =0 <= 2(n+2)?C = u(C+1)>2.
Thus,
(n+2°—px(n+2)/(n+2)*—2u

(14) 0<Cyx(p) = p .

2
Certainly, @ > > 0 is a necessary condition for the existence of classical

solution to the Dirichlet problem for (12). Then in polar coordinates
A _/ o rCn +2)° /1 rdr
po Js p o (CHrmt2)2

1 rdr
(5)  A=4rC(+2FO), F(Cs) = [ iy o

Therefore,
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1

Put G(C) = CF(C) = {7 285072 n > 1. Therefore, C — +00 =
2

G(C) ~ %, G(C) ~ KC#»="!' ¢ =0, K = const, i.e. the continuous mapping

2

G(C) is onto (0,00). On the other hand, one can check that C4 () ~ @

=0, Co (U52) =1, ¢ () ~

)

ﬁ, @ — 0. So C'y is a continuous mapping
from (O, %) onto (0,00). As G'(C) < 0, G is monotonically decreasing, etc.
Consequently, we can solve the transcendental equation (15) finding p = p(A),
w > 0. Formula (13) with p = u(X\) gives us the solution of (4). O
Proof of Proposition 1(c). Again 2 4= =[5, e%|z|? dx, u(r) is a solution of
the Dirichlet problem for (12) with u|gp, = 0, C’i( ) is given by (14). The only
difference from the previous case is that

C +1r4)? T o4 C+1

647rC’/ r3dr 160 1
o<—

l.e.

T
16 A=— b —Fii(n), 0<pu<S8.
(16) T i 14 () 1t

Evidently, F1+(8) = 8w, F14+(0) = 0, F1_(0) = 16m. Therefore, for each A €

(0, 87] there exists p € (0,8] such that Fyy(u) = A and for each A € [87,167)

there exists p € (0,8] such that Fi_(u) = A. Obviously, A € (0,167), Fi4 is

monotonically increasing, Fj_ is monotonically decreasing and (16) implies that

H = 71'2 (27T B 7) O
Proof of Proposition 1(d). The considerations for (6) are similar to the

previous ones. For the unknown constants m > 0, n > 0, p > 0 we consider the

Dirichlet problem

Au + et (lﬁgn)p =0in B

’LL|aB1 = 0.

(17)

We are looking for a radial solution of (17) having the form
(18) u = log(¢**B?), @(r) >0, B =const> 0.

For ¢(r) we obtain the following ODE

/ m
19 no, P )\ 2442 T '
(19) o+ T == (¢) = 2A<p EYor

Assume that ¢ = 1+ r¥. Then

24
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forl/:n,2A+2:p,n:m+2,1/2:—)‘2—]f<0 — A<NO.
Evidently, A = 252 < 0. Thus,

2)? A
V:n:m+2:w:_i:7’

B2 24 2-p
ie.p=2— 25 ® < 2; B > 0 is a parameter. Then equation (17) takes the form
u |z|™ .
Au+ Ae =0 in By,

(1 + ’x‘m+2)2—>\32/n2

i.e. we obtain (6). Dirichlet problem (6) possesses the radial solution
B2

(20) u(r) = log <B2 (1+ rm+2) (m+2)2> ,

where B > ( is arbitrary.
To solve the Dirichlet problem (6) we must have

21 7B2 =1 f B 7B =1
(21) SN mi 2 or some >0 <— P72 = b
Consider the function f(B) = 2”32/2% >0, B>0.

One can check that
m+ 2

f(o0) =0, f(0)=0, f/(B)=0 «<— B:B*:m

(m + 2)2 s
VAlog2 -

In this way (21) possesses two solutions for 1 < fiax, only one solution for
1 = fmax and does not have any solution for 1 > fu.x. Proposition 1(d) is
proved. ]
Sketch of the proof of Proposition 1e). We look for solution of (7) having

—M(HG%(Z)P)Q and such that e“/2 = %, as |F(z)||ls, = 1.

The number a satisfies a quadratic equation, possessing two positive roots a,

a_ for 0 < p < 2¢7¢, namely, a, = 2e /212 (1+1/1—%€C>, a_ =

= fmax = f(B*) -

the form u = log

V2,02 pw? __dedy gy .
5 € ey Moreover, Ay = fBl (HF P )2, z = x+1y. The remain
ing part of the proof is standard but rather techmcal and we omit it. O

We shall illustrate some of the results of Proposition 1 with an application
in geometry. It concerns the model example of DE AZEVEDO TRIBUZY and
GUADALUPE [!6].
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We propose here a slight generalization of ['] and we find two-parametric
family of its radially symmetric solutions into explicit form. Consider the system

(K% — k)Y Alog |k — K| = 2|z|"(2K — k)

22 ,
22) (K? — k24 Alog |k + K| = 2|z["(2K + k)

where K? > k2, K < 0 and K denotes the Gaussian curvature of some two-
dimensional non-super conformal minimal surface My C R?*, while x stands for
the normal curvature of Ms. The classical case is (22) with n = 0. As it is shown
in [1°] (K, ), n = 0 defines minimal non-super conformal surface My C R?. Our
generalization (22) admits a power degeneration of the righthand side of (22). To
find solutions of the system (22) we put

u v
0>K—Kk=—e¥ K =-° —2’—6
- _ — LU — oV
0> K 4+ 15— —ev = |K—k|=¢€", |[K+kl=¢€¢"= ot _ o
K =
2

- (K2 _ /452)1/4 _ e(u+v)/4.

Then (22) takes the form
(23)

where p = (3u —v)/4, ¢ = (3v — u)/4.
One can easily see that

Ap +2|z|"eP =0

(24) Aq+2Jz]met =0,

System (23) reduces to two scalar equations (24). According to formula (13) for
equation (12) with g = 2 we have that

16C

p = log m, C1 > 0, C7 — arbitrary,
1
16C:

q = log m, Cy > 0, Cy — arbitrary.
2

Having in mind that v = (¢+3p)/2, v = (p+ 3¢)/2 we get two-parametric family
of solutions of (22)

1 162020y cl/? Ca/?
K=—= +
2 (Cl + 7“4)(02 + ?”4) (Cl + 7’4)2 (CQ + ?”4)2
(%) 1 162C,2Cy? cl/? cy/?
K= — - .
2 (Cl + 7“4)<CQ -+ 7“4) (Cl + 7’4)2 (CQ + 7“4)2
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At the end of this section we shall discuss the problem for existence of non-
radial solutions of Liouville type PDE with radially symmetric coefficients. Start-
ing from radial solutions of some classes of Liouville type PDE we shall construct
several classes of non-radial solutions of other PDE with radially symmetric co-
efficients. It is proved in [!] that if Au + f(u) = 0 in By, u € C*(By), f € C*
and f(u) > 0 everywhere, then any non-trivial solution of the Dirichlet problem
u|pp, = 0 is positive in B; and radially symmetric. No unicity holds for the
radial solutions u(r). Moreover, g—;f <0for 0 <r <1 Let Au+ f(r,u) =0
in By and ulpp, = 0, u € C*(By), f € C' and f(r,u) is decreasing in r, i.e.
fl(r,u) < 0. Then each positive solution u > 0 is radially symmetric and g—:f <0
for 0 < r < 1. This result does not hold if f is not decreasing in r (there are
counter examples). Consider the polynomial P(z) in C!. Then P(z) is radially
symmetric, i.e. |P(re'?)| = g(r) iff P is a monomial: P(z) = az™.

Let ug(r) be some non-trivial radial solution of Au + f(u) = 0, f(u) > 0,

1

ulop, = 0. Assume that g(z) is a non-trivial analytic function for |z| < 1 + €y,
g0 > 0 and consider the smooth function U(z) = uo(|g(2)|), |9(2)] = 1/ 9(2)g(2).
Certainly

0* ou , "(z2) /=

AU =14

55U S = ullg)) 2 g 9()

Thus,
AU +1g'(2)Pf(U) = 0, Uljge)=1 = uo(1) =0

but U(z) is not radially symmetric if |g(z)] is not radially symmetric function. For
example, let g(z) = 2" +C, m > 1, C'# 0. Then |g(2)] is not radially symmetric,
19(2)|? = r¥™ +|C|24-2r™|C| cos(mp — 1), where C = |C|e', z = re'®. Moreover,
lg(2)] =1 <= 2™ +|C)? — 1+ 2r™|C|cos(myp — ) = 0= |C] < 1.

In this way we get that the PDE with radial coefficients

AU (2) +m?|z[* 2 f(U) = 0

possesses the non-radial solution U(z) = ug(|z™ + C|).

Example 1. Let f(u) = 377, Aje™", Aj > 0, k1 > -+ > Ky > 0 and
uo(r) be non-trivial radial solution of the Dirichlet problem Awu + f(u) = 0,
ulpp, = 0. Then U(z) = uo(|z™ + C|), C # 0 is positive nonradial solution of
AU (2) + m?|z|*™=2f(U) = 0.

3. Existence results for global radial solutions of some local Liouville
type equations. Short proof of Theorem 1. The initial value problem (9)
can be written as

n
ru 4o = — 3 pyrritlefit = — f(ru) <0, v > 0,
2 7=l
(26) u(0) = a,
u'(0) = 0.
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Thus, & (ru’) = —rf(r,u(r)), r > 0. Therefore,

(27) ru = — /07“ sf(s,u(s))ds=g(r,u(r)) =g(r) <0, r>0,

J'(r) <0 for r > 0.
We rewrite the Cauchy problem (26) as

(28) M:_{éﬁﬁﬂawﬁﬁ& r >0,

r < 0.

If we put
1 rr
1 P,
Flr,u) = - { 75 uls) ds, >
0, o

then F'(r,u) is Lipschitz continuous function with respect to u and (26) takes the
form

u'(r) = F(r,u(r)), r =0,

. u(0) =

A classical result (Picard E.) gives us existence and uniqueness of u € C'! solution
near 7 = 0, 7 > 0 of (29). The idea of the proof of Theorem 1 can be found in ['9].
The rest of the proof is technical and we omit it due to lack of space.

We shall formulate only two formulas, crucial for the proof of Theorem 1.
They are:

lim u(r)

. _ / pi+1 mu()
r—00 logr Tli{goru( / Z’I“ ’ ’ dr < 0

i+2
m = const > max; p]T and

— —mC; = / ZNJ (C; — C’l)Tpr rju(r) dr,

where Cj = (pj +2)/kj, j=1,2,...,n
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