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ABSTRACT. We extend the method of quasilinearization to differential equa-
tions in abstract normal cones. Under some assumptions, corresponding
monotone iterations converge to the unique solution of our problem and this
convergence is superlinear or semi—superlinear.

1. Introduction. Denote by B a real Banach space with a norm ||-|| and
let B* denote the dual of B. Let K be a cone in B. We assume that K is closed
convex subset of B such that AKX C K for every A > 0 and K N {—K} = {0},
where 0 denotes the null element of B. The cone K induces the order relation in
B defined by x <y, z,y € Bif and only if y — 2z € K. We let K* = {¢ € B*:
¢(u) > 0 for all u € K}. We assume in this paper that K is a normal cone i.e.
there exists a real number ¢ > 0 such that 0 < u < v implies ||u|| < ¢||v||, where
¢ is independent of u and v. A subset By of B is said to be a distance set if for
each u € B there corresponds a point v € By such that d(u, By) = ||lu — v||.

2000 Mathematics Subject Classification: 34A45, 34K99.
Key words: Quasilinearization, monotone iterations, superlinear and semi—superlinear con-
vergence.
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Put C, = C(J x B, B), C; = CY(J,B) with J = [0,T]. For N € C.,, let
us consider the problem

O { 2'(t) = N(t,z(t)), te€J,

z(0) = xo.

Recently, the method of quasilinearization has been used so as to be
applicable to a much larger class of nonlinear problems, (see, for example [9]). In
this paper, we apply this method to differential problems of type (1) in a normal
cone of the Banach space B (see, for example [3, 4, 6, 7, 9]). In [4, 7], some
properties of measure of noncompactness are used to show that corresponding
monotone sequences are convergent to the unique solution of (1). Quadratic and
superlinear convergence of monotone iterations for problem (1) are obtained in
[3, 9]. The purpose of this paper is to generalize that results when N = f+ g+ h.
We assume that f, + @, is nondecreasing and g, + ¥, is nonincreasing for some
nondecreasing function @, and for some nonincreasing function ¥,. If h satisfies
the Lipschitz condition, then corresponding monotone sequences converge to the
unique solution of (1) and this convergence is superlinear or semi-superlinear.
Note that, problem (1) is considered in [3] when h = g = ¥ = 0, and in [9] if
h=b=g=V=0.

2. Assumptions. A function v € C is said to be a lower solution of
problem (1) if

{ V'(t) < N(t,v(t)), teJ,
v(0) < xo,

and an upper solution of (1) if the inequalities are reversed.
Let us introduce some assumptions for later use.

(A1> fvgv h,‘I),\IJ € C*,

(A2) N is quasimonotone nondecreasing in the second variable relative to K for
each t € J ie. if u; < ug and ¢(ug — uy) = 0 for some ¢ € K*, then

¢ (N(t’ul)) < gb(N(t’uQ)) )

(A3) yo,20 € Cy are lower and upper solutions of (1) such that yo(t) < zo(¢),
teJ,
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(Ag) |Ift,2) — ft, )|l < Lillz —y|l, L > 0, y € 0K, where 6K denotes the
boundary of K,

(A5) K is a distance set,

(Ag) the Frechet derivative h, exists, is continuous and ||h.(t,2)|| < M for
(t,z) € J x Q with M > 0, where Q = {u € B:yo(t) <u < 2(t), t € J},

(A7) the Frechet derivatives f;, g., ®,, ¥, exist, are continuous, and

(a) F,,®, are nondecreasing in the second variable, [i.e. F,(t,u)v < F,(t,u)v
foru,w € Q, v € K and u < u|, G, ¥, are nonincreasing in the second
variable with F'= f4+ &, G =g+ VU,

(b) Ifz(t. )| < By, lga(t, )| < Ba, [|®2(t, )| < Bs, [[a(t, )] <
B,z €9,
() IIfa(t,) = falt, )|l < Arllz = yll*, llga(t, 2) = ga(t. )l < Azllz —y]”,
@0 (t,2) = ot y)|| < Asllz—yl", [Wa(t,z) = Vult,y)]| < Adflz—yl|® for
(t,x), (t,y) € J x Qwith A;,B; >0, i =1,2,3,4 and «, 3,7, € [0,1],
(Ag) there exists a constant M > 0 such that for z,y €

h(t,x) — h(t,y) < My —a] if z <y,

(Ag) [he(t,0n) + Fu(t, a2) + Gx(t, as) — @ (t, a3) — ¥, (t, ag)]v is quasimonotone
nondecreasing in v relative to K for each ¢ € J, where a1, ag, a3 € C(J, B).

Remark 1. Clearly when assumption Ag holds, then A is quasimonotone
nondecreasing in the second variable relative to K.

Remark 2. In assumtion Ag it is assumed, for example, that F, (¢, as)v
is quasimonotone nondecreasing in v. Instead of it, by Lemma 4.5.2 [6], if we
assume that F, exists, F' is convex and F' is quasimonotone nondecreasing in

the second variable, then F,(t,as)v is quasimonotone nondecreasing in v for
(t,a0) € J x C(J, B).

3. Superlinear convergence.

Theorem 1 [6]. Let K be a cone in B. Assume that f € C,, and

1° u,v € Cp, u,v € Q satisfy u'(t) < f(t,u), v'(t) > f(t,v), teJ,
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2° f is a quasimonotone nondecreasing in the second variable relative to K for
each t € J, and f satisfies assumption Ay,

3° K 1is a distance set.

Then u(0) < v(0) implies u(t) < v(t) on J.

Now, we can formulate main results. The first theorem gives supelinear
convergence while the second theorem semi-superlinear one.

Theorem 2. Let K be a normal cone. Let assumptions Ay, As, As,
As, Ag, A7, Ag hold for N = f + g+ h. Then there exist monotone sequences
which converge uniformly and monotonically to the unique solution x of problem
(1) and the convergence is superlinear.

Proof. First observe that, for u,v € Q, u < v, in view of A7(a),
f(tu) < ft0) + [Fo(t,u) — @o(t, 0)][u — 0],
gt u) < g(t,v) + [Ga(t,v) = Vo (t, u)lfu —v],

and
(2) F(t,u) — F(t,v) < V(t,u,v)(u—v)

with F = f + g and V (¢, u,v) = Fy(t,u) + G(t,v) — Py (t,v) — U, (t,u).
Using (2) and a mean value theorem we see that
@) F(t,u) + h(t,w) — F(t,v) — h(t,v) + V(t,u,v)(w — u)
< [ et sw + (1 — s)v)ds + V(t,u,0)] (w —v),
@ F(t,u) + h(t,u) — F(t,v) — h(t,w) — V(t,u,v)(w — v)
< Jo ot su+ (1 — s)w)ds + V(t,u,0)] (u — w)

for u,v,w € Cq, u,v € Q and u < v.
Let Y41, 2n+1 be the solutions of IVPs

{ ?J;zﬂ(t) = f(tv yn) + h(t7 yn+1) + Vn(t)[ynJrl(t) - yn(t)]7 yn+1(0) = X0,
Z;H—l(t) = F(t,zn) + h(t, zn11) + Va(O)[2n1(t) — 20()],  2n41(0) = 20

forn =0,1,---, where V,,(t) = V(t,Yn, 2n). Note that y,41 is a solution of the
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following nonlinear problem

(B) Y () =F(t,yn) + h(t,y) + Va®)[y(t) — ya ()] = Ay(t), y(0) = 0.

By Ag and A7 (b), it is easy to conclude that the operator A satisfies a Lipschitz
condition in y, and consequently there exists a unique solution y,4+1 of (5). It
means that the members y,+1 and 2,41 are well-defined.

In the first step, we need to show that
(6) yo(t) < 3 (t) < 21(8) < z20(t) on .

To show (6) it is convenient to introduce p = ygo — y1 on J, so p(0) < 0. Using
the mean value theorem for h we obtain

p'(t) < F(t,yo0) + h(t,yo) — F(t,y0) — ht,y1) — Vo(t)[y1(t) — yo(t)]
1
= [/O he(t, syo + (1 — s)y1)ds + Vo(t)} p(t), teJ

Assumptions Ag, A7(b) and Theorem 1 yield p(¢) < 0 on J proving that yo(t) <
y1(t) on J. Now, let p =y; — zp on J. Then, by (3), we get

Pp'(t) < F(tyo) +h(t,y1) + Vo)ya(t) — yo(t)] — F(¢, 20) — hi(t, 20)
1
< [/O he(t, sy1 + (1 — s)z0)ds + Vo(t)} p(t), teJ, p(0) <0.

Hence, by Theorem 1, y1(t) < 29(t), ¢t € J showing that yo(t) < y1(t) < 29(t) on
J.

Let p = yo — z1. Then p(0) <0, and, by (4),
p'(t) < F(t,yo) + h(t,yo) — F(t, 20) — h(t, z1) — Vo(t)[z1(t) — 2z0(t)]
1
< [vooe) o [ el + (1 - s)zods} plt), te
Hence, yo(t) < z1(t), t € J. Now, we put p = z; — z9. Then
P (t) < F(t, z0) + h(t, z1) + Vo(t)[z1(t) — 20(t)] — F(¢t, 20) — h(t, 2z0)

— [/01 ha(t, s21 + (1 — s)20)ds + Vo(t)} p(t), teJ, p(0) <o,
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s0 21(t) < z(t), t € J showing that yo(t) < z1(t) < 2zo(¢), t € J.

<z
Obviously, basing on (2) and assumption A7(a), we have
(7) Vt,u,0)w < V(t,u,v)w if u<u, v<7, u,u,v,7€Q, weK.

Next, we have to show that yi(¢t) < z1(t), t € J. We do this by showing
that y; and z; are lower and upper solutions of (1), respectively. Basing on (2)
and (7), we have

y1(t) = F(t,yo) + h(t,y1) + Vo) lya(t) — wo(t)] — F (&, y1) + F(t,51)
< N(ty) + [Vo(t) = VIt yo, y)llya(8) —yo(t)] < N(t,y1), t €,
and
21(t) = F(t,z0) + h(t, z1) + Vo(t)[z1(t) — z0(t)] — F(t,z1) + F(t, z1)
> N(t,y) + [V(t 21, 20) = Vo(®)][20(2) — 21(8)] = N(E,91), teJ.

Hence, by Theorem 1, y1(t) < z1(t), t € J. It proves that (6) holds.

Now, we assume that
yolt) S y1(t) < -+ < () < 2(t) < - < z1() < (), t e,

and let y, z; be lower and upper solutions of (1) for some k£ > 1. We shall prove
that

(8) Yr(t) < Y1 (t) < 2 (t) < 2z(t), teJ.
Hence setting p = yr — yx+1 on J it follows as before
P(t) < F(tye) + bt ye) — F(tye) — bt yrrr) — Vi) [yre41(t) — yi(t)]

1
= |:/0 hx(t7 Sy, + (1 - S)yk-l—l)ds + Vk(t):| p(t), ted, p(O) =0

which again implies that p(¢) < 0 on J proving that yx(t) < yg4+1(¢) on J. On
the other hand, letting p = yx4+1 — 2 on J, yields

P'(t) < F(t,yk) + bt yis1) + Vi) lye+1(8) — ye(t)] = F (¢, 21) — h(t, i)

1
< [/ ha(t, syr1 + (1 — s)zi)ds + Vk(t)} p(t), t € J, p(0)=0.
0
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This proves that yxy1(t) < zx(t), t € J and hence yi(t) < yrr1(t) < 2k(t) on J.
Similarly as before we can show that yi(t) < zx41(t) < 2(t), t € J.

Moreover, by (2) and (7), we have

Y () = F(tyr) + h(t yrrr) + Vi(Olyrrr — ye@®)] — F & yerr) + F(E Yrr1)
< N yk1) + VI Yk Yk )Wk () — Y1 (O] + Ve () [yr+1 (1) — yr(t)]
< N(t,yk+1), t e J,
and

21 () = F(t 26) + h(t, 2k41) + Vi) 21 (1) — 26(8)] = F (8, 241) + F(E, 2041)
+
= N(t; ze41) = VIt 2k41, 20) 2041 () — 26(0)] 4+ Vi () [2641(8) — 2(0)]
> N(tvszrl)v teJ
showing that y11, zx+1 are lower and upper solutions of (1), respectively. Hence,

by Theorem 1, ygy1(t) < zxy1(t), t € J. It proves that (8) holds which means
that

yo(t) y(t) < - <yalt) < zat) < - < 2(8) < 2(t), tET

for all n, by mathematical induction.

In the next step we need to show that the sequences {y,, z, } converge uni-
formly and monotonically on J. Note that the sequences are uniformly bounded
on J since K is a normal cone. It remains to show that these sequences are
Cauchy. For M() = 2(B1 —|—B2—|—B3—|—B4), L = M+Bl—|—32+2B3—|—234, mn(t) =
[Yn+1(t) — yn(t)]], we put

M,
U, = max [e_Ptmn(t)] with P > L and 0

<g<l.
teg p_p 1

Note that m,(0) = 0. By assumptions Ag and A7(b), we have

Drmy(t) < [lyp4a(t) — v @)l
= [|F(t, yn) + "t yn+1) + Va®)yn+1(t) — yn()] — F(t, yn-1) — h(t, yn)
= Va1 (O)[yn(t) — yn—1 (]|
< Lmy(t) + Mogmp—1(t), t € J.
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Here Dtm denotes the right-hand upper Dini’s derivative of m. Hence
t
mp(t) < Mo/ M=), 1 (s)ds, teJ,
0

and finally

t
up, < My IPE?,]X [e_Pt/ eL(t_S)mnl(S)dS} <qUup-1, n=1,2,--
€ 0

Basing on the above, we obtain

k

k
o e Mnrinn )= sa O] < e s (0] = 3 s

k
i q
< n+1 < n
Zq uo = —q—lq uo
=1
which proves that {y,} is a Cauchy sequence on J. Hence {y,} converges
monotonically and uniformly on J to y € €, where y is a solution of problem (1).
Similarly, we can prove that z, — z € Q, where z is a solution of (1). Note that
problem (1) has a unique solution z since N satisfies a Lipschitz condition and
therefore y = z = x.
It remains to show that convergence is superlinear. Put p,+1 = —yp1 >
0, ¢n+1 = Zn+1 — > 0, 80 Pp+1(0) = ¢n+1(0) = 0. Note that
1 1
/ [Fa(t, sz + (1 = 8)yn) — Vou(t)] ds = / [fo(t, 52 + (1 = $)yn) — fu(t,yn)
0 0
+92(t, 87 + (1 = 8)yn) — gu(t, @) + gu(t, @) — g2 (¢, 2n)
+@(t, 2n) — Pu(t, ) + Pu(t, ) — u(t, yn)
+U(tyn) — VUalt,x) + Ut x) — Wult, 2,)]ds.

Hence, by assumption A7(c), we have

9)

where
A= I{lea}[&llpn(t)\la“ + Ao llpn (1P + Azllgn (@) 11°[lpn (8)]| + As|lpn (£)[F

+A3llgn ()17 [pa (O + Adllpa O+ + Adllgn (©)]1° [pa ()]

/01 [Fu(t, sz 4+ (1 — 8)yn) — V()] ds pn(t)H <A
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Using this and assumptions Ag, A7(b), we see that

DH|pnr (O < Iprga DI = [IF (8 2) + At 2) = F(t,yn) = h(t Yns1)
= Va()[yn+1(t) — yn ()]

— H/Ol[j-;(t, sz 4 (1= s)yn) — Va(t)lds pu(t)

T [/01 ha(t, sz + (1 — 8)yni1ds + Vn(t)] pn+1(t)H

<A+ Lllppa @), teJ
Hence
t 1
@l < 4 [ H0ds < A5 with 5 = Le,
0
and finally
max [Pn+1 ()] < S max [z‘hllpn(t)\la+1 + Ao |lpn ()P + Azllgn ()11 [lpn (t)
+A3]pa (DI +A3]lgn ()17 [[pn (0] + Asllpn (6)[°H
+Ad]lgn (O °lpn ()] -

Similarly, we can show that

max g1 (1) < Smax | Aillgn (5" + Aallgn ()17 + A [lpa ()] lgn (1)
+A3]lan O +Aslpa O lan (O] + Adllgn ()]
+ A4l )11 lgn (O] -

The proof is complete. O

Remark 3. If a = 3=~ =9 =1, then the convergence is quadratic.

4. Semi—superlinear convergence. Note that Theorem 2 gives super-
linear convergence if the members of sequences {y,}, {z,} are unique solutions
of corresponding nonlinear problems of type (5). It is disadvantage in practice
to construct them. If we do the linearization of those previous iterates, then we
lost the superlinear convergence obtaing only semi—superlinear convergence. The
next theorem deals with this case.

Theorem 3.  Let all assumptions of Theorem 2 with h, = 0 in as-
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sumption Ag hold. Moreover, we assume that assumption Ag is satisfied. Then
there exist monotone sequences which converge uniformly and monotonically to
the unique solution x of problem (1) and the convergence is semi—superlinear.

Proof. Let I denote the unit element in B such that Iu = u for any
u € B. Note that
(10) N(t,u) — N(t,v) < [V(t,u,v) — MI][u—v], if u<wv, u,vel,

where V' is defined as in Theorem 2. To prove (10) use (2) and Assumption Ag
to the following relation

(11) N(t,u) — N(t,v) = F(t,u) — F(t,v) + h(t,u) — h(t,v).

Let

{ y;erl(t) = N(tvyn) + [Vn(t) - MI] [yn—l—l(t) - yn(t)]v yn—l—l(o)
Zni1(t) = Nt 2n) + [Va(t) = MI][2011(8) = 20(0)], yn41(0) = @0,

Zo,

where V,,(t) is defined as in Theorem 2. Note that the elements y,1+1 and 2z,
are well defined.

We shall show that
(12) Yo(t) <yi(t) < z1(t) < z(t) on J.
Let p = yo — y1, so p(0) < 0. Then
p'(t) < N(t,yo) — N(t,y0) — [Vo(t) — MI][y1(t) —yo(t)] = [Vo(t) — MI]p(t), t € J.

Theorem 1 gives p(t) < 0 on J proving that yo < y; on J. Let p =y; — 2zp on J,
so p(0) < 0. Then, by (10),

p'(t) < N(t o) + [Vo(t) — MI][ys(t) — yo(t)] — N(t, z0)
< Vo(t) — MI][yo(t) — 20(8)]+[Vo(t) — MI[y2(t) — yo(t)]=[Vo(t) — MI]p(t).
Hence y1(t) < z0(t), t € J proving that yo(t) < yi(t) < z0(t), t € J.

Put p = yo — 21, hence p(0) < 0. Then

P'(t) < N(t o) — N(t,20) — [Vo(t) — MI][21(t) — z0(t)] < [Vo(t) — MI]p(t), t € J
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showing that yo(t) < 2z1(¢t), t € J. Put p= 21 — 29, so p(0) <0.
P'(t) < N(t,20) + [Vo(t) — MI][z1(t) — 20(t)] — N(t, 20) = [Vo(t) — MI]p(t),

hence z;(t) < zp(t) on J showing that yo(t) < z1(t) < 20(¢), t € J.
In the next step we will show that y1, z; are lower and upper solutions of
(1), respectively. Indeed, we have

y1(t) = N(t,yo) + [Vo(t) — MI][y1(t) — yo()] — N(t,y1) + N(t,y1)
< N(t,y1) + [Vo(t) = V(E yo, y)][ya (t) — yo ()] < N(t,u1), t € J,
and
21(t) = N(t, z0) + [Vo(t) — MI)[z1(t) — 20(t)] — N(t, 21) + N(t, 21)
> N(t,z1) + [V(t, z1,20) — Vo(t)][20(t) — 21(t)] > N(t,21), t € J.

Again, by Theorem 1, y1(¢) < z1(t), t € J. It means that (12) holds.
Let us assume that

yo(t) < yi(t) < - <y(t) < zp(t) < - < 2 (t) < 20(t), teJ,

and let yy, z; be lower and upper solutions of (1) for some k£ > 1. We shall prove
that

(13) Ye(t) < yr1(t) < 2 (t) < z(t), teJ.

Let p =y — yp+1 on J, so p(0) = 0. Then

P(t) < Nt ye) = Nt ye) — [Vi(t) = MI][yra(t) — ye(t)]
= [Vi(t) — MIp(t), teJ.

Theorem 1 gives p(t) < 0 on J proving that yx(t) < yg+1(f) on J.

Now, let p = yx+1 — 2 on J. Then, by (10),

P'(t) < Nt yk) + [Vi(t) — MI|[ygs1 () — yr(t)] — N (¢, 2k)

< [Ve(t) = MI][yw(t) — 2zi(8)] + [Vi(t) — MI][yr41(t) — ye(t)]
= [Vi(t) — MIp(t), t € J.

Hence, yr11(t) < zx(t), t € J showing that yx(t) < yrr1(t) < 2x(t) on J. By the
similar argument, we can obtain yx(t) < zk41(t) < zx(t), t € J.
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Obviously,

Y1 (8) = N(t,yp) + [Vi(t) — MI[yes1 — ()] — N (¢, yks1) + N (¢ yrs1)
< Nt yk1) + [V vk, Yer1) — MIyx(t) — yrga (2)]
+ [Vi(t) = MI][yg+1(t) — yu ()] < N, yg41), t € J,
and
2 (8) = N(t, 2z) + [V (t) — MI][z141() — 2i(t)] — N (¢, z541) + N (¢, 241)
> N(t, zx41) — [V(t, 2k41, 21) — MI)[z41(t) — 2(t)]
+ [Vi(t) — MI[z11(t) — 2k (8)] > N(t, 2541), t € J

showing that yj11, zx+1 are lower and upper solutions of (1), respectively. Hence,
by Theorem 1, yi41(t) < zk11(t), t € J. It proves that (13) holds. It means that

Yo(t) <yi(t) <o <yult) < za(t) < - < 21(t) < 2(t), ted
for all n, by mathematical induction.
Using the method from Theorem 2, we see that the sequences {y,}, {zn}
converge uniformly and monotonically to the unique solution z of (1). It re-
mains to show that this convergence is semi-superlinear. Put p,41 = — yp41 >

0, ¢n+1 = zn+1—2 > 0, 50 pp+1(0) = ¢n+1(0) = 0. Then, by (9) and assumptions
A, A7(b),

DF pnr N < llpnga I = IF (¢ 2) + h(t, ) = F(Eyn) — h(t, yn)
+ [Vn(t) - MI] [anrl(t) _pn(t)]H

<

/Ol[fgc(t, s+ (1 —s)yn) — Vu(t) + MI]ds pn(t)H

+ M||pn ()| + [|Va(t) — MI|||[pn+1(2)]]
< Ao+ Llpnsi ()], t€J,

where Ag = A+ (M + M) max ||pn (1), L =M + By + By +2B3 + 2By with A
€

defined as in the proof of Theorem 2. Hence

t
_ . 1
TL+ - s >~ 0 W = — ,
Ipna (B)]] < Ao / MUy < A9 S with § = LT
0
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and finally

e o ()] < Smas [Allpa (@ + Aallpa @)1+ + Azllga(®)]” loa )]
+Ag lpn (B +A3llgn(®) " [pa @] + Al (81
+Alan I Ipa @] + (M + T maxie pn (1)

Similarly, we can show that
maxie ] [[gn+1 ()] < Smaxses [Arllan@)|*T + Azllgn 7 + Aillpa (®)]|%llgn t)]
+ A3l an (O +As|lpa (07 gn ()] + Aallan @)1
+A4[lpn ()1 llgn ()] + (M + M) maxies ||gn(t)]] -

It ends the proof. O

Example. Consider the initial value problem of an infinite system for
scalar differential equations of type

1 t
/ 3 3 3
= — — — — 1
(14) Un(t) = [t = un (O] + 7 [un(t) +un iy (0], t€J=[0,1],
un,(0) =0
forn = 1,2,---. Here B = {u = (u1,+*,uUpn,+*) : up, € R} with the norm

|lu|| = sup{|un(t)|: t€ J}and K ={ue B: u, >0, n=1,2,---}. Indeed, K

is a normal cone in B. In this case N = (N1, -+, Ny, --), f = (f1,- s fn- ),
g = (glv oy Gns ')7 h = (hla' o 7hn7 o ) and Nn(t,U) = gn(t’u) + hn(t,U) with

1 t
fn(tvu) =0, gn(t,u) = R(t_un)g’ hn(tvu) = Z(U?z"i_u?z—i-l) tedJ, n=0,1,---.

Indeed, N € C(J x B, B). Let go(t) = (0,---,0,---), z(t) = <t, %3>
n
Then yo(t) < z(t), ¢t € J. Moreover yo(0) = (0,---,0,---) = 20(0), y(t) =

1 1
(0’...’0’...)’ zé(t): <1’§’...7E’...>’and

n
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It proves that yg, zp are lower and upper solutions of problem (14), respectively.
Let yo(t) < u(t) <wv(t) < z(t), t € J. Then

1 t
Nn(t’u) - Nn(tvv) = E[(t - un)g - (t - Un)g] + Z[ui + U?wrl - ’Uz - szrl]

>~ w

< = (n = wn)[(E = wn)? + (= un)(t = vn) + (¢ = 0)°] < 7 (vn — un),

1
4in
. — 3

so assumption Ao holds. Moreover, M = 3 and ¢, (t,u) =0,te J,n=1,2,---.
3t

Put ¥, (t,u) = —4—ui, teJ,n=1,2,---. Let yo(t) < u <u < 2(t), t € J and
n

v € K. Then

6t
\Ijnx(t7 u)vn - \an(tuﬂ)vn = R(ﬁn - un)vn > O,

G (£, 10) 00 — G (£, )0y — 43%[(@” S = (i — )2 + 24(T — )]
n

3 _
= R(un - Un)(un + Un) >0
fort € J, n =1,2,---. It proves that assumption A7(a) holds. Moreover, it is

simple to see that B; = 0, Bgz%,BgzO, B4:§,A1:a:A3:7:O,
A2:A4:g,ﬁ:(5:1.
Put
Vie(t) = gu(t, 21) + Walt, zi) — Vall, yk),
(15) { Y (8) = 9, yi) + Bt yrtr) + Vi) [We+1(t) = ye(®)], yr41(0) = 90(0),
21 (t) = g(t, 2) + h(t, zrq1) + V() [2e11(t) — 26(t)], 2141(0) = 20(0)

fort € J, k=0,1,---. Then, by Theorem 2, the monotone sequences {yg, zx },
Yk = Y1k, Ynks ) € By 2k, = (21k, 5 Znk, - +) € B converge (if k — o0) to
the unique solution x of problem (14) and this convergence is quadratic i.e.

el < axllpwll® + azllaxll®, llar+1ll < asllpell® + aallael®, k=0,1,---

for some nonnegative constants ai, as, as, a4.
Note that, by Theorem 3, the convergence of sequences {yg, zx} to x is
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semi-superlinear, i.e.
1Px1 [l < 01 llpg | + ballgrl” + bollpx I,
k1]l < bsllpwl® + ballgrl® + bollgrll, bs >0, s=0,1,2,3,4, k=0,1,---
where
(16) { y%+1(t) = g(t,yr) + h(t, yr) + Vi(O)[yr1(t) — ye(®)], yk+1(0) = 30(0),
21 () = g(t, 2) + h(t, 2) + V(@) [z41(8) — 26(8)], 2641(0) = 20(0)

fort € J, k=0,1,---. Note that the rate of convergence for sequences (15) is
higher than the corresponding one for (16) but to apply (15) we need to find the
members of Y1, 241 solving corresponding nonlinear equations.
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