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ON CERTAIN INEQUALITIES FOR REAL-ROOT
POLYNOMIALS

Geno Nikolov

We review certain inequalities satisfied by real-root polynomials, which are a refine-
ment of the Jensen inequalities for functions from the Laguerre—Polya class. Then we
demonstrate how these inequalities yield bounds for the zeros of classical orthogonal
polynomials.

1. The Laguerre-Pdlya class and inequalities of Jensen. A real entire function
© belongs to the Laguerre-Pdlya class LP if ¢ admits representation of the form

w
pla) = camem I (14 S )em=/™, 0<w< o,
k=1 .

w
where ¢, 8,z € R, @ > 0, n is a non-negative integer and Z ac,;2 < 00. The importance

k=1
of the Laguerre-Pélya class LP stems from the fact that functions in this class, and only

these, are uniform limits on compact subsets of C, of sequences of algebraic polynomials
having only real zeros (see, e.g., [9, Chapter 8]). In particular, LP encompasses the set
RP of all real-valued algebraic polynomials with only real zeros. Throughout, RP,, will
stand for the subclass of RP of polynomials of degree not exceeding n.

The entire functions from the Laguerre-Pdlya class play an important role in mathe-
matics. The reader is referred to [17] for various properties and characterizations of the
functions from LP.

Jensen [7] proved that if f € LP, then

2m
(1) Lon(fiz):= Z(1)m+ﬂ< 7,") fO@)fCm=D(z) >0 forall zeR.

: J

7=0
The quantities £,,(f; ) appear in the MacLaurin series for }f(z)|2, where z = x + 1y
and z,y € R:

2m

2 NN pad

Formula (1) readily follows from the Leibnitz rule applied to f(z + iy) f(z — iy).
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The particular cases of (1) obtained with m = 1 and m = 2 are respectively the
well-known inequality of Laguerre [8, p. 17]

(3) [F/@)° = f@)f'(x) >0, feLP, z€R,
and the inequality
(4) 3[f"(x))” —4f' (@) f" (@) + f(2) fD(x) >0,  feLP, z€R.

In the early seventies of the last century inequalities (1) were rediscovered by Patrick [15,
16]. Csordas and Varga [3] proved that the validity of (1) for all m € Ny implies that f
has only real roots, provided f(z) = P f1(2), @ > 0, and f; is a real entire function of
genus 0 or 1 (see also [2, Theorem 2.2]). Thus, in these cases the inequalities (1) provide
a characterization of the Laguerre-Pélya class. Moreover, Csordas and Varga used (1)
to formulate some necessary and sufficient conditions for the validity of the Riemann
hypothesis. The importance of (1) in the study of LP and its relation to the Turdn type
inequalities was investigated by Craven and Csordas [1].

Of course, Jensen inequalities hold true in the more narrow class RP, in which case
the infinite sum in (2) terminates. Moreover, if f is a polynomial of degree n, then the
condition L, (f;x) > 0 for m = 0,1,...,n, is necessary and sufficient for f € RP,,. If
flx)=(x—21)(x —2x2)...(x — ) € RPy, then

[f@+iy)* =[] (@ —z)* + 7).
k=1
and comparison of the coefficients of 2™ here and in (2) implies the positivity of £, (f; )
through the following explicit formula:
1

(5) ﬁm(f;z):(2m)!f2(lﬂ)z(x_xi 2. —a,)

where the sum is over all m-combinations {i1,...,im} of {1,2,...,n}.

27

2. Refinements for real-root polynomials. As it may be expected, for real-root
polynomials Jensen’s inequalities can be sharpened. We begin with the following rather
straightforward refinement of (1):

Theorem 2.1. If m € N and f € RP,,, where n > m, then

2m
m
Moreover, the equality in (6) holds for every x € R if [ is either a polynomial of degree
less than m or f(z) = ¢(x — a)™ with a,c € R.

[f(m) (I)]2 for every x € R.

Proof. The claim of Theorem 2.11is clear, if deg f < m. If f(z) = (x—z1) ... (z—xp),
where n > m and {z;}]*, are real, then application of the quadratic mean — arithmetic
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mean inequality to (5) implies
ﬁm(f;x) = (2m)'f2($)z (:L' —z; )2 (:L' py )2
= (2m)! Z(Jc —xi, ) (=, )P

)2 (2m ,
2L S e,

m2(n) ()
and the equality occurs if and only if z; = 22 = ... = z,. On the other hand, if f € RP,,

is of degree k, m < k < n, then by the above argument we get

2m 2m
Lon(f52) > % [Fm @) = % [ @)
and the last inequality is strict if f (m)(:c) # 0. Theorem 1 is proved. [

In the particular case m = 1, Theorem 2.1 provides the following improvement of the
Laguerre inequality:
(7) (n=D[f'@)]" ~nf@)f"(@) 20, =R, [eRP,.
Inequality (7) has been proposed as a problem in [10]. It should be pointed out however
that this inequality is much older. By a shift of the variable it is seen that (7) is equivalent

to the same inequality for 2 = 0 only, thus, (7) provides an inequality for the coefficients

of a real-root polynomial. Already Newton was aware (see, e.g., [6]) that, if f(z) =
n

H (x+xp) = 2" +c12™ '+ -+, {xr}] - real, then the coefficients of f must satisfy
=1

8) ci >

o

k+1n—k+1
k n—=k

In fact, inequalities (8) are a consequence from (7), they follow by application of (7) to

the derivatives of f (which are also real-root polynomials) with 2 = 0.

—~~

Ck—1Ck4+1 for k=1,...,n—1.

There is also an improvement of (4) for real-root polynomials, different from the one
provided by Theorem 2.1 with m = 2, it reads as follows: for every f € RP, and z € R,

(9) 3(n—2)(n—3)[f"(@)]" = 4(n — 1)(n = 3)f' (@) f" (x) + n(n — 1) f(2) fD () > 0.
A proof of (9) was given by Foster and Krasikov in [5]. Again, they were not the first to
discover this inequality, as in 1963 Academician Nikola Obreshkov, in his last published
work [13], proved (9), among others. Foster and Krasikov should not be blamed for being
unaware of Obreshkov’s work, as it was written in Bulgarian (now an English translation
of [13] is included as Addendum in [14]). In their interesting paper [5], Foster and
Krasikov proposed a conjecture, which contains the inequalities (7) and (9) as particular
cases. In order to formulate this conjecture, let us set

10) Ui = 3o -ayrs (M) B )

=0

f(j) (I)f(2mfj) (z).
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Conjecture 2.2 (Foster and Krasikov [5]). Let f € RPy; then for any integer m,
0<2m<n,

Ug (fi2) >0 for every x€R.

Conjecture 2.2 has been validated by Nikolov and Uluchev in [12], where thr following
theorem was proved.
Theorem 2.3 ([12]). (i) Let f € RPy; then for any integer m, 0 < 2m < n,

(11) Uy (f;x) >0 for every x€R.
(i) If f(z) =clx —x1)(x —x2)...(x — ), then
2

U () = m)1 @) Y0 (= - ) (o )]

L = Tgy L — Liy — Ligm_1 T = Tiyy,

where the sum on the right-hand side is symmetric and is extended over all m-tuples
{{i1,i2}, .o, {iam—1,%2m }} of pairs of distinct indices among {1,...,n}.

(iii) For m > 1, the inequality in (11) becomes an identity if and only if either f
is of degree less than m or f has a zero of multiplicity at least n — m +1 > 0, i.e.,
f(z) = (z —a)" "™ f1(z), where fi € RPm_1.

For the reader’s convenience, we present a short proof of Conjecture 2.2, based on a
beautiful result of Academician N. Obreshkov. In his last published paper [13], Obreshkov
showed that if f; and fo are polynomials of degree p and ¢, respectively, and m is a
positive integer, not exceeding p and ¢, then the polynomial

m . .
(12 (@) =310 (27N (T s

= m—j j
is their covariant. Let us point out that, although at a first sight the degree of g,, seems
to be p+ g — m, actually it does not exceed p + ¢ — 2m. Obreshkov proved the following
theorem:

Theorem 2.4 ([13, Theorem 6]). Let the zeros of the polynomial fi(z) of degree p
be located in a circular domain K1, and let the zeros of the polynomial fa(z) of degree q
be located in a circular domain Ko, which has no common points with K1. Let m be a
positive integer, not exceeding p and q. Then the polynomial (12) has exactly p—m zeros
in K1, exactly g — m zeros in Ko, and there are no zeros of (12) outside K1 and K.

(As usual, by a circular domain it is meant the interior or the exterior of a circle in
the complex plane C, or one of the two open half-planes, determined by a straight line
in C).

To prove Conjecture 2.2, in Theorem 2.4 we replace m by 2m, put p=q¢ =n > 2m
and set f1(z) := f(z+ie), fa(z) := f(z—ig), where f € RP is of degree n and € > 0. We
may think that K7 and K are the half-planes $(z) < —e/2 and $(2) > €/2, respectively.
In this situation the polynomial (12) becomes

D™ Ry (20 (=D (0 = 2m 4 DGy e
((2m))! ;H) ' <.7' >((n—3)m()!(n—2m)j!) @),

ng(z) =

According to Theorem 2.4, go,,, has exactly n — 2m zeros in K1, exactly n — 2m zeros in
K>, and has no zeros in the strip —¢/2 < $(z) < /2, in particular, gs,, has no real zeros.
Since gom, () is real for € R, by virtue of the definition of f; and fs, we conclude that
g2m () has a permanent sign on R. Moreover, this sign does not depend on the concrete
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positions of x1,...,x,, the zeros of f, as gam(x) is a continuous function of 1, ..., x,.
Therefore, by choosing f of the form f(z) = (x—x1) ... (x—z)(x/M —1)""* and letting
M — oo, we see that the above conclusion remains true for any f € RP,, i.e., for any
f € RP,, sign gom(x) is a constant, independent of the specific positions of the zeros of
f. By substituting f(x) = 2™, we find the sign in question:
sign gom () = (—1)™ for every f e RP, and zeR.

Finally, passage to the limit ¢ — 0 implies that

signUS, (f;x) = (—1)"signgam(z) >0 for every f€RP, and z€R.
This completes the proof of Conjecture 2.2.

We are going now to show that if f € RP,, with ng > 2m, then for every n > ng the
inequality U3, (f;x) > 0 is indeed an improvement of the Jensen inequality £, (f;z) > 0.
Theorem 2.5. Let m € N and f € RP,,, where ng > 2m. Then, for every fized

x € R, the sequence
oo

(v g (i)}
n=ngo
is monotonically increasing
Proof. Let us point out that, under the assumptions of Theorem 2.5, U3, (f;x) >0

and U1, (f';2) > 0 for every n > ng. From the easily verified identity
(n+1=m)Ugi* (fi2) = (n+ DUz, (fr2) +2m(2m — 1)Uz 15 (f52)
(see [12, Lemma 4]), we conclude that

n+1
U’n+1 : >
2m (f I)—n+1_m

Uz (f3 ),
and consequently
U (f32) n" Ugy (f32)
(n+1)m — (n+1-m)(n+1)m-1 npm °

Hence, to prove Theorem 2.5, it suffices to show that

nm
>1
(m+1—=m)(n+1)m-1t =7

1 m—1 m—1
(1— ) >1- .
n—+1 n

This is obviously true when m = 1, and for m > 2 it follows from the Bernoulli inequality
(1+2)™ ' > 1+ (m— 1)z, * > —1. Theorem 2.5 is proved. [

or, equivalently,

It is readily seen that
lim {0~ UR, (fi0)} = Lonlf:2),

n—oo

moreover, if f € RP,,, then, by Theorem 2.5, the sequence {nfm Us.. (f; ac)} tends

n=no
towards L,,(f;x) monotonically increasing. Hence, the inequality U3, (f;x) > 0 implies

the inequality L,,(f;x) > 0, which shows that for real-root polynomials inequalities (11)
are sharper than the corresponding Jensen inequalities.
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3. Applications. The inequalities for real-root polynomials (11) can be applied to
the derivation of estimates for the extreme zeros of the classical orthogonal polynomials
of Jacobi (and, in particular, of ultraspherical polynomials), Laguerre and Hermite ([18,
Chapter 4]). This is possible thanks to two facts: 1) they satisfy homogeneous ordinary
differential equations of second order and 2) their derivatives are orthogonal polynomials
from the same family. The inequality (11) with m = 2 implies the following necessary
condition for real-root polynomials (see also [18, eqn. (6.2.16)]):

Lemma 3.1. If f is a real-root polynomial of degree n > 4 and f(xo) =0, then

(13) 3(n — 2)[f"(w0)]” — 4(n — 1) f'(x0) f" (o) > 0.

Below we briefly demonstrate the application of Lemma 3.1 for obtaining bounds for
the zeros of the classical orthogonal polynomials.

3.1. Ultraspherical polynomials. Recall that the ultraspherical polynomials
{P,S?)}gjzo, A > —1/2; are orthogonal in [—1,1] with respect to the weight function
wy(z) = (1 — :L'2))‘71/ 2. Particular cases of ultraspherical polynomials, corresponding to
A =0,1 and 1/2, respectively, are the Chebyshev polynomials of the first and the second
kind, and the Legendre polynomials. The derivatives of ultraspherical polynomials are
d

also ultraspherical polynomials, more precisely, d_{P}")\) (z)} =2A P,S?_ﬁl)(x) for A # 0.
x

They satisfy the second order ODE

(14) (1—a®)f"(2) = @A+ D f'(x) + n(n+ 27 f(x) =0, =P

Let f = P and assume that f(zo) = 0. We make use of (14) and the differential
equation for f,
(1—2?) f"(x) — (2A+ ) f'(@) + (n — 1) (n+ 2\ + 1) f'(x) = 0,
to express f'(zo) and f"'(z0) in terms of f”(zg) as follows:

/ o 1 _x2 1
J(xo) = @1 Do 13)% I (xo),
" 22+ 3)z mn—1n+22+1)7 ,,
" (wo) = [ 1— 22 - - (22X + Dzo } (o).

Putting these expressions in (13), canceling out the positive factor [ f! ’(xo)} % and solving

the resulting inequality with respect to :cg, we arrive at the conclusion that for the largest
2e10 T n(A) of PN there holds

5 (n—1)(n+2Xx+1)
xn,n()‘) S 2 5 ()\_;’_1/2)2 :

3.2. Jacobi polynomials The Jacobi polynomials { P{*#)()}%_, are orthogonal in
[—1, 1] with respect to the weight function we g(z) = (1—2)*(1+z)”, where o, 8 > —1.
They satisfy the second order ODE

(15) (1=a2®)f"(@)+ (B—a—(a+B+2)z) f'(x) +n(n+atp+1)f(z) =0, f= PP,

The derivatives of Jacobi polynomials are also Jacobi polynomials, more precisely, there
d 1 a

holds %{P&O"ﬂ)(z)} = §(m +a+B+1) Pt (),
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Let f= P and f(xo) =0, then from (15) we find

1— a3
I _ 0 "
f(wo) = a— B+ (a+ B+ 2)x 1" (o).
By substituting this expression in the ODE for f’ with x = zg, we express f"'(zo)
through f”(zo) as follows:

) = (a—6+(a+6+4)x0 (n—l)(n+a+ﬁ+2)>f,,(x0).

1—a23 a— B+ (a+B+2)x
Now we apply Lemma 3.1 with f = Pff"ﬁ ) by substituting the above expressions in

"

(13) and cancelling out the positive factor [ f (IO)]Q, we obtain the inequality
dn—D]a—B+(a+B+4)z0] 4(n—12n+a+B+2)(1—23)

3(n—2)— a—B+ (a+ B+ 20 (@ =B+ (a+ B +2)a)

> 0.

After multiplication by (a —B+(a+ 8+ 2)300)2 and rearrangement (the usage of a
computer algebra software is strongly recommended), we arrive at the inequality

Az2—2Bz+C<0, z = x0,
where

A=(2n+a+pB)[n@2n+a+ ) +2(a+5+2)] >0,

B=2(8—a)[(a+B+6)n+2(a+p)],

C=—-4n’(n+a+pB)+ [(a—B)°—8(a+p)+12]n+2(a—B)* —4(a+ B +2).
After solving this inequality, we conclude that the zeros {zin(c,3)}r—; of the Jacobi
polynomial P{*#) satisfy the inequalities

B—4(n—-1VA

A
with A and B as given above and

A=n*n+a+p+1)°+(@+1)(B+1)[nn+a+p+4)+2(a+p).

B—4(n—-1)VA
A )

< Zk,n(aa ﬂ) <

3.3. Laguerre polynomials The Laguerre polynomials {L{%)(z)}%°_, are orthog-
onal in (0,00) with respect to the weight function wy(z) = %™, where a@ > —1.
Specific properties of the Laguerre polynomials are the ODE

(16) zf’(@)+ (a+1—a)f'(z) +nf(z) =0, f=L,
and L{L (@)} = LG ()

Repeating the reasoning from the ultraspherical and the Jacobi case, we set f = L;‘”
and assume f(zo) = 0, then we find

fl(fUO) = m f”(Io)

f"'($0)=<xo_a_2— n-l )f”(fﬂo)-

Lo

o xo—a—1
By substituting these values in (13), after some simplification we arrive at the inequality
—(n+2)(wg—a—1)2+4(n—Dn(zg —a—1) +4(a+1)(n - 1) > 0.
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By solving this inequality, we find that the zeros {x n(«)}r—; of the Laguerre polyno-
mial L{® are located in the interval

a+1+72(2112)" <1\/1+7(0‘+ %"H)) : a+1+72(:;12)" <1+\/1+7(0‘+ %"H))

3.4. Hermite polynomials The Hermite polynomials {H,,(x)},°_, are orthogonal
in (—o0,00) with respect to the weight function w(z) = e~ . Specific properties of the
Hermite polynomials are H), (z) = 2m H,,—1(z) and the ODE

[ (x) =2z f'(x) + 2n f(z) = 0, f=H,.
By applying Lemma 3.1 we deduce that the zeros {hjn}j—; of the n-th Hermite poly-
nomial H,, satisfy the inequality
2(n — 2)?
R:, <=1
k=TT 9
Of course, one can use inequality (4) instead of Lemma 3.1 to obtain bounds for the
zeros of the classical orthogonal polynomials. However, the resulting bounds are less pre-
cise, due to the fact that Laguerre’s inequalities are consequences from the corresponding
real-root inequalities (11). For further results with this approach we refer to [4].

REFERENCES

[1] T. CRAVEN, G. CsORDAS. Jensen polynomials and the Turdn and Laguerre inequalities.
Pacific J. Math. 136, no. 2 (1989), 241-260.

[2] T. CRAVEN, G. CSORDAS. Iterated Laguerre and Turdn inequalities. J. Inequal. Pure Appl.
Math. 3, No. 3 (2002), article 39, http://jipam.vu.edu.au.

[3] G. CsorDAS, R.S. VARGA. Necessary and sufficient conditions and the Riemann hypoth-

esis. Adv. Appl. Math. 11, no. 3 (1990), 328-352.

[4] D.K. DmmiTrov, G.P. NIKOLOV. Sharp bounds for the extreme zeros of classical orthog-
onal polynomials. J. Approz. Theory 162, no. 10 (2010), 1793-1804.

[5] W.H. FOSTER, I. KRASIKOV. Inequalities for real-root polynomials and entire functions,
Adv. Appl. Math. 29, no. 1 (2002), 102-114.

[6] G. H. HARDY, J. E. LITTLEWOOD, G. POLYA. “Inequalities”, Cambridge University Press,
1934.

[7] J.L.W.V. JENSEN. Recherches sur la téorie des équations, Acta Math. 36, no. 1 (1913),
181-195.

[8] E. LAGUERRE. Oeuvres. Vol. 1, 2nd ed. Chelsea, New York, 1972.

[9] B. JA. LEVIN, Distribution of Zeros of Entire Functions. Translated from the Russian

by R. P. Boas, J. M. Danskin, F. M. Goodspeed, J. Korevaar, A. L. Shields and H. P.

Thielman. Revised edition. Translations of Mathematical Monographs, vol. 5. Providence,

R.I., American Mathematical Society, 1980.

[10] J.B. LovE. Problem E 1532. Amer. Math. Monthly 69, no. 7 (1962), 668.

[11] G. NIkoLoV. Inequalities of Duffin—Schaeffer type, II. Fast J. Approz. 11, no. 2 (2005),
147-168.

[12] G. NikoLov, R. ULUCHEV, Inequalities for real-root polynomials. Proof of a conjecture
of Foster and Krasikov. In: “Approximation Theory: A Volume Dedicated to Borislav
Bojanov” (Eds D.K. Dimitrov, G. Nikolov, R. Uluchev) Sofia, Marin Drinov Academic
Publishing House, 2004, 201-216.

84



[13] N. OBRESHKOV. On some algebraic covariants and the zeros of polynomials. Izv. Inst. Mat.
Acad. Bulgare Sci. 7 (1963), 89-126.

[14] N. OBRESHKOV. Zeros of Polynomials. Bulgarian Academic Monographs vol. 7. Sofia, Marin
Drinov Academic Publishing House, 2003.

[15] M. PATRICK. Some inequalities concerning Jacobi polynomials. STAM J. Math. Anal. 2
(1971), 213-220.

[16] M. PATRICK. Extension of inequalities of the Laguerre and Turdn type. Pacific J. Math.
44 (1973), 675—682.

[17] G. POLya, I. ScHuR. Uber zwei Arten von Factorenfolgen in der Teorie der algebraischen
Glaichungen, J. fir Math. 144 (1914), 89-113.

[18] G. SzEGO. Orthogonal Polynomials, 4th edn. AMS Colloquium Publications, vol. XXIII,
Providence, RI, AMS, 1975.

Geno Nikolov

Faculty of Mathematics and Informatics
Sofia University St. Kliment Ohridski
5, James Bourchier Blvd

1164 Sofia, Bulgaria

e-mail: geno@fmi.uni-sofia.bg

BBbPXY HAKOUN HEPABEHCTBA 3A IIOJIMHOMMUM C PEAJIHN
HYJIN

T'eno HukoJsoB

B crarusra ce pasriex/1aT HAKOH HEPABEHCTBA 33 ITOJIMHOMH C PEATTHN HYJIH, KOUTO
[IPEJICTABISBAT YTOYHEHNS Ha HEPABEHCTBATA Ha VeHceH 3a e pyHKINI OT KIIACA
Ha Jlarep—Iloita. leMoHCTpUpa ce KaK TaKHBa HEPABEHCTBA MOTAT Jia Ce IPHUJIAraT 33
IIoJIyJaBaHe Ha OIeHKHU 3a KpPailHUTe HyJIU Ha KJIaCUYeCKUTEe OPTOTOHAJJIHU ITOJMHOMU.
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