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Abstract

The article treats the existence of standing waves and solutions to gradient-flow equa-
tion for the Landau—De Gennes models of liquid crystals, a state of matter intermediate
between the solid state and the liquid one. The variables of the general problem are
the velocity field of the particles and the Q-tensor, a symmetric traceless matrix which
measures the anisotropy of the material. In particular, we consider the system with-
out the velocity field and with an energy functional unbounded from below. At the
beginning we focus on the stationary problem. We outline two variational approaches
to get a critical point for the relative energy functional: by the Mountain Pass The-
orem and by proving the existence of a least energy solution. Next we describe a
relationship between these solutions. Finally we consider the evolution problem and
provide some Strichartz-type estimates for the linear problem. By several applications
of these results to our problem, we prove via contraction arguments the existence of
local solutions and, moreover, global existence for initial data with small L%-norm.
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1 Introduction

There are different models describing nematic liquid crystals (we avoid long list of
references, but refer to the recent one [25] that gives a very detailed panorama of the
state of the art). We are interested in the Q-tensor model, i.e. De Gennes type model
(see [1, 9, 16]) for a molecule in a flux of nematic liquid crystals, which is a state of
matter intermediate between the solid state and the liquid one. Concerning the physical
modeling of nematic liquid crystals, we refer to [1-4, 23, 25]. The model has been
actively studied during the last years both on torus [7, 24], bounded domains [13], in
R" [17, 18], and in exterior domains [8, 19, 20]. In general the model is described by
a system of Navier—Stokes equations and an equation for the Q-tensor:

0+ w-V)Q —(0w)Q — Qw(u)) = AxQ — L[OF(Q)],
Ou —divy(u®u) + Vip = Ayu +divy (=QA, QO + A, Q0 — Vi 0OV, 0),
divyu =0,

where O = (gij)i, j=1,2,3 and

1 1
o) =3 (Veu = Vi), LIA]=A - u(A)Id, AeMG.R),

(ViQOV2Q)ij =Y nqap Ox;qup AQ = (Agij)ij» i,j=1,2,3.
a’ﬂ

We are looking for the functions
w:RTxR* > R} 0:R"xR®—> $(3,R), p:R’ >R,

where Sp(3, R) denotes the space of 3 x 3 symmetric matrices with zero trace. The
function u represents the velocity field of the molecules, p represents the pressure of
the fluid and Q is the De Gennes Q-tensor.

In the model, F denotes the energy of liquid crystals and it is given by

a b c
F(Q =707 +3u(@)+ 101, 0eM3R),
where a, b, c € R and |- | is the Frobenius norm. It is easy to prove that
AF(Q) =aQ + b(0)T +¢|0?Q forall Q € M(3,R).
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In the case u = 0 the model reduces to the gradient flow equation
Q= A0,0—L[AF(Q)].

Our first goal is to find standing waves, i.e. solutions to the equation

1
AQ =L[dF(Q)]=9F(Q) — gtr(aF(Q))Id
_ 1o 2 W
=aQ+b( 0 3|Q| Id ) +clQI"Q

for 0 € H'(R3; Sy(3, R)).
We shall use the following parametrization for the matrices of Sp(3, R):

q1(x) g3(x) q4(x)

Q@) =| ¢3(x) q2(x) qs(x) , g =1(q1,92, 93,94, 95).
q4(x) g5(x) —qi1(x) —q2(x)

It can be proved that every critical point g of the following functional:
1 2
J(g) = 3 IVO(@I” + F(Q(q)) dx
= / IVgl* + Vq1- Vg dx
+ [ aqP? b 3 2 2,
g1+ q192) + 3 tr(Q(g)°) +c(lg|” + q192)"dx

gives a matrix Q(g) which satisfies (1).

The part of our work, related to the stationary problem, was announced in [12].
However, for completeness we present the proofs or key points in the proofs, so that
the article is self-contained.

2 Least energy solution

2.1 Existence of a least energy solution

We study the case a > 0 and ¢ < 0.
Definition 2.1 Letd >3,n > 2, p = 24, G € C'(R"\{0}) and

C:={ve LPR,R") | Vv e L*(RY; M(n,d,R)), G(v) € L'RY};

let g be a solution of the system

@)

—2Av — a(Avies + Avye)) = g(v) in D,
veQC,
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where « € [0, 1] and ey, e; are the following vectors of R”":
e1=(1,0,....,07 e=(0,1,0,...,0)7,
and

() == 0y, GW)){_;, v #0,
’ 0, v=0.

We say that ¢ is a least energy solution of (2) if ¢ € C\ {0} and
J(g) =inf {J(v) | v € €\ {0}, v is a solution of (2)},
where

J() = / |Vu)? + aVv Vo, — G(v)dx, v e C.

Following [6], we consider a function G € C LR \ {0}) which satisfies the following
2d

properties for p = =5

G(0) =0;

lim supy |-, 100 (V[P G (V) < 0;

lim SUP |0 lv|7PG(v) <0;

there exists & € R” such that G (&) > O;
for all y > O there exists C,, such that

IGv+w) = G| < yIGWI+ w1+ ClIGW)| + |w|” + 11 (3)

for all v, w € R";
o there exists a constant C > 0 such that

g() < C+Clv|P~! forall veR"

In [6] the existence of a least energy solution is established for « = 0. We need a small
generalization to show it for o € [0, 1].

Theorem2.2 Let a € [0,1],d > 3, n > 2 and G: R" — R satisfy the above
hypotheses, then there exists a least energy solution g : R? — R" of (2).

Proof The proof is almost the same as in [6], so we just list the steps:
Step 1: Let us consider the problem

T =inf{/ IVql* +aVqVgrdx | q € G,/G(q)dx > 1}.
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Let {q7} j be aminimizing sequence for T', then {(Vg/) ;jis bounded in L*(R?; R") and
{g’};is bounded in L” (R4; R™). It can be proved also that, passing to a subsequence,

. LP ) LZ
q] —q, Vq] N Vq,

for g € C\ {0}.
Step 2: [ G(q)dx =1 and
f |Vq|2 +aVq 1 Vgrdx =T.
In particular, Vg/ — Vg in L2(R¢; R") and therefore g/ — ¢ in L? (R%; R").
Step 3: Let g(x) = q(6x) with 6 = 7, then in D’ there holds
— Aq —a(Ag e2 + Agaer) = g(q) = VG(q).

Step 4: If ¢ € L (R?; R") N € is a solution of (2), then there holds

loc

d
/qu|2+qu1Vq2dx = m/c(q)dx.

Step 5: Forall v € Ly, (R?; R™) N € non-zero and satisfying (2), we have

0< / |V§|2 +aVgVg, — G(q)dx < / |Vv|2 +aVviVvy — G)dx.

Step 6: We have the following regularity result:
Theorem 2.3 Let g € C be a solution of (2) with g(q) € Llloc (RZ; R™), then it satisfies
the following properties:

e gc Wli‘cl(Rd; R™) for any t < oo;
o g € L*RERY;
e ¢ tendstoQ as |x| — +oo0.

Moreover, if there are C, 8 > 0 such that
Qv+ avier + avzer)-gv) < — C|v|2 forall v e B(0,4), “4)

then q decays exponentially as |x| — +o00.

This result corresponds to [6, Theorem 2.3] for « = 0. The proof for « € [0, 1] is
analogous. Thanks to this theorem, we gain that g is a least energy solutionin €. O
Let us prove the following easy observation.
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Lemma24 Ifd >3, p = dszz’ G: R" — R is continuous in R" and

lim |v|”?|G(v)| =0, 5
[v|——+00

then G satisfies the condition (3).

Proof Let us suppose by contradiction that there is ¥ > 0 such that for any m € N we
can find u,,, w, € R" which satisfy

|G (tm + wim) — Gum)| > yIIGUm)| + lum|P1+ m[|G(wp)| + [wn|” + 1].
Divide the above inequality by m[|G (w;,)| + |w,|? + 1], we have

YIIG )| + lum|P] _ G+ wn) = Glun)|
m[|G(wm)| + [wp|? + 1] m[|Gwp)| + lw|? + 1]
< |G(”m + wm)| + |G(um)|

= mllG(wm)| + lwn P + 1]

Let us show that {u,, + w,,},, is bounded: if {u,, + w;}, were unbounded, then
passing to a subsequence we can suppose that |u, + w,,| - +o00 asm — +oo.
Then, for any C > 0, by our hypothesis (5), |G (un, + wp,)| < Cluy + wy|?, so

UG wm)| + lum|P] | < Clum + w|P + |G (um)|
m[|G(wm)| + [wn|? + 1] m[|G(wm)| + [wn [P + 1]
C27 (jum|? + |wm|?) +1G (um)|
m[|G(wm)| + |wnlP + 1]

Let us distinguish two cases:

e Suppose |u,| < R for some R > 0. This means that |w,,| — +00. By continuity
of G, we can find K > 0 such that |G (u,,)| < K. Therefore

< Czp_l(Rp+|wm|p)+K < [wu|? + K m—>+oo

~ ~ Oy
m[|G(wm)| + |wn|P 4 1] m|wp |P

which is a contradiction.

e Suppose {u,,};, is unbounded; then passing to a subsequence, we can suppose
|up| — +00 as m — +o00. Again by our hypothesis, for any C > 0, |G (u,,)| <
Clun,|P, then

v lum|? 1< vIGWm)| + lum|?]
m[|G(wm)| + [wm|P + 1] m[|G(wm)| + [wm|P + 1]
CRP™V 4+ Dlup|? + C2P7 N w,y, |P
m[|G(wp)| + [wm|P + 1]
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If we take C = /(277! + 1), we get

C2P wn|” <1 motoo

< ~ 01
m[|G(wp)| + [wn|P + 1] ™ m

which is a contradiction.
Thus, {¢,, + ws, }» is bounded. Now we are ready to conclude:
e If {u;,},, is unbounded, passing to a subsequence we have |G (u,,)| < v |upm|?. So,
YIG wm)| + lum|”] | < |G (um + wm)| + |G (um)|
m[|G(wp)| + |wp|? + 1] m[|G(wp)| + |wp|? + 1]

_ 1G@m + wn) +y lum|?
= ml|Gwm)| + lwm? + 117

By continuity of G, we have that {G (u,, + w,)}, is bounded and therefore

V|G(Mm)| < |G(um +wm)| m—+00
S mllGwm)| + (w7 + 1] m[|G(wm)| + [wm|P + 1]

07

which is a contradiction.
o If {|u;y|}m is bounded, there is K > 0 such that |G (u,;, + wm)|, |G(um)| < K.
Therefore

YUG m)| + lum|”] Gun +wn) |+ Gl 2K
= mllG ()l + [wal? +1] m[|Gwp)| + [wul? + 1] = m ’

which is a contradiction. O

Inourcasen =5,d =3, p =6, =1and

b
G(q) = — F(Q(@) = —a(lqgl* +q1q2) — §tr(Q(q))3 —c(lgl* + q192)*. (6)

Taking into account Lemma 2.4 it is easy to show that g(q) = VG (q) satisfies all
conditions of Theorem 2.2. Moreover, it is easy to see that it also satisfies (4). Thus
we have proved:

Corollary 2.5 Let a,b,c € Rwitha > 0 and ¢ < 0, then there exists a least energy
solution g in H'(R3; RY) for the system

b
—28q = Aqiez = Aper = —allgP + q192) = (0@ — gl + q12)”.
Moreover, q decays exponentially as |x| — +o00.
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2.2 Least energy solution as a saddle point

Let us recall the functional related to our model:

1) :=f|Vq|2+Vq1~qu+a(|q|2+q1qz)
%)
+ 2w (0@ + (gl + qand
3 q q q1q2)“dx.

We assumed a > 0 and ¢ < 0. This choice of signs for the parameters gives J a
particular structure: since ¢ < 0, the functional is unbounded from below; however,
the sign of a implies that J is positive near the zero. Such information suggests
existence of a saddle point for the functional.

Definition 2.6 Let X be a Hilbert space and J: X — R be a differentiable function,
then we say that {g,}, € X is a Palais—Smale sequence if {J(q,)}, is bounded and
J'(gy) — 0in X* as n — oo.

We say that J: X — R satisfies the Palais—Smale condition (P.S.) when, for each
Palais—Smale sequence, there is a convergent subsequence in X.

Theorem 2.7 (Mountain Pass Theorem [22]) Let X be a Hilbert space and J € C'(X)
be such that:
e J satisfies P.S.;
e J(0) = 0 and there exist p,« > 0 and e € X such that
= ifllgll = p then J(q) > o;
— llell > p and J(e) < O;
then, for a fixed I := {y € C([0,1]; X) |y (0) =0, y (1) = e}, the quantity

M := inf J(y(t
;grtggﬁ] (¥ ()

is a critical value of J in X.

Remark 2.8 Thanks to the geometric hypotheses of the theorem, it is easy to see that
any critical point related to M is not 0.

It is not difficult to check that our J (¢) belongs to C! (H'! (R?: R™)) and that it satisfies
the geometric hypotheses of the Mountain Pass Theorem. Conversely, it is difficult to
prove the P.S. condition is fulfilled. For this reason we use the Mountain Pass Theorem
for J restricted to the space H! ;(R; R™): this set is weakly closed in H'(R?; R"), in
particularitis a Hilbert space. Moreover, its elements satisfy the following proposition:
Proposition 2.9 Given r € (2, %) withd > 3, then H} ((RY; R") — L"(R?; R")
is a compact embedding.

Its proof follows from [21, Lemma 1].

Proposition 2.10 The function J : Hrlad(R3; R5) — R from (7T) witha > Oandc < 0
has a critical point q¢ # 0.
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Proof Let us denote X := Hrlad(R3; R5) and

gl g :=/IVq|2+Vq1qu+a(|q|2+cnqz)dx,

which is equivalent to || - || 1.
The idea is to show that J satisfies the hypotheses of the Mountain Pass Theorem.
Firstly, we verify the geometric hypotheses:

e Obviously, J(0) = 0.
e Let p > 0 and ¢ be such that ||q||H*1 = p.

[ 196P + VarVas + alaP + qia) + 5 w0 + cllaP + a2 d
= llgl7, +/§tr<Q(q)3> +c(lg® + qiq2)* dx.
Then, by Sobolev embeddings, there is K > 0 such that
J(@) > p* = Klqll} — Klglyy = p*(1 = Kp — Kp?).
Therefore, we can find p sufficiently small and ¢ > O such that J(g) > « for any

lgllg = p-
e Fix g € X different from 0 and let g, := Aq for A > 0.

J(@) SIValzs +allgnlss + 1lllgalss + cllgalls
=2V G732 +ar? (17172 + X611 s + ex*lig ).

Therefore, since ¢ < 0, J(g)) — —oo as A — 400, so we can choose e = g,
with A > 1.

Now let us show that J satisfies the P.S. condition: let {¢g¥}; C X be a Palais—Smale
sequence, that is

—2Aq* — Agtey — Aghey + V, F (") =di(¢") — 0 in X%

‘/ |qu|2+quVq§+F(qk)dx < K forall ke N.

We recall that, for all v € X, |dJ(g")[v]|| < 8k|lv]l = 0, where 8 = ||dJ (¢%)| x+.
In particular,

U 2VgE Vv 4+ VgiVus + Vghvu 4+ V, F(¢5) -vdx| — 0. (®)
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If we take v = qk, we get

‘/ 2|V > +2Vgivas + v, F(g") - ¢* dx

= 1d T (q")g" 1] < 8ellg" Il s

‘/ IVg* 1> + Vgt Vgl + F(g") dx| < K.

Firstly we consider

= [ 256" + 294tk + 9, PG ¢t dx < seldb gy D

/ IVg" 1> + Vg Vg5 + F(g") dx < K. (U2)
Calculate (U2) + 1(U1):
F"—1VF’<.’<d<5_"’< K
@) =5 VgFlg) g dx < =gl + K.

One can check that

V,[F(Q@)] = aqa + bgp + 2¢(1q1* + 9192) 4a,

with
291 + ¢ a3 — 42 — 45 — 29192
22 + q1 a3 — qi — 47 — 29192
qa = 2g3 s q9p = | 2(q193 + 9293 + q495)
2q4 2(q395 — q294)
295 2(q394 — q195)

Notice that

da-q =101 aqp-q =t(Q(q)*).

Thanks to this, we get

1
/F(qk)—zvqﬂqk)-qkdx
b kN3 c ky 4 Sk \ k ®
:/—gtr(Q(q ) = 106N *dx < T gkl + K.
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Now, consider
[ 2194 P 42944945 + 9, F @Y ¢t dx <l @)
f Vg1 + Vgt vgk + F(g" dx > — K. (L2)
Calculate (L1) — 2(L2):

f V,F(q")-¢* —2F(Q(¢")) dx
(10)
/ tr(Q(q))+ € 10" [Fdx < 2K + 8illg* Iz

Combining (9) and (10), we get

V gtr(Q(qkf) + § 10(g")* dx| < Sellg" Il +2K.
We have
lg 1, +/btr<Q<q ) + 10" dx = dJ(g")[g"] < Sellg" Il -
Since ¢ < 0, we have
/btr(Q(q")3)+c|Q(q")|4dx
> fbtr(Q(qk)3> + %le(q")l“dx > — 6K — 38 lq" 1 1.
therefore,
lg 151 < 48¢llq" 11y + 6K .

So {g*}« is bounded in X. Passing to a subsequence, we can suppose g¥—g in X.
Now let us show the strong convergence. Take v = ¢gX — 7 in (8), then

dJ(q"ig" -1 = / 2Vg* - V(g" =9 + VeI Vgt — 9o+ Vas Vgt — rdx
+ f agk(@" = +baf (@* — D +c10@") gk (¢" — ) dx.

Denote

Ik:=/2v TV - D+ VDV~ D2+ VBV — D1 +ada(g* -7 dx.
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It is clear that ‘15 —-q, = (G* = q)a, so
dJ(q"lg" — 71 = L = llg" =713, +/bq;§<q" ~ P +cl0@"Pas @ — ) dx.

We notice that I; = 2(7, ¢* — 7) H] SO, by weak convergence, Iy — 0. We are then
in the following situation:

l* =ty + [ baba* - D+ c10GHPab @ - Dx — 0.

We need to show that the last two terms tend to 0 as k — 4o0c. Thanks to Proposi-
tion 2.9, we can suppose also that g — 7 in L*(R3; R’). Then

'/ 10(@") Pgk(q* — ) dx

'fq;',‘(qk —q)dx

< / 14*P1g" = qldx < 1g* 13 41g" — I+

< / lg**1q" — qldx < g* 17 s5llg" — Gl s

Since 8/3 € [2, 6] and {qk}k is bounded in H'(R3; RY), we are done. O

The least energy solution g built in the Sect. 2.1 can be seen as a saddle point of the
functional J(gq), similarly to the one given by the Mountain Pass Theorem:

J(q) = inf sup J(y(t))
Y€l tef0,1]

where
r={y eC'(0,1; H'®RRY) | y(0) =0, J(y(1)) <0}

In fact, with the same techniques as in [14], one can prove

Theorem 2.11 Let J : Hl(Rd; R") — Rwithd > 3 and n > 2 be defined as

J(q) = / IVql> +aVq Vg — G(q) dx,

where o € [0, 1]; let G satisfy the hypotheses of Theorem 2.2 and condition (4). Let
us also suppose that there exists po > 0 such that

0<lallyy <0 = @=2) [ VP +aVaVardx ~d [ Gig)dx > 0.

where

ol = vli7z + IVolls = ||v||iz+/|Vv|2+avwvzdx, ve H'(RLRY;
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letq € C be the least energy solution built in Theorem 2.2, then

J(g) = inf sup J(y(2)).
vel tef0,1]

Proof We give a sketch of the proof:

Step 1: Since G satisfies condition (4), thanks to Theorem 2.3 we have that g €
H'(R?; R™). Let

_Ja(%), >0
y(@) = {0, —

with L > 0. It can be seen that, for L sufficiently small, J(y (1)) < 0,s0y € I". On
the other hand, thanks to Step 4 in the proof of Theorem 2.2, we have

2
t73vg2 - —

d
— J( (1) = ot fG(q)dx

d=2 43,9-2 2
= Ld_2t ||V51||* l_ﬁ .

So J(q) = J(y (L)) = maxe(o,1] J (¢ (¢)). In particular, J(g) = M, where

= 1nf sup J(y(2)).
7€l 1¢10,1]

Step 2: Let
d
P = {q € H'(RY; R")\ {0} \ IVqll; = m/G(g)dx};
8 = {q e H'(R?;R")\ {0} \ /G(q)dx = 1}.

One can check that

x . d-2 ) 1/2
$(q) =gq ) with L, = — IVq|* + aVqi1Vgrdx
q

is invertible as ¢: § — P.
Step 3: It can be seen from the proof of Theorem 2.2 that g = ¢ (¢) with g such that

veQC, /G(v)dx > 1}.

IVgl? = inf{nwni
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On the other hand, ¢ € H 1(IR"; R"),soq € H 1(Rd; R"™) and we also proved that
J G(g)dx = 1. Then

IVgll2 = inf{nwni

v e H'(RY: RY), /G(v)dx = 1} = ing [Voll2.
ve

Thanks to the previous step,

2 /d —2\d/2-1 .
inf J(v) = inf J =—|— inf |V
inf J(v) = inf J($(v)) d( ] > Inf |Vl

2 /d —2\d/2-1 )
:Z( d ) IVqls = J(¢(@) = J@).

Step 4: For any y € I', we have that y ([0, 1]) NP # @. Let
S@) =@ -2 [ V4P +aVaVardx —d [ G@dx, g e H' @R,

We notice that S(g) = dJ(q) — 2||Vgq ||i. For any y € T" we then have
S(r0) =0, Sy1) <dJ(y@)) <O.

Itis clear that S € C(H'(R?; R")), so we can find 7o € [0, 1] such that S(y (19)) = 0.
We also know by hypothesis that

0<llgllgr < po = S(g) > 0.

Therefore, ||y (t9)|| > po. In particular, y (o) # 0, so y (t) € P.
Thus

J(@) = inf J(v) < max J(y()) forally eI’ = J(q) < M. O
velP t€[0,1]

Just to conclude, we note that

Proposition 2.12 [f G(q) is continuous and satisfies

G G
lim sup @) < —v <0, limsup @) <0

X
a0t 1g1? lql—+o0 lq1?

’

then there exists pg > 0 such that
0<llgllgr <po = S(g) >0.
So our functional (7) satisfies also the additional hypothesis of Theorem 2.11.
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3 Evolution equation
Consider the system

{B,Q—AQ—i—aQ:G(Q), (t,x) e RT xR} an

(0, x) = Qo(x),
where G(Q) = bQ? + ¢|Q|P~'Q witha > 0,b,c e Rand p € (1, 5).

Letus recall that by Duhamel’s formula any solution Q of (11) satisfies the following
equality:

t
O(t, x) = 2" Qo (x) + / ATDIGQ(t, X)) d,
0

2
o2 /4

where e~ f(x) = e~ “ K, % f (x) with K, (x) == o

Proposition3.1 Letrt > Oand 1 <r < g < 0o, then
n(l_1
@ £y < H i ety £,
The proof follows using the well-known estimates on K; and the Young inequality.

3.1 Strichartz estimates

Consider the problem

_ _ + 3
{(a, A+a)Q(t,x) = F(t,x), (t,x) e Rt xR3 12

Q(0,x) = Qo(x)

with Q¢ and F taken in a suitable space to be chosen later.
Our aim is to obtain certain estimates in the space L9 (RT; L"(R?; Sy(3, R))) for
q,r € (1, 400). We will use the norm

1/q
g = | 1 ngar] 1w,
1

Theorem 3.2 LetI C RY, thenforq € [1, +o0)andr € (1, 00) thedualofL? ;L)
is isometric to LY (I; L;/) with the duality pair

o 8)agug = [(F )0 ugde orall f € L9 LY, g e Lf (15 L),
1
In particular, when q > 1, these spaces are reflexive.

@ Springer



D. Barbera, V. Georgiev

The proof follows from [10, Theorems 8.20.3 and 8.20.5, pp. 602-607].
Let us consider the following spacial class of exponents:

Definition 3.3 Let o > 0, then (g, r) is said to be a o-admissible couple if ¢, r > 2,
(g, r,0) # (2,00, 1) and

1
—+
q

<

~ | Q

| Q

If the equality holds, the couple is called strictly o -admissible. Moreover, wheno > 1,
the couple (2, 2%;) is called the endpoint.

Thanks to [15, Theorem 1.2] and the embedding theorems for H® with s > 0 (which
can be found in [5, pp.153-154]) we get

Proposition3.4 Leta > O, then
A—
[ £l Loy S 1F s
2
where q,r > 2,5 € [0, % — 3) and

1 n n

q 2r 4

S ]

Let us obtain an estimate for the term fot A== p (7 x)dr.

Proposition3.5 Let A > 0 and 1,J € R be such that I(I) = I(J) = A and
d(1,J) ~ A, then, forall r,7 € [2,+ooland q,q € [1, +00],

t ~ ~
/eA([_t)F(T, x)dt < 28.q.r,F) | Fl
0

FelLlu;L?), (13)

L Hussy
where
~ n (1 1 1 1
Blg.q.r.r)=—-—-|g—-)+-+=.
2\r r qg q

Proof Firstly F'(-, x) is defined only on I but, preserving the notation we can suppose
that it is defined on R* with support on /. If sup J < inf I, then the left-hand side of
(13) is equal to zero, since T ¢ I. In this case the inequality is obvious.

Let us suppose now that sup / < inf J. Then

'
/ AR (n dr

0

L%

t t
< / |2V F@)] yde < / — L F@lydr
0 ' 0 |t_f|7(7/—?) '
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which follows from Proposition 3.1.

t
/ AIFR () dr
0

LI(J;LY)

tE@ e
/ n l/\l d'[
0 |t — rlf(f/*?)

I1F (Ol 7
f n lel dT
I |t_f|§(7/*F)

L) ‘

~ ‘

L{()
since I C [0, ] forz € J.If § < 400 by the Holder inequality
[l— 1Pl
— Ol pde
! |t_f|7(%—%) LY (D)
|:/ 1 q 1/q
< [|l— dr} [T
1 |;_f|§(;17*%) LY () Li (B0

By hypothesis, d(I, J) = A, t € Jandt € I, then |t — | > A so

JA e
_ dt
1 |t—r|%(%_%) L)
i)
1

8 1/q a(1_1) 1,1
I [y ae] " =510,
1
J

where we have used that |I| = |J| = A. For § = oo it is easier:

J

Theorem 3.6 Foranyr,7 € [2,+00) and g, q € (1, +00) such that

11 n(l 1) 11
—t+t===|lz--) —-+t=<l1
g q 2\r" r 9 q

we have the following inequality:

1

1

It — f|%(;17—%) L{ ()

SIFI
LiL,

t
/ AUTDE(TY dr
0

Ly
Proof If we denote

t ~ "
A[F](t, x) ::/ AU F(n,x)de, Fell (RY;LY)
0

_a(1_1)y1
IF@pde <a 4G4 my
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by duality we get
1AL g1, = sup{[{ATFL G IGI o < 1}
Let us define the bilinear form
o
B(F.G) = (A[F]. G) = / (ALFI(0). G(0) 1 dr.
0

To show that

IB(F, G SIFla, - IGI

q' q'
L; L% L; L%

it is useful to rewrite the operator B as

t
B(F,G) = (eADF,G),, dtdt = (e2=DF,G),,drdt.
L L
Rt JO x {r<t} x

Then we conclude following the proof of [11, Theorem 1.4]. O

Before passing to the main theorem of this section, let us remark that

1 1 1 1 2 1 1 n-=2
—tz<lée=S g5 -—-<- < -+=> .
q q r r n r r n

Let us also assume the condition of Proposition 3.4 (in the case s = 0) holds:

1+ _n l_nl 1
g 2r 4 g 2\2 r)

Then the condition on the indices in Theorem 3.6 becomes
1 1
2 7))

1 _n 1 1 1 _n 1 1 _n
g 2\7 r) q 2\7 2) 2
This means that (¢, r) and (g, 7) are strictly 5-admissible.

Theorem3.7 Leta >0,n > 3,r,7, q g € [2, +00) be such that (g, r)and (¢, 7) are
strictly j—admlsszble and such that X ++ % n=2 fF € Lq (RT; L’ (R” S0 (3, R)))
and Qo € L*(R"; So(3, R)), then there is a solutwn QO of (12) such that

< ~/
”Q||L?(R+;L;) S 11Qollp2 + ”F”L? ® LYY

The proof follows from Proposition 3.4, Theorem 3.6 and the above remarks.
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For simplicity, in what follows we shall take n = 3. If Qg € H* (R3; So(3, R)),
then we have more freedom in the choice of couples:

1.3 3 1 3/1 1\ s
;*5—2—5‘:’;—56‘;)—5’
11 3/1 1 1 3/1 1\, s 3(1 1Y s
7 5‘5(’3‘?)‘=’§_§<ﬁ_§)+§_§<§_">+§

Certainly, if Qg € H*(R?; So(3, R)),then Qp € H!(R3?; Sy(3, R)) forevery! € [0, s].
If we ignore the condition % + %e > % the two areas representing the admissible couples
are the following:

+

1
q

QY=

N[—

1
2

1
;

~NU—

1 1
2 2

excluding the points on the axes. Precisely, these two sets are defined as
< ( 1)}
<-<Z(=-=
q r
1 s
2 2
Corollary3.8 Leta > 0,5 > 0,(q,r) € Dyand (q,7) € @; be such that;e+% > %If

F e L?/(RJF; L7(R?; So(3, R))) and Qg € H*(R?; So(3, R)), then there is a solution
0 of (12) such that

3/1 1 s
Ds={(q,r>e[2,oo)x[2,oo)\5(5—;>—§
~ ~ 3/1 1 1

7

| W

1012y S 10l +0F g o g

Remark 3.9 The theorem holds also when one of the couples is an endpoint.

Remark 3.10 The theoregl holds also when we w0~rk with J = [0, T] instead of R*:
we only need to switch Q := Q1 ;(¢) withu and F := F1,(¢) with F, getting

”Q”Lq(.] L7) [ll QO”Hr + ||F||Lq,(J;L§/(R3))i|.

The constant C does not depend on 7.
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Another important result is the following smoothing inequality.

Proposition3.11 Lets > 0 and a, T > 0 be constants, let Qg € H* (R3; So(3, R))
and F € L*([0, T1; H* = (R3; Sy(3, R))), let Q be a solution of (12), then Q satisfies

2
195 + 19125 1 S 1Q0ls + IF I o1

Proof Firstly we prove the case s = 0: let us multiply (12) by Q(z, x):

Q.lg.‘

12T, + VRO, +alQW)I7, < [(F(). Q0)y2].

N =

Since a > 0, it is clear that ||Q(t)||H1 >~ ||(ald — A)l/zQ(t)HLz for any # > 0. Then
we have

Q.lg_

10WIT +10OIG < 5 - Ciowiz; + @ - &),
SHF@), Q) 2]

1
2

By the Plancherel identity, we have
(F(©). 00)12| = [(F@). Q1)) ]
= (@ + €D 72F @), (a + |s|2>1/2§<z>)L§}
< Cel@+ 167 PEO ]y +ell@+ 1200 |

S CIFOI5,1 + Cel QI

If we take ¢ < 1/C,, then

3 d_ IIQ(t)IILz + IIQ(t)I|H| S IIF(t)II

and taking the integral from O to T we achieve the result.
For the case s > 0 we only need to apply this result to (Id — A)*/2Q. O

3.2 Local existence of the solutions

We consider the following spaces:

St ={V(t,x) € SHG.R) | |Vs, < +oo},
St = {V(t.x) € SHG.R) | |V]g, < +oo},
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where

Vs, = SUP IIVIILq(IOT] ty WVl = inf Vi

(q.r) S (G.h)e8

8y :=1{(q,r) € Dy|r € (2,6)}, 8 ={(G.7) eD|Fe@26)

"(0.11:L7y’

In the following, for simplicity, we omit the index s. With respect to the previous
theorems, we assume r, 7 < 6 so that the condition 1/r + 1/7 > 1/3 is automatically
satisfied. In this case, thanks to Proposition 3.4 and Theorem 3.6 we obtain

< |IFlg,.-

t
[ o5, < QoM ” / ) VL
0 St

Moreover, Remark 3.10 tells us that this inequality holds for any 7 > 0.

Lemma3.12 Let s € [O, %) and p € (%,min{S, ﬁ}), then there are g, 8o > 0

such that for all € € (0, g9), § € (0, 8o) there exist

7/1, )/2 > 03 (611’ rl), (q21 r2)9 (klv hl)v (st h2) € DS?

o~ - 5 .
such that [ +71, b +T2 € [%, 5) and

I3 I I
107 <" IIQIIL;“L;l 1ol L h1+T”2||Q|| P IIQIILfZng-

=1 ~,
LI LY LPL;

All the couples, the parameters y1, y» and 11, T, b, I depend on the choice of € and §.

The proof is technical and follows from several uses of interpolation and Holder
inequalities.

Remark 3.13 If we want to capture all the powers p € [%, 5), itis necessary to assume
that s > 2.
We are finally ready to prove the existence and uniqueness of the solution in S7.

Theorem3.14 Lets >0, p € [% 5) be such that p < % leta>0andb,c € R.

If Qo € H*(R?; Sy(3, R)) with || Qollus < gﬁ)r some R > 0, then there is T =
T (R) > O such that there exists a unique Q € B(0, R) C St which satisfies

B —A+a)Q(t,x) = G(Q) =b0* +¢|QIP7'Q, (1,x) € [0, TIxR?,
0(0,x) = Qo(x).

Proof The idea of the proof'is to apply the Banach Fixed Point Theorem to the operator

t
K(Q) = (A=) 00 (x) + / e(A‘“)"‘”G(Q(r,x))dr}
0

(271)2 [
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on the ball B(0, R) of the Banach space
4
By = [\ L (10, T): L) 0 L ([0, T1; L)

i=1

for T and R sufficiently small (the couples (g;, k;) are the ones of Lemma 3.12 for
both the powers in G(Q)). In particular, for any Q, Q> € Br, we have the inequality

IK(Q1) — K(Q2)lls < IK(Q1) — K(QD)s;
t

= ’ /0 e<A“>“”(G(Ql(r))—G(Qz(r)))dr}

S1G@D) = G(Q)ls, < IG(Q1) — G(Q)l

St
i
t X

s[reaois + 1020 + TP(10115 " + 10215101 - Q2.

Therefore, if T and R are sufficiently small, then there exists a unique Q € B(0, R) C
B solution of the Cauchy problem. ~ ~ ~

Let us see that Q € Sy:let (g, r) € 8, define B := Bz N L{([0, T]; L%) for T to
be defined. Thanks to what we have already proved we get

1G(Q1) — G(Q)

Ly
S[F(eis, +1020s,) + A5 + 10215 ) 101 - 02l
< [fa(”QIH@f + ||Q2||53f) + Tﬁ(”Ql”%;l + ||Q2||%;1)]||Q1 — Qg
On the other hand,

IK(Q1) — K(Q)i3_ < I1K(Q1) — K(Q2)lls;
SIGQD =Gy, < 1G(QD) ~ G

L

So, exactly as before, it can be proved that there exists a unique é € B(0O,R) C %f
fixed point for K. Moreover the choice of T is the same as before: it depends only on
some global constants (thanks to~Remark 3.10)andon R, whi(gl can be taken as before.
In conclusion, we can choose T = T. On the other hand, By C Br, in particular
the R-balls of the two spaces share the same inclusion. So, by uniqueness of the fixed
point in the greater ball, Q = é and therefore Q € L?([O, T1; L?). Certainly, this
argument can be repeated for all (¢, r) € 8,50 Q € B(0, R) C St. O

Before finishing this section, let us present some regularity results.
Proposition 3.15 If Q € St is a solution of

0 = A+a)Q(r, x) = G(Q),

(14)
0(0, x) = Qo(x) € H'(R?; Sp(3, R))
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forpe[3.5), then Q e L*([0, T1; H'(R3; So(3, R))NL2([0, T1; H>(R?; Sp(3, R))).

Proof Thanks to Proposition 3.11, we have
101700 g1 +1Q172,2 < 1Qol3 + 1G22
< Qolls + Q17,4 + 101725 2

Therefore, for a fixed p € [%, 5), we only need to see that 2p, 2p) € Dy:

1311 J5 L3111 U
0 S2\272,) T P73 2,72\272,) 2 P>

Proposition3.16 If Q € St is a solution of (14) for p € [%,5), then Q €
C([0, T]; H'(R?; So(3, R))).
Proof Let us take s, ¢ > 0.

Q(r, x) — Q(s, x)

t
=/ AT IUTDG(Q(1, X)) dT

N
+ (e(Afa)(tfs) _ Id) |:/ e(Afa)(sfr)G(Q(f, x)) d‘ci|.
0

Let us see what happens to the first term when s — ¢: thanks to Proposition 3.1, it is
easy to see that for any p € [%, 5) and r < %,

t t
) (— 1 :
/ He(A a)(t r)G(Q(r))HL%d‘c < ||Q||£?OH1/ dr 25 0.
s X Js

(l — ‘L')%(%_%)

Let us evaluate the part related with the L2-norm of the gradient:

t
f [ A= D10@IPT VO dr

Ly drt.

! 1
<f PR lho@P~'vo|

([ — -L-)f ro2

Thanks to Proposition 3.15, we know that Q € L*°([0, T]; L9 (R3; So(3,R))) and
that VQ e L%([0, T]; LY(R3; So(3, R))) for any ¢ € [2, 6]. So, if we take r =

6
o =

P’

6 _ 6
=D and 8 = 5=r(p=T)> Ve get
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L;dr

t 1 o1
/Y PR ) lle@P~'vo)
K -7 ¥

t

1 p—1

</ w ”Q(T)”Lip—l)ra”VQ(‘C)”LEV dt
s (t — T)2 r 2

ool /f IVO@Il pr

<O dr

x

(—oitY)

t 1/2
p—1 1 s—t
<”Q”L?°H1”Q”L,2H3 —l)dl’ —> 0
X s ([

— 7;)3(%_7

As for the second term, by similar calculations we have

/‘S A=06=DG(0(1)) dr
0

H]

s 1 s 1 1/2
< C1/ —dr+C2|:/ —dri|

0 (5 — 7;)%(%_7) 0 (5 — 1—)3(%—%)

withr = %. In particular, this term is bounded for s — ¢. On the other hand, it is easy
to see that e(A~9¢ — Id as ¢ — 0+ as a map from H'(R?; §y(3, R)) toitself. O

3.3 Global existence and decay for t - +o0

Let us show that any solution of (11) does not blow up in a finite time when the data
are “small”.

Proposition 3.17 If Q € C([0, T); H'(R3; So(3, R))) is a solution of

{(Bz—A+a)Q=bQ2+6IQI”‘1Q, as)
0(0, x) = Qo(x) € H'(R%; Sy(3, R)),
where 1 < p <5anda,b,c €R, then
di[f@(r,xnzdx]
! (16)

- 2/ —IVO(t, 1) = al 0t 1) 4+ btr(Q(t, %)) +c|0(t, )| dx,

It can be gained multiplying the equation by Q.
It can be seen that, for | Qo|lg1 < ¢ sufficiently small, the local solution exists
globally. However we can do better: we only need to require that || Qo|| ;2 is small.
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Proposition 3.18 If Q(t,x) € C([0, T); H'(R3?; So(3,R))) is a solution of (15),
where % <p< % a >0 b,c e Rand ||Qoll;2 < &, then there is ¢ sufficiently
small such that Q(t, -) € L*(R?) and || Q(t, )|l ;2 S e fort > 0.

Proof We start from equality (16), which can be rewritten as

d 2at 2
E[e /IQ(t,x)l dxi|

= 2¢% / —IV O, X)> + bt (O, x)3) + |0, x)|PT dx

3(p=b

3 3 5-p 3p=b
S =282V + QML IVOMIL, + QWIS IVeMI ]

If we denote f (1) == €* [|Q(t, x)|*dx and g(t) := 2¢*¥ [ |VQ(t, x)|>dx, then
we have

f,(t) +g(t) < Cle_atf([)%g([)% + Cze—a(p—l)t

~ _dap-1),

Cl 3 7-3p 4
< f() —f(t)””+(3 +373”)g(t)
87*31)
for all § > 0, where we have used that @ < lforp < % Therefore, if we take

4
8* + 873 =1, then

da(
£ < Tre™t 1)) + Cre™ T f(1) 7.
By comparison, we have that f(t) < y(¢) for y(¢) which satisfies
R - 4a() 1) 5—
{ V(1) = Cre ™y (1) + Coe™ 7 'y (1) 7,
¥(0) = £(0) = | Qoll*.

Let us show that there exists ¢ sufficiently small such that y(¢) is uniformly bounded
ont € R, Let us start with the case of just one non-linearity:

{ Yy (t) = Ce Bly(n)4,
y(0) = 1 Qoll*.

With A > 1 and B, C > 0, it is easy to prove that

T UA-D(E e —y)

where

§ 1
B (A-DIQol 5

204—1) °
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If we take || Qoll;2 < ¢ sufficiently small such that y < 0, then y(¢) < —ﬁ for
allt > 0.

Let us return to the case of two non-linearities. If, by contradiction, y(t) were
unbounded, then, for any ¢ > 0, there would exist 7z > 0 such that

y(t) <1 forall t < T,, y(T,) = 1.

If we call C = max{C;, C2}, B = min {4a, 4[;(—#3_1;1)} and A = min{3, 75__—3’; ,
then y(#) < w(¢) with w(¢) solution of

w'(t) = Ce™ Blw(n)4,

w(0) = | Qoll*.

1
We alrea?y know that w(r) < —G@-ny

Yy < —4—7- Inthis case w(#) < 1 forany ¢ € R*. In particular, y(T;) < w(T) < 1
which gives us a contradiction. O
Corollary 3.19 If Q(t, x) € C([0, T); HY(R3; Sy(3, R))) is a solution of (15), where
% <p< %, a>0,b,ceRand| Qoll2 < & then there is € sufficiently small such

that || Q1) || ;1 < e~ forany t > 0.

Proof Let us take V € H!'(R3; So(3,R)) such that Q(r,x) = e “V(t, x). The
function V satisfies

and we can take ¢ sufficiently small so that

&V — AV = be V% 4 ce~ P~ Dat|yp=ly

If we multiply this equation by 9, V', we get

%(/ |VV(t,x)|2dx)

d d
< be“”a |:/ |V(l,x)|3dx} +ce(p_1)ma [f |V, x)|p+ldxi|.

By Proposition 3.17 we have that || V||L§ < 1 so, integrating (17), we get

a7

t
/ IVV(t, x)|>dx
0

t d d
<”Q0”?11+/0b€7m5 [/IV(t,x)de}—i-ce(””“’E [/.|V(t,x)|l7+1dx}

t
S CUQollyn) + / TV @) + PV Y ()| d
0
For B1, B2 < 2, since xP <1+ x2 for any 8 < 2 and for any x > 0, we get
t
IVV@IZ, S C(||Qo||Hl)+fO (e + e P VV (D) dr.
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Finally, we apply the Gronwall inequality and obtain
IVV ()| < Celoe ™™+ dr < 1 foranl ¢ > 0.

We are done, since ||VQ(t)||L% = e’”’||VV(t)||L§. m]
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