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ABSTRACT. An antagonistic differential game of hyperbolic type with a
separable linear vector pay-off function is considered. The main result is
the description of all e-Slater saddle points consisting of program strate-
gies, program e-Slater maximins and minimaxes for each ¢ € RY for this
game. To this purpose, the considered differential game is reduced to find
the optimal program strategies of two multicriterial problems of hyperbolic
type. The application of approximation enables us to relate these problems
to a problem of optimal program control, described by a system of ordinary
differential equations, with a scalar pay-off function. It is found that the
result of this problem is not changed, if the players use positional or pro-
gram strategies. For the considered differential game, it is interesting that
the e-Slater saddle points are not equivalent and there exist two e-Slater
saddle points for which the values of all components of the vector pay-off
function at one of them are greater than the respective components of the
other e-saddle point.

Introduction. The present paper is a continuation of the results of [11]
and [12], related to the antagonistic multicriterial differential games, described
by a hyperbolic dynamic system.

1991 Mathematics Subject Classification: 49N55.
Key words: differential game, e-Slater saddle point, e-Slater maximin and minimax, hyper-
bolic dynamic system, hyperbolic boundary-value problem, approximat model (scheme).



260 Diko M. Souroujon

Games with a separable linear vector pay-off function (see [12, Section 2])
are considered here. For such games, in the case when the players are using only
program strategies, the structure of the e-Slater saddle points and the e-Slater
maximins and minimaxes for each ¢ € RY (i.e. £ = (ey,...,en) | Ve; >0 for i =
1,...,N), is found (Section 1). These results enable us to describe the set of all
e-Slater saddle points consisting of program strategies, in the more general case,
when the sets of strategies of the players do not consist only of program strategies.
The approximation model, which reduces the given differential antagonistic game
described by a hyperbolic boundary-value problem to a control problem of more
simple type, described by a system of ordinary differential equations, is presented
(Section 2). When the conditions of regularity are satisfied [6, p. 132], the
maximizing strategy of this control problem is a program strategy.

As an illustration of these results, given in Section 1 and Section 2, a model
example of a dynamic system, described by the following hyperbolic boundary-
value problem

0%y /ot? = 0%y /Ox? in G =(0,1) x (0,7)
(0.1) y(0,z) = (0y/0t)(0,2) =0 for x € Q = (0, )
—(0y/0z)(t,0) = u(t) + v(t), (0y/0z)(t,m) =0 for t € (0,1),

is considered (Section 3). The following bicriterial differential antagonistic game
is introduced:

(0.2) (E AU, Vot {p1(h(1)), p2(R(1)}).

As strategies of (0.2) the players are using the scalar, measurable functions wu(t)
and v(t), subject to the conditions |u(t)| <1, |v(t)| <1, Vt € [0, 1], i.e. the sets of
program strategies are

U=U ={U =u(.) | [ut) £1,vt € [0,1]},

V=V ={V=u()| vt)£1,Vt €[0,1]}.

The controllable system = of (0.2) is described by (0.1) and the vector
pay-off function has two components

™ w/2
p(h(T)) = (p1 (W(T)), pa((T))) = ( / Y (1, 2)dz, - / y(l,x>dx> ,
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.e. ) s
pr((T)) = / y/ (1 2)dz, pa(h(T)) = - / y(L, z)de,

where /(t,x) = (Qy/0t)(t,z) and h(t) = (y(t,.),y'(t,.)) € H = Ly(0,7) X
(HY(0,7))*, Vt € [to,T], see [11, Theorem 1]. We should note that these com-
ponents are linear and strongly continuous functionals in H, [12]. Without any
restrictions, suppose that the first player choosing the strategy U € U strives to
smaller possible values of all criteria p;(h(T")), i = 1,2; the second player using a
strategy V € V), strives to their maximization. Each player chooses a strategy of
his own which is independent of the other player’s strategy.

We shall look for all e-Slater saddle points consisting of program strategies
in game (0.2) for Ve € RZ. Hence, from the considerations of Section 1 and
Section 2, we can suppose that the players are using only program strategies of
U and V}.

For this specific antagonistic differential game (0.2), the sets of all e-Slater
saddle points, e-Slater maximins and minimaxes for Ve € Ri, are found in Section
3. Also we shall describe the set p(h(1;0,0,0,U*,V*)), i.e. the set of the values
of the vector functional p(h(.)) for T'= 1, t = 0 and initial conditions (0,0) of
problem (0.1) for all e-Slater saddle points (U*,V*) of (0.2) Ve € RZ and the
set of all e-Slater maximins and minimaxes of (0.2). All these sets are subsets
of p(D(T;po)), where D(T;po) = {h(1;0,0,0,U,V)|U € UL,V € V}}, see [11], is
the domain of attainment of the controllable system E of (0.2) from the initial
position pg = (0,0,0) and 7' = 1, and this set p(D(T'; po)) also will be constructed
in Section 3.

Game (0.2) is interesting with these constructed sets, since the e-Slater
saddle points of (0.2) are not equivalent [11] and there exist two e-Slater saddle
points for which the values of all components of the vector pay-off function at one
of them are greater than the respective components of the other e-saddle point.

1. e-Slater saddle points, maximins and minimaxes for games
with a separable linear pay-off function. The following more general multi-
criterial antagonistic differential game with a vector pay-off function is considered:

(L.1) (E,AU, V), {pi(h(T)) }ien),
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where N = {1,..., N}, N =1 is the number of criteria and = is described by the
following boundary-value problem of hyperbolic type:

82y/6t2 = Ay + bjus + c1v1 + f1 inG= (to,T) x Q,
(1'2) Ylt=to = Yo, 89/8t\t=t0 = in )
010y /0va + o9y = boug + covy + fo  in X = (ty,T) x T,

where the numbers o; € {0,1}, i = 1,2, 01 + 092 2 1.

All parameters in (1.2) satisfy the corresponding conditions from [11, 12]. All
notations and concepts of [11, 12] will be used too. It is supposed that each
component of the vector pay-off function p(h(T)) = (p1(h(T)),...,pn(h(T))) is
a linear strongly continuous (s.-continuous) functional in H, where H = Ly(£2) x
(H3(Q))* for oy = 1 and H = H, 1(Q) x (H%O(Q))*, (where H2270(Q) = H3(Q) x
H}(Q)) for oy = 0 and h(t) = (y(t,.),y'(t,.)) € H, Vt € [to, T], [11, Theorem 1].
The aim of the first player is to minimize all the components of p(h(T")) choosing
a strategy U € U. The aim of the second player is the opposite — to maximize
these components by means of the strategy V € V. The strategies of the players
are defined by the functions u; and v;, i = 1,2, (see [11, 12]). It is supposed in
addition, that these functions satisfy the conditions: w; = u;(t) € Pi(t) C R"™,
v; = vi(t) € Q;(t) C R™, ¢ = 1,2, where the sets P;(t) and Q;(t), i = 1,2 are
uniformly bounded with respect to t, Vt € [tg,T]. Let us remind that the solution
of the boundary-value problem of the type (1.2) is considered as in [11, Lemma
1]. The following two multicriterial dynamic problems will correspond to the
controllable system Z of (1.1) [12, Section 2]:

(1.3) EWUA{=pi(hD(T))}ien)

and

(14)  ED VAP (M)lien), 1V = @D 04D /0t), j =12,
described by the corresponding boundary-value problems

92y o2 = Ay® 4 byug +0,5f  in G = (tg,T) x Q,
(15) |y, = 0590, Oy /Oty = 0,51 n Q
0139(1)/31/A + 022/(1) =bouy +0,5f, in X = (t4,T) xT
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and
823/(2)/8752 = Ay(2) 4+ civ1 +0,5f1 in G = (to,T) x Q,
(16) y|(t2:)t0 = 07 5y07 8y(2) /8t‘t:t0 = 07 5?]1 in

olay(Z)/8uA + agy(Z) =cove +0,5f2 in X = (t,,T) x T

It is supposed that the sets U and V consist only of program strategies. The
following assertion is valid:

Lemma 1.1 [12, Lemma 2.2]. Let the fized vector ¢ € RY be given and
let U € U and V= € V be program strategies. Then the situation (U5, VE) s
an e-Slater saddle point of (1.1) if and only if U¢ and V& are e-Slater maximal
strategies of problems (1.3) and (1.4), respectively.

Further we shall apply Lemma 1.1 for game (0.2).

Let the vector € € ]RJ>V be fixed and let &* and V* be the sets of program
e-Slater maximal strategies U® and V¢ of multicriterial problems (1.3) and (1.4),
respectively. We denote

Y(l) E U p(h(l)(T;t0,075y07075y17UE)))
Usels

Y@ = | p(h®(T;t0,0,5y0,0, 551, V7)),
Veeye

where h9)(\) = (y)(.),0yY)(.)/0t), 7 = 1,2, and yD(.;t9,0,5y0,0, 51, U?) and
y(Q)(.; to, 0, 5y0, 0, 5y1, V) are the solutions of boundary-value problems (1.5) and
(1.6) for U® + us(t) and V& + v¥(t),to <t < T, respectively. Let Y + Y@ =
{a+b]aecY® be Y@} The following assertion is valid:

Lemma 1.2. Let the vector € € ]R]>V be fixed. Then

1. The set of the program e-Slater minimazes for game (1.1) coincides
with the set of the e-Slater minimal points of the set Y1) + Y2,

2. The set of the program e-Slater mazimins for game (1.1) coincides with
the set of the e-Slater mazimal points of the set YV + Y2,

Lemma 1.2 is proved by analogy to [9, p. 82-85, Assertion 8.2] or [10,
Theorem 2], taking into account that the sets Y1) and Y are bounded [11,
Theorem 1].
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In connection with problem (1.4), the following auxiliary problem of op-
timal control is considered:

(1.7) (ED,V, ps(h(T))),

where the controllable system Z(?) is described by boundary-value problem (1.6),
where for simplification of the symbols, the upper index (2) at 3 and h(? will
be omitted, V is the set of the strategies V of the second player in game (1.1),
the functional pg(h(T)) = > Bipi(h(T)) is linear and s.-continuous in H and the
iEN
vector B = (B1,...,88) € M = {BERJ;[ | > 6= 1}.
iEN

We should note that for multicriterial problem (1.3), the corresponding

auxiliary problem of optimal control is of the form

(1.8) (EW.U, —ps(W(T))).

Let us remind that if p = (p1,...,pnN) is a vector functional and V' is a positional
(in the general case) strategy, then LIM p(ha[T'; to,v0,y1, V]) =
0—0

lim inf pl(hA[T;thy%ylaV])w")hm inf pN(h‘A[T;tmyanlvV]) s

0—0 hall, 0—0 hall,
6(A)=6 6(A)=6

where liminf is taken over all the step motions ha[.] = ha [T to, Yo, y1, V], which
is caused by the strategy V, the arbitrary partition A € A of the interval [tg, T

with 0(A) < and the initial position py = {to, yo,y1}, see [11].
(%Il\(/]l p(ha[T;to, yo,y1,V]) is defined by analogy, [11, 12]).

Definition 1.1. Let v > 0 be a fixed number. The strategy V7 € V is
called a ~y-mazimal strategy of problem of optimal control (1.7), if there exists a
constant 6(7y) > 0 such that for VV € V and for Vhal.| = hal.; to, 0, 5y0, 0, 5y1, V]
with §(A) £0(y), the following inequality is valid:

p,@(hA [T]) - § %I_I)I%) hin[f} Pﬁ(hA [Ta t07 07 5?]0; 07 5y17 V’Y])
5(A)<s

= Mpﬁ(h‘A[Ta t07 0) 52/0» 07 591» V’Y])
6—0
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The number ¢ = LIM pg(ha [T to, 0, 5y0,0,5y1, V"7]) is called y-maximum of the
6—0
functional pg(h(T)).

Let us point out that in Definition 1.1, the strategy V7 € V is positional
(in the general case) and pg is a scalar functional.

Hence we should note that the concept for v-maximal strategy of problem
(1.7) given in Definition 1.1 follows from the definition for ~-Slater maximal
strategy of problem (1.4) for the scalar functionals (N = 1), i.e. for N = {1}, see
[12, Definition 2.1].

The connection between the solutions of problems (1.4) and (1.7) is given
by the following assertions:

Lemma 1.3. Lete € RJ>V be a fized vector and let V¢ € V be an e-Slater
maximal strategy of problem (1.4), [12, Definition 2.1]. Then there exists a vector

B € M such that V¢ is a y-mazimal strategy of problem (1.7), where v =" Bie;.
iEN

Corollary 1.3. Let one and the same strategy V* € V be an e-Slater
maximal strategy of problem (1.4) Ve € Rév. Then there exists a vector 3 € M
such that V* is a y-mazximal strategy of problem (1.7) for each number ~ > 0.

We have to point out that similar assertions for the parabolic case are
obtained by Matveev [8]. For the proof of Lemma 1.3, at first we give the following
definition:

Definition 1.2. The set Y C R™ is called effective convex, if the set
YV, =Y —R? = {y. € R™ | y. Sy for some y € Y} is convex, [4, p. 104].

Now, the following set is considered:

def
D5y (T; t0,0,5y0,0,5y1) == {ha[T’t0,0,5y0,0,5y1, V] | V € V,86(A) <8(e)}.

From the definitions of program and positional strategies and step motions, see
[11, p. 27], it follows that

Dé(s) (T7 to, 07 5907 0) 52/1) = D(T7 to, 0) 52/07 0) 52/1)

= {MT) = h(T;t0,0,5y0, 0, 5y1,v(.) | v(.) € Q(to, T}
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Since the set Q(to,T] is convex and p;(.),Vi € N are linear and s.-continuous
functionals, then

p(Dﬁ(E)(Ta t0, 0, 5Y0, 0, 52/1)) —&= {p(h‘) —¢ ‘ h e Dﬁ(s)(Ta to, 0, 5Y0, 0, 52/1)}
is an effective convex set in RY, (Definition 1.2) and

Mp(hA [Ta th 07 5y07 07 5y17 Vs])

6—0
is an weak effective Slater maximal vector [4, p. 33] for this set. According to [4,
p. 104, Theorem 1 (U)], there exists a vector 8 € M such that

>_[Bipi(halT]) — Biei]
€N
< li inf p;(ha|T;t0,0,5y0,0,5y1, Ve
(1.9) _iEZNBég% jnf, pi(halT';to,0,5y0,0,5y1, V*])
6(A)S6
é lim inf Pﬁ(hA [Ta t07 07 5?]0; 07 5y17 VE])7
0—0 hall,
6(A)SS

VYV €V and hal.] € hal-;to,0,5y0,0,5y1, V] with §(A) <d(¢).
If y=Z~ =) Bie; > 0, from (1.9),
1EN
pﬁ(hA [T]) - < %I_I)% hin[f] pﬁ(hA [T; to, 0,50, 0, 5y1, VE])
5(A)<s

and from Definition 1.1 it follows that V¢ is a v-maximal strategy of problem
(1.7), hence Lemma 1.3 is obtained.
For the proof of Corollary 1.3, we take into account that for Veqy € Ré\f ,

theset U {p(Ds)(T5t0,0,5y0,0,5y1)) —e} is effective convex and the vector
On<e<eo
LIM p(ha[T'; to, 0, 5y0, 0, 5y1, V*]) is weak effective Slater maximal for this set.
6—0
Let us point out that Lemma 1.3 and Corollary 1.3 are valid in the case,

when the set V does not consist only of program strategies.

Remark. Let the sets & and V of game (1.1) do not consist only of
program strategies. Then we can describe the set of all e-Slater saddle points
consisting of program strategies of game (1.1) for Ve € RY, by means of Lemma
1.1, Lemma 1.3, Corollary 1.3 and [11, Lemma 4 and Corollary 4], since these
assertions are valid in this more general case.
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2. An approximation model. In this section we consider a method of
constructing of e-Slater saddle point of linear problem of type (1.1) with a scalar
pay-off function

(2.1) E AUV} e (R(T))}),

which is based on finite dimensional approximation models. Approximation
schemes are applied to dynamical systems described by parabolic or hyperbolic
boundary-value problems with a scalar pay-off function in [3, 8, 11]. The ap-
proximation of game (2.1) by using [3] will be considered in this section. The
obtained results are analogous to [1] and [§].

At first, the following sequence of antagonistic differential games with a
scalar pay-off function is introduced:

(2.2) Ty = (Zk, {U"VEY, P (RF(T))), k=1,2,... .

In I', the controllable system Z is described by the following system of ordinary
differential equations:

d2 k
W + Ayl = (brur + cror + f1,w)) o) + (b2uz + c2v2 + fo, F(w)))r,
(2.3)
d k
vy (to) = (wo,ws),  —(to) = (wrwy)y G =1,k

where F(p) = det { —0p/0vy for o1 =0
90 fOl“ o1 = ]_

lution of the spectral problem Aw; = —Aw; in Q, 010w;/0vs + ow; = 0 in T

and {\j,w;}, j =1,2,... is the so-

Obviously that system (2.3) can be presented as a linear system of ordinary dif-
ferential equations in relation to hk (y] ) dy] Jdt), j=1,...,k,VE=1,2,....
Furthermore for Vk = 1,2,. the position of the controllable system Zj in the
moment t € [ty,T] is described by the phase vector h¥(t) = (h¥(t),..., hi(t)) of
R?*. A positional strategy of the first player U¥ = U¥(ty,t, h¥(t,)) is a mapping,
for which to every ordered triplet (t1,to, h¥(t1)) € [to, T) x (t1,T] x R?* there cor-
responds a unique, measurable function u € P(t1,t2]. The set of these strategies
of the game T'j, is denoted by U*. The positional strategies of the game I'j, of the
second player are defined by analogy and the set of these strategies is denoted
by V*.
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Following [3], we define the operators S¥ : H — RF and A% : R* — H

k
such that S¥y = ((y,w1),...,(y,wr)), k = 1,2,... and AFyF = y?wj, where
=1

j=
yF S E @), k), k= 1,2, H = Ly(Q) for oy = 1 and H = Hy ()
for o1 = 0. The result of game (2.2) for fixed number k£ = 1,2,... is evalu-
ated by the functional p¥(.) : R?* — R, which is defined such that p*(h*[T]) =
p1(AFyFT, %Akyk [T]) = p1(A*R¥[T]), where pi(.) is the functional of (2.1).

For each k = 1,2,..., p*(.) is a continuous functional in R?*, since the
operator (Ak(),%Ak()) : R?* — M and the functional p;(.) : H — R are
continuous. Then for every fixed natural number k, there exists a saddle point
(U% VO € U* x VF with a value cf in game (2.2), where U% and VO are
positional strategies, see for example [5, p. 76-79].

Now the results of [3] will be used, since the parameters of game (2.1)
satisfy the corresponding conditions of [3]. In [11, p. 32, proof of Theorem 2] was
proved that all conditions of [3, Theorem 2.1] are satisfied, so that Theorem 2.1
of [3] can be applied with respect to the set M = M (co) = {h € H|p1(h) Zco},
where ¢g is the value of game (2.1), see [11, proof of Theorem 2]. Moreover,
the evasion problem from the set Mj(cy) can be solved by a strategy from the
type V(t1,ta, h) = Vi (t1,t2, AL(t1)h) = Vi (t1,ta, (S*y, S*y')), see [3, p. 1014],
where V}* is the corresponding “extremal” strategy, connected with system (2.3),
SF = Sk(t1) and the defined in [3] operator A} is analogous to the defined above
operator S¥, (for simplification of the symbols, further we denote S* instead of
Sk(t1)). Analogous assertion is true for the e-approach problem with M (cp),
which is solved by the corresponding extremal strategy U} (.). Thus, using the
results of [3] and the fact that ||p*(h*[T]) — p1(h[T])|| — O for k — oo since
the functional p;(.) is strong continuous in H, we obtain the following assertion
(analogous assertions with respect to parabolic dynamic system are proved in [1]
and [8]):

Lemma 2.1. Let c¢§ and (U%, Vo) € U* x V¥ be the value and the
saddle point of game (2.2) respectively Vk = 1,2,... and let ¢y be the value of
game (2.1). Then

1. For each number v > 0, 3kg : Vk=ko (k and ko are natural num-
bers), there exists a constant 6(k,7y) > 0 such that Vhal.] = hal.;po, U™, V*] with
0(A) £ 0(k,), the following inequality is valid: |co — p1(ha[T])| <, where the
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strategies U* € U and V* € V in game (2.1) are defined as follows:
U*(t1,ta,h) = UK(t1, ta, (S*y, S*y')) and V* (b1, t2, h) = VOE(t1, 1o, (S*y, S¥y)),

2. Moreover cf — ¢ for k — co.

We shall apply this assertion for the sequence of problems
2 —(2
(2.4) = 2 VE FWET))), k=12,

The sequence of problems (2.4), related to problem (1.7) is constructed by analogy
to the sequence of games (2.2), related to game (2.1). The difference is that in
(2.4) there is only one (maximizing) player. From Lemma 2.1 and [11, Theorem
2] there exist a maximal strategy Vok € Yk maximizing p"(h*[T]) and numbers

¢® and c,(f), which are the maximal values of pg(h[T]) and p*(h*[T7]) respectively

for problems (1.7) and I‘](f) of (24), Vk = 1,2,.... Thus from Lemma 2.1, the
following assertion is obtained:

Corollary 2.1. Let c,(f) be the mazimal value of pF(h*[T)), VoK €
VE — the corresponding mazimizing strategy of problem (2.4) and let @ be the
mazimum of pg(h[T]) in (1.7). Then

1. For each number v > 0, 3kg : Vk = ko (k and ko are natural numbers),
there exists a constant number 6(k,~v) > 0 such that

Vhal] = halspo, V'] with 8(A)<3(k,7),

the following inequality is valid: |c(?) —pg(hal[T))| £, where the strategy V* € V
in problem (1.7) is defined as follows: V*(t1,ta, h) = VOX(t1, ta, (Sky, S*y)) |
2

2. Moreover ¢, — 2 for k — .

Thus, the solution of problem (1.7) in the space H is approximated (with
arbitrary level of exactness, given in advance) by the sequence of problems (2.4)
in R?* k> 1, the solution of which is “less complicated” than the solution of (1.7).

The game I'y of (2.2) is considered for some fixed natural number k.
The sufficient conditions, for which the usage of program strategies leads to the
same result as the usage of positional strategies, are obtained in [6, p. 129-133].
In particular, if the controllable system is described by a linear (with respect
to the phase variable and the control functions) system of ordinary differential
equations with convex set of values of the control and linear scalar pay-off function
p¥(R*[T)), then these sufficient conditions are satisfied. Indeed, let the function
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p(l) d:dsup{h’l —pF(h) | h € R?*} and L = dom j(.) = {l € R% | j(I) < oo}, see

[6, p. 130, (5.8)]. Since the functional p*(.) is linear and continuous, the set L
consists only of one point Iy € R?* moreover j(lg) = 0, i.e. L = {lp} and hence
the requirements of [6, p. 132, Corollary| are satisfied.

Now the problem of optimal control F,(f) from (2.4) is considered. Then
the maximum of the linear and s.-continuous functional p*(h¥[T]) on the set of
positional strategies coincides with the maximum of the same functional on the set
of program strategies. Therefore, further we shall look for the control vok ¢ Vk,
which is maximizing the functional p*(h*[T]) in the set of program strategies.
This approach to a large extent will make considerably easier the finding of yok
and clg .

From Corollary 2.1, the solution of problem (2.4) approximates (with
arbitrary given level of exactness) the auxiliary problem of optimal control (1.7).
It means that Vv > 0, using the above described approximation scheme, there
can be constructed a y-maximal solution of problem (1.7), for which this solution
is attained for program strategies.

3. Solution of game (0.2). Let us return to the considerations of game
(0.2). The controllable system Z(2) for the considered problem, analogous to (1.4)
is described by the following boundary-value problem of hyperbolic type:

0%y /ot? = 0%y /0x? in G=(0,1) x (0,7)

(3.1) y(0,z) = (0y/0t)(0,z) =0 in Q=(0,m)
—(9y/0x)(t,0) = v(t), (Oy/dz)(t,m) =0 for t € (0,1),

where the upper index (2) at y® and h® will be omitted. The aim of the second

player is (by means of the choice of the program strategy V € V}) the attainment
of possible larger values of the two components of the vector functuonal

T /2
p(h(T)) = (p1(h(1)), p2(h(1))) = (/O y'(ljx)dw,—/o y(l,x)d$> -
This multicriterial problem will be denoted by

(3.2) (E@ V5, {1 (P (1)), p2(RP (1))})
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further on. By analogy, the multicriterial problem of the type (1.3) for the first
player will be denoted by

(3.3) ED U, {—p1(hV (1)), —p2 (R (1)) }).

The problem of optimal control, analogous to (1.7) for (3.2), is of the form

Pg = (2 + (3.1), Vg, ps((1))),

where = is described by (3.1) (i.e. by the dynamic system of (3.2)), and the scalar
criterion is presented by the functional

T w/2
ps(h(T)) = 8 / Y (1,2)dz — (1 - ) / y(1, 2)dz,

where the scalar parameter 5 € [0, 1].

Multicriterial problem (3.2) will be solved if we obtain all the y-maximal
strategies and the respective y-maximums for the problem I'g for each v > 0 and
B € [0,1]. Indeed, from [11, Corollary 4] and Corollary 1.3, the program strategy
V* € V} is y-maximal ¥y > 0 of the problem I'z for some 3 € [0,1], if and only
if V* is e-Slater maximal Ve € R2 of problem (3.2).

Hence we shall look for all the y-maximal program strategies of I'g,Vy > 0
for each 3 € [0,1]. To this end, the corresponding sequence of problems F,(f) from
(2.4) is considered. In the considered case the eigenvalues \; = j2,j = 0,1,2,...
and the eigenfunctions wo(x) = \/1/7, w;(x) = \/2/mcos jz, j = 1,2,.... Then
the approximating system is of the form

dykjdt? = \/1/mv dyk jdt = 2k
y5(0) =0 = | dzb/dt = \/T]mv
(6)'(0) =0 Y6(0) = 2§(0) =0
(3.4) dny/dtQ = —jny ++/2/mv dyf/dt = z;“
k _ k _ 2,k
yj]SO)_O — dij/dt—k—j yi +/2/mv
(y7)'(0) =0 y;(0) = 27(0) =0
J=1,2,...k

and the linear s.-continuous functional

(1))=Y () (1-8) [ () V2T () S0+ L) - ).
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where the number of the terms with multiplier (1—3)\/2/7 is k/2 or [k/2]+1, for
even or odd number k respectively. (Here [k/2] is the entire part of the number
k/2). The solution of (3.4) is of the form

(o = —= / | vt@agar, oty =52/ / P)sin j(t - 7)dr,

j=1,2,...,k and the value of the functional pg() for this solution is

g/ rydr — (1— // r)drdt
2

1
—i—;/o v(7)(sin (1 —71) — ﬁsmi’)( —7)+ §s1n5(1 —T)—.. .)dT],

(3.5)

and the number of the terms in the last integral in (3.5) is as it is indicated above.
Preliminary, some properties about the derivative of the function

1 1 —1)k-1
(3.6) Co(t) def int — ﬁsin 3t + ﬁsin 5t— ...+ ﬁsin (2k — 1)t

will be proved.

Lemma 3.1. Let k=1 be a natural number and

1 1 (—1)F1
By (t) = cost — 3008 3t + £ o8 5t — ...+ TR (2k — 1)t. Then
a) |2/mBo(t) —1/2| < 1/k, Vt € [0,1], Yk =1,
2 1
b) |2/7Bou(t) —1/2| = 095 (0.7 [0,1] for k> 100.

2k 2%k

Proof. The following equalities are valid:

t
Boi(t) = / [—sinT +sin37 — ... + (—1)%sin (2k — 1)7]dr

/2
(3.7) _/t (_DksianTdT_l/”/?—t sin 267
' B /2 2cosT 2 .Jo sinT

1 w/2—t o3 ok 1 w/2—t o
= —/ St TdT + = / <ﬂ> sin 2krdr.
2 Jo T 2 Jo TSINT
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t —sint
Let the function ¢(t) = ts'sutl for t € (0,7/2] and ¢(0) = 0. It will be
in

proved that o(t) € C*[0,7/2] is monotonously increasing function with respect

to t € [0,7/2] and the following inequalities are valid:
(38) 0S¢t <1/2 Vte0,m/2), 0<p(t)<1—2/r, Vie[0,n/2)

where the respective equalities are reached only for ¢ = 0 or ¢t = 7/2. Indeed, tak-
ing into account the inequalities sint >t —¢3/6, ¥t >0 and cost < 1—12/2+1*/24,
2 2 : 2
sin “¢ — t°cost sint/t)° — cost
Vt>0, we obtain that ¢'(t) = 111—2 = (sin /) 5 >
t2sin “t sin “t

> 1 1 £ 1+t2 i r (1 —t2/12)=0 for t € [0,7/2]
2 - — —— | = —U - = r ™
= 6 2 24 6sin ¢ - Y

sin %t — sin 2tcost 1 —cost 2sin 2(t/2)
d ¢'(t) < = =
and (1) £ t2sin ¢ t2 t2 t
proves the first inequality of (3.8). Hence 0 = ¢(0) < ¢(t) S p(n/2) =
Vt € [0,7/2], which proves (3.8).

In the first integral of (3.7) we change the variables 7 — 2k, and in the

2(t/2)* _

[IA
|

second integral of (3.7) we integrate by parts, through which

1 [2k(r/2=t) g+ 1 (m/2—1t) —sin(n/2 —t)
Pult) =3 T4k 2k(m/2 —t
Qk( ) 2\/0 T T 4k (7T/2—t)sln(7r/2_t) COs (7‘[‘/ )
1 w/2—t 1 400 . 1 oo p
P ¢ ()cos 2krdr = ~ / sint 1 / (cos 7)
o 2 Jo T 2 Jok(nj2—ty T
1 w/2—t
_Eso(ﬂ/Q —t)cos2k(m/2 —t) + T /0 o (7)cos 2krdr

is obtained. Integrating by parts once more and taking into account that

°° sin
/ Tdr = /2, we obtain that
0 T

o 1 (m/2 —t) —sin (/2 — 1)
Boi(t) = 1 T 2_75)005219(71/2 t) [1+ Sin (72— 1)
w/2—t 400
L ¢ (7)cos 2kTdT + L / T ir

_|__
4k Jo 2k(mw/2—t) 72

m  cos2k(m/2 —t) 1 /”/Q_t , 1 /+O° COS T
- _=amrs Yy 2krdr + = dr.
I dksin(rzon Tak ), P sHTATAG ) ay 2T
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Hence
- 1 1 1 /7 1 1
A [ Qi —(=—1 52 75— 3
‘B%(t) 4‘—419 [Sin(ﬂ/g_t)+2<2 >]+2 Ak (m/2 — t)?
(3.9)
§2’15
4k

The inequalities of Lemma 3.1 follow from (3.9). Lemma 3.1 is proved.

t
Taking into account that Cor(1—1t) = — / Bsp(1—7)dr and Lemma 3.1,
1

the following assertion is obtained:

Corollary 3.1. Let k=1 be an arbitrary natural number. Then the
following inequalities are valid:

a)

2
ZCo(1 =) —0,5(1 — t)‘ <1/k,Vte€[0,1], Vk=1,
T

<

2 2 1
b) '—cgk(1 _y—05(1 -1 <2 LW 0.7
™ ™

2k 2k:

Now we return to equality (3.5). Since p% Yp2=1(1)) = p%k(h%(l)),
without restriction it can be considered that k is an even number, i.e. in (3.5)
will be considered p%k(h%(l)). Then

)= [ 1 [ﬂ—(l—m%ogka—t)] nit—5= [ / P)drdt

(3.10) —(1-0) [/01 <ﬂl—§cgk(1—t>> <>dt—%/0 Vit >dt]v

B =p6/(1—p) for B #1,

where Co(t) was defined in (3.6) and

[0,1] for k=100.

(3.11) o) - Zona-n, v /O o(r)dr.

1 1
When 8 # 1, p%(h%(l)) =(1-p) [/0 gor(t)v(t)dt — %/0 V(t)dt] and

the maximization of p%(h% (1)) is equivalent to the minimization of the functional
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1 1 1
5/ V(t)dt —/ gor(t)v(t)dt, where gor(t) and V (t) are defined in (3.11), the
0

0
function v(t) € Vi = {V +v(.) | [v(¥)|£1,Vt € [0,1]} and V'(t) = v(t), V(0) = 0.
This problem can be solved using the methods of [7, p. 91-106]. According to

1
the symbols accepted there, in our case fO(V,v,t) = §V — gok(t)v, ®(V) = 0,

1
the adjoint problem [7, p. 100, (36)] satisfies the conditions ¢’ (t) = 37 P(1) =0
hence ¥ (t) = 0,5t — 0, 5. In this case all the conditions of [7, p. 101, Theorem 4]

are satisfied. Then the optimal control 6]5() is found from the inequality [7, p.
101, (38)]:

1
/0 (—gox(t) — 0,5t + 0,5)(v(t) — vﬁ( ))dt=0, i.e.

1 1
0 0
for each function v(t) € V}. Since v ﬁ( ) € V4, it is obtained that
(3.12) Eﬁ(t) = sign(gox(t) + 0,5t — 0,5) for ¢ € [0,1],

where the function gox(¢) depends on By = /(1 — ). (If f(t) is an arbitrary
continuous function for ¢ € [0, 1], here sign f(¢) denotes the function-element of
L [0,1], which is equal to —1 for f(t) < 0; 1 for f(¢t) > 0 and 0 for f(t) = 0).
If in (3.12) a formal limited transition for k& — oo is done, from Corollary 3.1 we
obtain the function

—1 for 0Zt<T

3.13 vg(t) = sign(t + 81 — 1) = sign(t — =
(313)  Ts(t) = sign(t + B — 1) = sign(t — ) { |t m e

for 8 € 10,0,5), where 79 = (1 -203)/(1—-03) € (0,1] and vg(t) = 1 for 8 € [0,5, 1],
(for =1 7g(t) = 1, which is verified directly from (3.10)). We shall show that
there exists a natural number kg =1 such that for Yk =ky and § € [0,1], the
function Eg(t) is presented in one of the following three types:

_k(t) -1 for O§t§7(]f ( A 0,1)
v = s 0 € |V,
(3.14) 8 1 for 7F<t<1 0

orvﬂ()—lwe[o 1] orfuﬂ()——l,Vte[O,l].
1" 1 2

1
Indeed, from (3.11) and Lemma 3.1 a), (ggk(t) + 575 — 5) = §+—B2k(1—
T

t) > 0Vt € [0,1] and Vk =1, which shows that the function go(t) + 0,5t — 0,5
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is strictly monotonously increasing with respect to ¢ € [0,1]. Hence there is not
more than one root of the equation gox(t) + 0,5t — 0,5 = 0 in the interval [0, 1],
which (if there exists) will be denoted by 7. Moreover from the definition of
the function gor(t) from (3.11), it can be showed that for Vk =5, the function
g2k (t) + 0,5t — 0,5 is negative in a small neighbourhood of the point ¢ = 0 for
each (1 £0,25 and positive in a small neighbourhood of t =1 V3; 20,25. Thus
the assertion about the representation of the function @Z in one of the indicated

types of (3.14) is proved.

1 2
If there exists a root 7§, then T(]f =2 (5 + —Cor(1 — T(]f) - 51) =
0

1 2 4
T(]]C—T0:2<§+;02k(1_7—(]]€)_ﬂ1> _TO:;CQk(l_T(]]C)_ﬂl

= (%Czk(l—ﬁ]f)—(l_ﬁ)) + (1= =)
= (%C’Qk(l — T(])C) - (1- Tk)> - (Téc —70)-

2
Hence 7§ — 79 = (;Cgk(l — ) = 0,5(1 — Té“)). From Corollary 3.1, |7§ — 7o

0,7
< 1/k, VE21 and |7 — 79| < 27—14: for K>100. In the case, when 8 = 1, it is
verified directly that the functional p%k(h% (1)) is maximized for vg(t) =1 and
in this case Eg(t) = Tg(t) = 1, Vvt € [0,1]. All this proves that ﬁg(t) — vg(t) at
L5(0,1) norm for k — co. Then
k

k k k
D T Bwi(@), > @) wix) | = [ DT, Owi(), Y Ti(tws(z) | —0
j=1 Jj=1 Jj=1

7j=1

at C([0,1],H) norm [11, Theorem 1], where H = Ly(0,7) x (Hj(0,7))*, y;? and
7; are the solutions of the system of ordinary differential equations (3.4) for Eg(t)
and Tg(t) respectively and the functional p(.) is s.-continuous in H. Hence

o0 o0

lim p | > y(twi(x), Y vi(Hwi(x) | =0,

k—o0 . .
j=k+1 j=k+1

where y;(t) are the solutions of system (3.4) for an arbitrary function v(t) € V}
and moreover this convergence is uniform with respect to v(t) € V{, see [11,
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Theorem 1]. Hence vg(t), V3 € [0, 1] are all the y-maximal strategies of problem
I's Vy > 0 and then Tg(t) VB € [0,1] are all the e-Slater maximal strategies
Ve € R% of problem (3.2). Moreover, every function of the type (3.13) where
7o € [0,1] is an arbitrary real number, is an e-Slater maximal program strategy
of problem (3.2) Ve € R2. On the other hand, for every vector ¢ € R% there
exists a natural number kg = 1 such that Eg(t) is an e-Slater maximal strategy of
problem (3.2), Vk = ko.

Now the set p(D) of the values of the vector functional in the space of
the criteria R? for problem (3.2) will be constructed. (Here D is the domain of
attainment of the controllable system Z(3) of (3.2)). The set p(D) consists of
the vectors p(h(T)) for all possible program strategies V <+ v(t) € V}. Using the
representation (3.5) and Corollary 3.1, it is proved that p(D) is the set of all
vectors p = (p1, p2) € R?, for which

(o1, p2) = ( / / / ryardt =3 [ - mw)

is an arbitrary function of 1}).

v(t)

(Let us remind that the set V} was defined in the Introduction). From Corollary
1.3 and [11, Corollary 4], all the e-Slater maximal values of the vector functional
Ve € RZ form the set of all the vectors p(h(1)), for which h(.) are calculated for
v = Tg(t) defined in (3.13), where 7y € [0,1] is an arbitrary real number. It is
easy to prove that all these e-Slater maximal vectors Ve € R2> are of the form
p=(1—-2m,—78 + 279 —0,5), V1o € [0, 1].

In Figure 3.1 the set p(D) is represented. The north-eastern boundary of
this domain, which is marked with a dark line, corresponds to the values of the
vector functional for v = Tg(t).

In Table 3.1 are given the values of six e-Slater maximums Ve € R% of
bicriterial problem (3.2), corresponding to the points A, B,C, D, E,F and the
respective values of the parameters 5 € [0, 1] and 79. Here the number 7y defines
the function Ts(t), defined from (3.13).

Now the method of calculating of the approximating strategies Eg() and
the corresponding e-maximums p?*(h2(1)) will be shown. For that purpose a
program is prepared, which calculates approximately 7'(”)€ as a unique root of the
equation gox(t) + 0,5t — 0,5 = 0 in the interval [0,1] (if the root exists), where
gor(t) is given from (3.11) and By = B/(1 — B). For thus defined number 7¥,
which determines the corresponding e-Slater maximal strategy Eg(t) by means of
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o,

b/<
\

F
Fig. 3.1
Table 3.1
Points Coordinates To 1]
A (—1;0,5) 1 0
B (—0,77...;0,4876543) | 8/9 | 0,1
C (—0,5;0,4375) 0,75 | 0,2
D (—0,14286;0,3163265) | 4/7 | 0,3
E (0,33...;0,055...) 1/3 | 0,4
F (1;-0,5) 0 |=20,5

(3.14), the respective components of the e-maximum p?*(h?*(1)) are calculated.
The calculations are made for £ = 100 and k£ = 1000. Moreover from Corollary
3.1, the e-maximums of bicriterial problem (3.2) for ¢; = 0,01, (respectively
g; = 0,001), i = 1,2, where ¢ = (g1,62) € R2 will be obtained. In Table 3.2
are given the coordinates of the points Ay, B, Ck, Dy, Ey, Fy, for k = 100 and
k = 1000, calculated for the same values of the parameter 3 as in Table 3.1.
Moreover it is obtained that for these points |T&00 — 70| < 1074, respectively
|74000 — 7] < 107, Using these results, it can be constructed the set p¢(D?k)
and the corresponding set of the e-Slater maximums for the indicated values of
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Table 3.2
Points Coordinates Coordinates 0
k=100 k=1000
Ay, (—1;0,5) (—1;0,5) 0
By (—0,77784;0,48766) | (—0,777778;0,4876543) | 0,1
Cy (—0,5;0,437502) (—0,5;0,4375001) 0,2

Dy, | (—0,14292;0,31635) | (—0,1428564;0,3163262) | 0,3
Ly, (0, 33328; 0, 05559) (0,3333334;0,0555554) | 0,4

k. Because of the rapid convergence of p?*(h?#(1;0,0, O,Eg)) for k — oo, the sets
p?#(D?F) for k = 100 and k = 1000 and the corresponding sets of the e-Slater
maximal values of the vector functional p?*(h?#(1)) for the same values of k,
differ “very little” from the set p(D) and the set of the e-Slater maximal vectors
Ve € R2 of the functional p(h(1)) respectively, which are constructed in Fig. 3.1.
Moreover, the coordinates of the corresponding points of Table 3.1 and Table 3.2
differ in absolute value no more than 0, 0001.

As the data on Table 3.2 show, for £ = 1000 the coordinates of the points
differ from the coordinates of the corresponding points on Table 3.1 less than in
the case when k = 100, as it to be expected.

Bicriterial problem (3.3) for the first player is solved by analogy. The
program e-Slater maximal Ve € R2 (e-Slater maximal) strategies are of the form
ug(t) = —vg(t) (ﬂg(t) = —Eg(t)). Thus, for reasons of symmetry, the sets p(D)
(p?*(D?F)) and the corresponding sets of the e-Slater maximal Ve € R? (e-Slater
maximal) values of the vector functional p(h(1))(p?*(h%#(1))) in the space of the
criteria R? for the first and the second player coincide.

Now we shall consider game (0.2). The set of all the values of the vector
pay-off function p(.) = (p1(.), p2(.)) for game (0.2) can be obtained as an algebraic
sum of two sets

(3.15) p(D) + p(D),

where p(D) is the set, represented in Fig. 3.1. The set (3.15) coincides with
the set p(D(T';po)), see [11], where D(T’;py) is the domain of attainment of the
controllable system = of (0.2).
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AS,
N
41
L
p(D)+p(D)
P
Sy
-9 0 2 -
K
-1
M
Fig. 3.2
Table 3.3
Points | Coordinates | Situations(U*, V*) = (u*(t), v*(¢))
N (—2,1) u*(t) = —1,0*(t) = -1
M (2,-1) u (t) = 1L,v*(t) =1
0 (0,0) u (t) = 1,0*(t) = -1
(u*(t) = —1,v*(t) = 1)

From Lemma 1.1, all possible pairs of strategies (g, (t),73,(t)), 0 < t <1,
B € [0,1], B2 € [0,1], where Tg(t) is defined from (3.13) and wg(t) = —vs(t),
form the set of the e-Slater saddle points of game (0.2), Ve € RZ. The set of the
values of the vector pay-off function of game (0.2) p(.) = (p1(.), p2(.)), calculated
for these functions Tg, and Tg,, 81 € [0, 1], B2 € [0, 1] coincides with the set of the
values of the vector pay-off function p(.), realizing all the e-Slater saddle points
Ve € RZ. This set is obtained as an algebraic sum of the curves ABCDEF and
ARF of Fig. 3.1.

The set (3.15) is represented in Fig. 3.2, where the values of the vector
pay-off function p(.) = (p1(.), p2(.)), realizing the e-Slater saddle points Ve € RZ,
are hatched.
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In the same way the set p?*(D?*) 4 p?*(D?F) of the values of the vector pay-off
function p?f = (p?*, p2¥) and the set of the values, realizing the e-Slater saddle
points for the corresponding values of k£ and £ = €(k), can be constructed. These
sets will differ “very little” from the respective sets constructed in Fig. 3.2,
because of which they will not be constructed separately.

As a guaranteed result of the first (second) player in game (0.2), the
corresponding e-minimax or e-maximin can be used. From Lemma 1.2, the set of
the e-minimaxes (e-maximins) Ve € R% forms the south-western (north-eastern)
boundary of the set of the vectors, which are values of the bicomponent vector
pay-off function p(.) on the e-Slater saddle points Ve € R%. As it had been
pointed out, in Fig. 3.2 the last set is hatched and the sets of the e-minimaxes
(e-maximins) Ve € R% are represented by the points of the curve NPOQM
(respectively the curve NLOKM).

As Fig. 3.2 shows, the e-Slater saddle points of game (0.2) Ve € R2 are
not equivalent. What is more, there exist two e-Slater saddle points for which the
components of the vector pay-off function p(.) at one of them are greater than
the respective components for the other e-saddle point Ve € R2>. Therefore, the
most acceptable situation (U*,V*) € U} x Vi for both players is the situation,
which is an e-Slater saddle point Ve € ]R2> and the value of the vector pay-off
function p(.) in this situation coincides with the e-Slater maximin and minimax
Ve € RZ. In game (0.2) such solutions are corresponding to the values of the
vector pay-off function, which in Fig. 3.2 are represented by the points N, M, 0.
The data of these points are given in Table 3.3.
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