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STABILITY OF AN OPTIMAL SCHEDULE
FOR A JOB-SHOP PROBLEM WITH TWO JOBS

Yu. N. Sotskov, N. Yu. Sotskova

Abstract: The usual assumption that the processing times of the operations are known in advance is the
strictest one in scheduling theory. This assumption essentially restricts practical aspects of deterministic
scheduling theory since it is not valid for the most processes arising in practice. The paper is devoted to a
stability analysis of an optimal schedule, which may help to extend the significance of scheduling theory for
decision-making in the real-world applications. The term stability is generally used for the phase of an
algorithm, at which an optimal solution of a problem has already been found, and additional calculations are
performed in order to study how solution optimality depends on variation of the numerical input data.
Keywords: Job shop problem, geometric approach, stability analysis

Introduction

The problem under consideration is to minimize the value of the given objective function of completion times
of njobs J ={1, 2, ..., n} processed on m machines M = {1, 2, ..., m}. First, we assume that processing time
tix of job j € J on machine k € M (i.e., processing time of operation Ojx) is known before scheduling.
Operation preemptions are not allowed. This problem is denoted as J||® where @ defines objective function.
Let Cix denote the completion time of the job in position i on machine k € M. We assume that objective
function ®(Cym, Com, ..., Cam) iS non-decreasing function of job completion times. Such a criterion is called
regular.

For the job-shop problem J|n=2|Cmax with two jobs and makespan objective function Cmax = max{Cym, Com, ...,
Cnm}, the geometric algorithm was proposed by Akers and Friedman [1] and developed by Brucker [2],
Szwarc [7], Hardgrave and Nemhauser [4]. Sotskov [5] generalized the geometric algorithm for the problem
Jn=2|® with any given regular criterion. Sotskov [6] proven that both problems

JIn=3|Cax and Jn=3| > C,,

are binary NP-hard. Hereafter, the criterion 2.Ci» means minimization of total completion time

> G
=1

Geometric algorithm

For simplicity, we describe geometric model for the case of a flow-shop problem F|n=2|®, i.e., when all n jobs
have the same technological route through m machines, namely, (1, 2, ..., m).

Let TM;« denote the sum of the processing times of job j € J = {1, 2} on a subset of k machines {1, 2, ..., k}
M:

k
™M= Dt I<k<m.

i=1
It is assumed that TMio = TM2o = 0. We introduce a coordinate system xy on the plane, and draw the
rectangle H with corners (0, 0), (TMym, 0), (0, TM2m) and (TMym, TMzm). In the rectangle H, we draw m
rectangles Hx, k e {1, 2, vy m}, with corners (TMlyk.l, Tszk.l), (TMl,k, TMz]k.l), (TMl,k-l, Tszk), (TMl,k, TMz,k).
We denote south-west corner (TMy k1, TM2x.1) of the rectangle Hy as SWi, north-west corner (TMy .1, TM2x) as
NW,, south-east corner (TMyx, TMax1) as SEx, and north-east corner (TMy, TM2x) as NEx. Obviously, point
(0, 0) is SW1 and point (TM1m, TM2m) iS NEm.
We use Chebyshev's metric, i.e., the length d[(x, y), (X, y)] of a segment [(X, ¥), (X', ¥')] connecting points (X,
y) and (X', y') in the rectangle H is calculated as follows:

dix, y), (X, y)I = max{lx - x1, ly = y'l}
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The length d[(X1, Y1), (X2, Y2), ..., (X, ¥1)] of a continuous polygonal line [(X1, Y1), (X2, Y2), ..., (Xy1)] is equal to
the sum of the lengths of its segments.

Since d(Cym, Com) is a non-decreasing function, the search for the optimal schedule can be restricted to set
S of schedules in which at any time of the interval [0, max{Cim, Cam}] at least one job is processed. A
schedule from set S can be suitably represented within the rectangle H on the plane xy as a trajectory
(continuous polygonal line) © = [SW4, (X1, Y1), (X2, Y2), ..., (X, ), NEm] where either X, = TMym o1 yr = TM2m.

Let a point (x, y) belong to the trajectory t and let d be the length of the part of trajectory T from the point SW;
to the point (x, y). The coordinate x (coordinate y) of point (x, y) defines the state of processing job 1 (job 2) as
follows.

If SW, <x < SEyand SWy <y <NW,, u € M, v € M, then job 1 (job 2) is completed on the machines 1, 2,...,
u-1 (on the machines 1, 2,..., v-1) at time d. Moreover at time d, job 1 (job 2) has been processed on machine
u (machine v) during x - SWy (during y - SWy) time units.

Since a machine cannot process more than one job at a time and operation preemptions are not allowed,
each straight segment [(x, y), (X, y')] of a trajectory T may be either

e horizontal (when only job 1 is processed) or
o vertical (when only job 2 is processed) or

¢ diagonal with slope of 459 (when both jobs are processed simultaneously).
It is clear that a horizontal segment (vertical segment) can only pass along south boundary (west boundary) of
the rectangle Hy, k € M, or along north (east) boundary of the rectangle H. The diagonal segment of trajectory
T can only pass either outside rectangle Hy or through point NWy or point SEx.
Sotskov [5] proven that problem Jn=2|® of finding the optimal schedule or, in other words, of finding the
optimal trajectory, can be reduced to the shortest path problem in the digraph (V, A) constructed by the
following Algorithm 1. Again for simplicity, we describe this algorithm for the case of a flow-shop problem
F[n=2|®, when all n jobs have the same technological route through m machines.
Vertex set V of the digraph (V, A) is a subset of set
VO = {SW1, NEnhANW, SEx : ke MP{(Xk, TM2m), (TMym, Vi) : keM}.

Algorithm 1
1. SetV= {SWl, SEl, NWl, NEm} and A= {(SWl, SE1), (SWl, NWl)}
2. Take vertex (x,y) € V\{NEn} with zero outdegree. If (x, y) = SEx, go to step 3. If (x, y) = NWj, go to step

4. If set V\ {NEn} has no vertex with zero outdegree.

STOP

3. Draw a diagonal line with slop 45° starting from vertex SE until either east boundary [(TMym, 0), NEn] of
the rectangle H is reached in some vertex (TMa,m, Y«) or open south boundary (SWh, SEy) of the rectangle
Hn, k+1 <h <m, is reached. In the former case, set V: =V U {(TMym, Y«)} and A: =A U {(SEx, (TM1,m, Y«)),
((TM1m, Yi), NEm)}. In the latter case, set V: =V U {SEn, NWr} and A : =A U {(SEx, SEp), (SEx, NWh)}.

Go to step 2.

4. Draw a diagonal line with slope 45° starting from vertex NW until either north boundary [(0, TM2m), NE]
of the rectangle H is reached in some vertex (X, TMom) Or open west boundary (SWn, NW4) of the
rectangle Hy, k+1 < h < m, is reached. In the former case, set V: = VU{(Xk, TMzm)} and A: = AU{(NW,
(X, TM2m)), (X, TM2m), NEm)}. In the latter case, set V: = VIU{SEn, NWr} and A: = AU{(NWy, SEs), (NW,
NWh)}.

Go to step 2.

In order to find the optimal path (i.e., optimal schedule) for the problem J|n=2|® we can use the following
Algorithm 2, where the length of arc ((x, y), (X', ¥')) € A is assumed to be equal to the length of the polygonal
line constructed by Algorithm 1 with origin in the point (x, y) and with end in the point (x', y').

Algorithm 2

1. Construct the digraph (V, A) using Algorithm 1 and find all border vertices in the digraph (V, A), i.e., the
vertices (x, y) either of the form (xx, TMz,m) or of the form (TMym, Y&).

2. Construct the set of trajectories corresponding to the shortest paths in the digraph (V, A) from the vertex
SW1 to each of the border vertices.
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3. Find an optimal trajectory (optimal path in (V, A)) in the set constructed at step 2 that represents a
schedule with minimal value of the objective function .
STOP

It was proven that Algorithm 2 takes O(m log m) time for problem F|n=2|® and its generalization for problem
JIn=2|® takes O(m2 log m) time (see Sotskov [5, 6]).

Example

Next, we demonstrate the geometric algorithm for the problem Fk|n=2|® using five machines and processing
times given in Table 1. We call this example as Example 1.

M | | |
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Table 1. Processing times of two jobs
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Figure 1. Trajectories representing active schedules for Example 1

For Example 1, we see that the shortest path ((0, 0), SE1, SEz, NWs, (x3, TMys)) from vertex (0, 0) to the
border vertex (xs, TM2s) in the digraph (V, A) constructed by Algorithm 1 specifies trajectory [(0, 0), (2, 0), (18,
16), (22, 16), (22, 26), (28, 32)] in the rectangle R. Using Algorithm 2 we indicate that the schedule
represented by this trajectory is optimal for the problem F5|n=2|ZC;s with total completion time criterion. See
Fig. 1, where the rectangles Rn for Example 1 are shaded.
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Stability analysis

In what follows, we consider stability of an optimal schedule with respect to possible variations of the given
vector t = (ty1, t12, ..., tum t21, 22, ..., t2m) Of Operation processing times.

Let (V4, A) denote the digraph (V, A) constructed by Algorithm 1 for the problem F|n=2|® with vector t of
operation processing times. Let P; be set of all shortest paths from vertex SW; to the border vertices in the
digraph (Vi, Aj). As follows from Algorithm 1, the same path may belong to sets P; constructed for different
vectors t of operation processing times (since for any vector t we have Vi < V). Notation sy(t) is used for a
schedule defined by path t, € P.. The objective function value calculated for schedule s(t) is denoted as
D(sy(t)).

A schedule is called active if none of the operations can start earlier than in this schedule, provided that the
remaining operations could start no later. It is known (see Giffler and Thompson [3]) that a set of active
schedules is dominant (i.e., it contains at least one optimal schedule) for any regular criterion. The following
claim may be proven by induction with respect to number of machines m.

Theorem 1: If B is set of all shortest paths from vertex SW; to the border vertices in the digraph (Vi, Ay), then
set P defines all active schedules for the problem F|n=2| @ with operation processing times defined by vector
t.

Let R2™ be space of non-negative 2m-dimensional real vectors t = (ti1, ti2, ..., tum, t21, t22, ..., tam) With
Chebyshev’s metric

d(t, t0) = max{|t;j — tﬁj [:ie{l,2},je{l,2, .., m}}
where t0 = (t]}, t),,..., 100, 51,5 51 t5,n) € R2™. Let path 1, € Py be optimal for the problem F|n=2|d with

operation processing times defined by vector t. If for any small positive real number € > 0 there exists vector t°
€ R2m such that d(t, t% = & and path T, is not optimal for the problem F|n=2|® with operation processing times
defined by vector t0, then optimality of path < is not stable. Otherwise, optimality of path 1, is stable.

Let 5(ty) denote the set of all operations Ojy, | € {1, 2}, which are processed by machine k € M in such a way
that at the same time job i = 3 — j waits since operation O;x (which is ready to be processed) needs the same
machine k. Obviously, if O1x € 8(ty) (respectively, Oz € 8(ty)), then trajectory defined by path 1, includes a
horizontal segment [(x, y), SE] (vertical segment [(x, y), NW4]).

Theorem 2: Let path 7, € B, be optimal for the problem F|n=2| @ where @is continuous increasing function of
job completion times. Optimality of path 7, is stable if and only if set 2 does not contain another optimal path
for the problem F|n=2| @ with operation processing times defined by vector t.

Proof: Sufficiency. Since set of active schedules is dominant for any regular criterion, it is sufficient to
compare schedule s,(t) with other active schedules. So due to Theorem 1, we have to compare path t, with
other paths t, € Py, 1, # 1u. Since path 1, is unique optimal path, we get inequality d(sy(t)) — d(su(t)) > 0.
Since @ is increasing function, in order to overcome the difference ®(s\(t)) — ®@(su(t)) for the new vector 0 of
operation processing times, we have to increase the processing times for operations from the set 5(tu) or
(and) to decrease the processing times for operations from the set 8(ty). Since @ is continuous function, we
can reach equality d(sy(t%)) — d(sy(t%)) = 0 only if d(t, t% > 0. Thus, optimality of path t, is stable.

Necessity. Let equality d(su(t)) = ®(sy(t)) hold. Since optimal paths Ty, and t, are different, either set &(tw) \
8(ty) or set 3(ty) \ 8(tw) is not empty. In the former case (we call it as case (a)), there exists at least one
operation Ojx € 6(tw) \ 8(tu) such that trajectory defined by path tw includes some segment of a boundary of
rectangle Hy while trajectory defined by path t, does not include a segment of this boundary. In the latter case
(we call it as case (b)), there exists at least one operation Oi; € &(ty) \ 5(tw) such that trajectory defined by
path t, includes some segment of a boundary of rectangle H; while trajectory defined by path t,, does not
include a segment of this boundary. Note that @ is increasing function of job completion times.

Therefore, if in the case (a) we subtract any small positive value € > 0 from the value tjx with remaining the
same all other components of the vector t, then we get such a vector t° of operation processing times that
inequality d(tw(t%) < d(t\(t%) holds. On the other hand, if in the case (b) we add any small positive value ¢ >
0 to the value t;; with remaining the same all other components of the vector t, then we get such a vector t* of
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operation processing times that inequality ®(tu(t)) < d(ty(t")) holds. Since value € can be as small as
desired, we conclude that optimality of path T, is not stable in both cases (a) and (b). W

Returning to the Example 1, we see that the shortest path ((0, 0), SE1, SEz, NW3, (X3, TM2s)) from vertex (O,
0) to the border vertex (xs, TMzs) in the digraph (V, A) is stable since set P; does not contain another optimal
path for the problem F|n=2|® with operation processing times defined by vector t given in Table 1.

Conclusion

Both Theorems 1 and 2 will be correct if flow shop problem F[n=2|® will be replaced by job shop problem
Jn=2|®.

To test whether optimality of the path t, € P; is stable takes O(m log m) time for problem F|n=2|® and
O(m? log m) time for problem J|n=2|®. Indeed, we can use Algorithm 2 for the vector t of the operation
processing times and construct optimal paths with different border vertices. Number of the optimal paths
which have to be tested due to Theorem 2 is restricted by the number of border vertices asymptotically
restricted by O(m) for problem F|n=2|® and by O(m?) for problem J|n=2|®.

It is easy to convince that for the above sufficiency proof of Theorem 2 we can replace increasing function ®
by non-decreasing function ®. It should be noted that the most objective functions considered in classical
scheduling theory are continuous non-decreasing functions of job completion times, e.g.,

e makespan Cpax,

n
o total completion time »'C; .,
i=1
e maximal lateness Lmax = max{Cim—Di: i e J} and

n n
o total tardiness ZTi,m :Zmax{O,Ci,m —D, :ie J}, where D; denotes the given due date for a job i.
i=1

i=1

n

However, function @ = Z‘sign(max{o,civm —-D;}) equaled to the number of late jobs is not continuous,
i=1

and so sufficiency of Theorem 2 may be violated in the break points of such a function ®.
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